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Which Equation is the Helmholtz Equation?

(∆ + k2)u = f or (∆ − η)u = f , η > 0
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Which Equation is the Helmholtz Equation?

(∆ + k2)u = f or (∆ − η)u = f , η > 0

Helmholtz (1871), Hertz ...
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Sweeping Preconditioner

Enquist, Ying 2010: Sweeping Preconditioner for the
Helmholtz Equation

“The paper introduces the sweeping preconditioner, which is
highly efficient for iterative solutions of the variable
coefficient Helmholtz equation including very high frequency
problems. The first central idea of this novel approach is to
construct an approximate factorization of the discretized
Helmholtz equation by sweeping the domain layer by layer,
starting from an absorbing layer or boundary condition.”
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Numerical Experiment (Enquist, Ying 2010)
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Source Transfer Domain Decomposition
Chen, Xiang 2012: A Source Transfer Domain
Decomposition Method for Helmholtz Equations in
Unbounded Domain

”The method is based on the decomposition of the domain
into non-overlapping layers and the idea of source transfer
which transfers the sources equivalently layer by layer so that
the solution in the final layer can be solved using a PML
method defined locally outside the last two layers.”
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PML Domain Decomposition

Stolk 2013: A rapidly converging domain decomposition
method for the Helmholtz equation

“A new domain decomposition method is introduced for the
heterogeneous 2-D and 3-D Helmholtz equations.
Transmission conditions based on the perfectly matched layer
(PML) are derived that avoid artificial reflections and match
incoming and outgoing waves at the subdomain interfaces.”

“Our most remarkable finding concerns the situation where
the domain is split into many thin layers along one of the
axes, say J subdomains numbered from 1 to J. Following [3]
we will also call these quasi 2-D subdomains. Generally, an
increase in the number of subdomains leads to an increase in
the number of iterations required for convergence. Here we
propose and study a method where the number of iterations
is essentially independent of the number of subdomains.”
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Numerical Experiments (Stolk 2013)
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What are these new Methods ?

(∆ + k2)u = f in Ω = (0, 1) × (0, π)

y

x
u11 u1m

un1
unm

Au =




D1 L1,2

L2,1 D2
. . .

. . .
. . . Ln−1,n

Ln,n−1 Dn







u1
u2
...
un


 =




f1
f2
...
fn
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Block Factorization

A =




D1 L1,2
L2,1 D2 L2,3

. . .
. . .

. . .

Ln,n−1 Dn




=




T1

L2,1 T2

. . .
. . .

Ln,n−1 Tn







I T−1
1 L1,2
I T−1

2 L2,3
. . .

. . .

I




Ti =

{
D1 i = 1,

Di − Li ,i−1T
−1
i−1Li−1,i 1 < i ≤ n.
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Block Factorization

A =




D1 L1,2
L2,1 D2 L2,3
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Ti =

{
D1 i = 1,

Di − Li ,i−1T
−1
i−1Li−1,i 1 < i ≤ n.
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Block Factorization

A =




D1 L1,2
L2,1 D2 L2,3

. . .
. . .

. . .

Ln,n−1 Dn




=




T1

L2,1T2

. . .
. . .

Ln,n−1Tn







T−1
1

T−1
2

. . .

T−1
n







T1L1,2

T2
. . .
. . .Ln−1,n

Tn




Ti =

{
D1 i = 1,

Di − Li ,i−1T
−1
i−1Li−1,i 1 < i ≤ n.

For symmetric PDEs, this factorization is called the block
LDLT factorization
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Forward and Backward Substitution

Au = LDLTu = f ⇐⇒ Lv = f, LTu = D−1v

Forward substitution:



T1

L2,1 T2

. . .
. . .

Ln,n−1 Tn







v1
v2
...
vn


 =




f1
f2
...
fn




v1 =T−1
1 f1

v2 =T−1
2 (f2 − L2,1v1) =T−1

2 (f2 − L2,1T
−1
1 f1) =T−1

2 f̄2
v3 =T−1

3 (f3 − L3,2v2) =T−1
3 (f3 − L3,2T

−1
2 f̄2) =T−1

3 f̄3
...

