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state

output input

Dynamical system

X = Ax+Bu
y = Cx+Du

Laplace transformation, transfer function JH(s)

H(s) = C(sl—A)'B+D
y(s) = H(S)U+...
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state

output input

Dynamical system

X = Ax+Bu
y = Cx+Du

Laplace transformation, transfer function JH(s)

H(s) = C(sl—A)'B+D
(s) = H(SU+...

Here most of the time B, C* € R”, single-input single-output case
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Dynamical system

X = Ax+Bu
y = Cx+Du

Model Order Reduction: find full rank S, T € R™" such that r < n, S*T = | and use
instead
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Dynamical system

x = Ax+Bu
y = Cx+Du
Model Order Reduction: find full rank S, T € R™" such that r < n, S*T = | and use
instead
(S*T)x = (S*AT)x+(S'B)u
y = (CT)x+ Du

ly — 7l small
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Dynamical system

x = Ax+Bu
y = Cx+Du
Model Order Reduction: find full rank S, T € R™" such that r < n, S*T = | and use
instead
X = Ax+Bu
17 Cx
[y — ¥l small
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Dynamical system

x = Ax+Bu
y = Cx+Du
Model Order Reduction: find full rank S, T € R™" such that r < n, S*T = | and use
instead
X = Ax+Bu
17 Cx
[y — ¥l small

3(s) = C(sl—A)'B+D, 9(s)=C(sl—A)'B+D
[3¢(s) — F(s)|| small
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Heat equation

T, =kATinQ =10,1]2
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Heat equation

T, =kATinQ =10,1]2

T(0,y,t) = p(y)u(t), u(t) input control,

oT(x,0,t) _oT(x,1,t) _oT(l,y.t) B
Sy = ey =0 g =Ty 0 = Tuly))
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Heat equation
T, =xATinQ =[0,1]?

T(0,y,t) = p(y)u(t), u(t) input control,

oT(x,0,t) _oT(x,1,t) _oT(l,y.t) B
Sy = ey =0 g =Ty 0 = Tuly))

stationary solution

E= J T dxdy output, total temperature
o}

spatial discretization (FDM/FEM)

T(t) = —AT(t)+Bu(t)
E(t) = CT(1)

A sym. pos. def. rnkB refers to depen- i
dence of uw.rt. y el Vorar= 5-4e+01

M. Bollhfer | Intro to MOR | Page 6

Braunschweig



Model Order Reduction

Proper Orthogonal Decomposition

Balanced Truncation

Moment Matching

Conclusions
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X =

Ax + Bu,

y — Cx+Du where o(A) Cc C~
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x = Ax+ Bu, _
y = Cx+Du, where o(A) C C
Compute a sequence of snapshots X = X(t,),..., XM = %(t,), X =~ x(t;) f.a. i.
Set X =[xV, ... x(mM].
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x = Ax+ Bu, _
y = Cx+Du, where o(A) C C
Compute a sequence of snapshots X = X(t,),..., XM = %(t,), X =~ x(t;) f.a. i.

setX = [x(1,...,%m)].

Euclidean scalar product (v, w) = v*Mw, find orthonormal basis z(", ..., z(") s.t.
m r
Y IR -3 wi I
i=1 j=1

is minimized.
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x = Ax+ Bu,

where o(A) ¢ C

y = Cx+ Duy,
Compute a sequence of snapshots X = X(t,),..., XM = %(t,), X =~ x(t;) f.a. i.
Set X =[xV, ... x(mM].
Euclidean scalar product (v, w) = v*Mw, find orthonormal basis z(", ..., z(") s.t.

m r
S 3 w2
i=1 j=1
is minimized.

= py = (20, x¥)  (M-orthogonal projection)

= best rank—r approximation of X given by M'/2X = UZV* (SVD),
Z =[z", ..., z210] = M~/2U,, where U, refers to the leading r columns of U
(EMSY-Theorem).
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X(1):=) a(t)z2" = Za(1)
j=1
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X(1):=) a(t)z2" = Za(1)
j=1

Solve ) ]
% =A%+ Bu, y = CX+ Du, s.. ()"(—A)"(— Bu) 1wz
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Solve

Braunschweig

X(1):=) a(t)z2" = Za(1)
j=1

% =A%+ Bu, y = CX+ Du, s.. ();(—A)"(—Bu) 1wz

& a=(Z'MAZ)a+ (Z'MB)u, y = (CZ)a+ Du
C

A B
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X(1):=) a(t)z2" = Za(1)
j=1

Solve ) ]
% =A%+ Bu, y = CX+ Du, s.. ()"(—A)"(— Bu) 1wz

& a=(Z'MAZ)a+ (Z'MB)u, y = (CZ)a+ Du
C

A B

a=Aa+ Bu, }"/zéa+Du|

— solve reduced-order dynamical system for the Fourier coefficients a;(t).
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Heat equation

T, =kATinQ =10,1]2

N =100 grid points in x-, y-direction t, = 10, M = 20 time steps (snapshots)

SVD, o1, ..., 0, = T X||
T=102=r=3,1=10"*=r=8,
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Heat equation
T, =xATinQ =[0,1]?

