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Iterative Methods

Gauss Invents an Iterative Method in a Letter
Gauss (1823), in a letter to Gerling: in order to compute
a least squares solution based on angle measurements
between the locations Berger Warte, Johannisberg, Taufstein
and Milseburg:

Martin J. Gander

Gauss

Die Bedingungsgleichungen sind also:

0=} 64+67a—13b— 28c— 26d

0 =— 7558 —13a+69b— 50c— 6d

0 = — 14604 —28a—50b-} 156¢c— 78d

0 = 422156 —26a— 6b— 78¢c}+110d;
Summe = 0.

Um nun indirect zu eliminiren, bemerke ich, dass, wenn 3 der Grossen
a, b, c, d gleich 0 gesetzt werden, die vierte den gréssten Werth bekommt,
wenn d dafiir gewihlt wird. Natiirlich muss jede Grdsse aus ihrer eigenen
Gleichung, also d aus der vierten, bestimmt werden. Ich setze also d = — 201
und substituire diesen Werth. Die absoluten Theile werden dann: -+ 5232,
— 6352, 1074, +-46; das Ubrige bleibt dasselbe. '



Gauss' Method

Jetzt lasse ich b an die Reihe kommen, finde b = 4-92, substituire und
finde die absoluten Theile: -}-4036, —4, — 3526, — 506.
bis nichts mehr zu corrigiren ist.

aber in der Wirklichkeit bloss folgendes Schema:

So fahre ich fort,
Von diesexr ganzen Rechnung schreibe ich

jd=—201|b=492|a=—60lc=+F12|a=+5|b=—2/a=—1
-+ 6| 45232 | 44036 | + 16 | —320 | + 15 | 441 | —26
— 7558 | —6352 — 4 |4 776 | 4176 | 111 | —27 | —14
— 14604 | 41074 | —3526 | —1846 | + 26 | —114 | —14 | +14

422156 | + 46

Insofern ich die Rechnung nur auf das nichste 2000%' [der] Secunde
fubre, sehe ich, dass jetzt nichts mehr zu corrigiren ist.

506

41054

+ 118

a=—60 b=+ 92 c=-+12
+ 5 — 2
— 1
—56 + 90 412

12

Ich sammle daher

— 201

0

d=—201

-+ 26.
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Ca|CU|at|0ns Make Happy I Iterative Methods
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Gauss concludes his letter with the statement:

Gauss

Fast jeden Abend mache ich eine neue Auflage des Tableaus, wo immer
leicht nachzuhelfen ist. Bei der Einférmigkeit des Messungsgeschifts gibt dies
immer eine angenehme Unterhaltung; man sieht dann auch immer gleich, ob
etwas zweifelhaftes eingeschlichen ist, was noch wiinschenswerth bleibt, ete.
Ich empfehle Thnen diesen Modus zur Nachahmung. Schwerlich werden Sie je
wieder direct eliminiren, wenigstens nich®, wenn Sie mehr als 2 Unbekannte
haben. Das indirecte Verfahren lésst sich halb im Schlafe ausfithren, oder
man kann wihrend desselben an andere Dinge denken.

“... You will in future hardly eliminate directly, at least not
when you have more than two unknowns. The indirect

procedure can be done while one is half asleep, or is thinking
about other things.”



Supp. Theoria Combinationis Observationum 1828

36

5l 5 |
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CAROLI FRIDERICI GAUSS

197 =54+ C+ D+ E4 H+ I+ 5,047 N
0,436 =684 L + P+ G+ I + K+ L+ 2,962 M
3958 = A4 4 3C — 3,106 M

0,722 = A + 3D — 9,665 M

0,753 = A + B + 3 E 4 4,696 M + 17,096 N

2, 3550= B + 3 F —12.053 N

1,201 = B + 3G — 414,707 N

0,461 = A4 + 3 H + 16,752 M

2,506 = A4 4+ B + 31 — 8,030 M — 4,874 N
0,043 = B 4 3K — 11,063 N

0,616 = B + 3L + 30,859 N

371 = +2,9628 — 3,106 C — 9,665 D 4+ 4,690 £
+ 16,752 H — 8,039 1 + 2902,27 M — 459,33 N

4370 = 45917 44 17,096 E—12,053 F'— 14,707 G— 4,874 [

—11,963 K + 30,859 L — 459, 33 M + 3385, Y6 N
Hinc ervimus per eliminationem:

= —+ 0,598 H= 4 0,659
B :T 0,235 I =+ 1,050
C = — 1,234 K=+ 0,577
D = 4 0,056 L = — 1,351
L= — 0,447 M= — 0,109792
P = + 1,351 N = + 0,119681
G = 4+ 0,271
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Jacobi also Invents an lterative Method

Jacobi (1845): Ueber eine neue Auflosungsart der bei der
Methode der kleinsten Quadrate vorkommenden linearen

Gleichungen
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Jacobi’'s Method
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New Idea of Jacobi

...and he invents the Jacobi rotations !
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Jacobi Rotations

Next, Jacobi takes an example from Gauss' Theoria Motus
Corporum Coelestium in Sectionibus Conicis Solem
Ambientium (1809)
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Jacobi does Preconditioning

After preconditioning, it takes only three Jacobi iterations to

obtain three accurate digits!
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Ludwlg Se|de| Iterative Methods
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Seidel (1874): Ueber ein Verfahren, die Gleichungen, auf
welche die Methode der kleinsten Quadrate fiihrt, sowie
lineare Gleichungen ueberhaupt, durch successive
Annaherung aufzulosen

