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Introduction — Wave Equations

Second Order Wave Equations :

o Acoustics :

2
gtg —AAu=0
o Elastodynamics :
82
pa—tg —divCeg(u) =0

o Maxwell :

82

W-l—c curl curl u =0
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Introduction — Wave Equations

Second Order Wave Equations :
o Acoustics : o
U 2A, —
w — C AU/ =
o Elastodynamics :
82
pa—tg —divCeg(u) =0
o Maxwell :
82
W+( 2curl curl u=0

After space discretization we obtain :
d*U
M=z + KU =0
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Introduction — Space Discretization

d*U
M— 72 + K =0
We consider space discretization methods such that M and K
are symmetric positive matrices and M is (block-)diagonal (FEM

with mass lumping or DG methods).
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A2y
dt?

LAY =0

«O0»>» «F»r «=» o




A2y
dt?

LAY =0

«O0»>» «F»r «=» o




Introduction — Global Time Stepping

A2y
—— 4+ AY =
T 0

Classical Leap Frog Scheme :
Y(t+At)-2Y(t) +Y(t— At)  d%Y

T =—3 (t) + O(At?)
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Introduction — Global Time Stepping

A2y
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T 0

Classical Leap Frog Scheme :
Y(t+At)-2Y(t)+Y(t—At) d°Y

A =— (t) + O(At?)
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Introduction — Global Time Stepping

A2y
—— 4+ AY =
T 0

Classical Leap Frog Scheme :
Y(t+ At) —2Y () + Y (t — At)

A = AY (t) + O(At?)
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Introduction — Global Time Stepping

A2y
—— 4+ AY =
T 0

Classical Leap Frog Scheme :

YnJrl —2y" Ynfl

v — —AY™.
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Introduction — Global Time Stepping

d2Y
2+ AY =
a7 T 0

Classical Leap Frog Scheme :
Yn+1 —oym Yn—l

= —AY™,

At?

Energy Conservation

En—l—% - <Yn+1 —_yn Yn—i—l _yn

n+1 n
A A >+<AY Y™
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Introduction — Global Time Stepping

d*Y
— + AY =0
dt? *

Classical Leap Frog Scheme :

Yn+1 —2Yy" ¢+ Yn—l

NE = —AY™.

Energy Conservation

2 n+l _ yn n+1 _ yn
el _ <<I_At A)Y ey Y>

4 At At

N Ayn+1+Yn Yn+1+yn
2 ’ 2
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Introduction — Global Time Stepping

Energy Conservation

2 n+l _ yn n+1 _ yn
ol <<I_At A)Y vy Y>

4 At At

N Ayn+1+Yn Yn+1+Yn
2 ’ 2

v

CFL Condition

The scheme is stable if :

At?
I — TA and A are symmetric positive
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Introduction — Global Time Stepping

Energy Conservation

2 n+l _ yn n+1 _ yn
ol <<I_At A)Y vy Y>

4 At At

N Ayn+1+yn Yn+1+Yn
2 ’ 2

v

CFL Condition

The scheme is stable if :

At? o
I — TA and A are symmetric positive
4
0< Ay < —
4= AP
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Introduction — Global Time Stepping

Energy Conservation

2 n+l _ yn n+1 _ yn
il <<I_At A)Y vy Y>

4 At At

N Ayn+1+Yn Yn+1+Yn
2 ’ 2

v

CFL Condition

The scheme is stable under the CFL condition :
At < arph
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Higher Order Schemes, Global Time Stepping

d?Y
— +AY =0
izt

Modified Equation Scheme :

Y(t+A) —2Y(t)+Y(t— At)  d?Y At? dtY

4
At? =gz O+ 13 ga ) T O,
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Higher Order Schemes, Global Time Stepping

d?Y
— +AY =0
izt

Modified Equation Scheme :

Y(E+AH)—2Y(t)+Y(E— At)  d?Y At? d'Y

4
— = — () + T3 =7 () + O(AtY).
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Higher Order Schemes, Global Time Stepping

d?Y
— +AY =0
izt

Modified Equation Scheme :