N =100 grid points in x-, y-direction t, = 10, M = 20 time steps (snapshots)

SVD, oy,...,0, = T||X||
T=102=r=3,t1=10"*=r =86,

Comparison output

~———exact
v approximate

output function




Heat equation

T, =kATinQ =[0,1]?
N =100 grid points in x-, y-direction t, = 10, M = 20 time steps (snapshots)

SVD, o1, ..., 0, = T X|
—2 —4
T=10°"=r=3,1=10""=r =86,
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Remarks POD

% Technische

initial phase (offline phase) is expensive (computing snapshots, SVD)
solving reduced order is almost for free (online phase)

POD works well for problems like the heat equation (singular values of the analytic
solution decay quadratically w.r.t. t)

T(x,y,t) Z 1y me~ ST gin (Ix) sin(mmy)

POD leads to significantly higher rank for wave equations (singular values of the
analytic solution decay linearly w.r.t. f)

zero eigenvalues of the operator A on the imaginary axis (Maxwell, nullspace of the
curl operator) severly interfere with POD.
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Variants of POD, e.g. affine-linear subspace

x=—3 x", D=X—x(1 - 1)

Compute SVD of M'/2D = UZV* and use for POD affine-linear model

Xx=x+M"?U,a
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Variants of POD, e.g. affine-linear subspace

1 m .
_ (i) —
X = ’_E1x , D:=X x(1

1)

Compute SVD of M'/2D = UZV* and use for POD affine-linear model
f=x+M"2U,a

linear POD T =10"2,r=3

versus

affine-linear POD t =102, r=4
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Variants of POD, e.g. affine-linear subspace

1 m .
_ (i) —
X = ’_E1x , D:=X x(1

1)

Compute SVD of M'/2D = UZV* and use for POD affine-linear model
f=x+M"2U,a

affine-linear POD t=10"*,r=7

f —4
linear PODT=10"%r=6 versus
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= Model Order Reduction

= Proper Orthogonal Decomposition

=« Balanced Truncation

= Moment Matching

= Conclusions
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such that o(A) c C~

Ax + Bu,
Cx + Du,
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X = Ax+ Bu,
Cx + Du,

such that o(A) c C~

S
P(t,s) = J e”"*BB*e*"™ dt controllability Gramian
t

S
Q(t,s) = J e’ *C*Ce™™ dt observability Gramian
t

P = P(0,0), Q= Q(0, ).
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X = Ax+ Bu,
Cx + Du,

such that o(A) c C~

S
P(t,s) = J e”"*BB*e*"™ dt controllability Gramian
t

S
Q(t,s) = J " *C* Ce*™ dt observability Gramian
t

P = P(0,00), Q= Q(0, 00).

Positive definiteness of P, Q refer to controllability/observability of the associated
dynamical system.
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X = Ax+ Bu,
Cx + Du,

such that o(A) c C~

S
P(t,s) = J e”"*BB*e*"™ dt controllability Gramian
t

S
Q(t,s) = J " *C* Ce*™ dt observability Gramian
t
P = P(0,00), Q= Q(0, c0).
Positive definiteness of P, Q refer to controllability/observability of the associated

dynamical system.
The square roots of the eigenvalues of PQ are called Hankel singular values of the

dynamical system
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Remark. Hankel singular values are invariant to system transformation
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Remark. Hankel singular values are invariant to system transformation

<
[
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Universitat

Braunschweig

Ax + Bu,
Cx + Du,

(7%
y

(T'AT)(T ')+ (T 'B)u,
(CT)(T'x) + Du,
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Remark. Hankel singular values are invariant to system transformation

X = Ax+ Buy,
Cx + Du,

<
[

(7%
y

= (TOATY(T ')+ (T "By,
= (CT)(T'x)+ Du,
A% + Bu,

Cx + Du,
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Remark. Hankel singular values are invariant to system transformation

x = Ax+ Bu, — (T7'%) = (T'AT)(T'x)+ (T 'B)u,
y = Cx+ Du, y = (CT)(T'x)+ Du,

_ X = Ax+ Bu,

- y = CX+ Du,

=T 'PT* =P, 7T°QT =Q, T'PQT = PQ
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Remark. Hankel singular values are invariant to system transformation

x = Ax+ Bu, — (T7'%) = (T'AT)(T'x)+ (T 'B)u,
y = Cx+ Du, y = (CT)(T'x)+ Du,

_ X = Ax+ Bu,

- y = CX+ Du,

=T 'PT* =P, 7T°QT =Q, T'PQT = PQ

A realization with (A, B, C, D) is called balanced if the ass. P and Q are diagonal.

