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Theorem 1. For any continuos map f : Sd ! Rk

there exists z 2 Rk

such that

vol
d�k

(f�1(z)) � vol
d�k

(Sd�k).

In this theorem vol
d�k

denotes the Riemannian volume, with the convention that if f�1(z)
is not rectifiable then it takes the value +1 and the inequality becomes trivial, or with the
extra assumption that the fibers f�1(z) are all rectifiable.

Let F a homotopy class of maps F : S1 ⇥ I ! M2

width(F) := inf
F2Fmax

z

vol1(F (z))

The waist w(Sd,Rk) := min
f2C2(Sd,Rk)max

z2Rkvol
d�k

f�1(z)

Theorem 2. For any Riemannan surface M and any topologically non trivial class F , width(F) >
0, moreover, the min max is a geodesic.

Isoperimetric profile: Given s consider I(s) := infA⇢ Sd : vold(A)
vold(Sd)

= t

Theorem 3. If A ⇢ Sd such that

vold(A)
vold(Sd)

= 1
2 then vol(@A) � vol(Sd�1)

The first proof of this theorem is by Almgreen and uses tools from geometric measure
theory. Gromov derived it as a corollary of the following theorem, he also conjectured the same
inequality holds substituting the Riemannian volume for the (d � k)- dimensional Hausdor↵
measure.

Theorem 4. For any continuous map F : Sd ! Rk

there is a point z 2 Rk

such that for every

" > 0, vol(F�1(z) + ") � vol(Sd�k + ")

Here vol denotes the d dimensional Riemannian volume and for any set A in a metric space
X, we denote A + " := {x 2 X : 9y 2 A, |x � y|  ", }. Not much is known about the Waist
of other Riemannian manifolds. Yashar Memarian generalised Gromov’s result to spheres of
positive curvature and of unit spheres of uniformly convex Banach spaces. Here is a simple
corollary.

Corollary 1. If n > 2k + 2, then

inf
f2C[RPn

,Rk]supz2Rkvol
n�k

(f�1(z)) � vol
n�k

(Sn � k)

For any map f : C[RPn,Rk] consider a map f̂ : Sn ! Rk given by f̂(x) = f(⇡(x)), where ⇡
is the double covering map ⇡ : Sn ! RPn. Theorem implies the existence of a fiber f�z around
which the volume is high. By continuity, the psuhforward measure of the ball B(z, ") is greater
or equal to .. hence

Here vol
d�k

stands for the Riemannian d�k dimensional volume and Sd�k is the Riemannian
sphere of diameter ⇡ with the standard round metric. We will prove this theorem from the waist
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Here vol
d�k

stands for the Riemannian d�k dimensional volume and Sd�k is the Riemannian
sphere of diameter ⇡ with the standard round metric. We will prove this theorem from the waist
inequality for the sphere and some elementary consideration of the homology of F2-cycles of
projective space. Recall that there are two homology classes in H

i

(RP d, F2) the zero class and
a non trivial class that can be represented by the geodesic embedding of RP i ⇢ RP d induced
by any linear embedding Ri+1 ⇢ Rd+1. Notice moreover that the intersection of any two
homology classes [RP i]\ [RP j ] is not the trivial class in H

i+j

([RP d, F2) if and only if i+ j � d.
(This is Poincare dual to the multiplicatitative part of the cohomology ring H⇤(RP d, F2) =.)
Assuming that f is a C1-map, there is at most one fiber f�1(z) with homology class [f�1(z)] =
[RP i]. Indeed, every pair of cycles that are homologous to [RP i] with 2i > d have non empty
intersection, but no two fibers of the same map intersect. Now recall the Waist inequality for
the sphere.
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Q:Is there a closed geodesics in 
 every Riemannian surface?

If curve is homotopically not trivial, 
 it has positive length. 
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Figure 2: A sweepout.