Y+ At)—2Y(t) + Y (t — At) At? d’Y 1
g2 = AY (t) + EAW“) + O(At?).
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Higher Order Schemes, Global Time Stepping

d?Y
— +AY =0
izt

Modified Equation Scheme :

Y+ At)—2Y(t) + Y (t — At) At? d’Y 1
g2 = AY (t) + WAW@ + O(At?).
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Higher Order Schemes, Global Time Stepping

d?Y
— +AY =0
izt

Modified Equation Scheme :

Y(t+ At) —2Y () + Y (t — At) At?

_ Aar- 9 4
2 = AY (t) + - A%Y () + O(At).
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Higher Order Schemes, Global Time Stepping

d?Y
— +AY =0
izt

Modified Equation Scheme :

Yn-i—l ) Yn—l At2
= —AY" + — A%y,
AL U
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Higher Order Schemes, Global Time Stepping

d?Y
— +AY =0
izt

Modified Equation Scheme :

Yn-i—l ) Yn—l At2
= —AY" + — A%y,
AL U

Energy Conservation

2 2 n+1 _ yn n+l _ vn
Evt: = <<I——At<Aa—%§éA2>> s oy Y >

4 At At
N e At2 A2 Yn+1 1yn Yn+1 +yn
12 2 ’ 2
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Higher Order Schemes, Global Time Stepping

Energy Conservation

2 2 n+1 _ yn n+l _ vn
E"tz = <(I—N<A—NA2>>Y L Y>

4 12 At At
A 2 YnJrl yn YnJrl yn

N LA + | +
12 2 2

CFL Condition

The scheme is stable if

2

At? At? At
I —— <A — 12A2> and A — EAQ are symmetric positive
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Higher Order Schemes, Global Time Stepping

Energy Conservation

2 2 n+1 _ yn n+l _ vn
E"t: = <(I—N<A—NA2>>Y r Y>

4 12 At At
A 2 YnJrl yn YnJrl yn

N LA + | +
12 2 2

CFL Condition

The scheme is stable under the CFL condition
At < ayph = V3arrh
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Higher Order Schemes, Global Time Stepping

The scheme is stable under the CFL condition
At < apygh = \/§0¢Lph
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Higher Order Schemes, Global Time Stepping

We want the new scheme to satisfy

AgcoaTse < Oéj‘Mjhcoaurse and Atﬁne < ayg hﬁne

AR
AWJESQ.VA(AVA‘

MDA/

<7\ \
XTSRS
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Higher Order Schemes, Global Time Stepping

We want the new scheme to satisfy

AgcoaTse < Oéj‘Mjhcoaurse and Atﬁne < ayg hﬁne ~ Oéj\Mjhcoaurse /p

AR
AWJESQ.VA(AVA‘

MDA/

<7\ \
XVSKRISS
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o Conservation of energy

Optimal stability condition

Requires the introduction of a Lagrange Multiplier

Implicit scheme on the interface
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POems Team : Bécache, Collino, Fouquet, Joly, Rodriguez

o Conservation of energy

Optimal stability condition

Requires the introduction of a Lagrange Multiplier

(]

Implicit scheme on the interface

Piperno

o First-order Maxwell system

Conservation of energy

Optimal stability condition

Explicit or implicit scheme on the interface
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@ Fourth order local time-stepping.

«0>» «Fr «=» « Q>
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@ Fourth order local time-stepping.

@ Multilevel Fourth order local time-stepping.
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@ Fourth order local time-stepping.

@ Numerical Results

«0O0» «F»r» «=)» « Q™

@ Multilevel Fourth order local time-stepping.
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Auxiliar

At each time step n we define an auxiliary function

Qu(r) = Y (nAt —7) -;— Y (nAt + 1)

for T € [-At; At].