M. Bollhfer | Intro to MOR | Page 15

Braunschweig




Remark. Hankel singular values are invariant to system transformation

x = Ax+ Bu, — (T7'%) = (T'AT)(T'x)+ (T 'B)u,
y = Cx+ Du, y = (CT)(T'x)+ Du,

_ X = Ax+ Bu,

N y = CX+ Du,

=T 'PT* =P, 7T°QT =Q, T'PQT = PQ

A realization with (A, B, C, D) is called balanced if the ass. P and Q are diagonal.

We can construct T such that (A, B, C, D) is balanced!
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1. Compute P, Q from the associated Lyapunov linear matrix equations
AP+ PA*+BB* =0, A"Q+ QA+ C*C=0.
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1. Compute P, Q from the associated Lyapunov linear matrix equations
AP+ PA*+BB* =0, AAQ+ QA+ C"C=0.

2. Factorize P and Q such that
LrtpP, RPRLQ
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1. Compute P, Q from the associated Lyapunov linear matrix equations
AP+ PA*+BB* =0, AAQ+ QA+ C"C=0.

2. Factorize P and Q such that
LrtpP, RPRLQ

3. Build G = L*R* and compute its SVD via G = UL V*
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—_

. Compute P, Q from the associated Lyapunov linear matrix equations
AP+ PA*+BB* =0, AAQ+ QA+ C"C=0.

2. Factorize P and Q such that
LrtpP, RPRLQ

3. Build G = L*R* and compute its SVD via G = UL V*

4. Then T := LUL /2 balances (A, B, C, D) — (A, B, C, D)
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—_

. Compute P, Q from the associated Lyapunov linear matrix equations
AP+ PA*+BB* =0, AAQ+ QA+ C"C=0.

2. Factorize P and Q such that
LrtpP, RPRLQ

3. Build G = L*R* and compute its SVD via G = UL V*

4. Then T := LUL /2 balances (A, B, C, D) — (A, B, C, D)

T*QT _ z—1/2U*L*(R*R)(LUZ—1/2) —_ 2_1/2U*(UZV*)(VZU*)UZ_1/2) =5
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—_

. Compute P, Q from the associated Lyapunov linear matrix equations
AP+ PA*+BB* =0, AAQ+ QA+ C"C=0.

2. Factorize P and Q such that
LrtpP, RPRLQ

3. Build G = L*R* and compute its SVD via G = UL V*

4. Then T := LUL /2 balances (A, B, C, D) — (A, B, C, D)

T*QT _ z—1/2U*L*(R*R)(LUZ—1/2) —_ 2_1/2U*(UZV*)(VZU*)UZ_1/2) =5

T'PT* =2V2UsL " (LLY)(L*UZV?) = &
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—_

. Compute P, Q from the associated Lyapunov linear matrix equations
AP+ PA*+BB* =0, AAQ+ QA+ C"C=0.

2. Factorize P and Q such that
LrtpP, RPRLQ

3. Build G = L*R* and compute its SVD via G = UL V*

4. Then T := LUL /2 balances (A, B, C, D) — (A, B, C, D)

T*QT _ z—1/2U*L*(R*R)(LUZ—1/2) —_ 2_1/2U*(UZV*)(VZU*)UZ_1/2) =5

T'PT* =2V2UsL " (LLY)(L*UZV?) = &

= T'PQT =1°
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How can we use the balancing decomposition for MOR?
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How can we use the balancing decomposition for MOR?

Partition the factors of the SVD UL V* = G as

L, 0

U= U, U, z={ P

]. V= Vil

(leading r columns/rows)
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How can we use the balancing decomposition for MOR?

Partition the factors of the SVD UL V* = G as

L, 0

U= U, U, z={ P

] s V=1, V]
(leading r columns/rows)

T, =LUZ, " W= RV, P
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How can we use the balancing decomposition for MOR?

Partition the factors of the SVD UL V* = G as

L, 0

U= U, U, z={ P

] s V=1, V]
(leading r columns/rows)

T,= LU % Wo=RVEY = WiT, =,
(T;, W, are the leading r columns/rows of T, T~")

M. Bollhfer | Intro to MOR | Page 17

Braunschweig




How can we use the balancing decomposition for MOR?

Partition the factors of the SVD UL V* = G as

v-twu = G2 | vemow

(leading r columns/rows)

T,= LU % Wo=RVEY = WiT, =,
(T;, W, are the leading r columns/rows of T, T~")

Associated reduced order model:

>

Il
S

A= W'AT, B:=w:B, C:=CT,, b:
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How can we use the balancing decomposition for MOR?

