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Reference problem

Scattering of an acoustic wave on an obstacle

Autne A (A + k)
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@ k: wavenumber ; u'° = ¢"**': incident plane wave

@ Sommerfeld radiation condition at infinity

Practical applications
@ Communication between submarines
@ Electromagnetic waves in urban environment
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Introduction The Helmholtz case
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Reference problem
FE: truncation of the domain
e &uinc / ) N 5
r U A+ku = 0 _ ()
” \' u — _uznc (F)
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/ Onu —tku = 0 (=)
Q
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@ n: unit outwardly directed vector to {2
@ Simple Absorbing Boundary Condition (ABC) on I'*°

(not the topic here)
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Domain decomposition method

Conclusion

o]

Numerical solution: major problems
@ Solution is a wave: mesh refinement (typical element size: 7/(5k))
o High frequency () := 277“ & L): direct solving impossible

@ Indefinite operator: iterative solving hard if not impossible
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Domain decomposition method

Numerical solution: major problems
@ Solution is a wave: mesh refinement (typical element size: 7/(5k))
e High frequency (A := 2T < L): direct solving impossible

@ Indefinite operator: iterative solving hard if not impossible

Hybrid method: Domain Decomposition Method (DDM)

Small system to be solved:

1R =1
on each subdomain
|
Data transfert at the interfaces

1T 3 3 & —i

Mesh decomposition Iterative algorithm Result
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Domain decomposition method: principle and origin
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Ql Qz { 7A'UJ

Y12

2,1

Schwarz alternating method (H. Schwarz (1870))

—AuT = () —Aug !
u’l”rl = 0 (In) u;“rl
uitt = up (Ba) ug ™

And glue the solutions in the overlap.

n+1
Uy
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Domain decomposition method: principle and origin

Conclusion
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Y12

2,1

Additive Schwarz method

—Auftt = f () —Auptt = f ()
uttt = 0 () ul™ = 0 (Ty)
uptt = uy (Si2) ustt = wf (S20)

And glue the solutions in the overlap.

7/71



Introduction
0O000@000000000

Schwarz method and Helmholtz equation

Limitations
@ (Very) slow convergence
@ Overlap is mandatory

@ Even with overlap, the algorithm does not converge for Helmholtz
equation
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Limitations

@ (Very) slow convergence

@ Overlap is mandatory
@ Even with overlap, the algorithm does not converge for Helmholtz
equation

Simple case

(Oza + Oyy)ul ™ + K2uf™ = 0 z € (—o0o,L),y €R,
upt™(Ly) = u3(L,y),

(8951 + 8yy)ug+1 + k2ug+1 = 0 T € (07 +OO)7 Yy € R7
upt'(0,y) = uf(0,y).
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Schwarz method and Helmholtz equation

Conclusion
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Fourier transform in the y direction (¢ = Fourier variable)

Ouaty ™+ (K2 — o™ = 0 z € (—o0,L),£ €R,
ayti(L,g) = a3(L,f),

azzﬁ;hLl + (k2 - fQ)ﬁngl =0 T e (07 +OO),£ € Rv
apyt(0,6) = a7(0,9),

@t Ox) = e VIR0, x),
ayti(L,x) = e VIR hanT(Lx),

pim o 2VETEL _ ) eIV e <,
T 672\/5271‘-21,

otherwise.
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Absolute value of the convergence factor

1 if €2 < k?

N (Propagative modes)
Pl= o—2VE k2L

otherwise. (Evanescent modes)
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Schwarz method and Helmholtz equation

Conclusion

o]

Absolute value of the convergence factor

N 1 if €2 <k* (Propagative modes)
P e 2VE KL otherwise. (Evanescent modes)
'
08 \
_ 06
0.4
0.2
0
o 5 10 15 20 25 30 35 40

Solution

P-L. Lions algorithm: Fourrier-Robin type transmission condition
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Non-overlapping domain decomposition method

Decompose the domain (here N = 2)

