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Main goals

» Effective models when disparate scales occur ;

» Derivation of the limit models, well-posedness, balances,

symmetries, etc ;
» Convergence, error estimates ;

» Applications : transport of charged particles (magnetic

confinement), heat equations, Maxwell equations.
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1. Multi-scale analysis for linear first order PDE

{ O +a-Vyur+1b-V,uF =0, (t,y) eRy xR
v (0,y) = u™(y), y ER™.

Hypotheses

a € Lip(Ry; Wl’oo(Rm)), be Wl’oo(]Rm) — smooth flows

loc loc
divya=0, div)b=0 == measure preserving flows

|a(t, y)| + [b(y)l < C(1 +[y]) = global flows
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Vlasov equation with strong magnetic field

1 B
OuF* = (i V20 ) V30 F L BV 522 (120, —1101,)F = 0

m=6, y=(x,v), a-VX7VZV38X3+%E(X)-VV

1 1 c
~b- Vi = =1 + v20) + %(Vzavl R
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Question: behavior when ¢ \,0 7

Main idea: filtering out the fast oscillations

dY

1 = bY(siy), Y(0y) =y, (s,y) ERXR”

New coordinates
z=Y(—t/e,y) or equivalently y = Y(t/e, z)
Search for a profile

u(t,y) = vi(t, Y(=t/ery))
N———
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Why this change of coordinates 7

Orve(t,z) + 0, Y(—t/e; Y(t/e; z))a(t, Y(t/e; 2)) -V,vi(t,z) = 0,

e(t/e)a(t)

ve(0,z) = u™(2),
Stability for (v¥)e>0
o(s)a=0,Y(—s; Y(s;-))a(Y(s;-))
Behavior when € \, 0

Oy Y(=t/e;Y(t/e:2))a(t, Y(t/e; 2)) = p(t/e)a(t)
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If involution between a(t) and b

[b,a(t)] =0 = ¢(s)a(t) = a(t),s e R

Orve(t,z) +a(t,z) - V,ve(t,z) =0, (t,z) e Ry xR™
ve(0, z) = u'(2), zeR™

ve(t,z) = u™(Z(—t; 2)) = v(t, 2), C(li—f = a(t, Z(t; 2))

u(ty) = v(t, Y(=t/ey)) = u™(Z(~t; Y(~t/ey)))

Splitting : advection along a and advection along %b.
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Two scale approach : t and s = t/e
Use ergodicity

T T
lim ;_/anY(—s; Y(s;-))a(t, Y(s;-)) ds = _lim ;_/ogo(s)a(t) ds

T—+o0 T—+400
Key point
Emphasize a C%group of unitary transformations and use :
von Neumann's Ergodic Mean Theorem
Let (G(s))scr be a C%-group of unitary operators on a Hilbert space
(H,(-,-)) and A be the infinitesimal generator of G. Then, for any
x € H, we have
1T
lim — G(s)x ds = Proje, ax, strongly in H

uniformly with respect to r € R.
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Average vector field

m

Xg ={c(y) : R™ — R™ measurable : / Q(y) : c(y) ® c(y) dy < 4o0]
Q=P P="'"P>0,[bP]:=(b-V,)P-0bP—-P'Ob=0
(e.d)e= | QU):cly)@dly)dy, c.d&Xq.
Proposition (¢(s))ser is a CO-group of unitary operators on Xg.
Theorem

We denote by L the infinitesimal generator of the group (¢(s))scr-

Then for any vector field a € Xg, we have the strong convergence in

. 1 r+T )
(a) == lim = 0y Y(=s;Y(s;-))a(Y(s;-)) ds = Projie, ca

uniformly with respect to r € R.
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Theorem (Long time behavior)

For any vector field a € Xg, we consider the problem

{atC—£2C=0, tER+
c(0,-) = a(")
with Lc = [b, c]. Then the solution c(t) converges weakly in Xg, as

t — +o00, toward the orthogonal projection on ker £

t—Il—Too c(t) = Projy, ca, weakly in Xg.