Seidel
So einfach nun, ibrer mathematischen Natur nach, die Aufgabe

ist, eine beliebige Anzahl unbekannter Grossen aus gleich vielen line-

aren Gleichungen zu berechnen, so mithsam wird ihre numerische

Durchfihrung, wenn die Zahl der Unbekannten betrichtlich gross wird,

der anzuschliessen. Ich weiss nicht, ob ein Complex von mehr als einigen
siebzig Unbekannten je einheitlich berechnet worden ist. Die Zahl 70
ist erreicht in dem Netze der ostpreussischen Gradmessung!) (und zwar
in einem Falle, wo zwischen den Unbekannten noch 31 streng zu er-
filllende Bedingungsgleichungen bestehen, welcher Umstand aber nach der
gewohnlichen Art der Behandlung die Sache nur erschwert), und mit
72 Unbekannten habe ich zu thun gehabt bei Berechnung der wahr-
scheinlichsten Werthe fiir die Logarithmen der Helligkeiten der Sterne,
welche in mwein photometrisches Netz gezogen waren 2) — Die gebranch-



Seidel was Jacobi's Student

Seidel talks about Jacobi, and how he had the honor to
calculate for him:

Ein anderes Verfahren hat Jacobi erdacht und anf die 7 Gleichungen
angewandt, welche zur Berechnung eines Theiles der Sicularstérungen
im Planetensystem nach Laplace von Leverrier aufgestellt waren?); ich habe
noch als Studirender die Ehre gehabt, fiir ihn dazu die numerischen Rech-
nungen auszufithren

but he also did not think much about the preconditioning
idea of Jacobi:

So sinnreich iibrigens diese Methode den speciellen Schwierigkeiten des
Falles angepasst ist, fiir welchem Jacobi ihre Anwendung veranlasste
und in welchem die diagonalen Coefficienten selbst noch linedre Funk-
tionen einer supernumeriren Unbekannten sind, so scheint sie mir fiir
den gewdhnlich vorkommenden einfacheren Fall doch keineswegs vor-
theilhafter zun sein, als die allgemein angewandte; auch bezweifle ich,
ob sie in irgend einem weiteren Falle bisher in Anwendung gebracht
worden ist.

Iterative Methods
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Seidel



Seldel,s “NeW Method” Iterative Methods

Martin J. Gander

Seidel then proposes a third method, his method:

Kinen dritten Weg habe ich in meiner oben citirten photometrischen
Abhandlung eingeschlagen; seine Wahl war fir die dort behandelte
Aufgabe bei der einfachen Gestalt der einzelnen Beobachtungsgleich Seidel
ungen eine hesonders naheliegende, In meinem vorliegenden Aufsatze
beapsichtige ich, diese Auilésungs-Methode in derjenigen Gestaltuny
darzulegen und zu begrinden, in welcher sie ganz allgemein anwend-
bar ist,

» Seidel describes in what follows Gauss’ method

» He gives a convergence prove for the case of the normal
equations

» He emphasizes that any system can be written as a
system of normal equations

» He notes that the unknowns could also be processed
cyclically

> and ...



Seidel Does Parallel Computing! heraive Methocs
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Verbindung gebracht werden sollen; d. h. man nehme an, dass das
Beobachtungsmaterial (niedergelegt in Gleichungen der Form A), welches
sehr viele Unbekannte enthalten mag, sich unter zwei Rechner so ver-
theilen lisst, dass die Gleichungen, welche gewisse Unbekannte ent- Seidel
halten, ausschliesslich dem ersten, diejenigen mit anderen Unbekannten
ausschliesslich dem zweiten zugewiesen werden, und dass nur verhilt-
nissmissig wenig Unbekannte einer dritten oder intermediiren Gruppe
durch Beobachtungsgleichungen einerseits mit Variablen des ersten und
andererseits mit solchen des zweiten Systemes in Verbindung gebracht
sind, und so den Zusammenhang beider Systeme vermitteln. Die Normal-
gleichungen (in der Form I, E') fir die Unbekannten dieser verbinden-
den Art miissen von beiden Rechnern (natiirlich iibereinstimmend) an-
gesetzt werden: ihre Glieder zur Iechten (anch die Complexe &.1...)
werden von selbst in drei Theile zerfallen, die Unbekannten des ersten,
des zweiten und des intermediiven Systems, resp. deren Correctionen,
enthaltend. Ausserdem hat jeder Rechner vor sich die Normalgleich-
ungen fiir die ihm allein zugetheilten Unbekannten. Indem nun aus-
geglichen wird, muss von Zeit zu Zeit an gewissen Abschnitten der
Arbeit jeder Rechner dem andern fiir die Normalgleichungen der gemein-
samen Unbekannten die Zahlenwerthe derjenigen Glieder mittheilen,



Modern Notatlon Iterative Methods
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Large sparse linear system

Ax=b, AecR™" beR"

Modern Notation

Split the matrix, A= M — N, and iterate
Mxyi1 = Nxe+b, k=0,1,2,...

Stationary iterative method: M and N do not depend on k
Conditions on M:

» M is a good approximation of A,

» Mx =y is easy and cheap to solve.

Standard form: x,1 = M~INx, + M~b
Correction form: x4 1 = xx + M~1(b — Axy)



Iterative Methods

Residual, Error and the Difference of lterates

Martin J. Gander
Theorem: Defining the
> error: ex = X — Xk
» residual: ryx := b — Ax,

Modern Notation

> difference of iterates: ug = Xj1 — Xk

we have
-1
€itr1 = M Nek,
-1
U1 = M Nuk,
-1
Fer1 = NM rg,

and difference, error and residual are related by
I\/Iuk =ry = Aek.

Theorem (Nekrasov 1885, Pizzetti 1887) The method
converges iff p(M~1N) < 1.