Recast the system into 2 coupled systems

(A —+ k2)u1
ul

(On; — ik:)ul
(Ony + S1)u1
(A + k2)u2
u2

(Ony — tk)ua

(8n2 + Sz)ug
S; : Transmission operators

21’2 \\\\\\

r ~ ]F2

R Q2

e | Ty
0 (1)
_yinc (Fl)
0 Tse)
(Ony +S1)u2 (Z1,2)
0 (Q2)
_qinc (FQ)
0 Irse)
(Ongy +S2)ur (B2,1)
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Parallel Schwarz algorithm

Introducing surface unknown g¢;; := (On, + Si)u;, the algorithm reads
(iteration n to n + 1):

@ Solve the N independant problems

uy = —u" (I'1)
(Ony — ik)uy ™ =0 I')
(Ony +SOut = g (Z1,2)
A+t = 0 (@)
u721+1 — _uznc (FQ)
(Ony —ik)uz*t = 0 Is?)
(Ony + S2)up ™t = g3 (E2,1)

@ Update the surface unknown

n+1
5/12Jrl

n
921

—g51 + (St + S2)us ™t (T12)
—gly + (S1 4+ S2)upt?
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Non-overlapping domain decomposition method

Gather the surface unknown in one vector
9=1(9i)ij
One iteration of the algorithm reads as:

"= Ag" + b

o A: iteration operator. Applying A is amount to solving N volume PDEs
+ N surface PDEs (with v*"° = 0)

@ b: right-hand side, containing physical information (u'™).
At convergence, g is solution to:

(Z—-Ag=0 (1)

Krylov acceleration

System (1) can be solved using a Krylov subspace solver. L
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Non-overlapping domain decomposition method

Conclusion

o]

2 subdomains and DtN

Let A, : HY/?(X) — H™'/?(2) be the DtN (Dirichlet-to-Neumann) map
associated to 2;:

Ajf = On,wy, on X.
with w; solution of
(A+E)w; = 0 inQy,
w; = 0 only,
Onw; —ikw; = 0 onI§°,
w; = f onX.
Then, if S; = —A;, the algorithm converges in 2 iterations.

Remark

Extended to N subdomains: convergencence in N iterations.
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Non-overlapping domain decomposition method

ONELAB and GetDDM
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One-dimensional case

W'+ Kk = 0, in [0, 1],
uw(0) = e**=1,
(1) —ku(l) = 0.
Solution
U(l’) _ ezkz
Exact DtN
A =1k

Conclusion
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Residual -12

Solution
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Error

o

N;
IS

0.8

Conclusion
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Non-overlapping domain decomposition method

Residual -12p

Solution

{

Error

[
/
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Non-overlapping domain decomposition method

Residual -12p

Solution

(
\

Error

T
/
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Non-overlapping domain decomposition method

Residual -12p

L
ol
Solution /

~——
-1
1 ‘ ‘ ‘ ‘
Error of——~_ E
—
“bo 0.2 0.4 0.6 0.8 1.0
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Non-overlapping domain decomposition method

Residual -12p

. or /\—
Solution

R E=av

o
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Non-overlapping domain decomposition method

Residual

Solution

Error
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Non-overlapping domain decomposition method

Residual -12p

Solution

0.0005 T T T T

Error 0.0000 \._’/ — // |

— c . . . .
0'0006. ' ' '
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Non-overlapping domain decomposition method

|
EN
[ ]

Residual -12p

Solution

0.0005 T T T T

Error 0.0000 \/\ // |

— c . . . .
0'0006. ' ' '
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Non-overlapping domain decomposition method

Residual -12p

Solution

0.0005 T T T T

Error 0.0000 \/\ ]
N

— c . . . .
0'0006. ' ' '
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Non-overlapping domain decomposition method

Residual -10r

Solution or 1

0.0005 T T T T

Error _—
0.0000

_ c . . . .
0'0006. ' ' '
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Non-overlapping domain decomposition method

Residual -10

Solution 0

0.06

Error
0.00

—0.08’

0.2

0.4

0.6 0.8 1.0
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Non-overlapping domain decomposition method

Conclusion
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Two major investigation fields
@ Transmission condition: find a suitable approximation of —A;