Partition the factors of the SVD UL V* = G as

v-twu = G2 | vemow

(leading r columns/rows)

T,= LU % Wo=RVEY = WiT, =,
(T;, W, are the leading r columns/rows of T, T~")

Associated reduced order model:

~

A= W'AT, B:=W:B, C:=CT,, D:=D.

Error bound [|§ — yllu, < [|9€ — 9w ulle, = 2(0r41 + -+ 0n)|ull,
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1. Compute a low-rank approximation L,L} ~ P directly from

AL Ly + L.L;A* + BB* =~ 0 = AP + PA* + BB".
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1. Compute a low-rank approximation L,L} ~ P directly from

AL Ly + L.L;A* + BB* =~ 0 = AP + PA* + BB".

2. Compute a low-rank approximation R} R, ~ Q directly from

ARR +R'RA+CC~0=AQ+ QA+ C'C.
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1. Compute a low-rank approximation L,L} ~ P directly from

AL Ly + L.L;A* + BB* =~ 0 = AP + PA* + BB".

2. Compute a low-rank approximation R} R, ~ Q directly from

ARR +R'RA+CC~0=AQ+ QA+ C'C.

3. Set G, .= L;R; and compute SVD of G, = U,Z,V}.
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. Compute a low-rank approximation L,L ~ P directly from

AL Ly + L.L;A* + BB* =~ 0 = AP + PA* + BB".

. Compute a low-rank approximation R} R, ~ Q directly from

ARR +R'RA+CC~0=AQ+ QA+ C'C.

. Set G, .= Ly R; and compute SVD of G, = U,Z,V;.

 SetT,:=LUZL "2 W, =R,z "/
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. Compute a low-rank approximation L,L ~ P directly from

AL Ly + L.L;A* + BB* =~ 0 = AP + PA* + BB".

. Compute a low-rank approximation R} R, ~ Q directly from
ARR+RRA+CC~0=A"Q+ QA+ C*C.
. Set G, .= Ly R; and compute SVD of G, = U,Z,V;.
 SetT,:=LUZL "2 W, =R,z "/

. Define associated reduced order model:
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Objective: Solve AP + PA* + BB* =0
Alternating direction implicit method (ADI): Given some P;_; and shift T;, compute

(1)1 + AP,y =—BB" + P4 (1) — A)*

Pyl + A)* = —BB* + (1] — AP,
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Objective: Solve AP + PA* + BB* =0

Alternating direction implicit method (ADI): Given some P;_; and shift T;, compute

(1l + AP,y = —BB* + Py (1)l — A)*

1
2

Pyl + A)* = —BB* + (1] — AP,

= Convergence well-understood in the SPD case, there optimal shifts are known
= General case more complicate

= Here we want to exploit P; = L;L7 explicitly
— low-rank Smith method, low-rank Cholesky-factor ADI
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Computing an approximate low-rank solution L.L; of AL,L; + L,L;A* + BB* ~ 0
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Computing an approximate low-rank solution L.L; of AL,L; + L,L;A* + BB* ~ 0

1. Compute suitable shift parameters 1y, ..., 7, € C~
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Computing an approximate low-rank solution L.L; of AL,L; + L,L;A* + BB* ~ 0

1. Compute suitable shift parameters 1y, ..., 7, € C~
2. Zy = —2Re(T1 ) (T1 I+ A)_1 B
L1 = Z1
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Computing an approximate low-rank solution L.L; of AL,L; + L,L;A* + BB* ~ 0

1. Compute suitable shift parameters 1y, ..., 7, € C~
2. Z1 = —2Re(T1)(T1 |+ A)_1 B
L1 = Z1
3. Fori=2,3,...,t
V—2T; _ _
Z = \/?T’; [2171 — (1 +Tiy) (Tl + A) 1Ziq]
L = I[Li, 2]
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Computing an approximate low-rank solution L.L; of AL,L; + L,L;A* + BB* ~ 0

1.

2.