Given a map �̂ 2 ⌦, the homotopy class ⌦
�̂

is defined to be the set of maps
� 2 ⌦ that are homotopic to �̂ through maps in ⌦. The width W = W (�̂)
associated to the homotopy class ⌦

�̂

is defined by taking inf of max of the energy
of each slice. That is, set

W = inf
�2⌦

�̂

max
t2[0,1]

E (�(·, t)) , (7)

where the energy is given by

E (�(·, t)) =
Z

S1

|@
x

�(x, t)|2 dx .

The width is always non-negative and is positive if �̂ is in a non-trivial homotopy
class.

A particularly interesting example is when M is a topological 2-sphere and the
induced map from S2 to M has degree one. In this case, the width is positive
and realized by a non-trivial closed geodesic. To see that the width is positive
on non-trivial homotopy classes, observe that if the maximal energy of a slice is
su�ciently small, then each curve �(·, t) is contained in a convex geodesic ball in
M . Hence, a geodesic homotopy connects � to a path of point curves, so � is
homotopically trivial.

4.2 Pulling the sweepout tight to obtain a closed geodesic

The key to finding the closed geodesic is to “pull the sweepout tight” using the
Birkho↵ curve shortening process (or BCSP). The BCPS is a kind of discrete
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Figure 4: Tightening the sweepout.

so that:

• For each t 2 [0, 1] the map �(·, t) is in C0 \W 1,2.

• The map t ! �(·, t) is continuous from [0, 1] to C0 \W 1,2.

• � maps S2 ⇥ {0} and S2 ⇥ {1} to points.

Given a map � 2 ⌦, the homotopy class ⌦
�

is defined to be the set of maps � 2 ⌦
that are homotopic to � through maps in ⌦. We will call any such � a sweepout .

The (energy) width W
E

= W
E

(�,M) associated to the homotopy class ⌦
�

is
defined by taking the infimum of the maximum of the energy of each slice. That
is, set

W
E

= inf
�2⌦

�

max
t2[0,1]

E (�(·, t)) , (9)

where the energy is given by

E (�(·, t)) = 1

2

Z

S2

|r
x

�(x, t)|2 dx . (10)

The next result gives the existence of a sequence of good sweepouts.

Theorem 5. (Colding-Minicozzi, [CM19]) Given a metric g on M and a map � 2
⌦ representing a non-trivial class in ⇡3(M), there exists a sequence of sweepouts
�j 2 ⌦

�

with max
s2[0,1] E(�

j

s

) ! W (g), and so that given ✏ > 0, there exist j̄ and
� > 0 so that if j > j̄ and

Area(�j(·, s)) > W (g)� � , (11)

then there are finitely many harmonic maps u
i

: S2 ! M with

d
V

(�j(·, s),[
i

{u
i

}) < ✏ . (12)

10 T. H. Colding and W. Minicozzi

gradient flow on the space of curves. It is given by subdividing a curve and then
replacing first the even segments by minimizing geodesics, then replacing the odd
segments by minimizing geodesics, and finally reparameterizing the curve so it has
constant speed.

It is not hard to see that the BCSP has the following properties:

• It is continuous on the space of curves.

• Closed geodesics are fixed under the BCSP.

• If a curve is fixed under BCSP, then it is a geodesic.

It is possible to make each of these three properties quantitative.

6

5

2

4

3

1

1. Replace even segments by (red) geodesics.

1’

3’

5’

6

5

2

4

3

1

2. Replace odd segments by (blue) geodesics.

1’

3’

5’

Figure 3: Birkho↵’s curve shortening process.

Using this map and more refined versions of these properties, we showed the
existence of a sequence of tightened sweepouts:

Theorem 4. (Colding-Minicozzi, [CM2]) There exists a sequence of sweepouts �j

with the property that: Given ✏ > 0, there is � > 0 so that if j > 1/� and

2⇡E (�j(·, t0)) = Length2 (�j(·, t0)) > 2⇡ (W � �) , (8)

then for this j we have dist
�
�j(·, t0) , G

�
< ✏ where G is the set of closed geodesics.