@ Coarse space: decrease the linear convergence rate (in terms of N)
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Two major investigation fields
@ Transmission condition: find a suitable approximation of —A;

@ Coarse space: decrease the linear convergence rate (in terms of N)

Problem

The DtN map is non-local and therefore is not suitable for FE framework.
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Non-overlapping domain decomposition method

Conclusion

o]

Two major investigation fields
© Transmission condition: find a suitable approximation of —A;

@ Coarse space: decrease the linear convergence rate (in terms of V)

Problem

The DtN map is non-local and therefore is not suitable for FE framework.

Available methods
@ Local approaches: Taylor, Padé, ...
@ Integral Equation (Joly et. al)
@ PML (Vion and Geuzaine)
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Transmission Operators for Helmholtz equation

Half-space case with straight interface >

Au+kE*u=0 inR3 ={x Rz >0},
u=g on X,
u is outgoing,

Fourier transform (variable ¢ along )

Oau(0,€) = F¢ ' (0(£)a(0,8))s.

" (&) =1k /1 — %

N :=O0p(c®) =k /1 + —.

Symbol of the DtN

DtN map
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Model problem for convergence analysis

Conclusion
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- . W
s \\
7 O AN
/ \
/ \ E
/ \
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!
| é—/‘l
o |
o
\ RO —_
\ I
\ I
\ /
\ /
A\ 7/
N ’
N .
~ -
-

Model problem with two subdomains and a circular interface.

(A + kQ)uo = 0 (Qo) )
Onouo +Suo = go (X) (A+Ek)ur = 0
lim |x|1/2(8|x‘u0 —ikug) =0 Onyur +Sur = ¢

|x| =400

(1)
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Conclusion
[e]e)
Model problem for convergence analysis

Rewrite A

0 7o n n n
A: ( 7,1 00 >7 7;9] = —gj +2$u]-+1.

Modal decomposition

m

Ug = ZamHﬁ)(kr)eimg, up = Zﬁme(kT)eime,

§ imo § im6 § imo
S = S’me I 7; = Tj,me b g] = gj,m(r)e *
m m m
Recurrence relation
n+1l _ n—1
jm = TOy’mlemgj,m :
Convergence factor

7kZ() m + Sm, 7kZ1 m + Sm,
vm m = 10,mT1,m = - . - 5
e r o b |: kZO,nL + S’rn :l |: kZl,nL + S’rn :l /

_ _HY (kRo) _ Jm(kRo) (S — _
ZO,m = _m and ZLm = m Remark: (Sm O) = (pm 1)
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Model problem for convergence analysis

ONELAB and GetDDM
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Square root operator

Modal decomposition

-
_
I

Remark : if m? = k*R2 then pfd = 1.

Conclusion
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Transmission Operators for Helmholtz equation

Impedance Boundary Condition (IBC) [Després, 1991]

Low frequency approximation (£ — 0):

/ 2 BC
o™(&) =k 1—%%%. S u = —iku.

09

=

0.8

0.7

0.6

05

1]

0.4

03r

T
02 ,5“? ‘
0.1 &

0 20 40 60 80 100 120 140 160 180 200

e
B N e S
5 -
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Transmission Operators for Helmholtz equation

ONELAB and GetDDM

Conclusion
o]

Optimized Order 2 [Gander, Magoulés and Nataf, 2002]

2
1— % ~ a(6¢) — b(8€)E7,

where a and b are solution of the min-max problem

o*() = ok

min
a,BeC

lﬁ(f;a,ﬂﬂ) ;

max
Emin€(0,k—68)U(k+58,6maz)

where p is the convergence factor in the case (—o0,0] x R and [0, +00) X R :

2

~oy _ |57UE) = 0*(& a,b)
p(&) - o.sq(é‘) +0'002(§;(l, b)

——Sa(0)

40 60 80 100 120 140

160

180 200
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ONELAB and GetDDM
00000

Conclusion

o]

Optimized Order 2 [Gander, Magoulés and Nataf, 2002]

o*I(E) = 1ky[1 — |£| ~ a(8€) — b(6€)E>.