Convergence Factor and Convergence Rate frerstive Rcthods

Martin J. Gander
ey = ( lN)kEO GkEO

taking norms, we want for the error reduction to tolerance ¢

1 k Modern Notation
P |
”ek” HGk” (HGka> <e s k> n(E) )

Jleoll =  (16+1)

Lemma: For any induced matrix norm, we have
lim || GK[[¥ = p(G).
k—o0

Definition:
» mean convergence factor: px(G) = ||Gk||%
» asymptotic convergence factor: p(G) = limy_o px(G)
» mean convergence rate

Re(G) = —In (IGH]I%) = ~In(px(G))

asymptotic convergence rate Ro(G) = — In(p(G))

v



Jacobl 'S Method Iterative Methods
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One step of Jacobi for the system Ax = b
for i=1:n

tmp(i)=(b(1)-A(i,[1:i-1 i+1:n])*x([1:i-1 i+1:n]))/A(i,1);
end

Jacobi

x=tmp(:);
This corresponds to the splitting A= M — N with
M=D, N=-L—-U = Dxky1=b—(L+ U)xk

Theorem: If the matrix A € R™" is strictly diagonally
dominant , i.e.

laii| > Z|a,-j| fori=1,...,n,
JF#i

then the Jacobi iteration converges.



Iterative Methods

Gauss-Seidel
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One step of Gauss-Seidel for the system Ax = b

for i=1:n
x(1)=(b@E)-AG, [1:i-1 i+1:n])*x([1:i-1 i+1:n]))/A(i,i);
end Gauss-Seidel

This corresponds to the splitting
M=D+1L, N=-U

— (D + L)x1 = —Uxx + b.

Remark: Gauss-Seidel is often faster than Jacobi, e.g. for
the Laplacian, Gauss-Seidel converges twice as fast as Jacobi



Iterative Methods

Gauss-Seidel always faster than Jacobi 7

Martin J. Gander

-1 0 -1
A= -1 1 0
1 2 -3
The Jacobi iteration matrix e
0 0 -1
Gy=-D'(L+U)=| 1 0 0],
1 2
3 3 0

has eigenvalues 0.37 + 0.86/ and —0.74, p(Gy) = 0.944.
Gauss-Seidel iteration matrix

00 -1
Gas=—-(D+L)'U=|(00 -1 ],
00 -1

has eigenvalues 0, 0, —1 with p(Ggs) = 1.



Iterative Methods

Successive Overrelaxation

One step of Successive Overrelaxation (Young 1950) with
parameter w for the system Ax = b

Martin J. Gander

for i=1:n
x(i)=omegax(b(i)-A(i, [1:i-1 i+1:n])*x([1:i-1 i+1:n]))/A(i,1)
+(1-omega) *x (1) ;
end SOR

SOR can also be derived from Gauss-Seidel
(D+ L)x=—-Ux+b.

Multiplying by w and adding on both sides the expression
(1 — w)Dx, we obtain the SOR iteration

(D + wl)xk+1 = (—wU + (1 — w)D)x, + wb.

SOR is therefore based on the splitting

1 1
A:I\/I—Nwith/\/I:—D+LandN:—U+<——1>D
w w



Iterative Methods
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Theorem [Kahan (1958)]: For the SOR iteration matrix

Gsor = (D + wL)_l(—wU +(1—-w)D)
SOR
we have

p(Gsor) 2 [w — 1, Vw.

Theorem [Ostrowski-Reich]: Let A € R"™" be symmetric
and invertible, with positive diagonal elements, D > 0. Then
SOR converges for all 0 < w < 2 if and only if A is positive
definite.



Optimal Choice of Relaxation erative Hsthods
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Theorem [Young 1950]: Let A have property A, i.e. there
exist diagonal matrices D; and D; s.t

Dy F

T
A=P AP—[ E D,

]:L—l-D—I-U.

SOR

Let Gj(A) be the associated Jacobi iteration matrix. If the
eigenvalues 11(Gy) are real and p(Gj) < 1, then the optimal
SOR parameter w for A is

Wopt = .
opt 1_ p( GJ)Z
Example: For the discretized Laplacian, Jacobi and
Gauss-Seidel have convergence factors 1 — O(h?), and
optimized SOR has a convergence factor 1 — O(h).



Richardson Iteration rerative Histhers
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From the correction form of the stationary iteration
-1
Xk+1 = Xk + M7y,

choosing M~! = a/, which corresponds to the splitting
M=2LXland N= él — A, leads to Richardson’'s method

T«

Richardson

Xk+1 = Xk + a(b — Ax) = (I — aA)xk + ab.

Theorem: For A € R"*" symmetric and positive definite:

a) Richardson converges <= 0 < a < ﬁ.

- 2
)\max (A)"F)\mm(A) ’

©) p(l = aopA) = ST K(A) = 32205

b) Convergence is optimal for agpt =



Proof of the Theorem frerative Methods
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p(I —aA)

| 1 - a)\max

| 1— a>\min ’ Richardson

1

Qopt v
)\max P max Amin

Remark: For the Laplacian, we get the convergence factor
1— O(h?)

But is this really what Richardson proposed 777



Richardson’s Influential Paper

Richardson (1910): The Approximate Arithmetical
Solution by Finite Differences of Physical Problems involving
Differential Equations, with an Application to the stresses in
a Masonry Dam

Contains historical section:

§2-0. Hislorical—Step-hy-step arithmetical methods of solving ordinary difference equations have long
been employed for the calculation of interest and annuities. Recently their application to differential
equations has been very greatly improved by the introduetion of rules allied to those for upproxnmutu
quadrature. The papers referred to are :—

Ruxce, “Uber die numerische Auflésung von Differentialgleichungen,” ¢ Math. Anu.,” Bd. 46.
Luipzig, 18085,

W. F. Sueerarp, “A Method for Extending the Accuracy of Mathematical Tables,” ¢ Proc. Lond.
Math, Soc.,,’ XXX

Kary Hreuwn, “Neue methode zur approximativen Integration der Differentialgleichungen einer

unabhiingigen Veriinderlichen,” ¢ Zeitschrift Math, u. Phys.,” No. 45, 1900,
Wirneen Kurra, * Beitrag zur niherungsweisen Integration totaler Differentinlgleichen,” ¢ Zeit-
schrift Math. u. Phys.,’ No. 46, 1901,

