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Model and motivation

Model and motivation
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Maxwell Equations

Find e = e(x, t) and h = h(x, t) such that

8
>>>><

>>>>:

" @te �r⇥ h = f , in ⌦⇥]0,T [
µ @th +r⇥ e = 0, in ⌦⇥]0,T [

e ⇥ n = 0, in �⇥]0,T [
e = e0, in ⌦⇥ {0}
h = h0, in ⌦⇥ {0}

µ is the symmetric tensor magnetic permeability

" is the symmetric tensor electric permitivity

Initial field e0 and h0 and source f satisfy

r · f = r · (" e0) = r · (µh0) = 0, 2 ⌦
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Hypothesis: Multiscale behavior
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Settings

V =
M

K2TH

VK
⇤h ⇢ ⇤ =

Y

K2TH

H� 1
2 (@K )

polynomial �h 2 ⇤h

⇤ =

8
<

:µ 2
Y

K2TH

H� 1
2 (@K ) : µ satisfy some global continuity condition

9
=

;
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Outline

1 Methodology: General case

2 The Maxwell case

3 Numerical experiments
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Metodology

Methodology

Methodology
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Metodology

Multiscae problem

Find u = u(x) such that

⇢
Lu = f , in ⌦
u = 0, in �

L and f (x) may have multi-scale features

u = u(x) may have a multi-scale behavior
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Metodology

Variational Formulation

Variational Hybrid-Mixed Formulation, Raviart-Thomas 1977

V =
M

K2TH

VK

Hybrid Formulation

Find (u,�) 2 V ⇥ ⇤ such that

a(u, v) + (�, v)@TH
= (f , v)TH

(u, µ)@TH
= 0

for all (v , µ) 2 V ⇥ ⇤
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Metodology

Variational Formulation

Localization process

Hybrid Formulation

Find (u,�) 2 V ⇥ ⇤ such that

a(u, v) + (�, v)@TH
= (f , v)TH

(u, µ)@TH
= 0

for all (v , µ) 2 V ⇥ ⇤

a(u, v) =
X

K2TH

aK (u, v)

Local problem

Find u 2 VK such that

aK (u, v) = (f , v)K � (�, v)@K ,

for all v 2 VK
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Metodology

Global and local problems

Global and local problems for u = u� + uf

Global problem

Find � 2 ⇤

(u�, µ)@TH = �(uf , µ)@TH

for all µ 2 ⇤

Local problem for �

Find u

� 2 VK such that

aK (u
�, v) = �(�, v)@K

for all v 2 VK

Local problem for f

Find u

f 2 VK such that

aK (u
f , v) = (f , v)@K

for all v 2 VK
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Metodology

Global and local problems

Global and local problems for u = u� + uf

Global problem

Find � 2 ⇤

(u�, µ)@TH = �(uf , µ)@TH

for all µ 2 ⇤

Local problem for �

Find u

� 2 VK such that

⇢
Lu� = 0, in K

� (u�) = �, in @K

Local problem for f

Find u

f 2 VK such that

⇢
Luf = f , in K

�(uf ) = 0, in @K

Laplace : � (u) = �"ru · nK

RAD : � (u) = �"ru · nK +
1

2
(↵ · nK ) u

Maxwell : � (u) = u ⇥ nK
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Metodology

Finite Element Method

Discrete Space ⇤H ⇢ ⇤ — one level

� ⇡ �H =
NHX

i=1

ci  i ) u� ⇡ u�H

uH = u�H + uf

=
NHX

i=1

ci ⌘i + uf

Basis functions

Find ⌘i 2 VK such that

⇢
L⌘i = 0

� (⌘i ) =  i
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Metodology

Finite Element Method

Discrete Space ⇤H ⇢ ⇤ — (reaction advection di↵usion case)
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Metodology

Finite Element Method

Summary: Multiscale Hybrid Method

Basis functions

Find ⌘i 2 VK such that

⇢
L⌘i = 0, in K

� (⌘i ) =  i , in @K

Local problem for f

Find u

f 2 VK such that

⇢
Luf = f , in K

� (uf ) = 0, in @K

Global problem

Find c1, . . . , cNH 2 R
PNH

i=1 ci (⌘i ,�j)@TH = �(uf ,�j)@TH

for all �1, . . . ,�NH 2 ⇤h

uH =
NHX

i=1

ci ⌘i + uf
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Metodology

Finite Element Method

Summary: Multiscale Hybrid Method — two level

Basis functions

Find ⌘hi 2 V

h
K such that

aK (⌘
h
i , vh) = �( i , vh)@K

for all vh 2 V

h
K

Local problem for f

Find u

f
h 2 V

h
K such that

aK (u
f
h , vh) = (f , vh)@K

for all vh 2 V

h
K

Global problem

Find c1, . . . , cNh 2 R
PNh

i=1 ci (⌘
h
i ,�j)@TH = �(uf ,�j)@TH

for all �1, . . . ,�Nh 2 ⇤h

uH,h =
NHX

i=1

ci ⌘
h
i + ufh
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Metodology

Finite Element Method

The Maxwell case

The Maxwell case
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The Maxwell case

