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Eric Sonnendrücker
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Vlasov equation

∂tf± + v±(p) · ∇x f± + q±(E + v±(p) ∧ B) · ∇pf± = 0

Particle density : f±(t, x , p), (t, x , p) ∈ R+ × R3 × R3

Electro-magnetic field : (E (t, x),B(t, x)), (t, x) ∈ R+ × R3

(q±,m±) : particle charge/mass (ions/electrons)

v±(p) =
p

m±
non relativistic case (NR)

v±(p) =
p

m±

(
1 +

|p|2

m2
±c2

0

)− 1
2

relativistic case (R)
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Particle density

f±(t, x , p) : ion/electron densities in the phase space

N±(Vx × Vp) = number of ions/electrons in Vx × Vp at time t

N±(Vx × Vp) ≈
∫
Vx

∫
Vp

f±(t, x , p) dpdx
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Transport equation


d

ds
X (s) = v(P(s)),

d

ds
P(s) = q{E (s,X (s)) + v(P(s)) ∧ B(s,X (s))}

X (s = t) = x ,P(s = t) = p

div(x ,p)(v(p), q(E (t, x) + v(p) ∧ B(t, x))) = 0

⇓
d

ds

∂(X (s; t, x , p),P(s; t, x , p))

∂(x , p)
= 0

⇓
d

ds
{f±(s,X (s),P(s))} = 0

∂t f± + v±(p) · ∇x f± + q±(E (t, x) + v±(p) ∧ B(t, x)) · ∇pf± = 0
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Maxwell equations

∂tE − c2
0 rotxB = − 1

ε0
(j+(t, x)− j−(t, x)) , ∂tB + rotxE = 0

divxE =
1

ε0
(ρ+(t, x)− ρ−(t, x)) , divxB = 0

c0 light speed, ε0 electric permittivity

ρ±/j± charge/current densities

ρ± = q±

∫
R3

f± dp, j± = q±

∫
R3

v±(p)f± dp

Gyro-kinetic models for the Vlasov-Maxwell equations



Vlasov-Maxwell system
Guiding-center approximation

Other models
Vlasov equation

Vlasov-Poisson system

∂t f + p · ∇x f − eE (t, x) · ∇pf = 0

E = −∇xφ, −∆xφ =
1

ε0

(
ρext −

∫
R3

f (t, x , p) dp

)

f (t, x , p) electron density

ρext concentration of a neutralizing ion background

∫
R3

∫
R3

f dxdp =

∫
R3

ρext dx
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Reduced models for laser-plasma interaction

Particular geometry ⇒ additional invariants

Laser wave direction of propagation : privileged direction Ox1

∂x2 = ∂x3 = 0, B = rotA, E = −∂tA−∇xφ

B2 = −∂x1A3, B3 = ∂x1A2, E2 = −∂tA2, E3 = −∂tA3

d

ds
{P2(s)− eA2(s,X1(s))} =

d

ds
{P3(s)− eA3(s,X1(s))} = 0
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f (t, x , p) = f̃ (t, x1, p1)δ(p2 − eA2(t, x1))⊗ δ(p3 − eA3(t, x1))

∂t f̃ +
p1

mγ
∂x1 f̃ − e(E1 +

e

mγ
A2∂x1A2 +

e

mγ
A3∂x1A3)∂p1 f̃ = 0

∂2
t Ak − c2∂2

x1
Ak = − e2

mε0
ργ(t, x1)Ak(t, x1), k ∈ {2, 3}

∂tE1 =
e

ε0
j1, ∂x1E1 =

e

ε0
(ρext − ρ)

{ρ, ργ , j1}(t, x1) =

∫
R

{
1,

1

γ
,
p1

γ

}
f̃ (t, x1, p1)dp1

γ=
(
1 + (p1)

2/(mc)2 + e2A2(t, x1)
2/(mc)2 + e2A3(t, x1)

2/(mc)2
) 1

2
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∂t f +
p

γ1
∂x f −

(
E (t, x) +

1

γ2
A(t, x)∂xA

)
∂pf = 0

{ρ, ργ2 , j}(t, x) =

∫
R
{1,

1

γ2
,

p

γ1
}f (t, x , p) dp

Non relativistic model (NR) γ1 = γ2 = 1

Quasi-relativistic model (QR) γ1 = (1 + p2)1/2, γ2 = 1

Fully relativistic model (FR) γ1 = γ2 = (1 + p2 + A(t, x)2)
1
2

J.A. Carrillo, S. Labrunie ’06 NR, QR

M.B. ’06 FR
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Gyro-kinetic models

High magnetic field limits

Gyration radius of particles around the magnetic field lines (Larmor

radius)