As an immediate consequence, we get the existence of non-trivial closed geodesics
for any metric on S2; this is due to Birkho↵. See [LzWl] for an alternative proof
using the harmonic map heat flow.

4.3 Sweepouts by spheres

We will now define a two-dimensional version of the width, where we sweepout by
spheres instead of curves. Let ⌦ be the set of continuous maps

� : S2 ⇥ [0, 1] ! M

Shortening curves: continuous, look at fixed points.
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C(n)V
k+1

k . But the filling volume is a continuous function on Z(k, n). Therefore,
we can choose a neighborhood of S in which every cycle has filling volume at most
2C(n)V

k+1
k . Now if V is sufficiently small, then we can apply Proposition 2.2 to

conclude that F ∗(a(k, n)) vanishes on this neighborhood. !

To finish this section, we make some historical and expository remarks about
the lower bound for V(a(k, n)). This material is not needed in the proofs of the
theorems.

The minimax volume V(a(n−1, n)) can be bounded below using the isoperimetric
inequality. If we have a 1-parameter family of hypersurfaces sweeping out the unit
n-ball, then one of these surfaces must divide the ball in half by volume. (This
remains true even if the surfaces are not embedded.) In other words, we can choose
a surface C in our family so that B−C = U1∪U2, where Ui is a union of connected
components of B−C, and |U1| = |U2| = (1/2)|B|. We can then divide the boundary
of B into two pieces ∂B1, ∂B2, according to which open set they border. We
reorder the sets so that |∂B1| ≤ (1/2)|∂B|. Now the boundary of U1 is contained in
∂B1 ∪C, and so it has total volume at most (1/2)|∂B|+ |C|. By the isoperimetric

inequality, (1/2)
n−1

n |B|
n−1

n = |U1|
n−1

n ≤ C(n)|∂U1| ≤ C(n)[(1/2)|∂B|+ |C|]. In the

isoperimetric inequality, the sharp constant is given by B, so C(n)|∂B| = |B|n−1
n .

Rearranging we get the following inequality.

|C| ≥ [(1/2)
n−1

n − (1/2)]|∂B|.
This approach can be made sharp by using the sharp isoperimetric inequality for
relative cycles in the unit n-ball.

To my knowledge, the first person to consider the analogous problem with k <
n − 1 was Almgren. In [2], he proved the following sharp theorem for families of
cycles sweeping out the n-sphere.

Theorem. (Almgren) Let F be a family of k-cycles sweeping out the unit n-sphere.
Then the maximal volume of F is at least the volume of the unit k-sphere.

Taking a bilipschitz embedding of the unit n-ball into the unit n-sphere, Alm-
gren’s theorem implies a non-sharp lower bound for V(a(k, n)). Almgren’s lower
bound is still better than the one in Proposition 2.1. Since the bilipschitz constant
of the embedding can be taken independent of n it follows that V(a(k, n)) ≥ c(k),
independent of n.

Almgren’s proof involves the theory of varifolds, which he invented more or
less for this purpose. Unfortunately, the proof was never published, but similar
arguments appear in Pitts’s book [17]. We might expect to get better estimates
for V(a(k, n)) by applying Almgren’s method instead of by applying his theorem
about spheres. In [5] (page 135), Gromov mentions that Almgren’s techniques
imply V(a(k, n)) = ωk.

Recently, in [7], Gromov gave a sharp estimate for the k-dimensional waist of
the unit n-sphere. This result is similar to Almgren’s theorem, but the technical
details of the statement are different. The paper uses topological methods instead
of minimal surfaces.
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Here vol denotes the d dimensional Riemannian volume and for any set A in a metric space
X, we denote A + " := {x 2 X : 9y 2 A, |x � y|  ", }. Not much is known about the Waist
of other Riemannian manifolds. Yashar Memarian generalised Gromov’s result to spheres of
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corollary.

