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Objective of the stud
e=9 J v uey TepaN
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* Efficient computation of approximation solutions for the Euler and
Navier-Stokes equations

v for the whole compressible regime

(supersonic, transonic, subsonic, M — 0 (low-Mach))
v steady and unsteady flows

« Efficiency :

v reduced computational time

» convergence to steady-state after a small number of iterations
and / or for a small amount of time per iteration

v reduced memory storage

« crucial for computations involving a large number of grid points
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Context of the study
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e fast convergence to steady state ensured by using implicit schemes

Efficiency = Optimisation of the implicit stage solution both in
terms of CPU time and memory requirements

* existing treatments for the compressible regime with emphasis on the
reduction of memory storage :

v diagonalization

» approximate factorization (Pulliam & Chaussee, 1981)
« relaxation (Corre & Lerat, 1998)

v matrix-free method (Huo, Baum & Lohner, 1998, 2001)
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Context of the study
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* extension to low-Mach number flow
v through low-Mach number preconditioning

= need to optimize implicit solution for the preconditioned
Euler and Navier-Stokes equations

e optimisation of implicit solution for preconditioned Euler and
Navier-Stokes equations

v diagonal implicit stage = see e.g. OVERFLOW
(Pandya, Pulliam, Venkateswaran, 2003)

v matrix-free method = present study
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Outline of the presentation
S

= KB ensam
SINUMEF

1. Description of a matrix-free implicit treatment that 1s no longer
matrix-free for the preconditioned Euler or Navier-Stokes equations

2. Optimisation of the implicit treatment taking advantage of the
Turkel precondioning properties

3. Applications to low-Mach number flows on structured and
unstructured grid / efficiency assessment
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Outline

SINUMEF

1. Description of a matrix-free implicit treatment that is no longer
matrix-free for the preconditioned Euler or Navier-Stokes equations

2. Optimisation of the implicit treatment taking advantage of the Turkel
precondioning properties

3. Applications to low-Mach number flows on structured and unstructured
grid / efficiency assessment

A Matrix-Free Implicit Method for Flows at all Speeds - LOMA Conference - June 2004 6



Governing Equations
T

&0 . R
Time-accurate solution of the Navier-Stokes equations for flows at all
speeds :

o of (w,w
P—1.@+5W+af<w): f( x)
ot Ot 0 x 0Xx

w : conservative variables

T : pseudo-time or dual time
t : physical time
7 Euler flux

V .
S+ viscous flux
P : low-Mach preconditioning matrix for conservative variables
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Discretization (1)
aEa

OX

+1-1 +1 +1+1

1-1/2 1+1/2

1- Time and space steps :

S x : mesh size
At :physical time step o
AT : pseudo time step

_Aar A= AT
 Sx At

2- Difference and average operators over one grid cell:

1
6P, =P, — P, P,y = E(qpiﬂ + ¢i)

@ : function of mesh point x =i-6x
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Discretization (2)
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. 3 <Wn,m+1 Wn) 1 (Wn Wn—l)
n,m+ n,m g . - - ) T . T . n,m
-1 i —W; 2 : 2! : oh,
P A + A + =0
T . t . Ox
~N N —
First order accuracy Second order accuracy for physical-time ~ Numerical flux
for pseudo-time
m : pseudo-time counter n : physical-time counter
, ,m+1 , — _
Aw" " =" =" Aw" ==y
AT AT
O — —— A= —
O X At
h..1, : numerical flux approximating (f“- /) at midpoint
» Explicit stage :
—1 3 n,m __ n,m 3 n,m n 1 n—1
P +=Ald | Aw!""=—=08h" —=A(w""—w")+ =A AW,
2 l l 2 l 2 l
~— _
o exp
RHS = Aw;,
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Numerical flux
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» Upwind discretization for inviscid flux

Rusanov, Roe or AUSM+ scheme
( YR o

 High-resolution computation with MUSCL reconstruction of
left and right states

E S Er. L R
hi+1/2 =h [Wi+1/2’ Wi+1/2]
» Simple second-order centered discretization for viscous flux
~ ow

Frwow) = 77 = w25

Example : preconditionned Roe scheme numerical flux

1 ~ 1
B = §<fE(WiL+1/2>+fE<Wf+1/2>> — f;/+1/2 - EP 1|P'A|<WZR+1/2_WiLJrllz)
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Implicit Stage Construction (1)

* Implicitation with respect to the dual time
PLAW 4 %wa’m L OSAR = Aw™
e Details of the numerical fluxes implicitation
SN L0 R -1 L S
e =h"(w,,w,) = (ARL") :(awL Awi™ + o Awh
Afym = —(A = SAwW""
(A7) (8<Wx)) 5x( ) X v
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* First-order block-implicit stage

DAw!™ + CIAW! " + C{ AW = Aw™

Implicit Stage Construction (2)

l

i+1/2

D=P '+
\
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Matrix-Free Simplifications

rapaN
«Step1: A"=nr""""  in implicit stage only
B = (5w wg)) = 30 (P ATV P ()

