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Overview

Ingredients of the Mixed Element Volume (MEV) method:

Finite Element:

P1 exactness,
H1 consistency.

Finite Volume:

conservations,
positivity.
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Outline of the talk

1. Basic options of the numerical method

2. Multiple levels/scales

3. Conservations

4. Positivity
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1. BASIC OPTIONS OF THE MEV METHOD

e degrees of freedom at vertices ¢
e median dual cells C}

e variational or integral formulation with two types of test functions:
®;, continuous-P;, and Y;, characteristic of C;.

e Finite-Element evaluation of second derivatives
e Finite-Element/Finite-Volume evaluation of first derivatives
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First-order MEV

W, + divF = divR

Vol(z

Upwind numerical integration (Roe):

1 1
(I)z'j — 5(.7:(Wz)nw -+ f(Wj)sz) + §|A|(WJ — Wz)
d
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First extension: MUSCL

Edge-based reconstructions using upwind elements of each edge.

. 1= 2=
(VW) = ngFEM(Tij) - §VWFEM(TZ- %)

—

Wi = Wi + (VW);.5

®;; = 0.5(®(Wi;) + (W) + 056 |A|(W,; — (W) .
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Upwind-element reconstruction: 3D

Edge-upwind tetrahedra
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Arbitrary Lagrangian-Eulerian formulation

o V(@ tw(t)) + Fé(w(t).a.i) = Rw(t).x)

‘Q?+1|Wz‘n+1 — IQ?IWZ”‘ —

xn—i—l _

At Y |09, @(Wi““,wjﬂ“,w, SN ”)
JjEV (4)

W Wrk) = FW)v® + GW)vY + HW) v —kW.
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Back to the fluid numerics: V6

(ﬁW)ka,: linear interpolation of nodal gradients in nodes m and n.
iJ

- Acoustics: (Abalakin-Dervieux-Kozubskaya, 1J Acoustics,
3:2,157-180,2004)
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V6 : Tam’s case for acoustics

Calculation ——
- Exact —
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2. MULTIPLES LEVELS/SCALES

Agglomeration: several neighboring cells = a coarse one.
= inconsistency for second-order problems.

e Agglomeration MG: corrector terms in the assembly of coarse
diffusion terms

e Additive Multi-Level: smoothed basis functions

e Variational Multi-Scale (VMS) models
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MEYV implementation of Navier-Stokes

/8p?( d) + / oundl’ = 0
OSuppX;

8'011?( df) + / puu.n dl' + / Pn dI
(9 OSuppX; OSuppX;

Q

/o

OF

—&; dQ) + / (F+ P)un dl' + /au.V@ ds)
a OSuppX. Q

+ / AVT.Vao; dQ) = 0
\ Q
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VMS projection

C’ﬂ]‘f(k): macro-cell containing the cell Cj.
I ={j / Cj C Coiiy}-

— VOl(Ck)
Br = b5
: Z VOZ(CJ)JEZI]{: ’

JEI}

(Vol(Cj): volume of cell C})
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Smagorinski Large Eddy Simulation model

/ /
/ 1 ,0u; ou; / A :
Si; = 5(8)(;_ + 5 ), u' = (uy,u3,us), small scale velocity,

S| = \/254.34 C! = 0.1, A} = Vol(T,)3,.

197"

i = PCLAS

T = (285 — 5S40i5).
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MEV implementation of the VMS LES model (ended)

/6’0)( d) + / punX; dI' = 0
OSuppX;

9
/ pux aQ + / pu®und; dl + / PnX; dT
dSuppX; OSuppX;

X +/0V¢idﬂ—|— /T’ng;dQ =3
Q

Q

E
a—X dS) + / (F + P)u.nd; dI" + /Ou.quz- df?
(9 OSuppX Q

+/>\VT.V¢Z- dQ + /Cp“tVT’ Ve, d) = 0
. 0 P'rt
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Results: flow past a square cylinder

Reynolds=20,000. From Farhat-Koobus, 2003.
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Results: flow past a square cylinder, end’d

LES Co |Cu | C | S [ I |—-C,
Classical LES 2.00 0.19 1.01 10136 | 1.5 1.31
VMS-LES 2.10 | 0.18| 108 | 0.136 1.4 | 1.52

Experiments | Cy | C'y | C Sy e | =Camp

Lyn et al. 2.10 — - 0.132 | 1.4 —
Luo et al. 221 1 0.18 | 1.21 | 0.13 : 1.52
Bearman et al. 2.28 — 1.20 0.13 - 1.60

TAB. 1 — Bulk coefficients (*): LES simulations and experimental data

(*) I, is the recirculation length behind the square cylinder, and C, is the mean
pressure coefficient on rear face at y = 0.
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AND NEXT...
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3. CONSERVATIONS IN ALE FORMULATION

- Conservation of extensive quantities.
- Geometric Conservation Law (GCL).

- Energy budget.
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Geometric Conservation law

“A ALE-GCL scheme computes exactly a uniform flow field"

Ut = ey -

_ an+1 — h
At DY 0] @ | UFTL UM by, J

L AN
40
ﬂij = 0.5 (Vz'j(ilf(tl + C¥1(t2 — tl))) =+ Vij(x(tl + CVZ(tZ — tl))))
sl g = [
O (1)

- Sufficient condition for 1st-order accuracy (Guillard-Farhat).
- Practical stability and accuracy improvements.