Moreover, if the range of L is closed, then the previous convergence

holds strongly in X and has exponential rate.
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Theorem (Convergence)
The family (v¥).s¢ converges strongly in L2 (R, ; L2(R™)) to a weak

loc

solution v € L°(R,; L2(R™)) of the transport problem
Orv + (a(t,)) - Vov=0, (t,z)eRyxR™
v(0,z) = u™(2), zeR™.
Moreover, if v is smooth enough, we have v¢ = v + O(¢) in
L2 (Ry; L2(R™)), as € \, 0.
Formal proof
Orve + o(t/e)a(t) - V,vo =0
Ve(t,z) = v(t,s = t/e,z) +evi(t,s = t/e,z) + ...

dsv =0, d;v+ @(s)a(t) - Vv +dsvt =0

17
8tv+<Th>TooT A w(s)a(t) ds> -Vov=0.
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Rigorous proof
Lemma

Let c € L®(Ry; Xg),d € L}(R,; Xp) such that

1 r+T
dc:= lim = c(s) ds strongly in Xg, uniformly w.r.t. r € R.

Then we have

lim /R+ (d(t), c(t/e))p.q dt:/ (d(t),C)p g dt

E\O R+

Application
Orve + p(t/e)a(t) - V,vo =0

/]R /m VE(t, 2)p(t/e)a(t) - V,£(t, z) dzdt, ¢ € CHRy x R™)

c(s) = p(s)a, d(t)=ve(t,)VLE(L, ), lim — c(s) ds = (a).
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Non linear multi-scale problems

Vlasov-Poisson equations

B(t,x)

c

8tf5+v-VXf5+:7<—VX¢€+v/\ )-va_o

—e0Ax¢° = p° = q/ e(t,x,v) dv

f¢ . particle presence density in the phase space
fé(t, x,v)dxdv : particle number inside the volume
dxdv

E® = —V,¢° : self consistent electric field
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Main purposes
Homogenization, two scale convergence
Averaging with respect to the fast cyclotronic motion
Effective non linear Vlasov equation

Strong convergence results for any initial conditions (not

necessarily well prepared)

Conservation laws, Hamiltonian structure

Mihai BOSTAN University of Aix-Marseille, FRANCE mihai EDP with strong anisotropy : transport, heat, waves equations



The finite Larmor radius regime

The reference time T is much larger than the cyclotronic period

(strong magnetic field) i.e.,

B* 1
q ’mf,mm0<e<<1
g

T
m

The kinetic energy is much larger than the potential energy
m|V|? 1
q9 3

The Larmor radius is of the same order as the Debye length i.e.,
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Finite Larmor radius regime
strong uniform magnetic field B¢ = (0,0, B/¢), perpendicular to
x10x5.

x = (x1,x), v=(vi,n), tv=_(v2,—v)

We = % is the rescaled cyclotronic frequency

T. = 2% is the rescaled cyclotronic period

Wce
the real cyclotronic frequency is wé = w¢/e

the real cyclotronic period is TS = i—’; = 55—” =eT.
c c

References

Frénod, Sonnendriicker, Golse, Han-Kwan, ...
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Two dimensional setting

1
6tf5+f(v-VXf6—|—wc LV'v\/f_a)—vxébg'vvfg: O, (ta X, V) € R+XR2XR2
£

— Ay = p°(t,x) := / fe(t,x,v)dv, (t,x)€ Ry x R?
R2
(0, x,v) = f%(x,v), (x,v)€R?xR?

Main goal
What is the behavior of (€, $%).~0 when € \,0 ?

What is the limit Vlasov-Poisson system 7
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The characteristic equations

The trajectories in (x, v) oscillate at the cyclotronic frequency

AXE VAR dVEwe o

dt e 7 dt c (t) — Vo (t, X5(t))

But X°(t) = X°(t) + L V(1) /we, VE(t) = R (wet/e) VE(t) are left

invariant with respect to the cyclotronic dynamics

d)~<€ va 5 ’Xa dVS
dt - ¢ fdtc (t))7 dt =-R (Wct/E) VX¢E(t7XE(t))

Main idea
stability for (X¢, V)0

% —V(8, X(2), V(1)), S = At X (1), V(t))
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Change of phase space coordinates

Presence densities in the phase space (x, V)

Ly

FE(t,%,V) = f(t,x,v), X=x+ —, V="R(wct/e)v

c

~ V.0 _ - ~
Opf*———=-Vf*=R (wet/e) Vx¢™ Vif* =0, (£,%,7) € R, xR?xR?
C
~ . 1y
fe(0,%,v) = fin (;— ,V) , (%, V) € R x R?.
We

