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Gauss Invents an Iterative Method in a Letter
Gauss (1823), in a letter to Gerling: in order to compute
a least squares solution based on angle measurements
between the locations Berger Warte, Johannisberg, Taufstein
and Milseburg:
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Gauss’ Method
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Calculations Make Happy !

Gauss concludes his letter with the statement:

“... You will in future hardly eliminate directly, at least not
when you have more than two unknowns. The indirect
procedure can be done while one is half asleep, or is thinking
about other things.”
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Supp. Theoria Combinationis Observationum 1828
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Jacobi also Invents an Iterative Method
Jacobi (1845): Ueber eine neue Auflösungsart der bei der
Methode der kleinsten Quadrate vorkommenden lineären
Gleichungen
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Jacobi’s Method
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New Idea of Jacobi

. . . and he invents the Jacobi rotations !
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Jacobi Rotations

Next, Jacobi takes an example from Gauss’ Theoria Motus
Corporum Coelestium in Sectionibus Conicis Solem
Ambientium (1809)
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Jacobi does Preconditioning

After preconditioning, it takes only three Jacobi iterations to
obtain three accurate digits!
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Ludwig Seidel

Seidel (1874): Ueber ein Verfahren, die Gleichungen, auf
welche die Methode der kleinsten Quadrate führt, sowie
lineäre Gleichungen ueberhaupt, durch successive
Annäherung aufzulösen
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Seidel was Jacobi’s Student
Seidel talks about Jacobi, and how he had the honor to
calculate for him:

but he also did not think much about the preconditioning
idea of Jacobi:
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Seidel’s “New Method”
Seidel then proposes a third method, his method:

◮ Seidel describes in what follows Gauss’ method

◮ He gives a convergence prove for the case of the normal
equations

◮ He emphasizes that any system can be written as a
system of normal equations

◮ He notes that the unknowns could also be processed
cyclically

◮ and ...
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Seidel Does Parallel Computing!
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Modern Notation

Large sparse linear system

Ax = b, A ∈ R
n×n, b ∈ R

n,

Split the matrix, A = M − N, and iterate

Mxk+1 = Nxk + b, k = 0, 1, 2, . . .

Stationary iterative method: M and N do not depend on k

Conditions on M:

◮ M is a good approximation of A,

◮ Mx = y is easy and cheap to solve.

Standard form: xk+1 = M−1Nxk +M−1b
Correction form: xk+1 = xk +M−1(b− Axk)
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Residual, Error and the Difference of Iterates

Theorem: Defining the

◮ error: ek := x− xk
◮ residual: rk := b− Axk
◮ difference of iterates: uk := xk+1 − xk

we have

ek+1 = M−1Nek ,

uk+1 = M−1Nuk ,

rk+1 = NM−1rk ,

and difference, error and residual are related by

Muk = rk = Aek .

Theorem (Nekrasov 1885, Pizzetti 1887) The method
converges iff ρ(M−1N) < 1.
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Convergence Factor and Convergence Rate

ek = (M−1N)ke0 = G ke0

taking norms, we want for the error reduction to tolerance ε

‖ek‖

‖e0‖
≤ ‖G k‖ =

(∥
∥
∥G k

∥
∥
∥

1
k

)k

< ε =⇒ k >
ln(ε)

ln
(

‖G k‖
1
k

) .

Lemma: For any induced matrix norm, we have

lim
k→∞

‖G k‖
1
k = ρ(G ).

Definition:

◮ mean convergence factor: ρk(G ) = ‖G k‖
1
k

◮ asymptotic convergence factor: ρ(G ) = limk→∞ ρk(G )

◮ mean convergence rate

Rk(G ) = − ln
(

‖G k‖
1
k

)

= − ln(ρk(G ))

◮ asymptotic convergence rate R∞(G ) = − ln(ρ(G ))
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Jacobi’s Method

One step of Jacobi for the system Ax = b

for i=1:n

tmp(i)=(b(i)-A(i,[1:i-1 i+1:n])*x([1:i-1 i+1:n]))/A(i,i);

end

x=tmp(:);