S9%%u = a(6€)u + b(6€) Asu,

09
08
0.7

0.6

0.4F H
03Ff

0.2 :«f ‘iu

01f
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Transmission Operators for Helmholtz equation

Modified DtN [Boubendir, Antoine and Geuzaine, 2012]

Asx

Sy = —ik + 2 U

where k. = k 4+ 1€ and € > 0.

Optimal ¢
Searching for et such that:

min max |y .
m

e>0

Assume that max, |py¢| is reached on m = kRy, then we can prove that
Eopt ~ 0.39k' /3Ry 2/3,
Formally extended to other curves by (H: local mean curvature):

Eopt ~ 039K 3H12/3.

26/71
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Transmission Operators for Helmholtz equation

Modified DtN [Boubendir, Antoine and Geuzaine, 2012]

Sy = —ik

1+

Asx

- U
k27

where k. = k 4 1¢ and € = 0.39k/*H*/® (H: local mean curvature).

Modal decomposition

§50F =

logl

—ik

and

Vm.

Sq,E|

ol <1,

—+—Sq(0)
—— Sa(eps)

100

120

140

160 180 200
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Transmission Operators for Helmholtz equation

Classical Padé approximants on square root

Np

X
VIFX =Ry =0+ 3 5w
=1

Ny, is the number of Padé approximants.

Localization of the nonlocal operator S°%“u = —ik, /1 + Ak—% U
i 1 1 -1
SGIBC(pr S)u = —ikcou — ik Z apdivsy (EVE) (I + bedivsy (EVE)) u.
=1
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Transmission Operators for Helmholtz equation

o]

Modal decomposition for different number of NN,

i —— Pade(8)

——Sq(eps)
—+— Pade(2) b
Pade(4)

100

120

140

160 180 200

Conclusion
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Transmission Operators for Helmholtz equation

Vanishing modes are not well approximated

2
8595 = —iky [1— [ )
(szg

Complex Padé approximants on square root (a: rotation of the branch
cut)

1 m/2 1 )( S —ia oy .
VIt X V(I + X)e i ~ Ry (X +Zl+BeaX

Localization of the nonlocal operator S*%°u = —uk, /1 + AkE U

Np

-1
SGIBC(N}J, a, E)u = —1kCy (a)ufzk Z Ay (Oz)diVZ (k%VE) (I + By (Oz)diVZ (%VE)> U.
— € €
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Transmission Operators for Helmholtz equation

Modal decomposition for different number of N, and o = /4

08 f

—+—Sq(eps)

—+— Pade(2, pi/4)
Pade(4, pi/4)

—+— Pade(8, pi/4)

Conclusion
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Transmission Operators for Helmholtz equation

Conclusion

o]

Imaginary part

0.1

0.2

03

04

05

04

03

0.2

0.1

Imaginary part

-05 0 05
Real part Real part

Eigenvalue distribution in the complex plane for the exact and Padé-localized
square-root transmission operator of order 4 (left) and 8 (right).
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Transmission Operators for Helmholtz equation

Eigenvalues distribution with respect to the number of Padé approximants

Imaginary part

0.8

0.6

0.4

0.2

-0.2

-0.4

-0.6

-0.8

Pade(2, 7/4)
Pade(4, 7/4)
©  Pade(8, n/4)
X §(sq, eps)

-0.5

0
Real part

0.5 1
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Comparison of the transmission operators

ONELAB and GetDDM

Conclusion

o]

