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Abstract. Forward Error Correction (FEC) is an attractive solution for
recoverinﬁ from packet losses in real-time applications. However, in many
such applications, due to delay constraints, complex FEC schemes that
may enable to approach the Shannon channel capacity cannot be used.
In those cases, much simpler FEC schemes are implemented, in which a
compressed copy of a packet is concatenated to some subsequent packet.
In this paper we analyze the utility gained by such schemes in the case
where losses are due to queueing congestion in the network. Loss proba-
bilities in presence of FEC are obtained using sophisticated tools based
on Ballot theorems. Our explicit expressions allows us to study numeri-
cally several approaches for adding FEC.

1 Introduction

Forward Error Correction (FEC) is considered to be an attractive solution for
recovering from packet losses in real-time applications (over high speed networks
[8, 12]) without increasing latency. Though there are different proposals for FEC
schemes,in this paper we shall %/ocus on a simple FEC scheme that has been
proposed [4] in the IETF (Internet Engineering Task Force) and implemented
in audio tools like Freephone Ll] and Rat [15]. The scheme consists in adding a
redundant copy of the original packet to the tail of the subsequent packet. If a

acket is lost in the network then it can be reconstructed from its redundant copy
Fif it is correctly received). It was suggested to use PCM coding for data in the
original packet and a low bit rate coding (like LPC, GSM, or 2-bit ADPCM) for
the redundant information. Proposals to enhance the performance of this simple
FEC scheme include: (i) increasing the offset j}o between the original packet and
its redundant copy [10,9] at the codec 81) adding multiple redundant copies of
a packet in multiple subsequent ones rl 1, Siii) agding to a packet a redundant
copy computed from a block of some preceding packets [5] etc.

}:et the offset between the original packet and its redundant copy at the
bottleneck be ¢. In a recent work [6], treatin% ]g) as a parameter it has been
shown via a queueing analysis that the simple FEC scheme may not lead to an
improvement in audio quality. The assumptions made in [6]1 include: (1% a single
bottleneck link with dedicated buffer for audio flows implementing FEC and
(ii) a linear utility function (A wtility function is an indication of the variation
of the audio quality at the receiver as a function of the transmission rate). The
authors showed that for a buffer size K, the ratio of the volume of the redundant
information to the volume of the original information «, a Poisson arrival of
packets, exponential distribution of service times and for ¢ less than the scaled
buffer size (in terms of number of packets) K, = (1TKa)’ adding FEC according
to the simple FEC scheme always leads to a deterioration in quality caused by
increased load in the network due to redundant data. They further showed that
the same is also true for the limiting case ¢ — oo, which forms an upper bound
on the audio quality.



In their subsequent Workﬁ%’ the authors showed that improvement in quality
is possible with the simple FEC scheme when: (i) the (total) rate of flow(s) adding
FEC is small compared to the total rate of the other flow(s), called ezogenous
flows not adding FEC and sharing the same bottleneck and (ii) with particular
non-linear utility functions. It was also concluded that the audio quality is always
an increasing function of the offset ¢ between the original packet and its copy.
They also provided lower and upper bounds on the audio quality for case (i)
with Poisson arrivals of packets but with exponential distribution of packet sizes
%)E gxogenous flows and deterministic packet sizes for audio flows implementing

It was argued in [6] that ¢ > K, may not be interesting as it could lead
to unacceptable delays at the receiver. But it should be noticed that the ac-
tual offset between the original packet and its redundant copy at the bottleneck
could become larger than the offset generated at the transmission codec due to
multiplexing of different flows (either implementing FEC or not) at the bottle-
neck®. Moreover, in the case of large bandwidth, when many connections can
be supported, a large offset does not generate necessarily a large delay, as the
transmission time of a packet at the bottleneck is still very short.

In this paper we first complement the work in [6] and compute the per-
formance for a fixed ¢ > K,. It turns out that this case requires much more
sophisticated computations than those in [6]. Using these results, we then com-
pute the performances for the case of random offset obtained in situations where
several flows are multiplexed. In particular, we obtain expressions for the ex-
pected audio quality for general utility functions. We use these results for an
extensive numerical investi%?tion using six different utility functions.

