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Model and motivation

Model and motivation
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Maxwell Equations

|
Find e = e(x, t) and h = h(x, t) such that

core—V xh
woth+V x e
exn

e

h

f,  in Qx]0, T[
0, inQx]0, T[
0, inlx]0, T[
eo, in Q x {0}
ho, in Q x {0}

m [ is the symmetric tensor magnetic permeability

B ¢ is the symmetric tensor electric permitivity

m Initial field eg and hg and source f satisfy

V-f=V-(ce)=V-(uhy) =0, €Q
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Hypothesis: Multiscale behavior
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Settings

V=P vk A A= [[ H:(0K)
KeTy

polynomial Ay € Ay

A= {u € H H_%(({)K) . p satisfy some global continuity condition}
KeTh
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Outline

Methodology: General case
The Maxwell case

Numerical experiments
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L Metodology

Methodology

Methodology
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L Metodology

Multiscae problem

|
Find u = u(x) such that

Lu = f, inQ
u = 0, inl

m L and f(x) may have multi-scale features

m u = u(x) may have a multi-scale behavior



Multiscale Hybrid-Mixed Method for Maxwell Equations in Time Domain
L Metodology

LVariational Formulation

Variational Hybrid-Mixed Formulation, Raviart-Thomas 1977

VZ@VK

KeTy

Hybrid Formulation

Find (u,\) € V x A such that

a(uvv)+(/\7V)UTH = (f7V)TH
(Uaﬂ)aTH =0

for all (v,p) € V x A
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L Metodology

LVariational Formulation

Localization process

Hybrid Formulation

Find (u,A\) € V x A such that

a(uv V) + (>‘7 V)@TH - f7 V)TH

(
(u7/‘L)67—H =0
for all (v,pu) € V x A

a(u,v) = Z ak(u, v)

KeTy

Local problem

Find u € Vi such that
aK(U, V) = (fa V)K - (Aa V)aKa

for all v € Vi
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L Metodology
L Global and local problems

Global and local problems for u = v* + uf

Local problem for A

Find u € Vi such that

Global problem ax(uh,v) = —(\v)ox

Find A € A for all v € Vi
A (o f
(W Kom, = (", o Local problem for f
for all ;i € A Find uf € Vi such that
aK(uf, v) = (f, V)aK

for all v € Vi
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L Metodology

L Global and local problems

Global and local problems for u = v* + uf

Local problem for A

Find u* € Vi such that
Global problem 2 )
{ Lut = 0, inK

Flnd )\ € A ﬂy(uA) = >\, in 8K

A (. f
(W womyy = (W' o Local problem for f

for all ;1 € A Find uf € Vi such that
Lut = f inK
y(u") = 0, indK
K

Laplace : v(u) = —eVu-n
1
RAD : ~(u) = —eVu-n® + E(a -n")u

Maxwell : ~ (u) = u x n¥
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L Metodology

L Finite Element Method

Discrete Space Ay C A — one level

Ny
)\%)\H:E C,-¢,-:>u>‘%u)‘”
i=1
uy = v +uf

Ny
_ f
= Zcinf+u
i=1

Basis functions

Find n; € Vi such that

{ Lni = 0
v (m:) i
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L Metodology
LFinite Element Method

Discrete Space Ay C A — (reaction advection diffusion case)
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L Metodology

L Finite Element Method

Summary: Multiscale Hybrid Method

prw—
Find ni € Vi such that SRRl e

Find c1,...,cn, €R
Ly = 0, inK .
vy(mi) = i, in 0K Sitcmiddor, = —(u',é)om

for all ¢1,...,én, € Nn

Local problem for f

Find uf € Vi such that

Ny
Lut = f inK f
{'y(uf) = 0, in 0K ”H:ZC"””L”
i=1
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L Metodology

L Finite Element Method

Summary: Multiscale Hybrid Method — two level

asis functions Global problem

Find nf € V{ such that .
Find c1,...,cn, €R

aK(nihv Vh) = —(1/1:', Vh)BK
S Gl dier, = —(u,d))em,
for all v, € V!
for all ¢1,...,¢n, € Ap

Local problem for f

Find uf, € V{ such that

Ny
ak(up,va) = (f,vh)ox UH = Z cinl + uf
) 1
for all vy, € V! i=1
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L Metodology

L Finite Element Method

The Maxwell case

The Maxwell case
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LThe Maxwell case

Maxwell Equations

|
Find e = e(x, t) and h = h(x, t) such that

core—V xh
woth+V x e
exn

e

h

f,  in Qx]0, T[
0, inQx]0, T[
0, inlx]0, T[
eo, in Q x {0}
ho, in Q x {0}

m [ is the symmetric tensor magnetic permeability

B ¢ is the symmetric tensor electric permitivity

m Initial field eg and hg and source f satisfy

V-f=V-(ce)=V-(uhy) =0, €Q
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LThe Maxwell case

Settings

V = @ H(CUI";K) AhCA: H H—%(aK)
KeTy

N\

polynomial Ay € Ay

Y:u=vxnVKeTyve H(curI;Q)}
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LThe Maxwell case

LVariational Formulation

Variational Hybrid-Mixed Formulation

Hybrid Formulation

Find (e(t), h(t), X(t)) € V x V x N such that

(5 81_»6, V)TH - (hv V x V)TH + (>‘a V)F)TH = (fa V)TH
(woch,w)r, +(Vxew)y = 0
(e,u)or, = 0

for all (v,w,p) € VXV x A

continuity of e(t) x n is weakly imposed
e(t) and h(t) solves the standard weak form
h(t) x n = A(t)

e(t), h(t) € H(curl; Q)
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LThe Maxwell case