Compute suitable shift parameters T4, ..., 1, € C™
Z; = +/—2Re(ty) (T4 + A)~'B
L1 = Z1
Fori=2,3,...,t
/27 B _

VAR \/?T’; [2171 — (T + Tizt) (il + A) 124‘71]

L = I[Li, 2]
Repeat step 3fori=1,2,3,...,tusing to =1, £y = Z;, Ly = L; until the “error” is

small enough
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Low-Rank Cholesky-Factor ADI Method
Computing an approximate low-rank solution L,L; of AL,L} + L,L;A* + BB* = 0

1. Compute suitable shift parameters t4,..., 7, € C™
2. Zy =/ *2R9(T1 )(T1 I+ A)71 B
L1 = Z1
3. Fori=2,3,...,t
Z = 2 [Zi = (t+ ) (Tl + A) ' Z4]
V2T 4
L = I[Li, 2]

4. Repeatstep3fori=1,2,3,...,tusing to =71, £y = Z;, Ly = L; until the “error” is
small enough

Remark. Shift parameters are essential, optimal values only known if —A is s.p.d.
“error” usually measured by changes from L, ; — L;.
each update i increases L;_; — L; by rankB
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Heat equation

T, =kATinQ =10,1]2

N =100 grid points in x-, y-direction f, = 10, M = 20 time steps
Low-Rank Cholesky-Factor ADI using 0.1t

T=10"2 = 23/13 ADlI steps, T = 10~* = 40/29 ADI steps
SVDof G=L:R!, 01,...,0, = T||X]|
T=102=r=3,1=10*=r=7,
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Heat equation

T, =kATinQ =[0,1]?
N =100 grid points in x-, y-direction f, = 10, M = 20 time steps
Low-Rank Cholesky-Factor ADI using 0.1t
T=10"2 = 23/13 ADI steps, T = 10~ = 40/29 ADI steps
SVDof G= LR, 04,...,0, = T||X|
T=102=r=3,1=10*=>r=7,

Comparison output

——exact
w0l - approximate

output function
[-J -3 (=]
2 & 8

-3
@

62

0 % ® 8 10
M. Bollngfer | Intro to MOR | Page 21 t

Braunschweig




Heat equation

T, =xATinQ =0, 1]?
N =100 grid points in x-, y-direction f, = 10, M = 20 time steps
Low-Rank Cholesky-Factor ADI using 0.1t

T=10"2 = 23/13 ADI steps, T = 10~ = 40/29 ADI steps
SVD of G = IR}, oy,

o =X
_ —2 _ _ —4 _
T=10°"=r=3,1=10""=r=7,
10t relative error output 102 relative error output s
+
i
'
\ 102}
'
o \ = f
3 ! e g
S 2l - Al s b —+ T
~ 10 + g 104 F el +
n * ‘ At L 1l ' ’ * +
- . ’ - N
° y ¥ K] Vet + &
5 Lo VAN ok
£ P 2 v e
s [ RTINS
L
'
\
10°°
4 6 8 10 o 2 4 6 8 10
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= BT yields error bounds!

» g(A) € C~ essential (similar situation as for POD)
= BT can be generalized to descriptor systems Ex = Ax + Bu

= Additional properties such as passivity can be preserved by modifying BT
(passivity: H(s) is analytic, H(s) + H(s)* is positive semidefinite f.a. s € C*)
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Model Order Reduction

Proper Orthogonal Decomposition

Balanced Truncation

Moment Matching

Conclusions

Technische

Universitit
Braunschweig
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Dynamical system

= Ax+ By,
Cx + Du,

Transfer function
H(s)=C(sI—A)'B

Technische
Universitat M. Bollhéfer | Intro to MOR | Page 24

Braunschweig




Dynamical system

= Ax+ By,
Cx + Du,

Transfer function
H(s)=C(sI—A)'B

Taylor expansion at sp:

o]

H(s) =Y Z" (s—s)°, where Z”) = —C(A—s,/) " 'B
p=0
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Dynamical system

= Ax+ By,
= Cx+ Du,

Transfer function
H(s)=C(sI—A)'B

Taylor expansion at sp:

H(s) = Z ZO[”] (s —s0)P, where Zo(p) =—C(A—s/)P'B
p=0
Xé") :=—(A— so/)7P~'Binput moments, Taylor coefficients Zé”] output moments.

Yo" = —C(A—sol) P
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Suppose that A is simple, T~'AT = A =diag (A1, ..., A,), Re(A;) < 0.
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Suppose that A is simple, T~'AT = A =diag (A1, ..., A,), Re(A;) < 0.

Partion T = [T,, 71, T~ = [ ]
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Suppose that A is simple, T~'AT = A =diag (A1, ..., A,), Re(A;) < 0.

Partion T = [T,, 71, T~ = [ ]

associated reduced-order system

A:= W*AT, B:=w'B, C:=CT,, D:=D

19 = ¥llee < 15— Fmllullez < NIClel|Bllzconds T)me |Re( jillelle
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Suppose that A is simple, T~'AT = A =diag (A1, ..., A,), Re(A;) < 0.