In this paper we deal with a Markovian framework: Poisson arrivals of packets
and exponential distribution of all packet lengths and with the simple FEC
scheme with ¢g = 1. We derive expressions for the quality function of an audio
flow implementing FEC, multiplexed with: (i) other audio flows implementing
FEC and/or (ii) exogenous flows not implementing FEC and different utility
functions and @ varying from 1 to 0o. These calculations will finally help us in the
evaluation of the expected value of the quality function and the (possible) gain
1%chievable with FEC in a more realistic framework of multiplexing of different

ows.

2 Model

In this section we shall use a simple (same as in [6]) M/M/1/K queue to model
the network and thus the loss process of audio packets. In other words, we
assume that packets arrive at the bottleneck # according to a Poisson process
with intensity A and the lengths of the packets are exponentially distributed
with parameter u. Let p = A/ u, be the intensity of the audio traffic and with
p < 1, the loss }()robability of a packet in steady state is given by (see [11]),
Tpk = oo pi, and for p = 1 it is equal to, 7, x = st

Let U(a) be the utility function associated with receiving only a compressed
version of a packet with a redundancy factor a, 0 < a < 1. We assume that U(«)
is non-decreasing in a and lim,_oU(a) = 0. Let Y;, 5 be a random variable

3 In presence of other multiplexed traffic, the offset ¢ is not deterministic anymore:
it becomes a random variable @, taking values from ¢ (the offset generated at the
codec) to co.

* Most of the losses from a flow occur in the router having the smallest available
bandwidth in the chain of routers, so that one may model the whole chain of routers
by one single router called the bottleneck. This assumption has both theoretical and
experimental [14, 2] justification.

5 subscript n is for the nth packet of the total flow at the queue



defined as,

V. — 0 if packet n is lost
™7 | 1if packet n is correctly received

2.1 Case I: All Flows implementing FEC

We consider the case when an audio flow implementing FEC (we shall refer to
this flow as the tagged flow) shares the bottleneck with other audio flows also
implementing same type of FEC and arriving as independent Poisson processes.
Let )\, be the total arrival rate of all other audio flows at the bottleneck. For each
flow, the redundant information of a packet is located in the next. Thus j + 1
packet of an audio flow will contain in addition to its own useful information some
redundant information of the jth packet of the same flow. Let p = (A + Ag)/p.
We shall consider two scenarios concerning the influence of redundancy on the
packet size.

— Constant packet size model: We assume that the size of a packet is not
affected by adding redundancy and thus redundancy is a overhead. The more
the redundancy the less is the useful information carried by the packet.

— Constant amount of useful information: We assume that the packet size
increases when adding redundancy (and thus increases with «) so that the
amount of useful information contained in a packet is unchanged. Increasin
packet size has an impact both on the service times, and on the number o
packets that can be stored at buffers. To account for this we assume [6]:

e the service time is exponentially distributed with parameter p, = ﬂ‘f—a
Thus po = p(1 + a).
e The amount of buffering is diminished by 1 + a. Thus the scaled buffer
size is Ko = |15 ]
The loss probability in the presence of redundancy for this case is 75, k., =

ﬁ%(ﬁa) .

In the following analysis we shall denote by P,(.), the probabilities evaluated at
te and K,. Observe that by taking o = 0in P,(.) and 75, g, we get the corre-
spondin§/expressions for the case of constant packet size as KE = K and py = p.
Let Py(Yn+s = 1,9 = ¢|Y,, = 0) be the probability that due to multiplexing
there are ¢ — 1 packets between two consecutive packets of the tagged audio flow
at the bottleneck and that the n + ¢th packet is received correctly given that the
nth packet is lost. Without loss of generality we assume that packet n belongs
to the tagged audio flow. We define below the expected quality function Q(a)
for the two cases.