Auxiliary Function

At each time step n we define an auxiliary function

Q. (r) = Y (nAt —7) -;— Y (nAt+ )

for 7 € [-At; At].

This function is obviously even and satisfy :

2
T 9x (r) = —4Qu (),

dr2
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Auxiliary Function

At each time step n we define an auxiliary function

Q. (r) = Y (nAt —7) J2r Y (nAt + 1)

for T € [-At; At].

This function is obviously even and satisfy :

dZ
On (1) = —4Q,(7),
Q.0) = YAy, )=,

After having solved this equation, Y ((n + 1)At) can be
computed using Y ((n + 1)At) = =Y ((n — 1)At) + 2Q,,(At)
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Two different ways to solve the auxiliary equation

First Way

Solve
d2
Onr) = ~AQu(0)
_ 4Qu ) _
QO =Y(man,  Dng) =g

by a fourth order modified equation scheme of time step At/p
and compute Y ((n+ 1)At) = =Y ((n — 1)At) + 20Q,,(At).
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Two different ways to solve the auxiliary equation

First Way

Solve

d2
dgn (T) = _AQTL(T)7

Q.0 =Y(may, T 0)=o,

by a fourth order modified equation scheme of time step At/p
and compute Y ((n+ 1)At) = =Y ((n — 1)At) + 20Q,,(At).

Remark

It is equivalent to solve the original equation by a fourth order
modified equation scheme of time step At/p.
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Two different ways to solve the auxiliary equation

Second Way

Use a fourth order approximation of AQ,,(7) :

AQ, (1) =~ AQ,,(0) + T;AdQQ"(O) = AY (nAt) — T;AAY(nAt),

dr?
then solve
2 2
d"Cy (1) = —AY (nAt) + - AAY (nAt),
dr? 2
aq,
QO =Y(man,  Dng) =g

by a fourth order modified equation scheme of time step At/p
and compute Y ((n + 1)At) = =Y ((n — 1)At) + 2Q,,(At).
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Two different ways to solve the auxiliary equation

Second Way

Use a fourth order approximation of AQ,,(7) :

¢Qu(0) = AY (nAt) — T;AAY(nAt),

AQ, (1) = AQ,(0 )+ 440

dr2
then solve
2 2
d dQ; (1) = —AY (nAt) + T—AAY(nAt),
-
aQ,
Q) =v(man,  Meg)—

by a fourth order modified equation scheme of time step At/p
and compute Y ((n + 1)At) = =Y ((n — 1)At) + 2Q,,(At).

Remark

|

Is is equivalent to solve the original equation by a fourth order
modified equation scheme of time step At, whatever is p.
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_Local Time Stenping
d?Q,

T+ AQ, =0

Let us now split (), in two parts :
Qeoarse
n
|

Qﬁne ]




_Local Time Stenping
d?Q,

2 |
Let us now split (), in two parts :

coarse 0

n
Q"_[ 0 ]+[ane]



d2Qn

2 |
Let us now split (), in two parts :

coarse 0

n
Q"_[ 0 ]+[ane

] = - P)Q, + PQ,, with P2 =P



Local Time-Stepping

d? Q,
dr?

+A(I - P)Q, +APQ, =0

Let us now split @),, in two parts :

coarse 0

0 Qfine
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Local Time-Stepping

d? Q,
dr?

+ A(I - P)Q,, + APQ, =0

Approximate only A(I — P)Q,,(7) by

A(T = P)Qu(r) ~ AUl = P)2(0) + (1 — P) 2220
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Local Time-Stepping

d? Q,
dr?

+A(I - P)Q, +APQ, =0

Approximate only A(I — P)Q,,(7) by

A(I = P)Q, (1) ~ A(I — P)Y (nAt) — %2A(I — P)AY (nAt)
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Local Time-Stepping

d%Q,,

dr?