Partition T = [7,, 7], T = [wr:]

associated reduced-order system

A:= W*AT, B:=w'B, C:=CT,, D:=D

19 = ¥llee < 15— Fmllullez < NIClel|Bllzconds T)me |Re( jillelle

= matching eigenvectors/eigenvalues close to the imaginary axis advantageous
= Taylor expansion of JH{(s) sensitive w.r.t. expansion point s,

= Often applications only require Maxuwec(r 4. || (27iw) — H(2miw)||» to be small

fmin
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Krylov subspace

XK,(A, b) = span{b, Ab, ..., AP~ 'b}
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Krylov subspace

XK,(A, b) = span{b, Ab, ..., AP~ 'b}
= input Krylov subpace
XP = (A= sol) P 'B € Kpy1((s0l — A) ", By), where By = (A— so/)'B.
= output Krylov subspace
(VP = (A" —3o/) P C* € Kpi1((sol — A) %, C3), where C; = (A—s/) *C".
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Krylov subspace

XK,(A, b) = span{b, Ab, ..., AP~ 'b}
= input Krylov subpace
XP = (A= sol) P 'B € Kpy1((s0l — A) ", By), where By = (A— so/)'B.
= output Krylov subspace
(VP = (A" —3o/) P C* € Kpi1((sol — A) %, C3), where C; = (A—s/) *C".

Main idea of moment matching methods:
Compute T, and/or W, from XK, ((sol — A)~", By), K, ((So/ — A)~*, C3) s.t. WiT, =1
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Krylov subspace

XK,(A, b) = span{b, Ab, ..., AP~ 'b}
= input Krylov subpace
XP = (A= sol) P 'B € Kpy1((s0l — A) ", By), where By = (A— so/)'B.
= output Krylov subspace
(VP = (A" —3o/) P C* € Kpi1((sol — A) %, C3), where C; = (A—s/) *C".

Main idea of moment matching methods:
Compute T, and/or W, from XK, ((sol — A)~", By), K, ((So/ — A)~*, C3) s.t. WiT, =1

associated reduced-order system
A= W'AT, B:==w:B, C:=CT, b:=D
associated reduced-order transfer function
H,(s):=C(sl—A)'B
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Consequences

t—1 s
T (p) 5(p)
Ho(s):=) ZF(s—s) + Y 2" (s— )"
p=0 p=t
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Consequences

t—1

o0
Zo(p (s—s5)P Z (s—s0)P
p=0 p=t

s i T, €K, ((sol —A)~',By) and W, s.t. WiT, =1, thent >
 If W, € K ((so/ —A)*, C5)and T, s.t. W*T, =1/, thent >
0

r
p
 If T, € K, ((so! — A)~', By) and W, € K, ((so! — A)~*, C;) WiT, = I, then t > 2r.
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Lanczos-type method (Padé via Lanczos)
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Lanczos-type method (Padé via Lanczos)

Generate dual bases T, of K,((so/ — A)~", By) and W, of K,((so/ — A)~*, C;)
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Lanczos-type method (Padé via Lanczos)

Generate dual bases T, of K,((so/ — A)~", By) and W, of K,((so/ — A)~*, C;)

We obtain (so/ — A) ' T,y = T,L, and (so/ — A)* W,y = W,L,, where
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Lanczos-type method (Padé via Lanczos)

Generate dual bases T, of K,((so/ — A)~", By) and W, of K,((so/ — A)~*, C;)
We obtain (so/ — A)~'T,_, = T,L, and (so/ — A) " *W,_; = W,L,, where

W:T, = I and
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Lanczos-type method (Padé via Lanczos)

Generate dual bases T, of K,((so/ — A)~", By) and W, of K,((so/ — A)~*, C;)

We obtain (so/ — A) ' T,y = T,L, and (so/ — A)* W,y = W,L,, where

W*T, =l and
hi he 0 Zﬁ 221 B 0
121 l22 I23 I1 2 l22 I32
L= VL=
0 lr—1,r—2 lr—1,r—1 0 lr—2,r—1 lr—1,r—1
0 Ir,r—1 0 Ir—1,r
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t:= (sl — A)7'B, w:= (so/ — A)T*C*
T =t/|t)|, Wy = w/(T;w)
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t:= (sl — A)7'B, w:= (so/ — A)T*C*
T =t/|t)|, Wy = w/(T;w)

b1 =ho:=0
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t:= (sl — A)7'B, w:= (so/ — A)T*C*
T =t/|t)|, Wy = w/(T;w)

b1 =ho:=0
Fori=1,2,...,r—1
t:= (sl — AT
li = Wit
te=t—Tili— Titli;
lipri = |Hls Tiga := t/hen,i

w = (Sol — 4)_* VV, _
wi=w— Wil — Wi
Ligr = w*T;, Wisq :== W/l 4
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Arnoldi-type method

Technische

Universitat M. Bollhéfer | Intro to MOR | Page 30
Braunschweig




Arnoldi-type method

Generate orthonormal basis T, of K,((sq/ — A)~', By)
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Arnoldi-type method