...
...

Source transfer: f̄ j = f j − Lj ,j−1T
−1
j−1f̄ j−1 and vn = un
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Transparent Boundary Conditions
For the model problem

(η −∆)u = f in Ω = (0,∞) × (0, π)
u(x , 0) = u(x , π) = 0

u(0, y) = 0

with f compactly supported in Ωint = (0, 1) × (0, π), and u
bounded at infinity.

x

y

0 1

π

Γ
support
of f

In order to solve this problem on a computer, the
computational domain needs to be truncated at x = 1, and
an artificial boundary condition needs to be imposed.



AILU, SP, DD,

ABC, PML

Martin J. Gander

Helmholtz ?

3 New Methods

Sweeping

Source Transfer

PML Domain
Decomposition

New Methods ?

Block Factorization

TBCs

Optimal Schwarz

Discrete TBCs

Approximations

Continuous

Discrete

Equivalences

AILU

Optimized Schwarz

Conclusions

Construction of Transparent Boundary Conditions
Based on the decomposition of Ω = Ωint ∪ Γ ∪Ω+

x

y

0 1

π

ΓΩint Ω+

and the equivalent coupled problems

(η −∆)v = f in Ωint

∂xv = ∂xv
+ on Γ

v+ = v on Γ
(η −∆)v+ = 0 in Ω+

with homogeneous conditions at y = 0 and y = π.
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Equivalent Solution on Ωint

The problem on Ω+ is independent of the source f . For any
Dirichlet data g on Γ, we can solve it to obtain v+(x , y , g).
Taking a normal derivative on Γ we obtain

DtN(g) := ∂xv
+(1, y , g).

We can thus solve only on Ωint the problem

(η −∆)v = f in Ωint

∂xv = DtN(v) on Γ

since this v is identical to the solution v of the coupled
problem

(η −∆)v = f in Ωint

∂xv = ∂xv
+ on Γ

v+ = v on Γ
(η −∆)v+ = 0 in Ω+

DtN is called the Dirichlet to Neumann operator, and
∂xv − DtN(v) = 0 transparent boundary condition (TBC)
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An Optimal Schwarz Algorithm

Based on the decomposition of Ω = Ω1 ∪ Γ ∪ Ω2

x

y

0 1 2

π

ΓΩ1 Ω2

The optimal Schwarz algorithm is

(η −∆)un1 = f in Ω1

∂xu
n
1 − DtN2(u

n
1 ) = ∂xu

n−1
2 − DtN2(u

n−1
2 ) on Γ

(η −∆)un2 = f in Ω2

∂xu
n
2 − DtN1(u

n
2 ) = ∂xu

n−1
1 − DtN1(u

n−1
1 ) on Γ

Result: This algorithm converges in two iterations,
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An Optimal Schwarz Algorithm

Based on the decomposition of Ω = Ω1 ∪ Γ ∪ Ω2

x

y

0 2

π

Γ12 Γ23 Γ34 Γ45

Ω1 Ω2 Ω3 Ω4 Ω5

The optimal Schwarz algorithm is

(η −∆)un1 = f in Ω1

∂xu
n
1 − DtN2(u

n
1 ) = ∂xu

n−1
2 − DtN2(u

n−1
2 ) on Γ

(η −∆)un2 = f in Ω2

∂xu
n
2 − DtN1(u

n
2 ) = ∂xu

n−1
1 − DtN1(u

n−1
1 ) on Γ

Result: This algorithm converges in two iterations, and with
N subdomains in N iterations,
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An Optimal Schwarz Algorithm