Formal derivations based on Hilbert expansion method
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Typical scales

pth =
√

KBTthm thermal impulsion

vth =
pth

m
thermal velocity

λD =

√
ε0KBTth

e2n
Debye length

ωp =

√
e2n

mε0
=

vth

λD
plasma frequency
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Guiding-center approximation

ωc =
1

Tc
=
|q||B|

m
� 1

Individual motion under constant fields

dX

ds
= V (s),

dV

ds
=

q

m
(E + V (s) ∧ B)

d

ds

(
V (s) · B

|B|

)
=

q

m

E · B
|B|

V (s) =
E ∧ B

|B|2
+ U(s),

dU

ds
=

q

m

(
(E · B)

B

|B|2
+ U(s) ∧ B

)
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U⊥(s) =

(
B

|B|
∧ U(s)

)
∧ B

|B|
,

d 2

ds2
U⊥ + ω2

cU⊥(s) = 0

U⊥(s) = R(−ωcs)U⊥(0) = R(−ωcs)

(
V⊥(0)− E ∧ B

|B|2

)

X⊥(t) = X⊥(0)− 1

ωc
R
(π

2

)
U⊥(0) + t

E ∧ B

|B|2

+
1

ωc
R
(
−ωct +

π

2

)
U⊥(0)

B = O(ε−1),
E ∧ B

|B|2
= O(ε), t = O(ε−1)
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Observation units (non relativistic case)

L = λD , T =
Tp

ε
, P = pth

p2
th

me
= KBTth

t = Tt ′, x = Lx ′, p = pthp
′

f =
ne

p3
th

f ′(
t

T
,
x

L
,

p

pth
), E =

Uth

L
E ′(

t

T
,
x

L
), B =

1

ε

me

eTp
B ′(

t

T
,
x

L
)
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I Compactness method : uniform estimates w.r.t. ε > 0 ; provides

weak convergence

II Modulated energy method : strong convergence if the solution of

the limit system is smooth

plasma physics (Brenier ’00, Brenier, Mauser, Puel ’03, Golse,

Saint-Raymond ’03)

gaz dynamics (Saint-Raymond ’03, Berthelin, Vasseur ’05)

fluid-particles interaction (Goudon, Jabin, Vasseur ’04)
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Dimensionless system

∂t f +
p

ε
· ∇x f −

1

ε

(
E (t, x) + p ∧ B(t, x)

ε

)
· ∇pf = 0

∂tE −
1

ε
curl

(
B

ε

)
=

1

ε
j(t, x)

∂t

(
B

ε

)
+

1

ε
curlE = 0

divE = 1− ρ(t, x), divB = 0
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Energy balance

d

dt

{∫ ∫
|p|2

2
fεdpdx +

1

2

∫ (
|Eε|2 +

∣∣∣∣Bε

ε

∣∣∣∣2
)

dx

}
= 0

sup
ε>0

∫ ∣∣∣∣Bε(0, x)

ε

∣∣∣∣2 dx = +∞

∂tEε −
1

ε
curl

(
Bε − B0

ε

)
=

1

ε
jε, ∂t

(
Bε − B0

ε

)
+

1

ε
curlEε = 0
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d

dt

{∫ ∫
|p|2

2
fεdpdx +

1

2

∫ (
|Eε|2 +

∣∣∣∣Bε − B0

ε

∣∣∣∣2
)

dx

}
= 0

sup
ε>0

∫ ∫
|p|2

2
f 0
ε +

1

2

∫
|E 0

ε |2 +
1

2

∫ ∣∣∣∣B0
ε − B0

ε

∣∣∣∣2 < +∞

⇓

sup
ε>0,t>0

∫ ∫
|p|2

2
f ε +

1

2

∫
|Eε|2 +

1

2

∫ ∣∣∣∣Bε − B0

ε

∣∣∣∣2 < +∞

Bε

ε
=

Bε − B0

ε
+

B0

ε
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Two dimensional case

f ε = f ε(t, x , p), (t, x , p) ∈ R+×T2×R2, (Eε,Bε) = (E ε
1 ,E ε

2 , 0, 0, 0,Bε
3)

