
M
athem

atical and N
um

erical A
spects of Low

 M
ach N

um
ber Flow

s
Porquerolles, France

June 21-25, 2004

Com
parison of D

ensity- and Pressure-Based
M

ethods for Low
 M

ach N
um

ber Com
putations

V
enke Sankaran and Charles M

erkle
Purdue U

niversity



O
utline

•
Introduction

•
D

ensity-Based A
pproach

–
Role of tim

e scales in convergence
•

Pressure-Based A
pproach

–
U

nder-relaxation in Fluent
–

D
iscrete form

ulation
–

Segregated solution procedure
–

Pressure Poisson Solution
•

Com
parison of the Tw

o M
ethods

•
Conclusions



Introduction
•

Tw
o Fam

ilies of CFD
 schem

es
–

D
ensity-based

–
Pressure-based

•
D

ensity-Based M
ethods

–
Tim

e-m
arching (optionally w

ith preconditioning)
–

Flux-difference and Flux-V
ector schem

es
–

Fully-coupled solution fram
ew

ork
•

Pressure-Based M
ethods

–
U

sually use under-relaxation for non-linear iterations
–

Staggered or co-located pressure-velocity coupling
–

Segregated solution procedure



Tim
e-M

arching Fram
ew

ork

•
Steady Euler Equations:

•
Convergence contrrolled by tim

e-scales:
–

Eigenvalues of inviscid Jacobian
–

Expressed as non-dim
ensional CFL num

bers
–

Preconditioned system
 em

ploys pseudo-acoustic speeds
†
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Im
plicit Solution

•
D

elta Form
 in 2D

:

•
A

D
I A

pproxim
ate Factorization:

•
A

pproxim
ate Factorization Error:
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V
on-N

eum
ann Stability Results

ß D
irect Schem

e is unconditionally stable
ß A

pproxim
ate factorization causes CFL Lim

it (5-10)
ß Preconditioning insures all CFL num

bers are optim
um

D
irect

A
D

I



G
rid A

spect Ratio Effects

•
Traditional Tim

e-Step D
efinition:

                                          or

•
Correct Tim

e-Step D
efinition:

                                           or

–
Im

plicit schem
es allow

 m
in-CFL choice in 2D

–
Som

e lim
itations rem

ain in 3D

†
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H
igh A

spect Ratio Convergence

M
ax-CFL=5

M
in-CFL=5

Line-G
auss-Seidel Schem
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Steady N
avier-Stokes Equations

•
Preconditioned Equations:

•
Tim

e Scales
–

Include the von N
eum

ann N
um

bers (V
N

N
)

–
H

ow
ever, acoustic-CFL’s continue to be im

portant
†
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O
ptim

izing N
avier-Stokes Solutions

•
Low

 Reynolds N
um

ber Lim
it

–
Tim

e scales due to dam
ping (V

N
N

) and acoustics (CFL)
–

Preconditioning rescales acoustic-CFL and V
N

N

•
O

ptim
al convergence perform

ance



G
rid A

spect Ratio Effects
•

H
igh Reynolds N

um
ber Boundary Layers

–
Relevant scales are acoustics in the flow

 direction and
viscous dam

ping in the w
all norm

al direction
–

Proper preconditioning and tim
e-step necessary

–
O

ptim
ize m

in-CFL and m
ax-V

N
N

 in the cell
•

H
igh A

spect Ratio Preconditioning Choice:

•
O

ptim
al convergence for all 2D

 and som
e 3D

 cases



Pressure-Based M
ethods

•
FLU

EN
T A

lgorithm
 as Exam

ple:
–

M
ost com

m
ercial CFD

 codes are sim
ilar

–
Belongs to fam

ily of pressure-correction m
ethods

•
N

on-Linear U
nder-Relaxation

–
Relationship to tim

e-m
arching

•
Segregated Solution:
–

SIM
PLE and SIM

PLE-C algorithm
s

–
V

on N
eum

ann stability analysis
•

Pressure-Poisson Solution:
–

Relationship to preconditioning
•

D
iscretization:

–
Rhie-Chow

 co-located procedure



U
nder-Relaxation and Tim

e-Step
•

D
iscretized Equation w

ith U
nder-Relaxation

•
Equivalent Tim

e-Step D
efinition

                                     w
here

•
N

on-D
im

ensional Tim
e-Step:

†
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SIM
PLE as Fractional Tim

e-Stepping
•

Predictor:

•
Corrector:

•
Current study lim

ited to incom
pressible lim

it

†
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SIM
PLE-C in D

elta Form
•

N
otation:

•
Predictor

•
Corrector

†
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SIM
PLE-C: A

pproxim
ate Factorization

•
Com

bining Predictor and Corrector:

•
Continuity

•
X

-M
om

entum
†
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Pressure-Poisson Equation
•

Corrector Continuity Equation

•
Substituting Corrector M

om
entum

•
Pressure U

nder-Relaxation

†
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D
iscrete Form

 using Rhie-Chow
•

Interfacial V
elocity

•
Equivalent D

ifferential Form

•
Continuity Equation
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N
ote viscosity coefficient has inviscid &

 viscous scales



Rhie-Chow
 and PPE

•
D

iscrete PPE w
ithout Rhie-Chow

•
Equivalence

•
D

iscrete PPE w
ith Rhie-Chow

†
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SIM
PLE Stability Results

†
 

w
u

=1,w
p

=1

†
 

w
u

=
0.6,w

p
=

0.8

ß U
nconditionally unstable w

ithout pressure under-relaxation
ß Conditionally stable w

hen pressure is under-relaxed

D
irect PPE Solution



SIM
PLE-C Stability Results

†
 

w
u

=1,w
p

=1

†
 

w
u

=
0.8,w

p
=1

ß U
nconditionally stable but stiff w

ithout under-relaxation
ß O

ptim
al convergence w

hen m
om

entum
 is under-relaxed

D
irect PPE Solution



PPE Linear Solver
•

PPE D
irect Solution

–
N

ot necessary to introduce tim
e-step in continuity/PPE

•
Iterative PPE Solution
–

Introduce pseudo-tim
e step sim

ilar to preconditioning
•

Continuity Equation

•
PPE

†
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PPE Tim
e-Step Choice

•
Finite-Tim

e Step
–

Required for explicit schem
es

–
Required for non-diagonally dom

inant schem
es (A

D
I)

–
N

ot required for line relaxation or point-G
auss-Seidel

•
Tim

e-Step D
efinition

•
D

efinition of Preconditioning Param
eter

–
H

igh-Reynolds num
ber,

–
Low

-Reynolds num
ber,

–
H

igh aspect ratio grids,
†

 

CFL
c

=
M

in(CFL
cx ,CFL

cy )

†
 

1/M
2

†
 

Re
2/M

2

†
 

Re
2/M

2AR
2



Com
parative Study

•
Choice of Prim

ary D
ependent V

ariable
–

Both m
ethods use pressure for all speed perform

ance
•

N
on-Linear Iterative Fram

ew
ork

–
U

nder-Relaxation equivalent to tim
e-step

–
Tim

e-step definition sim
ilar to explicit tim

e-step
–

Potential lim
itations for high aspect ratio problem

s
•

D
iscrete Form

ulation
–

Rhie-Chow
 adds artificial viscosity to continuity

–
Sim

ilar to scalar artificial dissipation schem
es

–
Sim

ilar to A
U

SM
- and CU

SP-like schem
es



Com
parative Study (Contd)

•
Solution Procedure
–

Both m
ethods use a form

 of approxim
ate factorization

–
Segregated schem

e has an A
F error that requires an explicit-

like tim
e-step restriction on the transport equations

–
U

nder-relaxation of pressure for optim
al convergence

•
Pressure-Poisson Solution
–

Finite tim
e-step for explicit &

 som
e im

plicit (A
D

I) schem
es

–
Scaling of the tim

e-step identical to preconditioning
–

O
ther im

plicit m
ethods do not require finite tim

e-step



Conclusions

•
N

ot really tw
o distinct fam

ilies
–

N
on-linear iterative fram

ew
ork

–
D

iscrete form
ulation

–
Linear system

 solution
•

Iterative Fram
ew

ork
–

Both under-relaxation and tim
e-m

arching do the job
–

But, tim
e-stepping is crucial for insight

•
D

iscrete Form
ulation

–
M

any approaches to obtaining correct discretizations
–

A
sym

ptotic analysis provides crucial insight



Conclusions

•
Coupled or Segregated Solutions
–

Im
plicit non-linear fram

ew
ork is attractive

–
Linear Solver: coupled and segregated are com

petetive
•

Potential Lim
itations of Segregated

–
Lim

it on the transport equation tim
e-step

–
H

igh aspect ratio problem
s

–
Strong com

pressible effects
–

Com
bustion introduces additional transport eqns

•
G

eneral Conclusion
–

N
ot really distinct m

ethods
–

Each approach enhances understanding



Is Preconditioning Essential?



Is Preconditioning Essential?

•
N

O



Is Preconditioning Essential?

•
N

O
•

But, the view
 is great!