Maxwell Equations

Find e = e(x, t) and h = h(x, t) such that

8
>>>><

>>>>:

" @te �r⇥ h = f , in ⌦⇥]0,T [
µ @th +r⇥ e = 0, in ⌦⇥]0,T [

e ⇥ n = 0, in �⇥]0,T [
e = e0, in ⌦⇥ {0}
h = h0, in ⌦⇥ {0}

µ is the symmetric tensor magnetic permeability

" is the symmetric tensor electric permitivity

Initial field e0 and h0 and source f satisfy

r · f = r · (" e0) = r · (µh0) = 0, 2 ⌦
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The Maxwell case

Settings

V =
M

K2TH

H(curl;K )
⇤h ⇢ ⇤ =

Y

K2TH

H� 1
2 (@K )

polynomial �h 2 ⇤h

⇤ =

8
<

:µ 2
Y

K2TH

H� 1
2 (@K ) : µ = v ⇥ n, 8K 2 TH , v 2 H(curl;⌦)

9
=

;
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The Maxwell case

Variational Formulation

Variational Hybrid-Mixed Formulation

Hybrid Formulation

Find (e(t),h(t),�(t)) 2 V ⇥ V ⇥ ⇤ such that

(" @te, v)TH
� (h,r⇥ v)TH

+ (�, v)@TH
= (f , v)TH

(µ @th,w)TH
+ (r⇥ e,w)TH

= 0
(e,µ)@TH

= 0

for all (v ,w ,µ) 2 V ⇥ V ⇥ ⇤

continuity of e(t)⇥ n is weakly imposed

e(t) and h(t) solves the standard weak form

h(t)⇥ n = �(t)

e(t),h(t) 2 H(curl;⌦)
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The Maxwell case

Local problems

Localization process

Local problem

Find (e(t),h(t)) 2 H(curl;K )⇥ H(curl;K ) such that

(" @te, v)K � (h,r⇥ v)K = (f , v)K � (�, v)@K ,
(µ @th,w)K + (r⇥ e,w)K = 0

for all (v ,w) 2 H(curl;K )⇥ H(curl;K )

e(0) = e0 and h(0) = h0
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The Maxwell case

Local problems

Equivalent formulation

(e,µ)@TH = 0, 8µ 2 ⇤

Local problem

Find (e(t),h(t)) 2 H(curl;K )⇥ H(curl;K ) such that

" @te �r⇥ h = f , in K
µ @th +r⇥ e = 0, in K

h ⇥ n = �, in @K

e(0) = e0 and h(0) = h0, in K
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The Maxwell case

MHM Method

Fully discrete method = DG + Leap Frog

en+1
2

H,h = e�H ,n+
1
2

h + ef ,n+1
2

h

(e�H ,n+
1
2

h ,µH)@TH = �(ef ,n+1
2

h ,µH)@TH , 8µH 2 ⇤H

Local problem

Find e�H ,n+
1
2

h 2 V

h
K such that

1
�t (" e�H ,n+

1
2

h , vh)T K
H

= �(�H , vh)@K ,

for all vh 2 V

h
K

V

h
K is the Discotinuous Galerkin discrete space
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The Maxwell case

MHM Method

Fully discrete method = DG + Leap Frog

en+1
2

H,h =
NHX

i=1

c
n+1

2
i ⌘hi + ef ,n+1

2
h

NHX

i=1

c
n+1

2
i (⌘hi ,µH)@TH = �(ef ,n+1

2
h ,µH)@TH , 8µH 2 ⇤H

Local problem

Find ⌘h
i 2 V

h
K such that

1
�t ("⌘

h
i , vh)T K

H
= �( i , vh)@K ,

for all vh 2 V

h
K
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The Maxwell case

MHM Method

Fully discrete method = DG + Leap Frog, en+1
2

H,h = e�H ,n+
1
2

h + e f ,n+1
2

h

en+1
2

H,h =
NHX

i=1

c
n+1

2
i ⌘hi + ef ,n+1

2
h

NHX

i=1

c
n+1

2
i (⌘hi ,µH)@TH = �(ef ,n+1

2
h ,µH)@TH , 8µH 2 ⇤H

Local problem

Find e f ,n+1
2

h 2 V

h
K such that

1
�t (" e f ,n+1

2

h , vh)T K
H

= 1
�t (" en� 1

2

H,h , vh)T K
H
+ (f , vh)T K

H

+ (hn,r⇥ vh)T K
H
� ({hn}, JvhK)EK

0,h

for all vh,Vh
K
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The Maxwell case