LLocal problems

Localization process

Local problem

Find (e(t), h(t)) € H(curl; K) x H(curl; K) such that

(8 3te, V)K — (h, V x V)K = (f, V)K — (A, V)aK,
(1 0ch, Wi + (V x e,w)x = O
for all (v,w) € H(curl; K) x H(curl; K)

e(0) = ep and h(0) = hg
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LThe Maxwell case

LLocal problems

Equivalent formulation

(e;m)or;, =0,V €N

Local problem

Find (e(t), h(t)) € H(curl; K) x H(curl; K) such that

core—Vxh = f, inK
woth+Vxe = 0, inK
hxn = X indK

e(0) = ep and h(0) = hg, in K
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LThe Maxwell case

L MHM Method

Fully discrete method = DG + Leap Frog

n+l AH7”+2 f n+3

€nn =
/\H,n+l f,n—l—l
(eh : ) ”LH)BTH = _(eh 25#‘H)8’7—H7 vI“l’H S AH
Local problem
A 1

Find e,"""% € V! such that

A ,n+
arlee,”™, vi)rk = —(AH, va)ok,

for all vy, € V','<

V! is the Discotinuous Galerkin discrete space
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LThe Maxwell case

L MHM Method

Fully discrete method = DG + Leap Frog

Ny
n+%<__ n+% h ﬂn+%
€yp = E oy n; +e,
i=1

Ny

n+l 4 f.ntl
> ¢ 2] mom, = —(ey 2 mr)oT iy € Ny
=1

Local problem

Find nf € V& such that

ﬁ(g nf, Vh)T,j = —(¥i vh)ok,

for all vy, € V1

24 /41



Multiscale Hybrid-Mixed Method for Maxwell Equations in Time Domain
LThe Maxwell case
L MHM Method

A f.nt+3

1 1
Fully discrete method = DG + Leap Frog, enHJ‘rﬁ = ehH'nJr2 +e,

SRR N f.n+
nrs _ 2 ,h 1713
€H.h —ZC, P tey,
i=1

Ny

g oh Fntl
> il o = —(ey" 2 wp)omy, Yy € A
i—1

Local problem

. f 1
Find eh’n+2 € V’,’< such that

font3 =5
ﬁ(g e, ?, Vh)THK = ﬁ(f e',:,,,f, Vh)THK + (f, Vh)T,_’f

+ (B, V xvh)pe — ({h"}, [val)eg,

for all vy, V',’<

25
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LThe Maxwell case

L MHM Method

Fully discrete method = DG + Leap Frog,

Local problem

Find hj € V% such that

—1
arlphiwh)re = ap(uwhy ™ wh)px
_1 _1
- (enH,hzav X Wh)T,f + ({enH,hz}a [[Wh]])é';f

for all wy, € V’,’(
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LThe Maxwell case

L Numerical Experiments

Numerical Experiments

Numerical Experiments
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LThe Maxwell case

L Numerical Experiments

TM mode

Maxwell Equations
_|_

No dependence on z

hX 0 eX 0
h=1|h |+] O e=|¢ [+]| O
0 hz 0 eZ
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LThe Maxwell case

L Numerical Experiments

TM mode

|
Find (hy, hy,e,) such that

wothy +0ye, = 0, in Qx (0, T)
wOoch, —Ove, = 0, in Qx(0,T)

e, — Ochy +Oyhy = ., in Q x (0, T)
0 = 0, in T x (0, T)

(h by e) = (h2,hD,€0), att=0,inQ
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LThe Maxwell case

L Numerical Experiments

Exact Solution

he(x,y, t) = \f cos(2V/2rt) sin(27x) cos(2my)

hy(x,y,t) = —\f cos(2v/2mt) cos(2mx) sin(2my)

e,(x,y, t) = sin(2v/2xt) sin(27x) cos(2my)
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LThe Maxwell case

L Numerical Experiments

Convergence history for H (I =1 and k = 2)

8

—  10* 4
)
|
=
B)
<=
|

= 107 E
<

0 -e-MHM||

H2
.
10° 107 10°
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LThe Maxwell case

L Numerical Experiments

Convergence history for At

10 T
-e-MHM
—Af
107 E
10°F E
100
10 10

-
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LThe Maxwell case

L Numerical Experiments

Waveguide device
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LThe Maxwell case

L Numerical Experiments

MHM results

DG k=2,
1,024 elements,
9,216 d.o. f

DG k =2,
65,536 elements,
589,824 d.o.f.
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LThe Maxwell case

L Numerical Experiments

MHM results

Video
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LThe Maxwell case

L Numerical Experiments

MHM results

DG k=2,
16,384 elements,
147,456 d.o.f.

MHM /=1 and kK = 2,
64 elements,
4,608 + 147,456 d.o.f.

A

\.o
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LThe Maxwell case

L Numerical Experiments

MHM results

DG k=2,
16,384 elements,
147,456 d.o.f.

MHM /=1 and kK = 2,
64 elements,
4,608 + 147,456 d.o.f.

“+
1
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LThe Maxwell case

L Numerical Experiments

MHM results

DG k=2,
65,536 elements,
589,824 d.o.f.

w)m

MHM /=1 and kK = 2,
256 elements,
8,704 + 147,456 d.o.f.
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LThe Maxwell case

L Numerical Experiments

MHM results

DG k=2,
65,536 elements,
589,824 d.o.f.

MHM /=1 and kK = 2,
256 elements,
8,704 + 147,456 d.o.f.

39

41



Multiscale Hybrid-Mixed Method for Maxwell Equations in Time Domain

LThe Maxwell case

L Numerical Experiments

Conclusions

m A new multiscale finite element method for Maxwell equations
m Parallel numerical algorithm

m Implementation for a cluster in progress

|

Error analysis in progress
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LThe Maxwell case

L Numerical Experiments

Thanks slide

Thank you!
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