Further Ricuarn GaNz, in a paper * Uber die numerische Auflisung von partiollen Differential-

gleichungen,” ¢ Zeitschrift Math. u. Phys,,” No. 48, 1003, has extended the methods of Runcn Heuw, and
KutTa to partial equations of the type considered in this section,
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A Very Rich and Well Written Paper

Focus is the numerical solution of PDEs:

The equations considered in any detail are only a few of the commoner ones
occurring in physical mathematios, namely :—Lavnaow’s equation V' = 0; the
oscillation equations (V*+4*) ¢ = 0 and (V'—k) ¢ = 0; and the equation V'¢ = 0.
But the methods employed are not limited to these equations,

Explains finite difference approximations:

differencing operator & and SueprarDs* averager p ave defined by

8 () =S = fo—dl) o ()
#f{::l) =J‘(-‘l'+%l‘f}+‘f(d‘—é[‘p.} . (2)'

?)r% ‘lﬂ‘i“ be represented by I Lgi; =g {(10)—(10)}

b -

&’ B " 33._*““ (10)=2(00)+(10)}

Moo b a3z (20)=2010)+2(10)~(F0)}

?Tl;é* " » o‘g:j ,“('0) 4(10)+6(00)— 4(T0)+(20)}

) ) B )
zoy " 3 p,m,w M“(n)+(11) (11)y—(17)}

gi’i@g;’f; " " i a?—ﬁ :—'ﬁ t}'ﬁ-f;:;}P{(|0)+(01)+(10)+(UT}~4(00)}.
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Time Stepping Methods for Evolution Problems

One of Richardson's examples: the heat equation

Ur = Uy in Q =(—0.5,0.5) x (0,0.005)

1= 0. 0001, 0-002,

2 =05 | 0-0000 0-0000 00000
04 | 1:0000 o = 0-9000 08356

0:3 | 1°0000 b= 09959 09834

0:2 1 1:0000 ¢ = 0-9998 09903

01| 1:0000 « = 1+0000 10000

00 | 10000 e = 1-0000 1:0000
~0-1 | 1-0000 o = 10000 10000

Tanre 1

0003,

0+0000
07714
09685
09968
09999
10000
09999

0004,

00000
07209
0:9492
09945
09904
10000
0-9994

0005,

00000
016729

0:9320 |

09887
08990
09998
09990

00056
corroct by

Founier's
method,

00000
06828
09640
0-0980
0-H996
1+0000
00996

Lrrors,

= 00099
~0-0216
= 040093
~ 0-0006
= 00002
— 00006

In satisfying the equation we must be careful to equate values of %*¢/Sz* and
BepfBt, which are centered at the same point, This causes a little difficulty at starting,
When t = 0:001 let the values of ¢ be a, b, e, d, e, as indicated in Table I. Then if
the difference equation be satisfied at £ = 0°0005, it takes the form of 5 simultaneous
equations involving a, b, ¢, d, e.  Solving these equations, we find the numbers given
in the column @ = 0°001.  Having got over this rather troublesome first step, we can
find the rest much more simply by centering all differences on the columns ¢ = 0001,
0002, 0°003, &e., and deducing each number from the two preceding columns. The
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Explains Richardson extrapolation

An exeellent illustration is afforded by Lord Ravyreian's account of the vibration of
a stretched string of beads (* Sound,’ vol. I, §121).  He gives the frequency of the
fundamental for the same mass per unit length coneentrated in various numbers
of beads. This is reproduced below in the table. The co-ordinate difference A is
inversely as one plus the number of beads, not counting beads at the fixed ends,

‘ Number of free beads + one . . 2 b l 4 b 10 20 40 @

| i — =

9003 :UE-I-DI +OT45 | ~9836 | -0060 | 0000 | 0007 | unity

Ratio of frequency to that of
‘ continuous string .

Error in representation of con-
<0097 | 10401 | +02556 | -0164 | <0041 | 0010 | <0003 | +0000

tinuous string by string of
beads ., ., . ., . . . .

Ratio of error to square of
co-ordinate  difference % a
| constant Eowow

3088 | -4000 | +4080 | 4001 | -4107 | -4111 | 4112 | -4112

The degree of constancy of the last line shows that iff we found the frequency for
one bead and for three, then extrapolation, on the assumption that the ervor is
proportional to 4, would give us the frequency for the continuous string to about one
part in 1000 ; which is as near as we could get by twenty beads and no extrapolation.
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Solution of Laplace’s Equation
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Wall Clock Times of Richardson

The solution of these six simultaneous equations was accomplished in an hour and

gave the following results :—

‘ . ‘ b, | Iy d. ‘ e | £

|

By finite differences . . . . . .| 0693
By infinitesimals . . . . . . .| 0:700

i' :
Errors due to finite differences ‘ 0007 ‘ 0005

e 'e

The numbers for infinitesimal differences were obtained from

4 o il | mmr
== = (=1)7 — sech == cos ma cosh mz,
T wodd T 2

adding up the series at these six points took 3 hours !"

Richardson also does clamped vibration, on a diamond
(comparison with Rayleigh's bound, Ritz is missing!)

. et
0772 | 0-7o4 | 0-6Gol ‘ 0-6324 | 0-5:
| ) .