This corresponds to the splitting A = M − N with

M = D, N = −L− U =⇒ Dxk+1 = b− (L+ U)xk

Theorem: If the matrix A ∈ R
n×n is strictly diagonally

dominant , i.e.

|aii | >
∑

j 6=i

|aij | for i = 1, . . . , n,

then the Jacobi iteration converges.
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Gauss-Seidel

One step of Gauss-Seidel for the system Ax = b

for i=1:n

x(i)=(b(i)-A(i,[1:i-1 i+1:n])*x([1:i-1 i+1:n]))/A(i,i);

end

This corresponds to the splitting

M = D + L, N = −U

=⇒ (D + L)xk+1 = −Uxk + b.

Remark: Gauss-Seidel is often faster than Jacobi, e.g. for
the Laplacian, Gauss-Seidel converges twice as fast as Jacobi
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Gauss-Seidel always faster than Jacobi ?

A =





−1 0 −1
−1 1 0
1 2 −3





The Jacobi iteration matrix

GJ = −D−1(L+ U) =





0 0 −1
1 0 0
1
3

2
3 0



 ,

has eigenvalues 0.37 ± 0.86i and −0.74, ρ(GJ) = 0.944.
Gauss-Seidel iteration matrix

GGS = −(D + L)−1U =





0 0 −1
0 0 −1
0 0 −1



 ,

has eigenvalues 0, 0, −1 with ρ(GGS) = 1.
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Successive Overrelaxation
One step of Successive Overrelaxation (Young 1950) with
parameter ω for the system Ax = b

for i=1:n

x(i)=omega*(b(i)-A(i,[1:i-1 i+1:n])*x([1:i-1 i+1:n]))/A(i,i)

+(1-omega)*x(i);

end

SOR can also be derived from Gauss-Seidel

(D + L)x = −Ux+ b.

Multiplying by ω and adding on both sides the expression
(1− ω)Dx, we obtain the SOR iteration

(D + ωL)xk+1 = (−ωU + (1− ω)D)xk + ωb.

SOR is therefore based on the splitting

A = M − N with M =
1

ω
D + L and N = −U +

(
1

ω
− 1

)

D
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Convergence Results for SOR

Theorem [Kahan (1958)]: For the SOR iteration matrix

GSOR = (D + ωL)−1(−ωU + (1− ω)D)

we have
ρ(GSOR) ≥ |ω − 1|, ∀ω.

Theorem [Ostrowski-Reich]: Let A ∈ R
n×n be symmetric

and invertible, with positive diagonal elements, D > 0. Then
SOR converges for all 0 < ω < 2 if and only if A is positive
definite.
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Optimal Choice of Relaxation

Theorem [Young 1950]: Let A have property A, i.e. there
exist diagonal matrices D1 and D2 s.t

Ã = PTAP =

[
D1 F
E D2

]

= L+ D + U.

Let GJ(Ã) be the associated Jacobi iteration matrix. If the
eigenvalues µ(GJ) are real and ρ(GJ) < 1, then the optimal
SOR parameter ω for Ã is

ωopt =
2

1 +
√

1− ρ(GJ)2
.

Example: For the discretized Laplacian, Jacobi and
Gauss-Seidel have convergence factors 1− O(h2), and
optimized SOR has a convergence factor 1− O(h).
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Richardson Iteration

From the correction form of the stationary iteration

xk+1 = xk +M−1rk ,

choosing M−1 = αI , which corresponds to the splitting
M = 1

α
I and N = 1

α
I − A, leads to Richardson’s method

xk+1 = xk + α(b− Axk) = (I − αA)xk + αb.

