Augmented projection methods for incompressible and dilatable flows
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We present in this paper a new numerical scheme for the solution of the mass and momentum balance
equations governing dilatable flows. We proceed in two steps.

First, we build a Galerkin incremental projection scheme for the problem at hand, developped within
the framework set up in [3]. It involves three independent variables, namely an intermediate velocity,
the pressure and the end-of-step mass flow-rate: the intermediate velocity is searched in a discrete space
Vj, included in (H'(£2))? and the pressure in Mj; C L?(f2), whereas the mass flow-rate is searched in
Xp = Vi, + V M}, which in fine allows to recover the usual Poisson problem for the computation of the
pressure.

In a second step, we derive an augmented projection scheme.

The augmented projection method is a novel scheme belonging to the class of the projection methods
introduced by Témam and Chorin [7, 2], which has been recently proposed for the solution of incompress-
ible Navier-Stokes equation. Since the publication of this work is only underway, we review here its main
results. The basic idea originates, to our knowledge, from a paper of Caltagirone & Breil [1] and consists
in adding in the first step of the usual incremental projection method (the momentum balance equation)
the same penalisation term as in Augmented Lagrangian methods. Using for the projection step a more
standard algorithm than in this original work, we obtain a method which can be seen as a generalization
of the rotational pressure correction scheme [6, 5], thus enjoying the same properties (by comparison
to the standard projection scheme, suppression of pressure boundary layers and much better behaviour
in problems with Neumann boundary conditions [5, 4]) with an enhanced stability. Moreover, for large
values of the penalisation parameter, the method is shown to behave as the usual coupled Backward
Euler algorithm (scheme obtained when solving in a coupled way the momentum balance equations and
the divergence constraint), which allows significant gains in accuracy. The price to pay is then to solve
an ill-conditionned algebraic problem in the first step of the algorithm.

The error analysis of the augmented method is performed here on a model linear problem, namely the
unsteady Stokes problem for a fluid with a time and space varying density. We restrict ourselves to
density fields such that the corresponding steady Stokes problem is coercive. The conclusion is that,
under this assumption, the scheme behaves as in the incompressible case.

Numerical tests are performed, first on problems admitting an explicit solution, and then on the second
and third benchmark tests proposed in the conference (natural convection with large temperature differ-
ence and free convection). The space discretisation is performed using the Taylor-Hood finite element. A
formally second order in time scheme is obtained by using the usual BDF2 method. The results confirm
the theoretical error analysis.
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