We expect that lim.\ o fe = f and

OF +V -Vif + A-Vif =0, (t,X,V) e Ry x R? x R?
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The effective trajectories

e(z) = _% Inlzl, ze€R2\ {0}

The solution of the Poisson equation

¢°(t,x) = /}R2 e(x —y)p*(t,y) dy = /RZ/R2 e(x —y)f<(t,y,w) dwdy

dXe  LV.¢°(t XE(1))

dt We
1

:—// Ve (X5(t) —y) F(t,y, w) dwdy
We JR2/R2

— 2 Jrve(}0 -7 - LRt/ 0 - ) Fe 7w

w
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Average over a cyclotronic period

Xe(t+ TE) — Xo(t)

e [T e (-5 ) )

x f€ (r,y, w) dwdydr

/R2/R2 o / Ve ( -y - R(H)(V(L)C_W)) 467 divdy

N - ~ ~
:—55/ E(X(t) ~ 7. V(£) — W)F(£,7, W) dind7 + o(1), &\, 0
c R2 R2

2w
e = 3= [ e (€= RWO) ) a0, (6.0) € BXE)\{(0.0)
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Effective velocity field

dx e o~
4 = VIFOIX(2), V(1))
VIF(D](%, V) = Vf [ | eG5. 7= (e.5.7) aiwdy. (%.7) € B

Effective acceleratlon field

dv <~
1 = AFOIX(2), V(1))
A[F(D)](X, V) =we TV, . R25(§—y,v w)f(t,y, w) divdy, (x,v) € R*
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Hamiltonian structure

dX I dv L
4 = HF@IX(). V() - = AF(OI(X(2), V(1))

VIFI(X, V) = —wct PVza[F(1)], AF(DI(X,V) = we ~VidlF(2)]
SHONGT) = [ [ eG-5.7-@)i(e7.) iy
R2/R2
This characteristic system is Hamiltonian, with respect to the

conjugate variables (X2, w-1V1) and (wcx1, v2) and the Hamiltonian

function <Z~>[7~‘]

(R, V) = Vi SRR (), V(1))

© ke, Vo) = Vs g SFONX (), V1),
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The function &

E(&,m) is the average of the fundamental solution e(+) over the circle
of center £ and radius |n|/|w|

If |€] > |n]/|we|, the function z — e(z) is harmonic in the open set
R?\ {0}, which contains the disc {z € R? : |z — £| < |n|/|wc|} and
thus, the mean property applied to the function e(+) and the circle of

center ¢ and radius |n|/|wc| yields

1 [ R(0 1
fem =5 [ (6= ) ao—e(e) =~y miel, Iel> 7

c |WC‘
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The function £
The function £ has also the symmetry property

E(wztn,wek) = E(&,n) for any (&,1) € (R? x R?)\ {(0,0)}.
If |€] < |n]/|we|, then

EEm=¢ (l,wcg) . <£)

n
E(Em) =e <w> Lije1<inl/lwelt T €(€)1{1g1> ) /we} -

Finally
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First order derivatives of £

VeE(&,m) = Ve(©)1(je1> |/ wel}

2E(€,n) = we 1Ve< ) Lije1<inl/lwel}

Second order derivatives of £

Ye=pnlweydo(€:m) 0 o Lg=ln/wepdol€m)

orlelV1+we? T 270l /1 + w2

A =—
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The velocity and acceleration fields associated to any density

f=F(x,V) write

G = o [ [ E i, iy
oV - |x—y|2 {[R—y|> =y AWy

~ ~ v — W ~ ~ -
A[f] X, V /R2\/R2 ’V — W’2 W)1{|;_)~’|S‘T;j/l} dwd

Non linear limit model

‘_<z

of + VI[FI(X, V) - Vi + A[f](X,V) - Vif = 0.
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Convergence results

fin = fi0(x, v) non negative presence density satisfying
H1 fRQfRQ (x,v) dvdx < +o0
H2  [eofge VTlfm(x, v) dvdx < +oo
H3 there is a bounded, non increasing function
Fin = Fin(r) € L° N LY(Ry; rdr), such that
fin(x,v) < F(lv]), (x,v) € R? x R2,

Let (%, ¢°)c>0 be the weak solutions for the Vlasov-Poisson system

DS+ (v Vifedwe Tv-V, )=V, 0"V, S =0, (t,x,v)eRyxR*

— Ao = p°(t,x) = /]RZ fe(t,x,v)dv, (t,x)€ Ry x R?