+A(I - P)Q, +APQ, =0

Approximate only A(I — P)Q,,(7) by

A(I = P)Q, (1) ~ A(I — P)Y (nAt) — T;A(I — P)AY (nAt)

So that @,, is the solution to

dOn() A(I = P)Y (t) — T;A(I — P)AY (nAt) + APQ,(7) =0

dr?
@n(0) =Y (¢)
@,(0)=0
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Algorithm

Computation of Q(At)

d? 2
—5Qn(7) + A(I = P)Y™ — ZA(I - P)AY" + APQ,(r) = 0

We solve Q,(0) = Y™

Qn(0) =0
from 7 = 0 to 7 = At, using a fourth order Modified Equation Scheme

with a time step —.
p
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Algorithm

Computation of Q(At)

Q="
Vi=—A(I - P)Y" — APQ® = —AY™
Vo = A(I — P)AY™ — APV,

Fori=1.p—1

. 2 i
Vi=—A(I-P)Y" +1 <ﬂ) A(I — P)AY™ — APQ

p
Vo= A(I — P)AY™ — APV,
S Y At
np =2 ﬁ - np P
Q" =204 = Qi + Vit 155V
Endfor
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Algorithm

rn+1

Computation of Y

Yn—|—1 — 2@% . Yn—l
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Algorithm

rn+1

Computation of Y

Yn—|—1 — 2@% . Yn—l

This algorithm requires only one multiplication by A(I — P) and p mul-
tiplications by AP.
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Energy Conservation

This algorithm can be rewritten as

Yn+1 —2y"m Ynfl

AL2 = A
where A, is defined by
2(p—1) 2(j+1)
A2, 2 A\ Y .

j=1
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Energy Conservation

This algorithm can be rewritten as

Yn+1 —2y"m Ynfl
AN

where A, is defined by

— ALY

2(p—1) 2(j+1)

At? 2 At\ Y ,

A:A——Az——E: — P(APY A2,
P 12 P = <p> A

AA, is symmetric and the following energy is conserved

1 At? Y1 =Yy Y1 =Y
EnJrl _ - A_2 44 n+1 n n+1 n
’ 2 K( 4 ”) At At
Yn+1 + Yn Yn+1 + Yn
AA .
F(aegte T )
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CFL Condition, Experimental Results

0 coarse 2 pfine — heoarse 4 6
p
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CFL Condition, Experimental Results

A A A A AN MM AMM AN M AN MMM A AL MM AR MM AR 4

0 coarse 2 pfine — heoarse 4 6
p
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CFL Condition, Experimental Results

A Ar A A A MMM A AR A A AR AA A AA AL AR AR AR AR A
— -~
0 coarse 2 pfine — heoarse 4 6
p

a =10, At < 0.265h = Aty = 0.265h" ¢
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CFL Condition, Experimental Results

A Ar A A A MMM A AR A A AR AA A AA AL AR AR AR AR A
— -~
0 coarse 2 pfine — heoarse 4 6
p

a =10, At < 0.265h = Aty = 0.265h" ¢
p — 2 hcoa'f’se — 0.2
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CFL Condition, Experimental Results

yfine
S S Y, S ¥ S Y, 4!4 AL AL AL AN AR AR AR AA AR 4l$ U S Y, S Y S Y, S §
— -~
0 coarse 2 pfine — heoarse 4 6

p
a =10, At < 0.265h = Aty = 0.265h" ¢

p — 2’ hcoarse — 02
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CFL Condition, Experimental Results

yfine
S S Y, S ¥ | $!4 AL AL AL AL AA AD AL AA AN AR AL $!$ LY S Y, S Y, S N
— -~
0 coarse 2 pfine — heoarse 4 6

p
a =10, At < 0.265h = Aty = 0.265h" ¢

p — 2’ hcoarse — 02
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CFL Condition, Experimental Results

yfine
S S Y, S ¥ | $!4 AL AL AL AL AA AD AL AA AN AR AL $!$ LY S Y, S Y, S N
— -~
0 coarse 2 pfine — heoarse 4 6

p
a =10, At < 0.265h = Aty = 0.265h" ¢

p — 2’ hcoarse — 02

x 10"
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CFL Condition, Experimental Results