— Constant packet size

Qo) = (1)
P(Yo=1)U(1 =)+ U(a)Py(Yn =0) > Po(Ynye =1,8 = ¢|¥,, = 0)
¢=1
=U(l-a)-mx(U(l—a) =U(@) Y Po(Ynye = 1,8 = ¢|V, =0)).
¢=1

— Constant amount of useful information: as the amount of useful information
carried by a packet remains unchanged we define

Qo) = (2)



Pa(Y, = DU(1) + Ua) fj YVirs = 1,8 = gIY, = 0)

oo

=U(1) = mp ko (U(D) U (@) Y Pa(Ynyo = 1,8 = ¢|Y,, = 0)).
¢=1

We will next find the complementary probability P, (Y,+¢ = 0,® = ¢|Y,
In steady state we need to evaluate the probablhty (41—/ 0 ¢ = YE) = )
which in terms of the buffer level is P, (X¢ = Ko, @ |X0 = K,), where
Xk is the queue size as seen Il:;y an arriving kth packet . We will now evaluate
w(Xe = Ko, ® = ¢l X9 = K,) for ¢ = {1,2,...} using results from ballot
theorem
Let Ag be the event of the loss of the Oth packet and A, the event of the loss
of the ¢th packet. We consider the following cases:

— Case 1: no packet is lost in the interval between the happening of 4y and
Ay = the first lost packet after the Oth packet is the ¢th packet.
- Case 2: (1 < i < ¢ — 1) packets are lost between Ay and Ay.

We consider the two cases separately. The main difficulty in the case when the
redundancy-offset is larger than the 1:(Fscaled) buffer, i.e., ¢ > K, is that paths
with this property may cause the buffer to become empty (even several times).
This makes the analysis substantially more complex than in [6].
To proceed we first consider a general path that starts when there are K,

ackets in the buffer, ends with K, packets in the buffer, contains 7 events
Earrlvals of Poisson process with parameter A+ )\, and de artures and no packets
are lost. Let ¢, be the probability of such a path We w% now express P, (X =
K, &= ¢|X0 = K, ) for the two cases in terms of this probability.

— Case 1: for the ¢ packet to be the first lost packet there must be an epoch
after the arrival of the ¢ — 1 packet that the guﬁ"er is full and the next event
is an arrival. Upto that epoch the number of departures must be equal to
the number of arrivals. The number of arrivals upto that epoch is ¢ — 1 and
so the number of departures is ¢ — 1 to yield a total number of n = 2(¢ — 1)
events. Thus the probability for this case is: (y(y— 1)ﬁ However we
also require that all the ¢ — 1 arrivals should be from othier audio flows
(coming as a Poisson process with intensity A,). Hence the joint probability
that there are ¢ — 1 packets from other flows (due to multipleginlg) at the

bottleneck and the ¢th packet is lost is C2(¢_1)m (b)\’\—“

at A :

- Case 2: Flrst we look at ¢ = 1. Let the lost packet be the jth arrival
£'7 Thus there should be no loss from the instant of the
loss of 0th packet till the epoch before the arrival of the jth packet. Since
the queue size is K, at Ay and since the jth packet is the first to be
lost, there must be an epoch after the arrival of the j — 1 packet that
the buffer is again full and the next event is an arrival. Again, upto this
epoch, the number of departures must be equal to the number o depar—
tures. The number of arrivals upto that epoch is j — 1, so the number of
departures is j — 1 yielding a total number of 5 = 2(j — 1). Thus the prob-
ability of the path is: (y(;_; m@w 1)ﬁ Also, since we re-
quire that all the ¢ — 1 arrlvals should be from other “audio ﬁows we have

Aa
the probablhty of the path as C2(j—1) m(2(¢_j_1) m (m
Since j can take values from 1 to ¢ — 1, the total probability for this case is
A )T S i1y 2 Cog i 1)
M Aa j=1 S2(5—1) XFX,tpa 52(0—5—1) X\F X st pa
ow consider the case when i = 2. We will first calculate the probability
of a single path with two losses before the loss of the ¢ packet. Let the




first loss be of j; and second of jy packet (j1 < j2,1 < j1 < ¢ —2,2 <
j2 < ¢ — 1). By previous azrguments the probablllty of such a path is:
G2 1) G221 —1) (m) Ca(éa—1) g The total probability for

this case is gtakin into consideration the requirement that all the ¢ — 1
packets should be from other audio flows):

A, P22 o A
“ C 1— C 2—J1— C 2— 2 *
()‘+)\“) 112112;4-1 A== =20 (N F pa)® A+ +Ma)