0777 ‘ 0:798 | 0:604 | 0-6354 | 0:534

|

0004 ‘ 0003 0003 0+001
|
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. ) .
Richardson’s Iterative Method
§ 32, Successive Approxeimation to the Dutegrals.—Iaving illustrated the use of
simultaneous integral equations, let us pass on to methods which have this property
in common : that starting from a table of numbers, correet at the boundary, but
otherwise merely as near as one can guess, one proceeds by definite methods to
modify this table and thereby to cause it to approach without limit towards the true
finite-difference integral,
Conditions of Applicability according to Richardson:
» D¢ =0, D a differential operator, together with
boundary conditions to make the problem determinate
» Equations must be linear
» Must be such that a certain positive quadratic function

is a complete minimum
Let ¢, be the correct finite-difference integral. Let ¢, be a function (that is a table
of numbers) satisfying the correct boundary-conditions, but arbitrary as to its body
values, Next caleulate the body-values of ¢, by means of

({lg=¢‘7dl_l®’l’ll. ¥ O8 OB N &G w5 E (l.)

where «; is a number to be fixed ; and fill in such boundary-values of ¢, as will satisfy
the same boundary-conditions as ¢,. The succeeding steps are each of the form

‘f)mq 1= f"l,.,—ﬂ-,,,--l '.D’cb,,, . s . . . . . . . (2)

Iterative Methods
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Richardson



Richardson’s Analysis

that by the judicious choico of a,, ay, ..., a, it is possible to make ¢, nearer to
¢, than ¢, was.  For since ' is linear and ®'g, = 0 we have from (2)

f#'-r&l_‘ﬁu = ‘f)m_ﬁbu_ampl g’ (‘f’m_(pb"}‘ 5 ' L 2 & (3)'
Now it is shown in the Appendix that ¢, —d, may be expanded in a series of integrals of

(D-M)Py=0 . . . . . .« u . . (4)

Put b=he=3AP, . . . . . .. .. . (B)
Then by (4) D (p—) = +EANP,
And therefore by (3) hy—ch, = A, (l il ) (6).
%

Proceeding in the same manner after ¢ operations wo arrive at

r,sm—(;;"::m( —’iﬁ)(i—"_*")...(l-"—*")n. )

oy Oy g

A measure of the devintion of two functions from one another which is used in the
theory of Least Squares is the sum of the weighted squares of their differences,
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Richardson’s Minimization

Sl(r,tam—-inu)ﬂ=}:Aﬁ[<1~_"_’f)('1ﬂ_f)x...x(xf"_f)T )

oty oy %y

Now it has been found that by a judicious choice of e, ay, ..., , the quantity

A 2 )\ i h T a " . i ;
[(1——*) (ld—*—)x e (1——”)] may be made small for all possible values of A2

oy Ay \ Ly
(Thus fig. 1 shows this done for a set of seven («)'s, This graph was arrived at by
trial.)  The ervor By of ey may therefore be made small in comparison with that

+1:0
,\¥\_F_| .l Sevew Areroximarions
g Y \ DISTRIBUTED.
% IR
-§ 0 “tT/“z\ %y xy oy O -W"‘F
&
s N
I of _’\T [ 03 04 05 06 o7 0-8 09 ¥
hoRE |
3
g Fic.2. Sevew Areroximarions
+0h mnro::){
0

Curves illustrating the process of approximation,
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Real Richardson’'s Method e Hethods

Martin J. Gander

Xk+1 = Xk + Oék(b — AXk) <~ Fgy1 = (I — akA)rk

Assume A symmetric and positive definite, and define for
€ R the norm

M3, = T Ay
Using Ritz' idea:

Richardson

Q(ak) = [Irksal3-n — min.
Differentiating with respect to ay,

dQ

_,dra
—X ol AH
dovy Pt dovy

=2((I — axA)r ) TATH(—Are) =0

Solving for ay, we obtain
rl Al Hry
Oék = f.
r AsHry

Useful choices for p are 0 and 1



Conjugate Residuals e Hethods

Martin J. Gander

For 1 = 0, we obtain

rZ—Ark
g = ——>
[[Arg”

and we are minimizing in this case locally
||rk—‘,—1||2 — ||Aek+1||2 ||ek—‘,—1||A2 — mln Conjugate Residuals
This algorithm has the property

FeAre = r[(l—akA)TArk

— T T YAV AT —
= r Ar— rk AT, ||2A Ar, = 0

— conjugate residuals algorithm



Iterative Methods

Steepest Descent

. Martin J. Gander
For 1 = 1, we obtain

A

and ||r 2 i=r] Al — min
T Ary Pktilia-—1 = rega k1

We also minimize [ext1[% = e/, ;Aext1, since

A€kt = Fry1.

We also minimize Q(xx + ark) as a function of a, where
Q(x) = $xT Ax — b'x, since

dQ T T T Steepest Descent
d—:r Ax+ar Ar—b'r=20,
«

leads to the same «.
VR =Ax—b=—r
—> method of steepest descent

Theorem
Steepest descent converges for symmetric positive definite
problems.



Iterative Methods

Best Tactic versus Best Strategy

. Martin J. Gander
Choosing ay such that

IFr1ll3—n — min

is the best tactic but maybe not the best strategy.
Residual recurrence in Richardson's method:

rer1 = (I — axA)rg,

and since r, = Aey
Global Strategies

€)1 = (/ — akA)ek.
Thus the error after k steps is
ey = (I — ak_lA)(/ — Oék_2A) cee (/ — aoA)eo = Pk(A)eo.
Definition

The polynomial Py, which satisfies P(0) = 1, is called
residual polynomial.



Iterative Methods

Optimal Strategy

. C e Martin J. Gander
Should choose ay such that the global error is minimized!

Theorem
If ay = /\lk Ak eigenvalues of A, then convergence is reached
in at most n steps (Proof: Cayley-Hamilton)

Approximation: since
lexll = lPx(A)eoll < [|Pk(A)lllleoll;

can try to minimize |Px(A)]||. If A is diagonalizable,
A= Q/\ Q_l Global Strategies

1P (A= 1IQPLN)QHI<IQINQHIIIPx(A) | = k(@)1 Pk (M)]|-

For symmetric and positive definite matrices, an interval
0<as< A< <~ <A <b

may be known, and hence

m?X|Pk()‘/)| < afgjgblPk(X)l



Best Approximation Problems

Chebyshev (1854): Théorie des mécanismes connus sous le
nom de parallélogrammes.