Theorem: For A ∈ R
n×n symmetric and positive definite:

a) Richardson converges ⇐⇒ 0 < α < 2
ρ(A) .

b) Convergence is optimal for αopt =
2

λmax(A)+λmin(A)
.

c) ρ(I − αoptA) =
κ(A)−1
κ(A)+1 , κ(A) :=

λmax(A)
λmin(A)

.
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Proof of the Theorem

α

ρ(I − αA)

1
λmax

|1− αλmax|

αopt αmax
1

λmin

|1− αλmin|

1

Remark: For the Laplacian, we get the convergence factor
1− O(h2)

But is this really what Richardson proposed ???
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Richardson’s Influential Paper

Richardson (1910): The Approximate Arithmetical
Solution by Finite Differences of Physical Problems involving
Differential Equations, with an Application to the stresses in
a Masonry Dam

Contains historical section:
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A Very Rich and Well Written Paper
Focus is the numerical solution of PDEs:

Explains finite difference approximations:
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Time Stepping Methods for Evolution Problems
One of Richardson’s examples: the heat equation

ut = uxx in Ω = (−0.5, 0.5) × (0, 0.005)
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Explains Richardson extrapolation
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Solution of Laplace’s Equation
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Wall Clock Times of Richardson

“... adding up the series at these six points took 3 hours !”

Richardson also does clamped vibration, on a diamond
(comparison with Rayleigh’s bound, Ritz is missing!)
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Richardson’s Iterative Method

Conditions of Applicability according to Richardson:
◮ Dφ = 0, D a differential operator, together with

boundary conditions to make the problem determinate
◮ Equations must be linear
◮ Must be such that a certain positive quadratic function

is a complete minimum
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Richardson’s Analysis
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Richardson’s Minimization
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Real Richardson’s Method

xk+1 = xk + αk(b− Axk) ⇐⇒ rk+1 = (I − αkA)rk

Assume A symmetric and positive definite, and define for
µ ∈ R the norm

‖r‖2A−µ = rTA−µr

Using Ritz’ idea:

Q(αk) := ‖rk+1‖
2
A−µ −→ min .

Differentiating with respect to αk ,

dQ

dαk

= 2rTk+1A
−µdrk+1

dαk

= 2((I − αkA)rk)
TA−µ(−Ark) = 0

Solving for αk , we obtain

αk =
rTk A

1−µrk

rTk A
2−µrk

.

Useful choices for µ are 0 and 1
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Conjugate Residuals

For µ = 0, we obtain

αk =
rTk Ark
‖Ark‖2

,

and we are minimizing in this case locally

‖rk+1‖
2
2 = ‖Aek+1‖

2
2 = ‖ek+1‖

2
A2 −→ min .

This algorithm has the property

rTk+1Ark = rTk (I − αkA)
TArk

= rTk Ark − rTk
rT
k
Ark

‖Ark‖2
ATArk = 0

=⇒ conjugate residuals algorithm
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Steepest Descent
For µ = 1, we obtain

αk =
‖rk‖

2

rT
k
Ark

and ‖rk+1‖
2
A−1 = rTk+1A

−1rk+1 → min

We also minimize ‖ek+1‖
2
A = eTk+1Aek+1, since

Aek+1 = rk+1.
We also minimize Q(xk + αrk) as a function of α, where
Q(x) = 1

2x
TAx− bTx, since

dQ

dα
= rTAx+ αrTAr− bT r = 0,

leads to the same α.

∇Q = Ax− b = −r

=⇒ method of steepest descent

Theorem
Steepest descent converges for symmetric positive definite
problems.
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Best Tactic versus Best Strategy
Choosing αk such that

‖rk+1‖
2
A−µ −→ min

is the best tactic but maybe not the best strategy.
Residual recurrence in Richardson’s method:

rk+1 = (I − αkA)rk ,

and since rk = Aek

ek+1 = (I − αkA)ek .

Thus the error after k steps is

ek = (I − αk−1A)(I − αk−2A) · · · (I − α0A)e0 = Pk(A)e0.

Definition
The polynomial Pk , which satisfies Pk(0) = 1, is called
residual polynomial.
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Optimal Strategy
Should choose αk such that the global error is minimized!

Theorem
If αk = 1

λk
, λk eigenvalues of A, then convergence is reached

in at most n steps (Proof: Cayley-Hamilton)

Approximation: since

‖ek‖ = ‖Pk(A)e0‖ ≤ ‖Pk(A)‖‖e0‖,

can try to minimize ‖Pk(A)‖. If A is diagonalizable,
A = QΛQ−1

‖Pk(A)‖=‖QPk(Λ)Q
−1‖≤‖Q‖‖Q−1‖‖Pk(Λ)‖=κ(Q)‖Pk (Λ)‖.