Convergence factor
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Comparison of the transmission operators
Eigenvalue distribution in the complex plane for (I — A)
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Numerical Example

circle-concentric, Ngom = 5

100 ' ' T . —— 002(7) ny =10

— = -002(7) ny =20

—+— IBC(k/2) n) =10

— % IBC(k/2) ny = 20

—6— GIBC(2,m/4,€0pt) nx = 10
GIBC(2,m/4,€0pt) nx = 20

—&— GIBC(8,7/4,€0pt) nx = 10

— & - GIBC(8,7/4,€0pt) nx =20

GMRES iterations

10 - .
0 5 10 15 20 25
k
Convergence for the “circle-concentric” decomposition. Number of iterations vs.
wavenumber
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GMRES iterations

circle-pie, Ngom =5

5 10 15 20 25

—— 002(7) ny =10

— — -002(7) ny =20

—#— IBC(k/2) ny = 10

— % “IBC(k/2) ny = 20

—6— GIBC(2,7/4,k/4) ny = 10
GIBC(2,7/4,k/4) ny =20

—&— GIBC(8,m/4,k/4) ny = 10

— & - GIBC(8,1/4,k/4) ny = 20

Convergence for the “circle-pie” decomposition. Number of iterations vs.

wavenumber.
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Numerical Example

circle-concentric, Ngom = 5

100 T ) ——002(n) k=2r
— = -002(m) k =6m
90 —*—1BC(k/2) k = 2=
— % -IBC(k/2) k = 6
S0k —6— GIBC(2,1/4,€0pt) k =27
" GIBC(2,7/4,€0pt) k = 67
3 ok —— GIBC(8,1/4,€0pt) k =27
Z — & - GIBC(8,m/4,e0pt) k = 67
bl
=60
w0
=
S 50t
O
40F 4
30 =
20 L T L VN L
5 10 15 25 30 35 40

n)
Convergence for the “circle-concentric” decomposition. Number of iterations vs. mesh
density

39/71



© Introduction to domain decomposition method
© The Helmholtz case

© The Maxwell case

© ONELAB and GetDDM

© Conclusion

40/71



Introduction The Helmholtz case The Maxwell case ONELAB and GetDDM
0000000000000 0 000000000000 00O0000000 9000000000000 000000000 00000

Non-Overlapping DDM for Maxwell

Conclusion
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P-L. Lions algorithm
From iteration n to n + 1:
@ Solve, fori=1,...,N:

curl curl E"™) — k2 ETY = o in Q,
) Y (B = Al (E™) inTP,
— oyt curl BUY) £ S(FEMY) = g in 3.

@ Update surface quantities:
g1t = yt(eurl BIY) 4 S(T(BIY))
= ¢ 1257 (EY)), on T
where we have introduce the trace operators:

t T
Vi 1Vi g X Viag, and 1y :vi— g X (Ve X Ng).
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Non-Overlapping DDM for Maxwell

Krylov acceleration

As for the Helmholtz case, the whole algorithm can be recast into a linear

system:
(Z-A)g=hn.

Transmission operators

Again, the transmission operator S has a direct impact on the iteration
operator A.
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Transmission Operators for Maxwell

ONELAB and GetDDM

Half-space problem (Q := (—oc,0) x R?))

curlH+:#%E = 0 (Q)
curlE—#H = 0 ()
VIE) = —TE™) (®)
lim x| (E+— xH)| =0
lsel| o0 [N}

Surface electric and magnetic currents

J=nxE, M=nxH

MtE
M + A*i(n x J) =0,
with
A% = (A5 A,
. 1 .. 1 1/2 . 1
At = (I + Vs psz — curly pcurlz> ) A = (I - ECUI‘IECUTIE) .

Conclusion
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Transmission Operators for Maxwell

A% = (A5 A,

1 1 1/2
A = (I + Vy—divs — curly — curlg> , A = (I -

k2 k2 k2

—curls curlg)

Oth-order transmission condition IBC(0) [Després, 1992]

Siec) (7" (E)) =" (E).

Optimized impedance boundary condition GIBC(«) [Alonso-Rodriguez and
Gerardo-Giorda, 2006]

1
SqBC(a)(VT(E)) (I — ?curlgcurlg) FT(E),

where « is chosen thanks to an optimization process.
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Transmission Operators for Maxwell

AT = (A3 AR

1/2 ‘
curlg) , A = (I — —curlgcurlg)

s 1
Al = ( + Vz: lez — curly — 12

k2

Optimized second-order GIBC(«,3) [Rawat and Lee, 2010]

Sciec(a, ) (ryT(E)) = (I + %ngng) (I - ﬁcurlzcurlg) ’yT(E),

where a and b are chosen so that an optimal convergence rate is obtained for
the (TE) and (TM) modes.