Generate orthonormal basis T, of K,((so/ — A)™", By)

We obtain (so/ — A)~"'T,_4 = T,H, , where T} T, = | and

hi4 h1,r—1

har e '
H, = . :

0 hr—1,r—2 hr—1,r—1

0 hr,r—1
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t:= (sl —A)'B

Ty = t/”t”
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t:=(s)/—A)~'B
Ty = t/”t”

Fori=1,2,...,r—1
t:=(so/ —A)'T;
Forj=1,2,...,i
h/',' = Tl*t
t:=1t— 7}hj,'
higri = |Itll, Tigr == t/his,i
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Heat equation

T =kATinQ =10,1]2

N = 100 grid points in x-, y-direction {, = 10, M = 20 time steps
Use expansion point so = 0
PVLuse r =3, r =5, Arnoldi uses r = 3,5, 10, 15, 20
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Heat equation
T, =xATinQ =[0,1]?

N =100 grid points in x-, y-direction f, = 10, M = 20 time steps

Use expansion point s = 0
PVL use r =3, r =5, Arnoldi uses r = 3,5,10, 15, 20

PVL (r =3) versus Arnoldi (r = 3)

Comparison output solutions Comparison output solutions

66.5 67
3 ——exact
g 66.5 pproximate

2 &
@ & o 3

output function
@
2

output function

63.5
63
62.5

62
0

Technische
Universitit M. Bollhgfer | Intro to MOR | Page 32
Braunschweig




Heat equation

T, =kATinQ =[0,1]?

N =100 grid points in x-, y-direction f, = 10, M = 20 time steps
Use expansion point s = 0

PVL use r =3, r =5, Arnoldi uses r = 3,5,10, 15, 20

PVL (r =3) versus Arnoldi (r = 3)
102 relative error output solutions 101 relative error output solutions
F
N
.
%
103
\
ENNE Rk S 102,
y Feypl '
@ +~+ a
X 4 ~ x S
=10 . - "‘+-+.+_+_+
e * e hal N
5 % +18 Rt
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b * i
105 %/ T
N
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10 10
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Heat equation

T, =kATinQ =[0,1]?

N =100 grid points in x-, y-direction f, = 10, M = 20 time steps
Use expansion point s = 0

PVL use r =3, r =5, Arnoldi uses r = 3,5,10, 15, 20

PVL (r =3) versus Arnoldi (r = 5)
102 relative error output solutions 101 relative error output solutions
F
N
.
%
-3 M
10 K ko
Xy 102
y Feypl ~ e
@ * @ Aty
X -4 * = RS
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Heat equation

T, =kATinQ =[0,1]?
N =100 grid points in x-, y-direction f, = 10, M = 20 time steps
Use expansion point s = 0
PVL use r =3, r =5, Arnoldi uses r = 3,5,10, 15, 20

PVL (r =3) versus Arnoldi (r =10)
102 relative error output solutions 102 relative error output solutions
F
N
k L
*:\ ey
0% 1072 *es
. 'S
+ g e
-\:\ T ey R
¥ S *
a -h_'_ =S R,
Z10 S L0 T
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= N 4 E
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5 Yy 5 4+
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10 106
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+ Technische

Heat equation

T, =kATinQ =10,1]2

N =100 grid points in x-, y-direction f, = 10, M = 20 time steps

Use expansion point s = 0

PVLuse r =3, r =5, Arnoldi uses r = 3, 5,10, 15, 20

PVL (r =5) versus Arnoldi (r = 15)
102 relative error output solutions 103 relative error output solutions
x
103 %
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107k
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Heat equation

T, =kATinQ =10,1]2

N =100 grid points in x-, y-direction f, = 10, M = 20 time steps
Use expansion point s = 0

PVLuse r =3, r =5, Arnoldi uses r = 3, 5,10, 15, 20

PVL (r =5) versus Arnoldi (r = 20)

102 rglative error‘ output so!utions i 102 relative error output

at Fe
107} AN
X 10 *
v R
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= PVL matches twice as many moments, but unstable (reorthogonalization, break
downs), no symmetry preservation
= Arnoldi more stable, either B or C* is taken into acount, stable, preserves

symmetry
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PVL matches twice as many moments, but unstable (reorthogonalization, break
downs), no symmetry preservation

Arnoldi more stable, either B or C* is taken into acount, stable, preserves
symmetry

size r of the subspace not known in advance, no error bounds

possibly multiple calls necessary, e.g. compare ||fC,,(

from two subsequent calls

Technische

Universitat
Braunschweig
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Remarks Krylov Subspace Methods

PVL matches twice as many moments, but unstable (reorthogonalization, break
downs), no symmetry preservation