Based on the decomposition of Ω = Ω1 ∪ Γ ∪ Ω2

x

y

0 2

π

Γ12 Γ23 Γ34 Γ45

Ω1 Ω2 Ω3 Ω4 Ω5

The optimal Schwarz algorithm is

(η −∆)un1 = f in Ω1

∂xu
n
1 − DtN2(u

n
1 ) = ∂xu

n−1
2 − DtN2(u

n−1
2 ) on Γ

(η −∆)un2 = f in Ω2

∂xu
n
2 − DtN1(u

n
2 ) = ∂xu

n−1
1 − DtN1(u

n−1
1 ) on Γ

Result: This algorithm converges in two iterations, and with
N subdomains in N iterations, or in two when sweeping back
and forth once, independently of N.
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An Optimal Schwarz Algorithm

Based on the decomposition of Ω = Ω1 ∪ Γ ∪ Ω2
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The optimal Schwarz algorithm is

(η −∆)un1 = f in Ω1

∂xu
n
1 − DtN2(u

n
1 ) = ∂xu

n−1
2 − DtN2(u

n−1
2 ) on Γ

(η −∆)un2 = f in Ω2

∂xu
n
2 − DtN1(u

n
2 ) = ∂xu

n−1
1 − DtN1(u

n−1
1 ) on Γ

Result: This algorithm converges in two iterations, and with
N subdomains in N iterations, or in two when sweeping back
and forth once, independently of N.
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Discrete Transparent Boundary Conditions

(η −∆)u = f in Ω = (0,∞) × (0, π)

y

x
u11

u1m

un1

unm

Au =




D1 L1,2

L2,1 D2
. . .

. . .
. . . Lp−1,p

Lp,p−1 Dp,p
. . .

. . .
. . .







u1
...

up−1

up
...




=




f1
...

fp−1

0
...
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Elimination of the Outer Variables



D1 L1,2

L2,1
. . .

. . .
. . . Dn−1 Ln−1,n

Ln,n−1 Dn







...

...
un−1

un




=




...

...
0
0




Eliminate variables from the end using Schur complements:




D1 L1,2

L2,1
. . .

. . .
. . . Dn−2 Ln−2,n−1

Ln−1,n−2 Dn−1 − Ln−1,nD
−1
n Ln,n−1
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Eliminate variables from the end using Schur complements:
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Elimination of the Outer Variables
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un
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Eliminate variables from the end using Schur complements:




D1 L1,2

L2,1
. . .

. . .
. . . Dn−2 Ln−2,n−1

Ln−1,n−2 Tn−1




The same recurrence relation as in block ILU

Ti =

{
Dn i = n,

Di − Li ,i+1T
−1
i+1Li+1,i i = n − 1, n − 2, . . .
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Discrete Transparent Boundary Condition

To truncate the domain at block p:

Ã =




D1 L1,2

L2,1 D2
. . .

. . .
. . .

. . .
. . . Dp−1,p−1 Lp−1,p

Lp,p−1 Tp




where

Ti =

{
Dn i = n,

Di − Li ,i+1T
−1
i+1Li+1,i i = n− 1, n − 2, . . . , p

What happens if the outer domain is infinite ?



AILU, SP, DD,

ABC, PML

Martin J. Gander

Helmholtz ?

3 New Methods

Sweeping

Source Transfer

PML Domain
Decomposition

New Methods ?

Block Factorization

TBCs

Optimal Schwarz

Discrete TBCs

Approximations

Continuous

Discrete

Equivalences

AILU

Optimized Schwarz

Conclusions

Discrete TBC for Infinite Domain
Assume the outer problem has constant coefficients

A =




D1 L1,2

L2,1 D2
. . .

. . .
. . . Lp−1,p

Lp,p−1 Dp,p L

L D
. . .

. . .
. . .




Then the recurrence relation for Ti is

Ti =

{
D i = n very large,

D − LT−1
i+1L i = n − 1, n − 2, . . . , p

and in the limit, when n goes to infinity Tp = T∞ where T∞

satisfies
T∞ = D − LT−1

∞
L
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Equivalence Between Discrete and Continuous

Result: The equivalent of the continuous problem

(η −∆)u = f in Ωint

∂xu − DtN(u) = 0 on Γ

is at the algebraic level

Ãu =




D1 L1,2

L2,1 D2
. . .