This condition has been generalized in [Dolean, Gander, Lanteri, Lee and Peng,
2015].

45/71



Introduction The Helmholtz case The Maxwell case ONELAB and GetDDM Conclusion
0000000000000 0 000000000000 00O0000000 0000080000000 000000000 00000 o]

Transmission Operators for Maxwell

Modi“ed square root Operator
Q s ASDEN L ASA,
sq,€ ( sq 8) 1A8q 6,

1/2
AJPE = (I +Vs— d1Vg curlsy k—gcurlz) , ASPE = (I — kl curlgcurlz)

k2

Padé-localized square-root transmission condition GIBC(N,, o, ¢) [El
Bouajaji, Antoine, Geuzaine, Thierry, 2014]

—1
NP

SG|BC(Np,a,s)(’YT(E)) =|Co+ Z AX (IT+ BeX)™
=1

<I — curlgk1 curlg) T(E),

with X :=Vy 2d1vz curly 2curlg, and where k., Co, Ay and By are
defined as in the Helmholtz case.
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Transmission Operators for Maxwell

Convergence Analysis for a Model Problem

Model problem with two subdomains and a spherical interface:
O = {x € B, |Ix|| < Ro}.

Qo = {X €R3,||X|| > R0}7
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Convergence Analysis for a Model Problem

Conclusion

o]

Let
_1 ’ _1
A1 =t 265 (KRo) — €1, (KRo), Bt = thn 2901, (kRo) — m (KRo),
!’ = 4
Amz =180 (kRo) = i 60 (KRo),  Bm,a = 1y, (kRo) = i etm (kRo),
—_ = —_- !
Ams = 200 (kR0) 4 m (kRo),  Buns = 260 (kRo) + €, (kRo),
. ’ =
Amoa =W, (kRo) + p2 c¥m(kRo), B, = € (kRo) + nl & (kRo),
where
1
© pime=1— "0

@ 1y, and (,, are respectively the first- and second-kind Ricatti-Bessel
functions of order m

° ff,p = Y + 1(pm is the first-kind spherical Hankel's function of order m
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Convergence Analysis for a Model Problem

We can show that:
B

m,1
( (n+1),7n) 0 0 Am,3 0
g%721+1) m ! 0 0 0 Bm,2
gD (g%Q )2 — A g™ = . A g
n+1),m m,3
(851 )1 i 2) 0 0 0
n+1),m Am,1
821 )2 0o i o 0

with A,, the iteration matrix for a mode m > 1, with eigenvalues

Bm,l Bm,3 Bm,2 Bm,4
—— = —Am,2, q = —_— =

Am,l Am,B Am,2 Am,4

One can prove that A = diag((Am)m>1). Therefore, studying the global
convergence of the DDM for A requires the spectral study of the modal
iteration matrices A,,, for m > 1.
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Convergence Analysis for a Model Problem

Quasi-optimality of GIBC(sq, ¢)
One can prove that p(A,,) < 1,Vm > 1, and that

€

Hm Am 1,3 == M A, (2,0) = DY

m—r o0

i.e., we have two opposite accumulation points in the complex plane for the
evanescent modes.

Optimal parameters for GIBC(«) and GIBC(«, 3)

In what follows, the optimal parameters a and 3 were computed numerically by
solving the min-max problem

min max p(A,,
(a,B)E€C2 M>1 plhm)

with the Matlab function fminsearch.

50/71



Introduction The Helmholtz case The Maxwell case ONELAB and GetDDM Conclusion
0000000000000 0 000000000000 00O0000000 000000000000 000000000 00000 o]

Convergence Analysis for a Model Problem

Eigenvalue distribution in the complex plane for (I — A) and different
transmission operators.

o TBC(0
0.8 |
. GIBC
06) . aBC ]
04] . GIBC ) ]

-0.21

Imaginary part
e

-0.6f
-0.8r

1
Real part
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Convergence Analysis for a Model Problem

Influence of the Padé approximation on the eigenvalue distribution.