yfine
S S Y, S ¥ | $!4 AL AL AL AL AA AD AL AA AN AR AL $!$ LY S Y, S Y, S N
— -~
0 coarse 2 pfine — heoarse 4 6

p
a =10, At < 0.265h = Aty = 0.265h" ¢

p — 2’ hcoarse — 02

0 0‘,2 0‘.4 0‘.6 O‘.B 1
At/ At oy

Schémas de discrétisation en temps adaptatifs. 12 / 34



CFL Condition, Experimental Results

yfine
S S Y, S ¥ | $!4 AL AL AL AL AA AD AL AA AN AR AL $!$ LY S Y, S Y, S N
— -~
0 coarse 2 pfine — heoarse 4 6

p
a =10, At < 0.265h = Aty = 0.265h" ¢

p — 2’ hcoarse — 02

A

At2 .
A-22 pa,

0.4 016 0‘8 i
At/ At opy
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CFL Condition, Experimental Results

yfine
S S Y, S ¥ | $!4 AL AL AL AL AA AD AL AA AN AR AL $!$ LY S Y, S Y, S N
— -~
0 coarse 2 pfine — heoarse 4 6
p

a =10, At < 0.265h = Aty = 0.265h" ¢
p — 2 }lcoafse — 0.2

01r | |
0.08} ‘
0.06}
0.04}
0.02}
1

)\ At2
A-22 44,

phemeeesToosseTc-----------o--

-0.02
-0.04
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04 02 04 06 08
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CFL Condition, Experimental Results

yfine
Y S Y, 4!$ AL AL A A AA AA AL AN AN MM AA AL AR 4!4 [N S Y, S §
— -~
0 coarse 2 pfine — heoarse 4 6

p
a =10, At < 0.265h = Aty = 0.265h" ¢

p — 2’ hcoarse — 02

0o1f .
0.008F ‘ |

0.006F

0.004F

0.002

)\ At2
A-2244,

o
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-0.002f
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CFL Condition, Experimental Results

A AL AR AM AR AN A MM AA A A AD AA MM AA A

i

A

n

i

A

0

- —
hcoarse

2

hfine(_:

p

hcoarse

4

a =10, At < 0.265h = Aty = 0.265h" ¢

CFL

Overlap

hCO&I‘SQ

1 2

0.5

0.85

0.2

0.1

1
0.84 1
0.86 1

Ratio Aty /Aty for p =2
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CFL Condition, Experimental Results

S S, SO, ¥, SO ¥ S S ¥ S, ¥, S % 5, %, S0, W XS ¥, 0 MY SV, S N, S Y, S, ¥, S, Y, S
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0 hcoarse 2 hflne _ hcoa'rse 4 6
p
a =10, At < 0.265h = Aty = 0.265h" ¢
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Overlap
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Numerical Experiments in 1D

N NN

4 6

U(0,z) = sin (52}, U'(0,z) = —5F cos (57 z)

— U.o(t, 2) = sin (%”(x _ t))
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Numerical Experiments in 1D

ANVANVAWA

U(0,z) = sin (52}, U'(0,z) = —5F cos (57 z)

— U.o(t, 2) = sin (%”(x _ t))

Space Discretization

IPDG, P3 — elements with o = 7.
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Numerical Experiments in 1D

Order of convergence

p=2,4,6,7

g

1

pcoarse
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Numerical Experiments in 2D
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Numerical Experiments in 2D
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Numerical Experiments in 2D
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Order 4 in time, using the modified equation technique
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Numerical Experiments in 2D
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Numerical Experiments in 2D

Mesh
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Numerical Experiments in 2D
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Nu

Solution

peoarse — 0125, pline = 7.62.10~4 ~ hCOAISE /16 44
At = 0.14pC015€ p = 17

=} 5
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Numerical Experiments in 2D

Energy
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Numerical Experiments in 2D