(0, x,v) = f%(x,v), (x,v)€R?xR?
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Theorem (2D)
Let (£¢).50 be the densities

Fe(t,%,7) = £ (t,z _ Rlzwet/e) LV,R(—wct/s)v>
We
Then 3 (e4)x \(0's. t. (£°), converges strongly in
L2([0, T]; L2(R? x R?)), forany T e R, to f

I +V[F(D](X,V)-Vxf+A[f(1)](X,V)-Vyf =0, (t,%,V) € Ry xR?xR?

with the initial condition

v

,Q,@mewxw

f(0,x,v) = i (} -

c

where the velocity and acceleration vector fields V, A are given by

VIF(t ) V)= —we ! leqﬁ[f( t), A[F(DI(X, V) = we “Vyo[f(t)]

|v
/W/RQ{ |Wc| pogicisty + MR =T Lz gy o F
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Lemma

Let U= U(z,t,s): O x Ry x Rg — R be a function in

LY(O x Ry; Cy(Rs)), where O is an open set of RV and Cyx(R;)
stands for the set of continuous periodic functions of (fixed) period

L > 0. Then we have the convergence

1 L
Iim// \U(z,t,t/a)]dtdz—/// U(z, £, 5)| dsdidz.
N0 JoJr, LJoJr. Jo
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Conservations

1. Let f = f(t,X, V) be a solution of the limit problem such that

1,x,Vv, |x|?,|v|? are integrable functions with respect to

£(0,%,v)dvdx = f*(x — w 1V, V)dvdx. For any t € R, we

have
d e 12 20 F e ~ ~\ A e
= {1,%,v, XI5, [VI"} (8, X, v) dvdk = 0
dt R2JR2
2. Let f = f(t,X,V) be a solution of the limit problem such that

// / E(x—y,v—w)f(0,y, w)f(0,%,Vv) divdy dvdx < 4oo0.
R2/R2 JR2/R2

The electric energy is preserved in time

de2 /RZ/R JF(£,%,V) dvds = /Rz GIF(0)0:F dvax = o.
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Lemma

Let 7 = f(t,X,V) be a solution of the limit model and 1 = (X, V) be
a smooth integrable function with respect to

7(0,x,v)dvdx = fi*(x — w 1V, V)dvdx. For any t € R, we have

/RZ/1/;xv)f(txvdvdx—/RZ/RZ/RZ/RZty, f(t,x,v)

X LC( GV, W) — Vzip(X,V)) - "Ve(X = V) L{z_y|>[g—il/lwel}

vV—w

+ (Vo (%, V) = Vai(y, w)) -+ Ve < o > 1{|W|<Vv~v|/|wc}]
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Averaged Poisson equation

55(15,%,?):/ F(t,X — wZ'R(~wes) T(V — w), w) diw
R2

We introduce the average charge density
1 [T
(%, V) = T/ Pu(t,%, V) ds, (£%,7) € Ry x R? x R?
c Jo
The definition of the function £ implies

SHNE = [ [ eG-5.5 - ey diay
_i Tc e}_fv—wil _WSLV—W i <
B Tc/o /]R2/Rz ( Y ¢ R—wes) ~( )) (t,y,w) dwdyd

_1 /T° /W/Rze(; — 3)F(t,2 — wo "R(~wes) H(V — w), w)dwdzds

/ /R2X—z)p5(t 2,v) dzds /R(X—Z)p(t 2,V) d2=(exp(t,-, 7))

2
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2. Strongly anisotropic parabolic problems

1
atue—divy(D(y)Vyus)—gdivy(b(y)@)b(y)vyug) =0, (t,y) € RpxR™
u¥(0,y) = u™(y), y €R™ (2)
Limit model (g N\, 0)
Oru — divy,((D) Vyu) =0, (t,y) € Rx xR™
u(0,-) = (u™)

) :sl’l‘oos/ aY(=s; Y(s:-))D(Y(s:)) "0Y (=s; ¥(s:-)) ds.
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Parabolic equations with stiff transport
1

Oru® — divy (D(y)Vyu®) + - b(y) - Vyu® =0, (t,y)e Ry xR™
u(0,y) = u™(y), y €R™.