- 03,
03l v GIBC(sa.e) - GIBC(sq
o GIBC(1,7/2 02l | ° GIBC(2.7/2.0)
02l o GIBC(1,7/2 o GIBC(2.7/2,2)
% o z o0
El E
3 3
g K
=-0.1 =_01
-0.2
-0.2
-03
06 08 1 12 1.4 07 08 12 13
Real part
0.0 0.04 0
o
0.06) 0.03
0.04 0.02 e
= = °©
2 0.02 2 001
= = .
R E
S ) .
1 E
Z-0.02 Z-001
—0.04 1 002G IR (e °
—~0.06] _0.03| © GIBC(8,7/2.¢)
o GIBC(8,7/2,) [°°
-0.0f -0.0: =
6.9 095 1 1.05 14 0.95 1 1.05
Real part Real part
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Spectral radius of A,, for different transmission operators.

1f ]
0.9+ 1
0.8 i
0.7+ 1
~ 0.6 1
Zosf H ]
H +IBC(0)
04 ﬁ ——GIBC(a)
0.3+ H‘ ——GIBC(a, ) |]
0.2+ I —GIBC(sq,0) |
0.1 ——GIBC(sq,e) | |
% 50 150

200
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Convergence Analysis for a Model Problem

Conclusion
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Spectral radius of A,, for different Padé transmission operators.

. 14
e

09 F 75}%4»(2)
SP(A(1€(4)

0.8 ———— ghade(g

0.7 t

0.6 _—

0.5 -

0.4 -

0 I I L ! ! ! ! ! ! )
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m
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Numerical example

Concentric cylinder decomposition: Number of GMRES iterations vs.
wavenumber (Ngom = 5, ny = 20).
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Numerical example

Concentric cylinder decomposition (TE case): Number of GMRES
iterations vs. wavenumber (Ngom = 5, nx = 20).

65

[o2]
o

o
a

oo oo

GMRES iterations
A & o
S o o

W
al

25

20
0
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Numerical example

Concentric cylinder decomposition (TM case): Number of GMRES
iterations vs. wavenumber (Ngom = 5, nx = 20).

110 T T T T T IBC(0)
- - —-GIBC(a, )
100+ 1| ——GIBC(1, 7/2, ¢)
——GIBC(2, n/2, ¢)
90 1| —e—GIBC(4, 7/2, €)
é ——GIBC(8, /2, ¢)
= 801 N
S
£ 707 1
w0
3] L 4
2 60
=
T 50t 1
40
30

20
0
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Numerical example

Conclusion

o]

GMRES convergence history for different Padé orders.

10 T T T
%GIBC(% €)
- ~-GIBC(1,m/2¢) | |
——GIBC(2,7/2,¢)
2 —GIBC(4,7/2,¢)
3
B0} ——GIBC(8,7/2,&) | |
=
3
£
2 a6
z 10 1
~
107 ]
-10 L L L L
10 0 5 10 15 20
#iter

25
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Numerical example

Falcon jet (Naom = 4, A = 10,n\ = 10)
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Numerical example
Falcon jet (Naom = 4, = 10,n\ = 10)
10° : : : :
——1BC(0)
~ — -GIBC(a, )
0o —%—GIBC(1, 7/2, ) |]
—o—GIBC(2, 7/2, ¢)
—6—GIBC(4, 7/2, ¢)
3.
st 10 " \ E
= \
o \
-3 \
2107 . :
o~ \
= \
-4 \
C107 . ;
\
\
107 '
10—6 1 1 1 1
0 20 40 60 80 100

#iter
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Numerical example: scalability issue

Concentric cylinder decomposition (TM case): of iterations vs. number of
subdomains (k = 30, n, = 20).