( E
( < )= (45 +p(P AP
L

GhE _1 E E\ p—1
\ (awR)_§<A —p(PA)P)

*Step 2 :  spectral radius simplification A4, — p(4|) Id
= Simplified implicit stage
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Matrix-Free Simplifications

= Simplified implicit stage

DAW!"™ + CTAW!T + C{AW!T = AwS® — o SA(f5)"

+ | | . (
Crl=—|=p"'P'+p Id pi=op(PA")
2 1i+1/2 J
, o
By 1 LPVZEP(AD
C,=—|=p"'P'+p Id
i 2 1i—1/2

3 y

~F ~FE —1 N4 .
D = 1+pi—1/2+pi+1/2)Pi + §A+pi—1/2+pi+1/2 ld
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Matrix-Free Simplifications
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« Step 3: Point Jacobi treatment

r:‘A_AS

ENSAM
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1

i+1

I+1 —1 ex EN(] .V / N4
Aw!'t= D, lAW,- p—0'5HA(f )E )+pi+1/2AW§—21+pi—1/2Awi—l

"'Di_l’Pi_l pi;1/2AW(1) _I_Pi—l/zAW(])

(1)

2 i—1

r
—1

D'=(aP "+ b1d <

L

L E L E

a=1+p 1 +0 1
3 LV LV

b= §A+pi—1/2+pi+l/2

» No preconditioning: P~'=1d = D' = 1/(a+b)

v above treatment 1s truly matrix-free (Lohner et al, 1998, 2001)

v extremely cheap

v globally efficient if not intrinsically highly efficient
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“Matrix-Free” method for low-Mach flows S—

* Low-Mach regime :

P=Id+(B-1)0=1I1d+ (B —1) y—! A r—u—vi1]

2
C

T < = —

[1 D 1s a full matrix
[1 Increase of storage requirement and operation count
[1 Need for optimisation of the treatment

* Observations :

Matrix Q is idempotent for Turkel preconditioning
0" =0
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Outline

SINUMEF

1. Description of a matrix-free implicit treatment that 1s no longer matrix-
free for the preconditioned Euler or Navier-Stokes equations

2. Optimisation of the implicit treatment taking advantage of the
Turkel precondioning properties

3. Applications to low-Mach number flows on structured and unstructured
grid / efficiency assessment
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“Matrix-Free” method optimisation
o s

* Property O° =0

[0 Simple explicit computations of D™ and D”P’

D_1 _ 1 Id Cl<B2_1> Q
a+b a—l—bﬁ2 rCl =1 +5f—1/2+bf+1/2
b,
3 . .
Lb = 57\4‘.0;/—1/2"'10121/2
D_l' P—l — 1 Id . b(32_1> Q
a+b a+bp’
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“Matrix-Free” method optimisation

;
e Summing things up : PJ treatment for low-Mach number flows
1 B -1
Aw "= —— (Aw+ Aw)) + —0(adw!'=bAwY)
a-+ (a+b)(a+bB")
( [ ex EN(/ -V [ N4 [
ith AW(I) = Aw;"—oouA(f )E )+pi+1/2AW§£1+pi—l/2AW5—)l
W 4 bE bE
LAw(zz) _ 151/2AW§'Q1+ 1—1/2AW51_)1

» Optimisation of the remaining matrix-vector product (Turkel, 1999)
i X, -
2

1
2 | = 40 L X —uX, v X+ X, |
3 C

0-X=0-

< = =

USRS

4
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Truly Matrix-Free Implicit Treatment

&0 p 7
 Final PJ-MF treatment for all-speed flows
L
AwltY = 1 (AW + Awd)) + X, u
a +b y %
YT H
standard MF treatment L p
with p° instead of p° , N
specific low-Mach treatment
2 2
—1)(y—1
x =L =D, [("— <Aw&”)“—umw?)(”—vmwﬁ”)“’+<Aw§‘”><”)
c (a+b)la+bp’) 2

2
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_b(Q_ (AW(zl))(l)_u(AW(22))(1)_V<Aw(23))(l)_|_<Aw(24))(1))]
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Truly Matrix-Free Implicit Treatment

&0
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» Immediate extension to unstructured grids with :

.
(Z)
Aw;

=AW= 2| S AU+ Aoy awy
= Zb—wa(l)
72
At
( o = Q—L-SJ
where < DZZL-p(AZ)
d x
py =0op(P4)
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Outline
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1. Description of a matrix-free implicit treatment that 1s no longer matrix-
free for the preconditioned Euler or Navier-Stokes equations

2. Optimisation of the implicit treatment taking advantage of the Turkel
precondioning properties

3. Applications to low-Mach number flows on structured and
unstructured grid / efficiency assessment

A Matrix-Free Implicit Method for Flows at all Speeds - LOMA Conference - June 2004 22