Soit f(x) une fonction donnée, U un poly-
nome du degré n avec des coefficients ar-
bitraires. Si I'on choisit ces coefficients de
maniére a ce que la différence f(x) — U,
depuis x = a— h, jusque a x = a—+ h, reste
dans les limites les plus rapprochées de 0,
la différence f(x) — U jouira, comme on le
sait, de cette propriété:

Parmi les valeurs les plus grandes et les plus
petites de la différence f(x) — U entre les
limites x = a— h, x = a+ h, on trouve au
moins n+ 2 fois la méme valeur numérique.

De la Vallée Poussin (1910): Existence, Uniqueness and
Equioscillation.

. £ —
min max| (x) = p(x)|
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Iterative Methods

Chebyshev Polynomials

Given a degree k, we want to determine a polynomial Py
with P (0) = 1 such that

Martin J. Gander

Py(x)| — min.
225, |PLl = min e

Modern Notation

Definition (Chebyshev Polynomials) Jacobi

Gauss-Seidel

SOR

Ck(t) :=cos(karccost), —1<t<1, k=0,1,... B

Richardson
Conjugate Residuals

Steepest Descent
Global Strategies
Chebyshev
Semi-Iterative Method
Extrapolation

Krylov

Preconditioning

Spaces

Conjugate Gradients
Stiefel
Krylov




Iterative Methods

Chebyshev Semi-Iterative Method

. . . Martin J. Gander
Normalized Chebyshev polynomial is

G (-1+2522)

6 (32)

k
1 \ﬁ ~1
atb -
‘ Ck < > ‘ \/7 + 1 Semi-Iterative Method

and we therefore get for this method

k
k(A) -1
lexl| <2 | === lleoll-
k(A)+1
Richardson's dream comes true in Gene Golub’s PhD-thesis
(1959): the Chebyshev Semi-Iterative Method!

Q(x) =

and can be bounded by



Extrapolation Methods e Hethod

Martin J. Gander
Claude Brezinski (1977): Accélération de la Convergence

en Analyse Numérique (Springer)

Avram Sidi and Jacob Bridger (1988): Convergence and
stability analyses for some vector extrapolation methods in
the presence of defective iteration matrices

Avram Sidi (1991): Efficient implementation of minimal
polynomial and reduced rank extrapolation methods

For Ax =b, A= M — N, we consider the iteration

Mxiy1 = Nx; +b

Extrapolation

Idea: find ; for i = 0,1,..., k, with 3_¥  4; = 1 such that

k
Yi = Z YiXi
i=0

is a much better approximation than x.



Iterative Methods

Finding a Good Combination

K K K
Xj=X+e = Z%‘Xi = XZ’W—I—Z%G;,
i=0 i=0 i=0

S~—— S~——
Y« 1

Martin J. Gander

and therefore .
Ye =%+ Z vi€i-
i=0

For y, to be a good approximation, we would like to have

K
E vie; ~ 0,
i=0

and with the error recursion e, = M~ 1Ne;_; =: Ge;_1,

Extrapolation

k

Z’Y;Gieo = Pk(G)eo =~ 0.
i=0



An Important Lemma

Lemma
If Pr(G)eg = 0, then for m > 0 also Px(G)en, = 0 and
Pi(G)u, =0, where upy == Xmy1 — Xpm-

Proof.

From the recurrence relation, we have
up = Gup_1, and u, = (/- G)en,

and since polynomials in G commute, we obtain from
Pk(G)eo =0 that

0= GmPk(G)eo = Pk(G)Gmeo = Pk(G)em,

and similarly

0= (I — G)P(G)em = Pe(G)(I — G)em = Px(G)um.

Iterative Methods

Martin J. Gander

Extrapolation



Iterative Methods

An Extrapolation Method

Idea: try to approximate Px(G)ug =~ 0. Written with the
coefficients of Py:

Martin J. Gander

Pi(G)ug = ~voug+71 Gug + - - ~+vk GXug = [ug, uy, . . ., ugly.
«(G)ug = Youg+71 Gug Yk G*ug = [ug, uy K|y
u; u,

Introducing the matrix Uy € R™(k*1) defined by
Uk := [ug, ug, ..., ugl,

we would like to determine the coefficients ~; in the vector
~ € R¥1 such that

Extrapolation

k

Uky = 0, subject to the constraint ny,- =1
i=0

Solvable Optimization Problem with Constraint



Iterative Methods

Removing the Constraint

Martin J. Gander

In order to remove the constraint, we parametrize the ~; by
k parameters &;,

Y=1-%, 1=8%% &, --»Yi=&-1—&, -, Tk = k-1,

which leads to v = S& + ey, £ € R¥, with the matrix

1 -

1 -1

S = 1 . , SER(k+1)Xk.

-1
1

Extrapolation

With this new parametrization, we obtain

Uy = U SE + Uker = 0.



Extrapolation Methods Continued lerative Methods

Martin J. Gander

The matrix UxS consists of the columns
UkS = [—up +ug, —ug +up, ..., —ug_q + ugl.
We set w; = u;;1 — u; and define
Wy := [wo,...,wg] € R (k+1),

and thus obtain

Extrapolation

Wi_1§ = —uq,
Yi = Xiky = Xk SE + Xer = Ui—1€ + %o

Solvable optimization problem without constraint



Krylov Spaces

Definition (Krylov Space)
Let A€ R™" and r € R". The associated Krylov space of
dimension k is

Ki(A,r) = span{r, Ar, A%r,... A" r}.

