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PDE in medicine

Figure: Magnetic resonance imaging (MRI) — Maxwell’s equations.
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PDE in chemistry

Figure: Fullerene molecules Cgy and Cs49 — Schrédinger equation.
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PDE in geophysics

Plate Velocity
(mm/yr)

Figure: Contact problems in geodynamics — viscoplastic flow.
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PDE in atmospheric sciences

Figure: Tornado (nonlinear PDE system based on Navier-Stokes
equations).
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PDE in finance

Black-Scholes equation:

OV oGOV | o
ot 2 082 oS

S. .. price of underlying stock,
V... optionon Sattimet, V= V(S,1).
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Adaptive, higher-order computational methods that are PDE-independent.
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Higher-order elements

(# higher-order method)

Example problem.
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Higher-order elements (example 1)
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Higher-order elements (example 1)
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err - ndof = 1903

err - ndof = 3480
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Higher-order elements (example 2)
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Higher-order elements (example 3)

=
=
=
err =0.92 % err =1.02 %
ndof =173 ndof = 457
err - ndof = 159 err - ndof = 466
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Higher-order elements
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Higher-order method = higher-order elements + good automatic adaptivity
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Adaptive hp-FEM

Affine elements  hp elements

DOF 259393 6331
Error 1.617% 1.521%
Iterations 228 60
CPU time 34 min 11.58 sec

Whitney edge elements  hp edge elements

DOF 2586540 4324
Error 0.6445% 0.6211%
CPU time 21.2 min 2.49 sec
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To refine a single quad element:

45

55 6,5 56
42 43 52
42 42 43
25 (25|35 (25]|(36|35
2222|2223 ||23]|33
22|22||24|22||33|44
. 7000 candidates.

Variation of p, g by 2 in subelements — approx
Variation of p, g by 1 in subelements — approx

Solin et al.
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. 300 candidates.

Adaptive hp-FEM

and more...

and more...

and more...

and more...
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Adaptive hp-FEM

To refine a single brick element:

Variation of p, g by 2 in subelements — 282 billion candidates.
Variation of p, g by 1 in subelements — 17 million candidates.
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Hanging nodes

@ Regular mesh
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Hanging nodes

@ Regular mesh
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Hanging nodes

@ Regular mesh
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Hanging nodes

@ Regular mesh

@ One-level hanging nodes (1-irregular mesh)
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Hanging nodes

@ Regular mesh

@ One-level hanging nodes (1-irregular mesh)
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Hanging nodes

@ Regular mesh

@ One-level hanging nodes (1-irregular mesh)
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Waveguide problem
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Waveguide problem (

Adaptive hp-FEM f



Waveguide problem (step 2)

Adaptive hp-FEM for Multiphy.



Waveguide problem (step 3)
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Waveguide problem (step 4)
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Waveguide problem (step 5)

Adaptive hp-FEM for Multiphy.



Waveguide problem (step 6)
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Waveguide problem (step 7)
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Waveguide problem (step 8)
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Waveguide problem (step 9)
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Waveguide problem (step 10)

Adaptive hp-FEM for Multiphy.



Waveguide problem (step 11)
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Waveguide problem (step 12)

Adaptive hp-FEM for Multiphy.



Waveguide problem (step 13)
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Adaptive hp-FEM for Multiphy.



Adaptive hp-FEM for Multiphy.



aveguide problem (step 1
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Mesh regularity vs. perfo

5 Error Convergence for the Load Problem
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dibility of results

Navier-Stokes equations, Re = 200
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Credibility of results

Navier-Stokes equations, Re = 200
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Credibility of results

Re =200, symmetric mesh

— O
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Credibility of results

Re = 200, symmetric mesh
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Credibility of results

It is easy to show that the exact solution has to be symmetric.
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Credibility of results

Re = 200, time = 20 s, small mesh perturbation
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Credibility of results

Re = 200, time = 20 s, small mesh perturbation, uniform refinement

!

P. Solin et al. Adaptive hp-FEM for Multiphysics PDE Problems



Credibility of results

Re = 200, time = 20 s, small mesh perturbation, 2x uniform refinement

Q) | D w8
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Credibility of results

Uniform refinement helps, but usually one cannot afford it.
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dibility of results

Re = 200, dynamical meshes

Adaptive hp-FEM for physics PDE Proble!



Credibility of results

Re = 200, dynamical meshes

Adaptive hp-FEM for Multiphy.



Credibility of results

Re = 200, dynamical meshes
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Adaptive hp-FEM on dynamical meshes

@ Multimesh assembling
@ Rothe’s method
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Multimesh assembling
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Multimesh assembling

Master mesh Union mesh
(virtual)
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Multimesh assembling
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(virtual)

P. Solin et al. Adaptive hp-FEM for Multiphysics PDE Problems



Multimesh assembling

Master mesh Union mesh
(virtual)

P. Solin et al. Adaptive hp-FEM for Multiphysics PDE Problems
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Multimesh assembling
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(virtual)
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Thermoelasticity

Rigid form Heated face Metallic workpiece
| V |
/| a ag o v
<o Tag = Tag < Tas
rF,3 Tra
rF,Z
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Thermoelasticity

@ Solution: temperature
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Thermoelasticity

@ Solution: stress

1.1e+10
9.9e+09
8.82+09
7.7e+09
6.6+09
5.5e+09
4.4e+09
3.3e+09
2.2e+09

1.1e+09

2.6e+06
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Thermoelasticity (step 1)
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Thermoelasticity (step 2)
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Thermoelasticity (step 3)
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Thermoelasticity (step 4)
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Thermoelasticity (step 5)
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Thermoelasticity (step 6)
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Thermoelasticity (step 8)
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Thermoelasticity (step 10)
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Thermoelasticity
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Thermoelasticity
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Thermoelasticity (

tep 14)
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Convergence: multi-mesh vs.

Relative Error (%)

single-mesh

Multi-mesh
— - —- Single-mesh

0.5 1 15 2 25
Degrees of Freedom 4
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Rothe’s method

@ Approximate a time-dependent PDE with time-independent one(s).
@ lllustration: 94 — Au = f

ou Un+1 —un
= = CAAUTT U™ = 0 4 AT
ot At * +
ou _ 3un+2 _ 4Un+1 + un
ot 2At
@ Time-independent PDEs solved using spatial adaptivity
@ “Simultaneous mesh refinement and coarsening”

= —2AtAUM? £ 3u™2 = 4yt — U7 4 2AHTH2

@ Adaptive control of time step as in embedded ODE methods

Adaptive hp-FEM for Itiphysics PDE Problems



Flame propagation
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Microwave heating
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Thermally-conductive flow
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Thermally-conductive flow
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Thermally-conductive flow
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Two-phase flow
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Two-phase flow
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Heat and moisture transfer in concrete
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Heat and moisture transfer in concrete
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Transonic flow
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Transonic flow
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Gross-Pitaevski equation
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Gross-Pitaevski equation
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http://hpfem.org,
http://femhub.org

Thank you for your attention!

Solin et al. Adaptive hp-FEM fo! iphysics PDE Problems



	