Corollary 1. If n > 2k + 2, then

inf
f2C[RPn

,Rk]supz2Rkvol
n�k

(f�1(z)) � vol
n�k

(Sn � k)

For any map f : C[RPn,Rk] consider a map f̂ : Sn ! Rk given by f̂(x) = f(⇡(x)), where ⇡
is the double covering map ⇡ : Sn ! RPn. Theorem implies the existence of a fiber f�z around
which the volume is high. By continuity, the psuhforward measure of the ball B(z, ") is greater
or equal to .. hence

Here vol
d�k

stands for the Riemannian d�k dimensional volume and Sd�k is the Riemannian
sphere of diameter ⇡ with the standard round metric. We will prove this theorem from the waist
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Brower fixed point theorem. 

Gromov’s short proof:

Waist is harder than isoperimetry.
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Isoperimetric inequality + 
Brower fixed point theorem. 

Gromov’s short proof:
Brunn-Minkoswki inequality + 

Borsuk-Ulam theorem. 

Gromov’s long proof:



Theorem 1 (Borsuk-Ulam). For any continuous map f : Sd ! Rd
, there is pair of antipodal

points x,�x whose image coincide, i.e.

f(x) = f(�x)

.
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Brunn-Minkoswki inequality + 
Borsuk-Ulam theorem. 



Can you cut a convex polygon 
 into convex regions with  

the same area and the same perimeter?

1.-THE SPICY CHICKEN THEOREM



Conjecture 1 (Nandakumar-Ramana Rao). For any number n and any planar convex body

K. There is a partiton of K into n convex pieces, such that all pieces have the same area

and the same perimeter.
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such that
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is not rectifiable then it takes the value +1 and the inequality becomes trivial, or with the
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Theorem 2. For any Riemannan surface M and any topologically non trivial class F , width(F) >
0, moreover, the min max is a geodesic.

Isoperimetric profile: Given s consider I(s) := infA⇢ Sd : vold(A)
vold(Sd)

= t

Theorem 3. If A ⇢ Sd such that

vold(A)
vold(Sd)

= 1
2 then vol(@A) � vol(Sd�1)

The first proof of this theorem is by Almgreen and uses tools from geometric measure
theory. Gromov derived it as a corollary of the following theorem, he also conjectured the same
inequality holds substituting the Riemannian volume for the (d � k)- dimensional Hausdor↵
measure.

Theorem 4. For any continuous map f : Sd ! Rk

there is a point z 2 Rk

such that for every

" > 0, vol(f�1(z) + ") � vol(Sd�k + ")

Here vol denotes the d dimensional Riemannian volume and for any set A in a metric space
X, we denote A + " := {x 2 X : 9y 2 A, |x � y|  ", }. Not much is known about the Waist
of other Riemannian manifolds. Yashar Memarian generalised Gromov’s result to spheres of
positive curvature and of unit spheres of uniformly convex Banach spaces. Here is a simple
corollary.

Theorem 5. For any continuous map f : Sd ! Rd

there is a point x 2 Sd such that

f(x) = f(�x).

Theorem 6. Given a prime power n = pm convex body K ⇢ Rd

, a measure µ and d � 1
continuous functionals F1, F2, . . . F

k

: K(Rd) ! R there exists a partition K = [K
i

, where K
i

is convex µ(K
i

) = µ(K)
n

and F
l

(K
i

) = F
l

(K
j

), for all i, j, l.

Same theorem is true for Sphere and Hyperbolic space. In the case of sphere can take convex
body to be the whole sphere.

1



Notes on waists and coincidences of maps.

Alfredo Hubard

April 21, 2015

Theorem 1. For any continuos map f : Sd ! Rk

there exists z 2 Rk

such that

vol
d�k

(f�1(z)) � vol
d�k

(Sd�k).

In this theorem vol
d�k

denotes the Riemannian volume, with the convention that if f�1(z)
is not rectifiable then it takes the value +1 and the inequality becomes trivial, or with the
extra assumption that the fibers f�1(z) are all rectifiable.