F ε(t, x , u) = ε2f ε(t, x , εu), (t, x , u) ∈ R+ × T2 × R2, p = εu

ρε =

∫
f ε dp =

∫
F ε du, jε =

∫
pf ε dp = ε

∫
uF ε du = εJε

∂tF
ε + u · ∇xF

ε − 1

ε2
(Eε +⊥ u Bε

3) · ∇uF
ε = 0

⊥v = (v2,−v1), ∀ v = (v1, v2)
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Formal analysis

sup
ε>0,t>0

ε2

∫ ∫
|u|2

2
F εdudx+

1

2

∫
|Eε(t, x)|2 +

(
Bε

3(t, x)− B0,3

ε

)2

dx < ∞

Mass balance

∂tρ
ε + divxJ

ε = 0

Momentum balance

ε2∂t

∫ ∫
uF ε du + ε2divx

∫ ∫
(u ⊗ u)F ε du + ρεEε + Bε

3
⊥Jε = 0

Gyro-kinetic models for the Vlasov-Maxwell equations



Vlasov-Maxwell system
Guiding-center approximation

Other models

Dimensionless system
Formal analysis
Higher order approximation

ρ(t, x)E (t, x) + B0,3
⊥J(t, x) = 0 ⇒ J = ρ

⊥E

B0,3

∂t

(
Bε

3 − B0,3

ε

)
+

1

ε
(∂x1E

ε
2 − ∂x2E

ε
1 ) = 0 ⇒ ∂x1E2 − ∂x2E1 = 0

Limit system

J = ρ
⊥E

B0,3
, div⊥E = 0

∂tρ + div
(

ρ
⊥E

B0,3

)
= 0, divE = 1− ρ(t, x)
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Modulated energy

Hε(t) = ε2

∫ ∫
|u − D|2

2
F ε(t, x , u) dudx

+
1

2

∫ {
|Eε(t, x)− E (t, x)|2 +

(
Bε

3(t, x)− B0,3

ε

)2
}

dx

D(t, x) =
J(t, x)

ρ(t, x)
=

⊥E (t, x)

B0,3

Modulated energy balance

If D ∈ W 1,∞(]0,T [×T2)2, then ∃ C > 0 s.t.

d

dt
Hε(t) ≤ Cε2 + CHε(t), ∀ t ∈ [0,T ]
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Hypotheses

I H1) f 0
ε ≥ 0,

∫∫
f 0
ε (x , p) dpdx = 1

I H2) (E ε
0,1,E

ε
0,2,B

ε
0,3) ∈ L2(T2)3, divE 0

ε = 1− ρε
0, ρε

0 =
∫
f 0
ε dp

I H3) limε↘0

∫∫ |p|2
2 f 0

ε (x , p) dpdx = 0

I H4) ∃ E0 = (E0,1,E0,2) ∈ L2(T2)2, ∂x1E0,2 − ∂x2E0,1 = 0 and

B0 = (0, 0,B0,3), B0,3 6= 0 s.t.

lim
ε↘0

{
1

2

∫
|E 0

ε (x)− E0(x)|2dx +
1

2

∫ (
Bε

0,3(x)− B0,3

ε

)2

dx

}
= 0
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Theorem

∫ ∫
|p|2

2
f 0
ε dpdx +

1

2

∫
|E 0

ε − E0|2 +

(
Bε

0,3 − B0,3

ε

)2

≤ Cε2

⇓

∫ ∫
|p|2

2
f ε(t, x , p) dpdx +

1

2

∫
|Eε(t, x)− E (t, x)|2 dx

+
1

2

∫ (
Bε

3(t, x)− B0,3

ε

)2

dx ≤ Cε2

lim
ε↘0

ρε = ρ, lim
ε↘0

Jε = lim
ε↘0

jε

ε
= J in D′(R+ × T2)
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Higher order approximation

F ε = F + εF (1) + ε2F (2) + ...

Eε = E + εE (1) + ε2E (2) + ...

Bε = B0 + ε2A + ε3A(1) + ...

Remark There is no first order term in Bε since

lim
ε↘0

Bε − B0

ε
= 0, in L2
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ε0 : −(E + B⊥0 u) · ∇uF = 0 ⇒ J = ρ
⊥E

B0

ε1 : −(E+B⊥0 u)·∇uF
(1)−E (1) ·∇uF = 0 ⇒ J(1) =

ρ(1)⊥E + ρ⊥E (1)

B0

(∂t+u·∇x)F−(E+B⊥0 u)·∇uF
(2)−E (1)·∇uF

(1)−(E (2)+A⊥u)·∇uF = 0
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Limit systems

J = ρ
⊥E

B0
, ∂tE −⊥ ∇A = J, div⊥E = 0, divE = 1− ρ

J(1) =
ρ(1)⊥E + ρ⊥E (1)

B0
, ∂tE

(1) −⊥ ∇A(1) = J(1)

div⊥E (1) = 0, divE (1) = −ρ(1)

B0∂tρ
(2) +⊥ E · ∇ρ(2) +⊥ E (2) · ∇ρ = F(ρ, J,E ,A, ρ(1), J(1))

∂tA + div⊥E (2) = 0, divE (2) = −ρ(2)
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B0∂tρ
(1)+∇xρ