Since y, = xg + Ux—_1¢&, it follows that
Yy, — X0 = [ug,u1, ..., u_1]€ = [ug, Guy, ..., G* Lug)¢,
and therefore this difference lies in a Krylov space,
Yi — X0 € Kk(G,up).

If we choose xg = 0, we have x; = Gxg +d = d, and thus
up = x1 — Xg = d, which implies

Yy € Ki(G,d) = K (M7IN, M~1b) = KK, (M~1A, M~1b).

Iterative Methods

Martin J. Gander

Krylov Spaces



Iterative Methods

Minimal Polynomial Extrapolation (MPE)
Martin J. Gander
In order to solve approximately

k

Uy =0 st Z’)/j =1,
j=0

MPE fixes the last coefficient to 1 an solves
Uk_lc ~ —Ug

using least squares (v are ¢ normalized).

Theorem (MPE <= FOM) s
With ~ from MPE, the preconditioned residual

re =d— (I — G)y, =M '(b— Ay,)

satisfies ri L Kx(G,ug), and MPE is equivalent to FOM
applied to the preconditioned system M~*Ax = M~!b.



Topological e-Algorithm (TEA) herative Methods

. Martin J. Gander
In order to solve approximately

k

Uy =0 st Z’yj =1.
j=0

one can also use a Galerkin approach. Let
Q-1 =1[a,G"q,...,(GT)k"1q] € R™* and solve

k
Q  Uy=0, D y=L1
=0

Krylov Spaces

Theorem (Equivalence of TEA and NSL)

With A= M — N, for any given starting vector vq, applying

non-symmetric Lanczos (NSL) to the preconditioned system

M~1Av = M~1b, or applying TEA to the stationary iterative
method Mv,1 = Nvy +b withq :=rg = M~1b — M1 Ay,
leads to identical iterates.



Iterative Methods

Preconditioning Arrives Naturally

Martin J. Gander
Every stationary iteration (like multigrid, domain

decomposition, etc.) can be written in the form of a
stationary iterative method

Mxyi1 = Nxx +b <— X411 =%, + M_l(b - Axk)

and can therefore serve as a preconditioner for a Krylov
method.

For example the restricted additive Schwarz method:

I
Xp4+1 = Xk + Z R’,-TA,-_IR,'(b — Axk)
i=1

Preconditioning

The matrix M is called a preconditioner, and the converged
solution satisfies the preconditioned system

M~1Ax = M~ 1b



Krylov Methods Were not Invented Like This e Hethess
Martin J. Gander
Stiefel and Rosser 1951: Presentations
at a Symposium at the National Bureau

of Standards (UCLA)

Hestenes 1951: Iterative methods for
solving linear equations

Stiefel 1952: Uber einige Methoden der
Relaxationsrechnung

Hestenes and Stiefel 1952: Methods
of Conjugate Gradients for Solving Linear
Systems

“An iterative algorithm is given for solv-  Conjugate Gradients
ing a system Ax = k of n linear equations

in n unknowns. The solution is given in

n steps.”




General Idea of Relaxation (following Stiefel) ferative Metheds

Martin J. Gander
If Ais symmetric and positive definite, we have

1
Au=f <<= F(u) ::§uTAu—fTu — min

To solve the minimization problem, a natural relaxation
procedure is

un—l—l —u" + ap

where p is a search direction and « is the distance to go
along this direction.
Example: The Jacobi method

" =u" 4+ D7I(f — Au")

for the five point finite difference Laplacian uses i

1
= (f — Au” =,
p=(f-Au") a=/



Iterative Methods

Is the Jacobi Choice a Good One 7
The direction of Jacobi is p = (f — Au") = —F/(u"), and
thus Jacobi goes into the direction of fastest decrease of F

Martin J. Gander

at u™:

ENT

Hence the direction is a good choice, but the distance a =

might not be good.
“Ritzscher Gedanke (Stiefel)”: Use o to minimize F along

the direction p, hence a = «(n):
=— Method of Steepest Descent.

Stiefel



Iterative Methods

Problems of Steepest Descent: Cage Syndrome

10

Martin J. Gander

Stiefel

Stiefel 1952: “Das Auftreten von Kifigen ist eine allgemeine
Erscheinung bei Relaxationsverfahren und sehr unerwiinscht. Es
bewirkt, dass eine Relaxation am Anfang flott vorwarts geht, aber
dann immer weniger ausgiebig wird..."



Iterative Methods

Remedies Proposed By Stiefel

Martin J. Gander

» Block relaxation: simultaneous relaxation of several
equations by the same averaged amount.
» “Scheibenrelaxation”:

1. either choosing search directions related to
eigenfunctions on subdomains.

2. or solving directly small subproblems for low modes by
relaxation.

“Es ist zweckmadssig, flir einen gegebenen Operator eine
Sammlung von Scheiben anzulegen.”

These are precursors of multigrid methods and/or
domain decomposition.

» Conjugate search directions: in that case, one can
eliminate completely error components in the direction Stiefel
of each p, independent of the other directions.

» "“Das n-Schritt Verfahren”: the method of conjugate
gradients, (CG).



The Name Krylov Space ?
HU3BECTHUA AKATEMWHW HAYK CCCP. 1931

BULLETIN DE IL’ACADEMIE DES SCIENCES DE L'URSS

Classe des sciences
mathématiques et naturelles

OrgereHHEe MATOMATHIECEAX
H eCTeCTBeHHKX HAYE

Meroga Jamiaca BEIEMO He yiosiersopsaia JeBepphe, Tak Kax B cBoeii
erarhe: «Sur les variations séculaires des éléments des orbites», nomemernoi
B nprdasrennn k «Connaissance des Temps» 3a 1843 r., cIefoBaTetsno Hame-
gqaramEoi 3 1839 mim 1840 r., Jesepphe H3JATACT CBOIO METOLY COCTABIEHHA
BEKOBOI'0 YPaBHEHEA. JTa MeToJa BKIoueHa 3arem # B ero «Recherches
Astronomiques» (ru. IX), nomemennerx # « Annales de ’Observatoire Impérial
de Paris» t. I, 1856 r.