For symmetric and positive definite matrices, an interval

0 < a ≤ λ1 ≤ λ2 ≤ · · · ≤ λn ≤ b

may be known, and hence

max
i

|Pk(λi )| ≤ max
a≤x≤b

|Pk(x)|.
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Best Approximation Problems
Chebyshev (1854): Théorie des mécanismes connus sous le
nom de parallélogrammes.

Soit f (x) une fonction donnée, U un poly-
nome du degré n avec des coefficients ar-
bitraires. Si l’on choisit ces coefficients de
manière à ce que la différence f (x) − U,
depuis x = a− h, jusque à x = a+ h, reste
dans les limites les plus rapprochées de 0,
la différence f (x)−U jouira, comme on le
sait, de cette propriété:
Parmi les valeurs les plus grandes et les plus
petites de la différence f (x) − U entre les
limites x = a− h, x = a+ h, on trouve au
moins n+2 fois la même valeur numérique.

De la Vallée Poussin (1910): Existence, Uniqueness and
Equioscillation.

min
p∈Pn

max
x∈K

|f (x) − p(x)|
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Chebyshev Polynomials
Given a degree k , we want to determine a polynomial Pk

with Pk(0) = 1 such that

max
a≤x≤b

|Pk(x)| −→ min .

Definition (Chebyshev Polynomials)

Ck(t) := cos(k arccos t), −1 ≤ t ≤ 1, k = 0, 1, . . .
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Chebyshev Semi-Iterative Method
Normalized Chebyshev polynomial is

Qk(x) =
Ck

(

−1 + 2x−a
b−a

)

Ck

(
a+b
a−b

)

and can be bounded by

1
∣
∣
∣Ck

(
a+b
a−b

)∣
∣
∣

≤ 2

∣
∣
∣
∣
∣
∣

√
b
a
− 1

√
b
a
+ 1

∣
∣
∣
∣
∣
∣

k

and we therefore get for this method

‖ek‖ ≤ 2

(√

κ(A)− 1
√

κ(A) + 1

)k

‖e0‖.

Richardson’s dream comes true in Gene Golub’s PhD-thesis
(1959): the Chebyshev Semi-Iterative Method!
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Extrapolation Methods

Claude Brezinski (1977): Accélération de la Convergence
en Analyse Numérique (Springer)
Avram Sidi and Jacob Bridger (1988): Convergence and
stability analyses for some vector extrapolation methods in
the presence of defective iteration matrices
Avram Sidi (1991): Efficient implementation of minimal
polynomial and reduced rank extrapolation methods

For Ax = b, A = M − N, we consider the iteration

Mxi+1 = Nxi + b

Idea: find γi for i = 0, 1, . . . , k , with
∑k

i=0 γi = 1 such that

yk :=

k∑

i=0

γixi

is a much better approximation than xk .
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Finding a Good Combination

xi = x+ ei =⇒

k∑

i=0

γixi

︸ ︷︷ ︸

yk

= x

k∑

i=0

γi

︸ ︷︷ ︸

1

+

k∑

i=0

γiei ,

and therefore

yk = x+

k∑

i=0

γiei .

For yk to be a good approximation, we would like to have

k∑

i=0

γiei ≈ 0,

and with the error recursion ei = M−1Nei−1 =: Gei−1,

k∑

i=0

γiG
ie0 = Pk(G )e0 ≈ 0.
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An Important Lemma

Lemma
If Pk(G )e0 = 0, then for m ≥ 0 also Pk(G )em = 0 and
Pk(G )um = 0, where um := xm+1 − xm.