IMFT, Toulouse, 9 mars 2005

20

20



21

Energy budget of a deforming fluid (1)

Work transfers: pressure work in moment equation:

t
AM| . (x2H — x™)

t 1] 1]

gt — g

~ M n+1 — % 1 n+1 n

At Y 10Qn | @56 | WDy, Ay (X = x35)
’iGth

t2

AW ork

— At Z 10Q0 4| pi U; - (X%H — Xjj)

/
! =
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Energy budget of a deforming fluid (2)

The energy equation must satisfy the Geometric Conservation Law
and this is obtained by an adhoc time integration:

1 1
QT EFT =

_ xZH_l — x?’
7B — At Z 05| D° (UananHaVz'j» : AN J
JEV(4)
0Q;;| and 7;; specified by GCL.
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Energy budget of a deforming fluid (3)

Total energy variation:

t _
AE|" = — At Y |0 95,
t1 :
’LE@Q}L
Slip condition:
AE|” A o0
— Al ;
. > 10,4l

1€08y,
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Wt 5 Lij = gy
i Uiy
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Energy budget of a deforming fluid (4)

A way of integrating the above is:

12y

AFE

" = At Z \(9th2| D; v; . (X?j—i_l — XZ)
icos,
Lemma: By replacing the energy flux by a product of boundary
pressure times the GCL-preserving integration of mesh motion,
we can derive a scheme that is conservative, satisfies GCL and
have an exact enerqgy budget:
Work of pressure = Loss of total enerqy.

Vazquez-Koobus-Dervieux-Farhat, Spatial discretization issues for

the energy conservation in compressible flow problems on moving
grids, INRIA-RR4742
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4. POSITIVITY

o
E(V(x,t)U (1) + Fe(w(t),z,d) = 0
n+1Un—|—1 nUn
AN Z Q5 UZJ7sz7V7Jj7K'7Zj) = 0.
JEN (1)
D) = F(u)v" + Gu) v’ + H(w) v* —ru

with ¢(u,v,v,k) monotone: ¢! > 0 and ¢, < 0.
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Limiters

AUy = VWEPM(Ty) a5 5 A%y = VWEPM(Ty).0

(V)5 = L(A™U;; , AU, Ahishergy.

From usual conditions on limiteurs, and from the position of
“upwind-elements” :

Uij = Zpe(Ui=Uy) 5 Uy = pj(U; = U;)
where all p's are positive.
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POSITIVITY, cont’'d

a? iyt
AN
n+1U?1—|—1 nyn
1 7 )
AN
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apUy -
+ Y 6y(URULDij,Ri) = 0.

—U") + hi (U —

U;")
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POSITIVITY, cont'd

9ij —

a; vsr —ur
? a; Ui — Uy
a — gt JA _
e; = 1 anz + an—l-l Z |aQZ‘j|/€ij
! L jeN()
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POSITIVITY, cont'd

Lemma: Assuming the discrete GCL condition and usual limiter
properties, under a CFL condition, the above scheme satisfies the
maximum,/minimum principle.

Cournde-Koobus-Dervieux, soumis Revue EEF, 2005
Farhat-Geuzaine-Grandmont, JCP 2001
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POSITIVITY, cont'd

oU | OF(U) | 9G(U)  9H(U)

p— Y p—
U = (p.puspv,pw,e.pY), —o+—2- 99 5. 0
U pU pw
{ pu® + P \ ( PUV \ / PUW \
2

» PUV B pv- + P . PUW
F(U) = uw G(U) = ow HU)=1 ,2+p
(e + P)u CEIL (e + P)w

\ ouY ) \ pvY ) \ pwY

Lemma: Assume that the Riemann solver is p-positive, then
under a CFL condition, the limited ALE-MFEV scheme preserves
p-positivity and satisfies the maximum /minimum principle for
Y = pY/p.
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Cournde-Koobus-Dervieux, soumis Revue EEF, 2005
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Application to a two-phase flow

Five-equation quasi conservative reduced model

0 :
EO‘W’“ + div(agpru) =
0 .
5PU +div(jpu®@u)+Vp = 0
0 :
ape—i—dlv(pe—l—p)u = 0
2 9
2ozz + u.Vas = Q1009 p;al p2a22divu
ot D k=1 O PO

with e = ¢ +u?/2 and pe = Zizl akPkEL(D,PL)-
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NUMERICS FOR TWO-PHASE FLOW

- Acoustic Riemann solver (Murrone-Guillard, Comp.Fluids 2003, JCP 2004))

- Second order limited MEV.

- Source term: upwind integration of divu.

- 3D parallel extension with MEV (Wornom et al.)
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Falling drop (2D)

9
p i w T a ;= | T T
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Shock on a drop (3D)
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Conclusions

The choice of a very simple scheme permits the proof of a very large
set of properties:

- many conservation statements can be made exactly satisfied,

- Maximum principle and positivity, including the moving mesh case.

Today's challenge are:

- showing positivity statements for the new techniques of thick
interfaces.

- showing the above properties for new schemes.
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