Energy

[E()/E(0)-1|

heoarse — 0125, pfine = 7,62.10~4 ~ HCOAISE /16,44
At = 0.14pC0815€¢ p =17
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Multilevel Local Time Stepping
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Multilevel Local Time Stepping

Solve
L9 | a1 = PYY(6) AU = P)AY(nA) + APQ,(7) = 0
Qu(0) =Y (1)
Q4(0) =0

for 7 € [0; At] with a time-step A7 = At/p in the fine grid and A7t /q
in the very fine grid.
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Multilevel Local Time Stepping

Solve
Q) 2
2 + A(I - P)Y(t) — ?A(I — P)AY (nAt) + APQ, (1) =0
Qn(0) =Y (¢)
Qn(0)=0

for 7 € [0; At] with a time-step A7 = At/p in the fine grid and A7/q
in the very fine grid.

Auxiliary Function

At each small time step m we define an auxiliary function

Q,,(mAT —0) + Q,,(mAT + 0)
2

R (0) =

for 0 € [-AT; AT].
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Multilevel Local Time Stepping

Auxiliary Function
At each small time step m we define an auxiliary function

Q,,(mMAT — 0) + Q,,(mAT + 6)

Ball) = 5

for 0 € [-AT; AT].

This function is obviously even and satisfy :

d*R,y,
—(6) = A(I—P)Y(nAd)
(- e>21<f+ O AL = P)AY (nt)+ APR(6),
\ R (0) = Q,,(mAT), df;_m (0) =0,
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Multilevel Local Time Stepping

This function is obviously even and satisfy :

2
%(e) = A(I - P)Y(nAt)

_ (- 9)21(7 O A1 = P)AY (nAt)+ APRn(6),

dR,,
L Rm(o) = Qn(mAT)ﬁ o

(0) =0,

After having solved this equation, @,,((m + 1)A7) can be computed
using @, ((m + 1)A71) = —-Q,,((m — 1)A1) 4+ 2R,,,(AT)
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d*Rp, @0+ 40,
4

gz () = A = P)Y (nAt) (I — P)AY (nAt)

+ APRp(6)

o = = = T 9ac



Multilevel Local Time Stepping

PR oy _ 41— PYY (nirty - T~ 9)21(7 LOF

+ A(P — P)Rpn(0) + AP R (0)

A(I — P)AY (nAt)
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Multilevel Local Time Stepping

fﬁme)zAu_JnYmAw—‘T_eyZ“+9y

+ A(P — P)Rn(0) + AP R, (6)

A(I — P)AY (nAt)

Approximate only A(P — Py)R,,(0) by
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Multilevel Local Time Stepping

(1 —0)2+(1 + 6)?
4
+ A(P — P1)Rp,(0) + AP R, (0)

£ Um(9) = A(I — P)Y (nAt) — A(I — P)AY (nAt)

Approximate only A(P — Py)R,,(0) by

62 2R, (0)
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Multilevel Local Time Stepping

(r— 0)24—(7 + 9)2
4
+ A(P — P1)Ry,(0) + AP R, (0)

d*R,

—5(6) = A(I - P)Y (nAt) -

A(I — P)AY (nAt)

Approximate only A(P — Py)R,,(0) by

2 2
A(P=P1)Rn(8) ~ A(P—P)Q,,(mAT) — % A(P— Pl)‘%”;(o)’
with
‘12%12(0):/1( I—P)Y(nAt)—i—APQn(mAT)—T;A(I—P)AY(nAt).

4

Schémas de discrétisation en temps adaptatifs. 19 / 34



Multilevel Local Time Stepping

d*R,

—52(6) = A(I - P)Y (nAY)

A(I — P)AY (nAt)

(1 —0)*+(7 + 6)°
a 4

2 2
+ AP - P)Qu(mar) — LA — ) Tim(©)

Approximate only A(P — Py)R,,(0) by

+ APlRm(Q)

2 2
A(P= PR (6) ~ A(P — P1)Q, (mAT) — % A(P— pl)df;ggm,
with
‘12%12(0):/1( I—P)Y(nAt)—i—APQn(mAT)—T;A(I—P)AY(nAt).