I'1aproe mey106cTBO BHAA (14) BEKOBOrO YDABHEHWSA AJA wUCAEHMOL0 ETO
PeMeRAs NPONCXOANT BCAGJCTBEE TOTO, 9T0 TIEHLI BHAA @;— A® CTOAT
B IHATOHANH ONpEJeINTeNd. DTO 3aCTABMIO 3HAMEHATOr0 MareMaruxa SIxo6u
nomectuts B T. XXX mypuata «Crelle» cocrasiennyio um B 1845 r. oﬁmnpgyio
crateio moj sariasmeM: «Ueber ein leichtes Verfahren, die in der Theone
der Seculdrstérungen vorkommenden Gleichungen numerisch aufzulisen.
I1a crarea Bomua B 1. VII coGpamua cogunennii Mxo6u.
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Topic is Second Order ODEs erstve Hethocs

Martin J. Gander

Krylov explains a method to solve the system of ODEs

Gy = gy §y = Gy Qg 7+ gy G~ » o == dyp ),

Gy = gy Gy —+ Oge @y gy Gy~ =+~ =l

(g == Oy Gy ~+ Ggg g+ Qg G+ Gy (o ennn., (11)

4 = gy Qg Qo Qg Yy =4 =22 =l ),

Jlaa Takoli CHCTEMB! TpH OGBISHOM Tereph H3AOEHMH NITYT YACTHOE
PeTIeHEe BHIA:
At A A At
=06 q=0¢3 =0¢...0=06.....012)
Krylov
In order to find the analytical solution, one needs to obtain
the eigenvalues A\ of the matrix of the system.



Com pUtIng E|genva|ues Iterative Methods

Martin J. Gander

JLiA cOBMECTHOCTE 3THX ‘YpaBHEHHH He06X0 M0, 1T06bI GBLIO

Gauss
e Jacobi
(au ") g @y con Gy Seidel
~
Modern Notation
9
Y (g — M) @y, ven Gy et

Gauss-Seidel
i 0 2 SOR
gy g (agg—2%) <. . ay,

A (7\) — B (14} Richardson

L T T I LA L L I Richatasor

Conjugate Residuals

L I I R L Steepest Descent
; ‘ Global Strategies
: § Chebyshev
5% Qg Oz ‘e (“kk"'l) Semi-Iterative Method

Extrapolation
Krylov Spaces

Preconditioning

aF — (G = g g - @) L ..(21)

Conjugate Gradients
i . Stiefel
OTGIOJ[& BHJIHO, 9T0 CyMMa KODHEH YpaBHEHH: (1 9) Gyner . K‘rylov

81;G1+d2+ wrn o Oy, = (g~ Qg b= Bgy —— -0 - +akk e .(22)



Powers of Matrices
Krylov now explains the method of Leverrier
Q1IY =0y él 0y és_'_ sy é];
st:a1né1+ava'tfls+"'+askék e (2)
4" = Uy @y - Ggg g~ o+ g Gy
4" =b, g+ 1o Gy~ big Gy = b g
st

g =by 4+ by, Go =+ bgg gy =+~ by 4y

=y 4By Gy by Gy by g

veen.a(26)

gklf_bklgl+bkﬂgi+bk5q8+'”+bk]pq_k
by big by - o By

r‘u (yg Qgg - o - Uy, ]
bsu bnn bﬂS e bsl:
.

gy Ugy Ugg + - - G | |y Ugg Ugg - - . Uy,
a1 Ogg Ogg + + » g | = | Ggy Ogg Gy + o« G | == 1 by by Bgg . o . By,

Oy Gyg - o - Gy,

R R v L P R

(27)
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Powers of Matrices

8=’ af o+ +“k9#bl1+bza+bm+"' —+ by, - -(30)

b
b

21

11 bm e blk a’n g « -

b b

ok

.l [ ’ €y Crg -

(g, (@,

il
81 Tag * ¢t 0'2.7: 02'1 Gﬂﬂ E

g+ 0 n

DI A L )

DBy + - by

Oy g o+« Ay

“li O+

.

Cop.

 voe(82)

- Crp

S | 3 3 fo "
8y =0 oy’ o - e e oy == 0 e Gy - Gy - e -Gy (33)

ﬂpO,H,OJI}KM HOOCTYOATh TAKIM DG'[)ESOM MOJYYHM TIOCAEH0BATEIbH) 3Ha-

JeHAd
R 4 4 e gk
S, =0yt oyt ot - %,

==t 5 5 B
8 =0 o oy - oy

Lrciosma'™ 5 « trtregf )
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Using Newton's Formulas

Krylov arrives at the general characteristic polynomial

A@=o*+B "+ B e 4. =B, =0. .....(35)

using the s; and the well known Newton formulas

3HaA 3EAYCHAA
Sy Sg3 Sy e e e 8y
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Is this really the origin of Krylov spaces ?
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COFIC' uslons Iterative Methods

Martin J. Gander

» Stationary iterative methods:

» Jacobi
» Gauss-Seidel
» SOR

» Non-Stationary iterative methods:

Richardson

Chebyshev Semi-iterative method

Conjugate Gradients

Krylov methods in general (MINRES, SYMLQ, GMRES,
FOM, QMR, BiCGStab, ...)
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» Preconditioning:

» Comes very naturally from stationary iterative methods
(Diagonal (Jacobi), Multigrid, Domain Decomposition,

Conclusions

» Always use a Krylov accelerator
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