Arnoldi more stable, either B or C* is taken into acount, stable, preserves
symmetry

size r of the subspace not known in advance, no error bounds

possibly multiple calls necessary, e.g. compare HJA{,,( - K
from two subsequent calls

s)I/[1%

’/+1 ’/+1 ”

Krylov subspace methods are extremeley sensitive to the choice of sy, location of
eigenvalues of A is helpful (e.g. real and negative), frequency range as well

shift so on the imaginary axis, usually complex-valued matrices T, W
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= Use multiple Taylor expansions at sy, ..., s,

o0

His)=) ZP(s—s)Pj=1,....1

p=0
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= Use multiple Taylor expansions at sy, ..., s,

His)=) ZP(s—s)Pj=1,....1
p=0

= Rational Krylov method: Compute basis T, for the Krylov subspaces

!
D K, ((s/— A", By), where B = (s;/— A)"'B
j=1
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= Use multiple Taylor expansions at sy, ..., s,

His)=) ZP(s—s)Pj=1,....1
p=0

= Rational Krylov method: Compute basis T, for the Krylov subspaces

!
D K, ((s/— A", By), where B = (s;/— A)"'B
j=1
and/or possibly basis W, (such that W, T, = /) for the Krylov subspaces

!
> K, ((s/— A", C)), where C; = (s;/ — A) " C"
j=1

r=n+---+rn
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Suppose that s; # s;, then

(sil— A" (81— A)PT'Bj € Kp((si/ — A" B)) + K ((sil — A", B)
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Suppose that s; # s;, then
(sil— A" (81— A)PT'Bj € Kp((si/ — A" B)) + K ((sil — A", B)

= = mixing inverses with different shifts leads to a separate sum of Krylov
subspaces, no “mixed powers of inverses”

= We may run the Arnoldi method with shifts s, . .., s; simultaneously, e.g., one shift
after another or cyclically
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Heat equation

T =kATinQ =10,1]2

N =100 grid points in x-, y-direction {, = 10, M = 20 time steps
Use expansion points s; € {0, £i, £2i, £3i,...},j=1,...,/
rational Arnoldi uses r = 5,10, / =1, 3, 5 cyclically
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Heat equation

T, =kATinQ =[0,1]?
N =100 grid points in x-, y-direction f, = 10, M = 20 time steps
Use expansion points s; € {0, =/, £2i, +3/,...},j=1,...,/
rational Arnoldi uses r = 5,10, / =1, 3, 5 cyclically

Arnoldi (r =5) versus

relative error output solutions

rational Arnoldi (r =5, / = 3)

104 relative error output solutions
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Heat equation

T, =kATinQ =[0,1]?
N =100 grid points in x-, y-direction f, = 10, M = 20 time steps
Use expansion points s; € {0, =/, £2i, +3/,...},j=1,...,/
rational Arnoldi uses r = 5,10, / =1, 3, 5 cyclically
Arnoldi (r =5) versus rational Arnoldi (r =5, / = 5)

relative error output solutions

4 relative error output solutions 4
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Heat equation

T, =kATinQ =[0,1]?

N =100 grid points in x-, y-direction f, = 10, M = 20 time steps
Use expansion points s; € {0, =/, £2i, +3/,...},j=1,...,/
rational Arnoldi uses r = 5,10, / =1, 3, 5 cyclically

Arnoldi (r = 10) versus rational Arnoldi (r =10, / = 3)

102 relative error output solutions

102 relative error output solutions
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Heat equation

Arnoldi (r = 10)

102

T, =kATinQ =[0,1]?

N =100 grid points in x-, y-direction f, = 10, M = 20 time steps
Use expansion points s; € {0, =/, £2i, +3/,...},j=1,...,/
rational Arnoldi uses r = 5,10, / =1, 3, 5 cyclically

versus

relative error output solutions

rational Arnoldi (r =10, / =5)

102 relative error output solutions
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Choice of multiple shifts not clear in advance, sometimes one shift is enough

Multiple shifts may reduce the error ||9A-C,,(s) — fC,,H (s)||/||ﬂff,,+1 (s)|| between two
subsequent rational Arnoldi calls more uniformly

Adaptive strategies to select s; exist
Multiple shifts require more LU decompositions
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= Model Order Reduction

= Proper Orthogonal Decomposition

=« Balanced Truncation

= Moment Matching

= Conclusions
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Conclusions

Three different approaches to perform model order reduction presented

Discussion here only simplified!
= no clear winner, problem-dependent

= POD: use SVD of a snapshot sequence,
BT: use low-rank approximation of the associated Gramians
Moment Matching: build bases of the associated Krylov subspace

Many additional topics to be discussed (generalizations to Ex = Ax + Bu, error
estimates for Krylov-type methods, numerical solvers for solving the shifted
systems, parametrized systems, time-dependent systems, nonlinear systems,...)
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