Proof.
From the recurrence relation, we have

um = Gum−1, and um = (I − G )em,

and since polynomials in G commute, we obtain from
Pk(G )e0 = 0 that

0 = GmPk(G )e0 = Pk(G )Gme0 = Pk(G )em,

and similarly

0 = (I − G )Pk(G )em = Pk(G )(I − G )em = Pk(G )um.
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An Extrapolation Method

Idea: try to approximate Pk(G )u0 ≈ 0. Written with the
coefficients of Pk :

Pk(G )u0 = γ0u0+γ1 Gu0
︸︷︷︸

u1

+ · · ·+γk G
ku0

︸ ︷︷ ︸

uk

= [u0,u1, . . . ,uk ]γ.

Introducing the matrix Uk ∈ R
n×(k+1) defined by

Uk := [u0,u1, . . . ,uk ],

we would like to determine the coefficients γi in the vector
γ ∈ R

k+1 such that

Ukγ ≈ 0, subject to the constraint

k∑

i=0

γi = 1.

Solvable Optimization Problem with Constraint
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Removing the Constraint

In order to remove the constraint, we parametrize the γi by
k parameters ξi ,

γ0 = 1− ξ0, γ1 = ξ0 − ξ1, . . . , γi = ξi−1 − ξi , . . . , γk = ξk−1,

which leads to γ = Sξ + e1, ξ ∈ R
k , with the matrix

S =











−1
1 −1

1
. . .
. . . −1

1











, S ∈ R
(k+1)×k .

With this new parametrization, we obtain

Ukγ = UkSξ + Uke1 ≈ 0.
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Extrapolation Methods Continued

The matrix UkS consists of the columns

UkS = [−u0 + u1,−u1 + u2, . . . ,−uk−1 + uk ].

We set wj = uj+1 − uj and define

Wk := [w0, . . . ,wk ] ∈ R
n×(k+1).

and thus obtain
Wk−1ξ ≈ −u0,

yk = Xkγ = XkSξ + Xke1 = Uk−1ξ + x0

Solvable optimization problem without constraint
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Krylov Spaces

Definition (Krylov Space)

Let A ∈ R
n×n and r ∈ R

n. The associated Krylov space of
dimension k is

Kk(A, r) = span{r,Ar,A2r, . . . ,Ak−1r}.

Since yk = x0 + Uk−1ξ, it follows that

yk − x0 = [u0,u1, . . . ,uk−1]ξ = [u0,Gu0, . . . ,G
k−1u0]ξ,

and therefore this difference lies in a Krylov space,

yk − x0 ∈ Kk(G ,u0).

If we choose x0 = 0, we have x1 = Gx0 + d = d, and thus
u0 = x1 − x0 = d, which implies

yk ∈ Kk(G ,d) = Kk(M
−1N,M−1b) = Kk(M

−1A,M−1b).
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Minimal Polynomial Extrapolation (MPE)

In order to solve approximately

Ukγ ≈ 0 s.t.

k∑

j=0

γj = 1,

MPE fixes the last coefficient to 1 an solves

Uk−1c ≈ −uk

using least squares (γ are c normalized).

Theorem (MPE ⇐⇒ FOM)

With γ from MPE, the preconditioned residual

rk = d− (I − G )yk = M−1(b− Ayk)

satisfies rk ⊥ Kk(G ,u0), and MPE is equivalent to FOM
applied to the preconditioned system M−1Ax = M−1b.
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Topological ε-Algorithm (TEA)
In order to solve approximately

Ukγ ≈ 0 s.t.

k∑

j=0

γj = 1.

one can also use a Galerkin approach. Let
Qk−1 = [q,GTq, . . . , (GT )k−1q] ∈ R

n×k and solve

QT
k−1Ukγ = 0,

k∑

j=0

γj = 1.

Theorem (Equivalence of TEA and NSL)

With A = M − N, for any given starting vector v0, applying
non-symmetric Lanczos (NSL) to the preconditioned system
M−1Av = M−1b, or applying TEA to the stationary iterative
method Mvk+1 = Nvk + b with q := r0 = M−1b−M−1Av0
leads to identical iterates.
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Preconditioning Arrives Naturally
Every stationary iteration (like multigrid, domain
decomposition, etc.) can be written in the form of a
stationary iterative method

Mxk+1 = Nxk + b ⇐⇒ xk+1 = xk +M−1(b− Axk)

and can therefore serve as a preconditioner for a Krylov
method.