4
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Algorithm for the computation of Y"1

o Computation of Q,l/p :
o Compute R}n by a fourth order Modified Equation Scheme;
o Compute Qi/p =R,
efFori=1.p—1
o Computation of Q (i+1)/
o Compute R, by a fourth order Modified Equation Scheme ;
e Compute QJ (+0)/p — =QU=Y/? L 2R}, ;

e Compute Y(»+D/p — y(»=1/p 4 90!
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This algorithm can be rewritten as

Yn+1 —oyn" 4 Yn—l
At?

= —Apg¥Y"
where A, ; is such that AA, , is symmetric.




Energy Conservation

This algorithm can be rewritten as

YnJrl —2Yy" Ynfl
At?

= _Ap,qyn

where Ay, ; is such that AA, , is symmetric.

Corollary

The following energy is conserved

1 At? Ypi1—-Y, Yoi1 =Y
En+l _ A_2" A4 n+ n n+ n
: 2 [<< 4 ”’q> At At
Yn+1 + Yn Yn—i—l + Yn
IRRVNR LR A FES AN
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Numerical Experiments in 1D

0 1 1.25 1.75 2 3
} t t fooe} ———-e e - t ¢ fooe}
] icoarse m H? m / zcoarse
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Numerical Experiments in 1D

coqrse

U(0,z) =sin (37z), U'(0,2) = —5F cos (¥ )

— U.o(t, 2) = sin (%”(x _ t))
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Numerical Experiments in 1D

coqrse

U(0,z) = sin (52}, U'(0,z) = —5F cos (57 z)

— U.o(t, 2) = sin (%”(x _ t))

Space Discretization

IPDG, P3 — elements with o = 7.
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Numerical Experiments in 1D

Order of convergence
(p,a)= (1,1), (2,2), (2,3), (3,2), (3,5)

-—11
. —-_—22
10 | —=23
3,2
—0-35
. ref
u u 10
4
1
10°}

107 hCO&I‘SG 107
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Numerical Experiments in 2D

Computational Domain
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Numerical Experiments in 2D

Mesh
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Top left corner

Numerical Experiments in 2D
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Numerical Experiments in 2D

Bottom left corner

p1=3,p2=3
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Bottom left corner

pP1 = 3ap2 =3
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Numerical Experiments in 2D

Bottom right corner

p1=095,p2 =2,p3 =3
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Bottom right corner
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Numerical Experiments in 2D

Top right corner

p1 = 47102 = 27p3 = 5ap4 =4
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Numerical Experiments in 2D
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Algorithm of a 4/2 order local time-stepping scheme

New method : we consider the equation

2 2
Con(r) + AU~ PYY™ — T A~ P)AY™ + APQ,(r) = 0

and we discretize )
d
(l-P )WQn(T)
by a fourth order Modified equation scheme and

d2

by a second order Leap-Frog scheme
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Algorithm of a 4/2 order local time-stepping scheme

New method : we consider the equation

d;?"( )+ A(I - P)Y™ — T;A(I — P)AY™ + APQ, (1) =0

so that

i+l i i—1
Qn” —20Qn + Qn” *Q, Ar? d'Q,

(I_P) Ar2 :(I_P) dr2 (T)+ 12 (I P) drt (T)
and i1 i1
Qn® —QQn +Q0"  d%Q,
P AT? =F dr? (7)
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Algorithm of a 4/2 order local time-stepping scheme

New method : we consider the equation

d’Q 72
72 (1) + A(I - P)Y™ — 5/1(] — P)AY™ + APQ, (1) =0
so that
e : = 2 -2 4
Qn” —2Qn +Qn"  d°Q, a*Q,
AT2  dr2 (7) 12 T =P dr (7)
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Algorithm of a 4/2 order local time-stepping scheme