Let F a homotopy class of maps F : S1 ⇥ I ! M2

width(F) := inf
F2Fmax

z

vol1(F (z))

The waist w(Sd,Rk) := min
f2C2(Sd,Rk)max

z2Rkvol
d�k

f�1(z)

Theorem 2. For any Riemannan surface M and any topologically non trivial class F , width(F) >
0, moreover, the min max is a geodesic.

Isoperimetric profile: Given s consider I(s) := infA⇢ Sd : vold(A)
vold(Sd)

= t

Theorem 3. If A ⇢ Sd such that

vold(A)
vold(Sd)

= 1
2 then vol(@A) � vol(Sd�1)

The first proof of this theorem is by Almgreen and uses tools from geometric measure
theory. Gromov derived it as a corollary of the following theorem, he also conjectured the same
inequality holds substituting the Riemannian volume for the (d � k)- dimensional Hausdor↵
measure.

Theorem 4. For any continuous map f : Sd ! Rk

there is a point z 2 Rk

such that for every

" > 0, vol(f�1(z) + ") � vol(Sd�k + ")

Here vol denotes the d dimensional Riemannian volume and for any set A in a metric space
X, we denote A + " := {x 2 X : 9y 2 A, |x � y|  ", }. Not much is known about the Waist
of other Riemannian manifolds. Yashar Memarian generalised Gromov’s result to spheres of
positive curvature and of unit spheres of uniformly convex Banach spaces. Here is a simple
corollary.

Theorem 5. For any continuous map f : Sd ! Rd

there is a point x 2 Sd such that

f(x) = f(�x).

Theorem 6. Given a prime power n = pm convex body K ⇢ Rd

, a measure µ and d � 1
continuous functionals F1, F2, . . . F

k

: K(Rd) ! R there exists a partition K = [K
i

, where K
i

is convex µ(K
i

) = µ(K)
n

and F
l

(K
i

) = F
l

(K
j

), for all i, j, l.

Same theorem is true for Sphere and Hyperbolic space. In the case of sphere can take convex
body to be the whole sphere.

1

How to bury a chicken in an effective way.

The problem of Monge, also known as the 
Optimal Transport Problem 

is an engineering problem from the 18th century.

42 3 The founding fathers of optimal transport

minimize the total cost. Monge assumed that the transport cost of one
unit of mass along a certain distance was given by the product of the
mass by the distance.

x

déblais
remblais

T

y

Fig. 3.1. Monge’s problem of déblais and remblais

Nowadays there is a Monge street in Paris, and therein one can find
an excellent bakery called Le Boulanger de Monge. To acknowledge this,
and to illustrate how Monge’s problem can be recast in an economic
perspective, I shall express the problem as follows. Consider a large
number of bakeries, producing loaves, that should be transported each
morning to cafés where consumers will eat them. The amount of bread
that can be produced at each bakery, and the amount that will be
consumed at each café are known in advance, and can be modeled as
probability measures (there is a “density of production” and a “density
of consumption”) on a certain space, which in our case would be Paris
(equipped with the natural metric such that the distance between two
points is the length of the shortest path joining them). The problem is
to find in practice where each unit of bread should go (see Figure 3.2),
in such a way as to minimize the total transport cost. So Monge’s
problem really is the search of an optimal coupling; and to be more
precise, he was looking for a deterministic optimal coupling.

Fig. 3.2. Economic illustration of Monge’s problem: squares stand for production
units, circles for consumption places.
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Theorem 7. Given n = 2m, a continuous center map c : K(Sd) ! Sd , a measure µ and a

map f : Sd ! Rd�1
there exists a partition Sd = [K

i

, where K
i

is convex vol(K
i

) = vol(Sd)
n

and

f(c(K
i

)) = f(c(K
j

)), for all i, j, l.