For example the restricted additive Schwarz method:

xk+1 = xk +

I∑

i=1

R̃T
i A−1

i Ri(b− Axk)

The matrix M is called a preconditioner, and the converged
solution satisfies the preconditioned system

M−1Ax = M−1b
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Krylov Methods Were not Invented Like This

Stiefel and Rosser 1951: Presentations
at a Symposium at the National Bureau
of Standards (UCLA)

Hestenes 1951: Iterative methods for
solving linear equations

Stiefel 1952: Über einige Methoden der
Relaxationsrechnung

Hestenes and Stiefel 1952: Methods
of Conjugate Gradients for Solving Linear
Systems

“An iterative algorithm is given for solv-
ing a system Ax = k of n linear equations
in n unknowns. The solution is given in
n steps.”
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General Idea of Relaxation (following Stiefel)
If A is symmetric and positive definite, we have

Au = f ⇐⇒ F (u) :=
1

2
uTAu− fTu −→ min

To solve the minimization problem, a natural relaxation
procedure is

un+1 = un + αp

where p is a search direction and α is the distance to go
along this direction.
Example: The Jacobi method

un+1 = un + D−1(f − Aun)

for the five point finite difference Laplacian uses

p := (f − Aun) α =
1

4
.
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Is the Jacobi Choice a Good One ?
The direction of Jacobi is p = (f − Aun) = −F ′(un), and
thus Jacobi goes into the direction of fastest decrease of F
at un:

p

F ′(un)

un

Hence the direction is a good choice, but the distance α = 1
4

might not be good.
“Ritzscher Gedanke (Stiefel)”: Use α to minimize F along
the direction p, hence α = α(n):

=⇒ Method of Steepest Descent.
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Problems of Steepest Descent: Cage Syndrome

−5 −4 −3 −2 −1 0 1 2 3 4 5
0

1

2

3

4

5

6

7

8

9

10

Stiefel 1952: “Das Auftreten von Käfigen ist eine allgemeine

Erscheinung bei Relaxationsverfahren und sehr unerwünscht. Es

bewirkt, dass eine Relaxation am Anfang flott vorwärts geht, aber

dann immer weniger ausgiebig wird...”
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Remedies Proposed By Stiefel

◮ Block relaxation: simultaneous relaxation of several
equations by the same averaged amount.

◮ “Scheibenrelaxation”:

1. either choosing search directions related to
eigenfunctions on subdomains.

2. or solving directly small subproblems for low modes by
relaxation.

“Es ist zweckmässig, für einen gegebenen Operator eine
Sammlung von Scheiben anzulegen.”

These are precursors of multigrid methods and/or
domain decomposition.

◮ Conjugate search directions: in that case, one can
eliminate completely error components in the direction
of each p, independent of the other directions.

◮ “Das n-Schritt Verfahren”: the method of conjugate
gradients, (CG).
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The Name Krylov Space ?
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Topic is Second Order ODEs

Krylov explains a method to solve the system of ODEs

In order to find the analytical solution, one needs to obtain
the eigenvalues λ of the matrix of the system.
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Computing Eigenvalues
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Powers of Matrices
Krylov now explains the method of Leverrier
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Using Newton’s Formulas

Krylov arrives at the general characteristic polynomial

using the si and the well known Newton formulas

Is this really the origin of Krylov spaces ?
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Conclusions

◮ Stationary iterative methods:
◮ Jacobi
◮ Gauss-Seidel
◮ SOR

◮ Non-Stationary iterative methods:
◮ Richardson
◮ Chebyshev Semi-iterative method
◮ Conjugate Gradients
◮ Krylov methods in general (MINRES, SYMLQ, GMRES,

FOM, QMR, BiCGStab, . . . )

◮ Preconditioning:
◮ Comes very naturally from stationary iterative methods

(Diagonal (Jacobi), Multigrid, Domain Decomposition,
. . . )

◮ Always use a Krylov accelerator
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