MHM Method

Fully discrete method = DG + Leap Frog, en+1
2

H,h = e�H ,n+
1
2

h + e f ,n+1
2

h

Local problem

Find hn
h 2 V

h
K such that

1
�t (µhn

h,wh)T K
H

= 1
�t (µhn�1

h ,wh)T K
H

� (en� 1
2

H,h ,r⇥ wh)T K
H
+ ({en� 1

2

H,h }, JwhK)EK
h

for all wh 2 V

h
K
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The Maxwell case

Numerical Experiments

Numerical Experiments

Numerical Experiments
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The Maxwell case

Numerical Experiments

TM mode

Maxwell Equations

+

No dependence on z

h =

2

4
hx
hy
0

3

5+

2

4
0
0
hz

3

5
e =

2

4
ex
ey
0

3

5+

2

4
0
0
ez

3

5

ex = ey = hz = 0
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The Maxwell case

Numerical Experiments

TM mode

Find (hx , hy , ez) such that

8
>>>><

>>>>:

µ @thx + @yez = 0, in ⌦⇥ (0,T )
µ @thy � @xez = 0, in ⌦⇥ (0,T )

✏ @tez � @xhy + @yhx = jz , in ⌦⇥ (0,T )
ez = 0, in �⇥ (0,T )

(hx , hy , ez) = (h0x , h
0
y , e

0
z ), at t = 0, in ⌦
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The Maxwell case

Numerical Experiments

Exact Solution

hx(x , y , t) =

p
2

2
cos(2

p
2⇡t) sin(2⇡x) cos(2⇡y)

hy (x , y , t) = �
p
2

2
cos(2

p
2⇡t) cos(2⇡x) sin(2⇡y)

ez(x , y , t) = sin(2
p
2⇡t) sin(2⇡x) cos(2⇡y)
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The Maxwell case

Numerical Experiments

Convergence history for H (l = 1 and k = 2)

10
−2

10
−1

10
0

10
−4

10
−3

10
−2

10
−1

H

||
(h

H
−

h
,
e
H
−

e
)|
| ∞

 

 

MHM

H
2
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The Maxwell case

Numerical Experiments

Convergence history for �t

10
−4

10
−3

10
−2

10
−6

10
−5

10
−4

10
−3

∆t

||
(h

H
−

h
,
e
H
−

e
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| ∞

 

 

MHM

∆ t
2
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The Maxwell case

Numerical Experiments

Waveguide device
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The Maxwell case

Numerical Experiments

MHM results

DG k = 2,
1,024 elements,
9,216 d.o.f.

DG k = 2,
65,536 elements,
589,824 d.o.f.
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The Maxwell case

Numerical Experiments

MHM results

Video
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The Maxwell case

Numerical Experiments

MHM results

DG k = 2,
16,384 elements,
147,456 d.o.f.

MHM l = 1 and k = 2,
64 elements,

4,608 + 147,456 d.o.f.
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The Maxwell case

Numerical Experiments

MHM results

DG k = 2,
16,384 elements,
147,456 d.o.f.

MHM l = 1 and k = 2,
64 elements,

4,608 + 147,456 d.o.f.
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The Maxwell case

Numerical Experiments

MHM results

DG k = 2,
65,536 elements,
589,824 d.o.f.

MHM l = 1 and k = 2,
256 elements,

8,704 + 147,456 d.o.f.
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The Maxwell case

Numerical Experiments

MHM results

DG k = 2,
65,536 elements,
589,824 d.o.f.

MHM l = 1 and k = 2,
256 elements,

8,704 + 147,456 d.o.f.
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The Maxwell case

Numerical Experiments

Conclusions

A new multiscale finite element method for Maxwell equations

Parallel numerical algorithm

Implementation for a cluster in progress

Error analysis in progress
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The Maxwell case

Numerical Experiments

Thanks slide

Thank you!
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