Corollary 1. If n > 2k + 2, then

inf
f2C[RPn

,Rk]supz2Rkvol
n�k

(f�1(z)) � vol
n�k

(Sn � k)

For any map f : C[RPn,Rk] consider a map f̂ : Sn ! Rk given by f̂(x) = f(⇡(x)), where ⇡
is the double covering map ⇡ : Sn ! RPn. Theorem implies the existence of a fiber f�z around
which the volume is high. By continuity, the psuhforward measure of the ball B(z, ") is greater
or equal to .. hence

Here vol
d�k

stands for the Riemannian d�k dimensional volume and Sd�k is the Riemannian
sphere of diameter ⇡ with the standard round metric. We will prove this theorem from the waist
inequality for the sphere and some elementary consideration of the homology of F2-cycles of
projective space. Recall that there are two homology classes in H

i

(RP d, F2) the zero class and
a non trivial class that can be represented by the geodesic embedding of RP i ⇢ RP d induced
by any linear embedding Ri+1 ⇢ Rd+1. Notice moreover that the intersection of any two
homology classes [RP i]\ [RP j ] is not the trivial class in H

i+j

([RP d, F2) if and only if i+ j � d.
(This is Poincare dual to the multiplicatitative part of the cohomology ring H⇤(RP d, F2) =.)
Assuming that f is a C1-map, there is at most one fiber f�1(z) with homology class [f�1(z)] =
[RP i]. Indeed, every pair of cycles that are homologous to [RP i] with 2i > d have non empty
intersection, but no two fibers of the same map intersect. Now recall the Waist inequality for
the sphere.

Theorem 8. For any continuous map F : Sd ! Rk

there is a point z 2 Rk

such that

vol
d�k

(F�1(z)) � vol
d�k

(Sd�k).

Consider the double cover ⇧ : Sd ! RP d, and let F = (f � ⇧). By the waist inequality
there exists z such that vol(F�1(z)) � vol

d�k

(Sd�k). If [f�1(z)] = [RP i] then for any other z0,
[f�1(z0)] 6= [RP i]

Now consider the set ⇧(F�1(z)) = f�1(z). If [f�1(z)] = [RP d�i] then vol(F�1(z)) =
2vol(f�1(z)), otherwise

The case k = 1 of this inequality follows from the isoperimetric inequality. Indeed let z be
such that F�1(�1, z) = vol(Sd)/2 then A

z

= {x : x 2 F�1(�1, z)} is a set with half of the
volume, hence its boundary must have d� 1 dimensional volume at least vol

d�1(Sd�1) which is
exactly the claimed result. In the case k = d, the result says that at least one finer has at least
two points, in other words, we only need to show that there are no injective continuous maps
from the sphere to the Euclidean space of the same dimension. But this follows immediately
from the Borsuk-Ulam theorem, in fact in this case a much stronger fact holds true, the fiber
F�1(z) not only has two points but is precisely an equatorial zero dimensional sphere, a pair
of antipodal points. For any set A, denote A + " := {x 2 Sd : |x � y|  ", y 2 A}. From the
Borsuk Ulam theorem it follows that for every " > 0 vol(F�1(z) + ") = vol(S0 + "), where vol
stands for the d-dimensional Riemannian volume. More generally,

Remark 1. The restriction of an orthogonal linear projection Rd+1 ! Rk

to the unit sphere

shows that both of these results are tight.

Notice that theorem 8 implies theorem 1 for maps with enough regularity. In contrast, we
do not know of any direct way to derive the latter result from the former. In fact we always need
further assumptions on the classes of maps for theorem 1 to be true. Denote by L(q)d a Lens
space of dimension d, i.e. assume that Z/qZ acts freely on Sd and let L(q)d be the quotient space
with the induced Riemannian metric. This is not well defined as it depends on the orthogonal
action but since our results hold independently of the action with the same bounds we abuse
notation to simplify

2

sphere. Our approach will be to use Euclidean convex geometry by taking the cones over
convex sets of the sphere and reduce spherical problems to Euclidean problems.

We begin by giving the following

Definition 4.2 A real function f defined on an interval of length less that 2⇡ is called
sin-concave, if, when transported by a unit speed paramatrization of the unit circle, it can
be extended to a 1-homogeneous and concave function on a convex cone of R2.