(1)·⊥E+∇xρ·⊥E (1) = 0, div⊥E (1) = 0, divE (1) = −ρ(1)

F(ρ, J,E ,A, ρ(1),E (1)) = −∂t
⊥J +

1

(B0)2
(∇x ⊗∇x) : (ρ⊥E ⊗ E )

− ⊥E (1) · ∇xρ
(1) + div(AJ) + ρ∂tA
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Modulated energy revisited

H̃ε(t) = ε2

∫ ∫
1

2

∣∣∣∣∣u − ⊥(E + εE (1))

B0

∣∣∣∣∣
2

F ε(t, x , u) dudx

+
1

2

∫ {
|Eε − E − εE (1)|2 +

(
Bε − B0

ε
− εA

)2
}

dx

Proposition For any T ∈ R+ there is C > 0 s.t.

d

dt
H̃ε(t) ≤ Cε4 + CH̃ε(t), t ∈ [0,T ]
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Proposition If supε>0{ε−4H̃ε(0)} < +∞ then for any T ∈ R+ there is

C > 0 s.t.

H̃ε(t) ≤ Cε4, t ∈ [0,T ]

In particular

‖Eε − E − εE (1)‖L2 +

∥∥∥∥Bε − B0

ε
− εA

∥∥∥∥
L2

≤ Cε2

‖ρε − ρ− ερ(1)‖D′ + ‖Jε − J − εJ(1)‖D′ ≤ Cε2
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Other models

Mono-kinetic distribution F ε(t, x , u) = ρε(t, x)δ(u − uε(t, x))

∂tρ
ε + divx(ρ

εuε) = 0

∂t(ρ
εuε) + divx(ρ

ε(uε ⊗ uε)) +
1

ε2
ρε(Eε + Bε

⊥uε) = 0

∂tEε −
1

ε
⊥∇x

(
Bε

ε

)
= ρεuε, ∂t

(
Bε

ε

)
+

1

ε
div⊥x Eε = 0

divxEε = 1− ρε
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Total energy conservation

d

dt

{∫
T2

ε2

2
|uε|2ρε dx +

1

2

∫
T2

(
|Eε|2 +

(
Bε − B0

ε

)2
)

dx

}
= 0

Modulated energy

˜̃Hε(t) =

∫
T2

ε2

2
|uε − u|2ρε dx +

1

2

∫
T2

{
|Eε − E |2 +

(
Bε − B0

ε

)2
}

dx

Limit model

u(t, x) =
⊥E (t, x)

B0
, div⊥x E = 0, ∂tρ+

⊥E

B0
·∇xρ = 0, divxE = 1−ρ
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Collisions

Fokker-Planck collision operator

LFP(f )(p) =
1

τ
divp(pf + mKBTth∇pf )

τ = relaxation time l = τ

√
KBTth

m
= mean free path

Observation units

T =
1

ε
Tp, L = λD , p = pth, τ = εTp
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Dimensionless Fokker-Planck equation (2D)

∂t f
ε +

p

ε
· ∇x f

ε − 1

ε

(
Eε +⊥ p

Bε

ε

)
· ∇pf

ε =
1

ε2
divp(pf ε +∇pf

ε)

Multiplication by 1 + ln f ε + |p|2
2∫∫

divp(pf ε +∇pf
ε)

(
1 + ln f ε +

|p|2

2

)
= −

∫∫ ∣∣∣∣pf ε +∇pf
ε

√
f ε

∣∣∣∣2 ≤ 0

Free energy balance with entropy production term

d

dt

{∫∫
f ε

(
ln f ε +

|p|2

2

)
+

∫ (
|Eε|2 +

(
Bε − B0

ε

)2
)}

+
1

ε2

∫∫ ∣∣∣∣pf ε +∇pf
ε

√
f ε

∣∣∣∣2 = 0
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Formal analysis

Mass balance

∂t

∫
f εdp + divx

∫
p

ε
f εdp = 0

Momentum balance

ε∂t

∫
pf εdp+divx

∫
(p ⊗ p)f εdp+ρεEε+

⊥
∫

p

ε
f εdpBε = −

∫
p

ε
f εdp

ρε =

∫
f εdp → ρ,

∫
p

ε
f εdp → J, Eε → E , Bε → B0

∫
(p ⊗ p)f εdp →

∫
(p ⊗ p)ρ(t, x)M(p)dp = ρI2, M(p) =

1

2π
e−

|p|2
2
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Limit model


∂tρ + divxJ = 0

∇xρ + ρE + B0
⊥J + J = 0

divx
⊥E = 0, divxE = 1− ρ

J = J(ρ,E ,B0)

⇓

(1 + (B0)
2)∂tρ + B0

⊥E · ∇xρ− divx(∇xρ + ρE ) = 0
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