600 \ \ ‘ ‘ —IBC(0)
— — -GIBC(a, 8)
—+—GIBC(4, /2, ¢)

500

N

o

o
T

GMRES iterations
w
S
=)

100

Naom
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Integral Equation based transmission operator

Conclusion
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Joined work with X. Claeys and F. Collino

Dissipative Electric Field Integral Equation

/ uS(v)do := Go(x — y)[ @ 'divsu(x)divev(y) + au(x) - v(y) Jdo(x, y)

with Go (x) := exp(—al|x|)/(27|x|) satisfies —AG, + a*Go = 26.
We have (a = k):

ol

Ym, pm <1, and lim p,, =
m—»oo
1
04 Kk =10
03 ——- k=130
——— k = 100
0.2
0.1
0 ‘ ‘ ‘ ‘ ‘ ‘
50 100 150 200 250 300
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ONELAB

Open Numerical Engineering LABoratory

Provides ready-to-use finite element codes for
different community.

@ Magnetostatic

@ Acoustic time reversal
@ 2D Acoustic scattering
o GetDDM

o ... .
Time reversal

Magnetodynamic

2D acoustic scattering

http://onelab.info. Available on Android and iOS markets
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GetDDM

A simple, flexible and ready-to-use environment

@ Direct link between discrete and continuous weak-formulations

-

Galerkin { [ Grad Dof{u}, {Grad u} 1;
2 In Omega; Jacobian JVol; Integration I1j;

Vu - Vo dQ Vv +—

Q

o Parallelism made simple

@ Click & run: GUI, full examples and scripts, numerous geometries, . ..
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GetDDM

a. circle.concentric b. circle.pie c. cylinder_concentric d. sphere_concentric

Figure: Sample models available online at http://onelab.info/wiki/GetDDM.

e. waveguide2d f. waveguide3d g. cobra h. marmousi
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http://onelab.info/files/ddm_waves/sphere_concentric.geo
http://onelab.info/files/ddm_waves/circle_concentric.pro
http://onelab.info/files/ddm_waves/circle_pie.pro
http://onelab.info/files/ddm_waves/cylinder_concentric.pro
http://onelab.info/files/ddm_waves/sphere_concentric.pro
http://onelab.info/files/ddm_waves/waveguide2d.geo
http://onelab.info/files/ddm_waves/waveguide3d.geo
http://onelab.info/files/ddm_waves/cobra.geo
http://onelab.info/files/ddm_waves/marmousi.geo
http://onelab.info/files/ddm_waves/waveguide2d.pro
http://onelab.info/files/ddm_waves/waveguide3d.pro
http://onelab.info/files/ddm_waves/cobra.pro
http://onelab.info/files/ddm_waves/marmousi.pro
http://onelab.info/wiki/GetDDM
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GetDDM

Velocity c(x, y)
1500 3500 5500
| |

N

Velocity profile and pressure field. Dimensions: 9192m x 2904m. 700Hz (~ 4000 in
the domain) with N = 358 subdomains on 4296 CPUs: > 2.3 billions unknowns.
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Remark: also works on non academic cases
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Conclusion

Efficient transmission condition for Helmholtz and Maxwell
@ Quasi-optimal in wavenumber and mesh refinement

@ Suitable for FE framework

Open source implementation readily available for testing:

@ Preprint, code and examples on http://onelab.info/wiki/GetDDM
@ Work from laptops to massively parallel computer clusters:

e marmousi.pro test-case (Helmholtz) at 700Hz (approx. 4000 wavelengths
in the domain) with N = 358 subdomains on 4296 CPUs: > 2.3 billions
unknowns.

o waveguide3d.pro test-case (Maxwell) with N = 3,500 subdomains on
3,500 CPUs (cores): > 300 million unknowns.
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Perspectives

Conclusion
oe

Mathematics side

@ "Padé” operator:

o Fine analysis on the number of Pade approximants
o Stability at high frequency regime

@ Integral Equation operator:

o Coupling with Padé for propagative modes
o Kernel truncation
o Other integral equation

@ Optimization method on complexified square root operator

GetDDM
@ Link with HPDDM library (P. Jolivet, P-H. Tournier, F. Nataf)
@ Automatic partitioning (Scotch, Metis, .. .)

@ “Production mode”: real physical cases
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