Change of variable

y=Y(t/e;z), v(t,z)=u"(t,Y(t/e;2)), (t,z) e Ry xR™ >0

div, {DV,(w o Y(—s,-))} = (divz(G(s)D V,w)) o Y(—s,")

(G(s)D)(z) =0Y (—s; Y (s5;2)) D(Y(s;2)) F0Y (=s; Y (s; 2))

Orve —div, ((G(t/e)D)V,ve) =0, (t,z) € Ry xR™
ve(0,z) = uv°(0, 2) = u'(2), zeR™ >0
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Average matrix field

Ho = {A(y) [ WAL : A)QWy) dy < +oo}

Rm
(v)o:Hox Hq =R, (A, B)q= - RYA(Y) : B(y)Q(y) dy.

G(s): Hg — Hg, G(s)A=08,Y ' (s;)A(Y(s;-)) 9,Y '(s;-),s € R

Proposition (G(s))ser is a C°-group of unitary operators on Hg.
Theorem
Let L be the infinitesimal generator of the group (G(s))scr. For any

matrix field A € Hg we have the strong convergence in Hg

r+T
(A) = _lim % 9, 1(s;)JA(Y(s: ) '0, Y " X(s:-) ds = Projye, LA

r

uniformly with respect to r € R.
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Theorem (Long time behavior)

For any matrix field A € Hg we consider the problem

{atch:o, teRy
€(0,) = A()
where L(C) =[b,C] = (b-V,)C —9yb C— C '9yb. Then C(t)

converges weakly in Hg, as t — 400, toward the orthogonal

projection on ker L

lim C(t) = Proj, A, weaklyin Hgp.

t——+400

Moreover, if the range of L is closed, then the previous convergence

holds strongly in Hg, and has exponential rate.
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3. Strongly anisotropic wave equation

. € 1 . g
d2uf—div,(D(y)V,u )—?dlvy(b(y)(@b(y)vyu )=0,(t,y) € Ry xR™

in

u(0,) = (), e (0,) =u ()

» The limit model is a wave equation associated to the matrix field
(D)

» Strong convergences for well prepared initial conditions

. € 2
im / (bvyu(oﬂ) dy =0
eNO Jgrm 3
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Finite speed propagation
Spectral analysis of (D)

< min /\> < min N
)\ESle/2DQ1/2 )\/esle/2<D>Ql/2

max N < < max )\>
N €SpQR/2(D)Q/2 AeSpQRL/2DQ1/?

The limit solution propagates with speed ¢ such that
c? > max max N

)\’ESle/2(D> Ql/z

The limit solution propagates with speed

1/2
c< < max )\>
AESPQRY/2DQ/2
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The Maxwell equations
0¢D —rotH =0, 0;B+rotE =0, divD =0, divB=0

D= 606,«E, B = /,L()H

Energy balance

2dt{D E+B-H}+div(EAH)=0.
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Strongly anisotropic electric permittivity

: 2 2 2
€r = dlag(”l? ns, n3)
n; = indice propre du milieux

_ b®b
€rl/2=/\/7+ ®

e

Maxwell equations

Bs 1 b b\?2
0;D* —rot— =0, 0;B° +rot | — (I\/l + @ > Dl =0
MO €0 5

divB®* =0, divD® =0.
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The case TM

B —(0,0,B), D= (D1, Ds,0)
b b
ME:M—i—%, M=Xbw Lb

The limit wave equation for B

2| ¢4
9B — cadiv (%(5 ® §)VB> =0

€ =|b|b, (-)= the average operator along the flow of *¢.
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Perspectives

1. limit models with non uniform magnetic fields (magnetic

confinement)

2. two scale convergence with non periodic fast variable

3. replace periodicity by ergodicity

4. gyrokinetic collisional models, averaged collision operators,
invariants, equilibria (work in progress)

5. wave equation, Maxwell equations (general case)

6. spectral analysis of the average matrix field.
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