. . .
. . . Lp−1,p

Lp,p−1 T∞







u1
...

up−1

up


 =




f1
...

fp−1

fp




where

T∞ = D − LT−1
∞

L
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Approximations at the Continuous Level
For the model problem

(η −∆)u = f in Ωint

∂xu − DtN(u) = 0 on Γ

one can show that the Fourier transform along the interface
of the DtN operator is

D̂tN(u) = −
√

η + k2

Approximations are

◮ the so called absorbing boundary conditions (ABCs)

√
η + k2 ≈ p + qk2.

◮ and the perfectly matched layers (PMLs)

√
η + k2 ≈

P(k)

Q(k)
.
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Approximations at the Discrete Level

Have to approximate the dense matrices Ti in

Ti =

{
D i = n very large,

D − LT−1
i+1L i = n − 1, n − 2, . . . , p

by sparse matrices.

Can use the same techniques as at the continuous
level!

◮ approximation by a tridiagonal matrix (ABCs),

⇐⇒
√

η + k2 ≈ p + qk2.

◮ approximation using the PML

◮ approximation using H-matrix techniques
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Algorithms Based on Block Factorization
Analytic Incomplete LU, AILU (G, Nataf 1998,2002,2005) is
an approximate LDLT factorization based on approximating

Ti ≈ T∞ ≈
√

η + k2 ≈ p + qk2 ≈ Tridiag

QMR ILU(’0’) ILU(1e-2) AILU(’0’)
k it Mflops it Mflops it Mflops it Mflops
10 737 1858.2 370 1489.3 80 421.4 36 176.2
15 1775 10185.2 2000 18133.2 220 2615.1 43 475.9
20 2000 20335.1 — — 2000 42320.1 64 1260.2
30 – – – – – – 90 3984.1
50 – – – – – – 285 24000.4

Theorem (G, Nataf 2000:)

Frequency Filtering (Wittum 1991) is an AILU with discrete
tridiagonal approximation of Ti , exact for 2 frequencies

Theorem (G, Zhang 2012:)

The Sweeping Preconditioner (Enquist, Ying (2010,. . . ) is
an AILU approximating Ti by PML or H-matrices
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Algorithms Based on Domain Decomposition

Optimal Schwarz methods use the DtN as transmission
conditions (Nataf, Rogier, de Sturler 1994, G, Kwok 2010)

Optimized Schwarz methods use approximations of the DtN
in the transmission condition (G, Halpern, Nataf 2000)

Theorem (G, Zhang 2013:)

The source transfer domain decomposition method (Chen,
Xiang 2012) is an optimized Schwarz method using a PML
approximation of the DtN in the transmission condition on
one side of the subdomains, and Dirichlet on the other.

Theorem (G, Zhang 2013:)

The PML domain decomposition method (Stolk 2013) is an
optimized Schwarz method based on one forward and one
backward sweep using a PML approximation of the DtN in
the transmission condition.
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Conclusions

◮ The Dirichlet to Neumann operator (DtN) and its
discrete equivalent Ti appear naturally both in strip
domain decomposition methods and block
factorizations

◮ Any approximation of the DtN or its discrete
equivalent Ti can be used to obtain AILU
preconditioners or optimized Schwarz methods
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Conclusions

◮ The Dirichlet to Neumann operator (DtN) and its
discrete equivalent Ti appear naturally both in strip
domain decomposition methods and block
factorizations

◮ Any approximation of the DtN or its discrete
equivalent Ti can be used to obtain AILU
preconditioners or optimized Schwarz methods

◮ Optimized Schwarz and AILU are very much related,
just use strip domains instead of single layers !
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Conclusions

◮ The Dirichlet to Neumann operator (DtN) and its
discrete equivalent Ti appear naturally both in strip
domain decomposition methods and block
factorizations

◮ Any approximation of the DtN or its discrete
equivalent Ti can be used to obtain AILU
preconditioners or optimized Schwarz methods

◮ Optimized Schwarz and AILU are very much related,
just use strip domains instead of single layers !

Preprints are available at www.unige.ch/∼gander
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