This definition provides a family of example of sin-concave functions. Indeed one way
of obtaining a sin-concave function is to consider a concave and 1-homogeneous function
on R2 and restrict it to S1.

Example 4.3 The linear function f(x, y) = y is 1-homogeneous and concave on R2. By
restricting this function to the unit circle we obtain the well known function sin(t). So
the sine function is sin-concave.

Definition 4.4 A nonnegative real function f is called sink-concave if the function f
1
k is

sin-concave.

The next lemma provides a familly of examples of sink-concave functions for k greater
than 1. This family will be all we need in this paper.

Lemma 4.1 Let S be a geodesically convex set of dimension k of the sphere Sn with
k  n. Let µ be a convexely derived measure defined on S (with respect to the normalized
Riemannian measure on the sphere). Then µ is a probability measure having a contin-
uous density f with respect of the canonical Riemannian measure on Sk restricted to S.
Furthermore the function f is sinn�k-concave on every geodesic arc contained in S.

Proof of the Lemma
Let Si be a sequence of open convex subsets of Sn which Hausdor↵ converges to S,

where S is a convex subset of dimension k of the sphere. For every i we define the convex
cone over Si and denote it (as we saw in the beginning of this section) by co(Si). Then
the sequence of open convex cones co(Si) (of dimension (n + 1)), Hausdor↵ converges
to the convex subset co(S) (of dimension (k + 1)). Then the sequence of normalised
(probability) measures µ0

i = mn+1|co(Si)

mn+1(co(Si))
vaguely converges to a probability measure µ0 on

co(S). The measure µ0 is convexely derived from the sequence of probability measures
µ0

i. We know from [3] that the measure µ0 admits a density function with respect to the
(k + 1)-dimensional Lebesgue measure and dµ0 = Fdmk+1

, where F is a (n� k)-concave
function.
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Corollary 2. For any continuous map F : L(q)d ! Rk

there is a point z 2 Rk

such that for

every ", qvol(F�1(z) + ") � vol(Sd�k + ")

This result includes the Waist for real projective space with Z/2Z acting antipodaly on the
sphere. Similarly,

Corollary 3. For any continuous map F : CP d ! Rk

there is a point z 2 Rk

such that for

every ", 2⇡vol(F�1(z) + ") � vol(S2d�k + ")

For m large one can take the sets to be close to something k-dimensional.

Similar results are available for the other two division algebras.
We now give a moderately short proof of theorem 1 under some assumptions, then we

continue with one that holds in for all maps, yet constant factor on the left hand side.
Our proof will combine tools from algebraic topology with tools from calibration theory in

geometry. Let us begin with the algebraic part, our aim is a generalisation of the Borsuk-Ulam
theorem. Let G be a group and recall that a map between two spaces f : X ! Y induces an
ideal at the cohomological level. More precisely let f⇤ : H⇤(Y,Z/qZ) ! H⇤(X,Z/qZ) the kernel
of this map is an ideal in H⇤(Y,Z/qZ)

By A + " we mean x 2 Sd : |x � y|  ", y 2 A. The proof is based on two ingredients. Let
K(Sd) be the space of geodesically convex regions on the sphere.

Theorem 9. For any continuous map f : Sd ! Rd�1
, any continuous map c : K(Sd) ! Sd any

prime p and any number n, there is a point z 2 Rk

and a partition of Sd into pn geodesically

convex sets C1, C2 . . . Cp

n
such that f(c(C

i

))) = z

Theorem 10.

If k = 1 the isoperimetric inequality implies a strengthening of the waist inequality.

Proposition 1. For any continuos map f : Sd ! R, there exists a projection p : Sd ! R such

that

theorem 3 is equivalent to theorem1. Define f(x) = d(x, @(A)), the waist theorem implies vol({x :
d(x, @A) = z})  vol(Sd�1), now for any point x, such that d(x, @A) = z consider the shortest
path towards @A

3

not (⇣, k)-pancakes. Let C = lim Cmj where Cmj is a subsequence of the sequence Cm.
Then C does not contain any ball of dimension k + 1.