New method : we consider the equation

dQQn 72 "
772 (r)+ A(I - P)Y" — 5/1(] — P)AY" + APQ, (1) =0
so that
i+l i i=1 )
Qv =208 + Q. r :
=—A(I — "4 Al — PYAY™ — APQE
L2 (I -P)Y"+ 5 (I — P)AY PQ
AT2 n d2Qn
+?(I - P) (A(I — P)AY"™ — AP 772 (r ))
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Algorithm of a 4/2 order local time-stepping scheme

New method : we consider the equation

d;?"( )+ A(I - P)Y™ — T;A(I — P)AY™ + APQ, (1) =0

so that
it i i=1
an - 2Q£ + an
AT2

AT G pya - P)AY”—Al—T(I P)APd;Q"H

2 i
— —A(I- P)Y" + %A(I — P)AY" — APQZ
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Algorithm of a 4/2 order local time-stepping scheme

New method : we consider the equation

Py 4 AL - PV T;A(I = P)AY™ + APQp(r) = 0

Gl
Finally
i1 i i-1 )
Qn” _2Q£ +an T 2
— —A(I-P)Y"+ Z A(I — PYAY" — APQZ
5 (I - P)Y" + - A(I - P)AY" - APQ
A 2
+1—;(I—P)A(I—P)AY”
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Energy Conservation

This algorithm can be rewritten as
Yn+1 —2y"m Ynfl "
A2 =Y
where A, is defined by
2(p—1) 2(j+1)
At? 2 A\ Y ;
Ap=A——-A(I - P)A - 7 > (?) BY(AP) A?
j=1
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Energy Conservation

This algorithm can be rewritten as

Yn+1 —2y"m Ynfl

AL2 ==Y
where A, is defined by
2(p—1) 2(j+1)
At? 2 At\ Y ;
AP:A—12MI—HA—pZz:<p) BE(APY A2,
j=1

AA, is symmetric and the following energy is conserved

1 At? Y1 =Yy Y1 =Y
EnJrl _ - A_2 44 n+1 n n+1 n
’ 2 K( 4 ”) At At
Yn+1 + Yn Yn+1 + Yn
AA .
F(aegte T )
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Numerical Results

Zone gr_cisiiére Zone de transitiogone fine Zone de transition Zonegossiére
| |
——— ap—
Partie grossiére Partie fine Partie grossiére

e Fine zone : hy = 0.1/160, meshed with P1 or P3 elements;
o Transition zone : meshed with P1 or P3 elements;

o Coarse zone : h, = 0.1,0.05,0.025,0.0125,0.006125, meshed
with P3 elements.

Schémas de discrétisation en temps adaptatifs. 27 / 34



Fourth order time scheme, P3 Polynomials

Loc 4
—EmM_4 |
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Err
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Fourth order time scheme, P3/P1 Polynomials

10° 10°
—EM_42 Loc_42
B —EM 4 - — e
10 10
10" 10"
10° 10°
10° 10°
10" : 10"
10° 10 10 10° 10 10"
hu hu
Without local time stepping With local time stepping
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4/2 order time scheme, P3 Polynomials, local time

stepping

-2
10 .

-3
10 F

Err

10 F

-7

—+—Loc_4_42a]
—e—oc 4 42b |
——FNM 4 ;

10 ; —
] -1

Schémas de discrétisation en temps adaptatifs.

30 / 34



4/2 order time scheme, P3/P1 Polynomials, local time

stepping
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o This method is fully explicit.
o It conserves a discrete energy.

o The CFL is condition is “optimal”.
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Concluding Remarks

This method is fully explicit.

o It conserves a discrete energy.

o The CFL is condition is “optimal”.
°

It can be extended to any even order in time.
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Concluding Remarks

o This method is fully explicit.

It conserves a discrete energy.

The CFL is condition is “optimal”.

It can be extended to any even order in time.

K, M must be symmetric positive and M must be
(block-)diagonal
= computing M ~! must be cheap.
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