&0

Fourier Analysis of the Matrix-Free Method __

Purposes

 Estimate the loss of intrinsic efficiency due to MF simplifications

» Compare the MF method with standard implicit block treatment

Analysis features

* Roe scheme with MUSCL extrapolation
 Implicit Block treatment

 Implicit Matrix-Free treatment

* Direct Solver (ie the linear system 1s supposed to be solved exactly)

» Low-Mach preconditioning

A Matrix-Free Implicit Method for Flows at all Speeds - LOMA Conference - June 2004 23



Euler Case Analysis
& e
— M=10"

CFL = 10° Roe-MUSCL scheme with Turkel preconditioning

Isovalues of the amplification factor in the reduced wave-numbers plane

. Stapdard block P 2R Matrix-Free
implicit treatm?/ . \\ / / - \\milt method

= Loss of efficiency specially for wave-numbers close to 1t
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Estimation of the loss of efficiency

SINUMEF
Amplification factor for equal wave-numbers
Roe-MUSCL scheme 1
with Turkel preconditioning B Standard Bloc Implicit Treatment
0.9 - Matrix-Free Implicit Method
Mach = 10" 0.8
CFL = 10° Qo7
8
o 0.6
G? = 0.475 Sosf
ave ~ V- % |
MF il
IGM|  =0.704 g 04|
%0.3
<
BL 0.2
log(|G™
= =212
log (|G |) 0 ; | L | | | | | | | | L | ! ! ]
0 0.5 1 1.5 2
Eln=nlin

= MF should need twice more iterations than Block to converge
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Sine Bump Test Case

G0 o
. .. SINUMEF
Roe-MUSCL scheme with Turkel preconditioning
* Regular mesh of 1280 elements Number of iterations to converge :
e Mach =10" and CFL = 10°
BL
. Convergence history N™ =250
N =690
-1 Mach = 10"
CFL =10 Ratio between MF and Block :

Log(Residual L2)
© o N & &~ b b N

L
o

1 1
— —
N —

BL-ALGS

MF
MF-PJ ]]\\[7 — =2.76

!

Good accordance with
Fourier analysis

| | | I || | I | 1 | | I | | | | I | | | | I | | | | I | |1 | ] I I | I | | | | I
100 200 300 400 500 600 70O 800 900
Iterations
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Log(Residual L2)
o & N & & A & N

Sy
o

1 1
—_ N
M -

Global Cost of the Method

Nelts Method Iterations CPU CPI
1280 MF-PJ 690 29s 0.039
BL-ALGS 250 36s 0.146

Convergence history in term of CPU time

Mach= 10"
CFL=10°

BL-ALGS
MF-PJ

10 20 30 40
CPU Time
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CPPPI Memory
3.1 E-5 2.88 Go . _
CPI : Cost per iteration
114E-5 3.21Go

CPPPI : Cost per point
per iteration

Loss of intrinsic efficiency is
balanced by a cheap cost per
iteration and memory storage 1s
significantly reduced

J

MF method seems to be a
competitive alternative method
to simulate flows at all speeds
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Sine Bump : Unstructured Grids

SINUMEF

e [rregular mesh of 1004, 4016 and 16064 elements
e Mach =107

* NK : Newton-Krylov algorithm (GMRES + ILU(0) preconditionner)

* MF-PJ : Matrix-Free Point Jacobi algorithm

Nelts Method  Iterations CPU Observations :

1004 ME-PJ 40 P0S  MF method is also competitive on
NK 45 9208 unstructured grids.
4016 MEF-PJ 54 3700 s .
NK 55 5100 Althoqgh MF methqd requires more
CPU time and iterations as the grid
16064 MF-PJ 80 38000 s e . :
becomes finer it 1s still attractive for
NK 65 32000 s

its low memory storage.
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Conclusion

Matrix-Free implicit method for flows at all speeds :

> Truly matrix-free treatment derived for preconditionned NS equations
~using specific properties of the widly spread Turkel preconditioning

> Easy to implement on structured and unstructured grids

> Low-memory storage

> Computationaly efficient for a wide range of external flows :
« steady and unsteady inviscid flows (Sinebump, contact discontinuity...)
« steady and unsteady viscous flows (Poiseuille, Stokes second problem...)

Future Work

> Further investigation and applications to internal flow problems
» natural convection in cavity, vessel presurisation...
» Formulation in viscous variables (p, u, v, T)

> Extension to multi-component flows
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This 1s 1t !

Thank you for your attention !
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Log(Residual L2)
o & u & & A b 0

1 1
— —
— (e ]

Nelts
960

NERN

Steady Oscillations of a Plane below a Viscous Fluid

' ENSAM
SINUMEF

Method Iterations CPU  CPPPI Relative Memory

MF-PJ 65381  1265s 2.0 E-5 1,51
BL-ALGS 75935 6043s 8.3 E-5 3,11
BL-ALGS
MF-PJ
Observations :

MF method is very competitive for
unsteady flows computed through a
dual-time fashion.

Not only MF method requires less
CPU time and iterations but it is also
very attractive for its low memory
storage.

19500 20000

Global iterations

20500
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