Indeed C = lim Cmj , then for all a, b, c 2 C there exists amj , bmj , cmj 2 Cmj such that
the sequences amj ! a, bmj ! b, cmj ! c. By convexity, the convex hull of the three
points amj , bmj , cmj : Conv(amj , bmj , cmj) ⇢ Cmj . But there exists dmj 2 Cmj such that

B(dmj , "/16) ⇢ Conv(amj , bmj , cmj)

and so
B(d, "/16) ⇢ Conv(a, b, c).

Hence dim(C)  k. Therefore for m big enough dH(Cmj , C)  ⇣ and this is a contradic-
tion. This proof by contradiction uses Blaschke’s selection principle .

This completes the proof of Theorem 4.

4 Convexely derived measures on the sphere

4.1 Definition

Remember that Sn is the boundary of the unit ball centered at the origin of Rn+1. On
Rn+1 the Lebesgue measure mn+1

is defined. We can define the (normalized) Riemannian
measure on Sn as follows. Let H be a measurable subset of Sn. We define the set co(H)
by:

co(H) = {

[
tH|0  t  1}.

The set co(H) is the cone centered at the origin of Rn+1 over H. co(H) ✓ Rn+1. We
set

µn(H) =
mn+1

(co(H))

mn+1

(Bn+1

(0, 1))
.

µn is the normalised Riemannian measure on the sphere Sn.

Definition 4.1 A convexely derived measure on Sn (resp. Rn) is a limit of a vaguely
converging sequence of probability measures of the form µi = vol|Si

vol(Si)
, where Si are open

convex sets.

Remark. The support of a convexely derived measure is a convex set.
In [1] and [3], the authors use concavity properties of density functions of convexely

derived measures on Euclidean convex sets. Here we need also some sort of concavity
properties for the density of convexely derived measures defined on convex sets of the
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Comparing distributions. We will often have to compare two distributions
P and Q (typically, the distribution of the current point and the stationary
distribution). There are many reasonable ways to do this. Here are three that
will come up.

(i) The total variation distance of P and Q is

∥P − Q∥tv = sup
A∈A

|P (A) − Q(A)|.

(ii) The L2 distance of P with respect to Q is

∥P/Q∥ =

!

K

dP (u)

dQ(u)
dP (u) =

!

K

"

dP (u)

dQ(u)

#2

dQ(u).

(iii) P is said to be M-warm with respect to Q if

M = sup
A∈A

P (A)

Q(A)
.

If Q0 is O(1)-warm with respect to the stationary distribution Q for some
Markov chain, we say that Q0 is a warm start for Q.

Convexity. Convexity plays a key role in the convergence of geometric random
walks. The following notation and concepts will be used.

The unit ball in R n is Bn and its volume is vol(Bn). For two subsets A,B of
R n, their Minkowski sum is

A + B = {x + y : x ∈ A, y ∈ B}.

The Brunn-Minkowski theorem says that if A,B and A+B are measurable, then

vol(A + B)1/n ≥ vol(A)1/n + vol(B)1/n. (2–1)

Recall that a subset S of R n is convex if for any two points x, y ∈ S, the
interval [x, y] ⊆ S. A function f : R n → R+ is said to be logconcave if for any
two points x, y ∈ R n and any λ ∈ [0, 1],

f(λx + (1 − λ)y) ≥ f(x)λf(y)1−λ.

The product and the minimum of two logconcave functions are both logcon-
cave; the sum is not in general. The following fundamental properties, proved
by Dinghas [1957], Leindler [1972] and Prékopa [1973; 1971], are often useful.

Theorem 2.2. All marginals as well as the distribution function of a logcon-

cave function are logconcave. The convolution of two logconcave functions is

logconcave.

Logconcave functions have many properties that are reminiscent of convexity.
For a logconcave density f , we denote the induced measure by πf and its centroid
by zf = Ef (X). The second moment of f refers to Ef (|X−zf |2). The next three
lemmas are chosen for illustration from [Lovász and Vempala 2003c]. The first