In general for i = k(1 < k < ¢ — 1), we can write the probability as:

N\ G- 6ok okt1 -1
(/\+Aa> DR DERTD D TR EIRR

J1=1ja=j1+1 Je=Jrk—1+1

k
Ao A
e CQ(jk—jk_1—1)C2(¢—jk—1) A+ Ao + fla A Ao + o :

Thus to complete the analysis we need to evaluate the quantity ¢, where n =
2,4,6,.... To evaluate this we use the result of [13] which is based on ballot
theorems. In this _paper the authors have obtained the following general expres-
sion for (,(z,v), i.e., the probability of a path that starts with /(1 <+ < K,)

packets in the buffer ends with v(1 < v < K,) packets in the buffer and contains
(0 <n < 2¢+ 1 —v) events (arrivals and departures) and no packets are lost:

R
o) = &(0,0) + > WY HZ(1,0))],

r=1

where &, (¢,v) is the probability of a path that starts with ¢ packets in the buffer

ends with v p ackets in the buffer and contains 7 events (| c—v [< 1 < 2n+1—v,
1 < < 1 < v < K,) and the buffer never emptles along this path,
R =1+ 12==2 W, and Z are R-length row and Y is an RXR matrix defined
as

W, = (&L (¢,0),&42(¢,0), . ... 5§L+2(’R71) (¢, 0)) >
Z([‘a U) = (§n—L(07 U): gﬂ—b—2(05 U)a e 5£’I’]—L—2(R—1) (Oa U)) )
0 62(07 0) 64(07 0) s £2(’R—1) (Oa 0)
0 0 £&(0,0)...&mx-2(0,0)

0 0 0 ... &(0,0)
0 0 0o ... 0

For our analysis we need ¢, (= ¢;(Kq, Kq)). Thus we get,

R
Cn(KaaKa) = Cn = £W(KaaKa) + Z WKQYT_IZ(KaaKa)a
r=1



where R = 1+ 1—~= 2K = 14 7 — K,. The steps for evaluation of £,(1,v) are
available in [13]. Thus we can write Py(Xe = K,,® = ¢|Xo = K,) as

Pa(XtP :Kaa¢:¢|X0 :Ka) = (3)

c A Aa "’1+ A
O DN F A+ fra \ A+ Aq Ao + A+ fia

k=¢—1 [ ¢—k ¢—k+1 ¢—1
> Z > > Gui-1Camii—1) - -+
k=1 |j1=1j2=j1+1 Je=Jrk—1+1
Ay k Ao ¢—(k+1)
"C2(jkjk—11)<2(¢jk1)()\a +)\+l‘a> ()\+)\a) ] :

Thus knowing P, (X¢ = Ka,¢ 9| Xo = K,) we have P,(Ys =0

)andthuswehaveP Yo =1 45_¢Y0:0 :Pa(d5:¢|Yn:0§ =
0,8 = ¢|Yg = 0) = Py(® = @) — Pa(Yo = 0,8 = ¢|Vy = 0, 1 < ¢ < 0. We
next find the distribution of @. Observe that ¢ — 1 is the number of packets of
other flows (other audio flows arrlvmg as an independent P01sson process with
parameter \,). Thus @ is geometrlcally distributed: P,(® = n) = y"71(1 — )
for n > 1, with v = 'yl = Knowmg this we can evaluate the expected

quality functlon Q(a) using ?T

2.2 Case II: Multiplexing between audio flows implementing FEC
and exogenous flows for the constant packet size case

The case when an audio flow implementing FEC shares the bottleneck with
other audio flows also implementing the same FEC scheme and with some other
exogenous flows not implementing FEC can be analysed similarly for the case of
constant packet size. We model the packets of exogenous arr1v1ngh s an indepen-
dent (]from audio flows) Poisson process with intensity A, and hence the total
arrival process is again a Poisson process with parameter )\+)\ + Ae. Further we
assume that the distribution of the size of all packets of all flows is exponential
with parameter yu. With p = 22ed2e the Jogs probability of a packet is steady
state (with p < 1) is 75 = 1—1_,{%p and for p =1 it is equal to m; =
° (1+K)

The expressions for expected quality can be obtained from the expressions for
the case without exogenous but with A, replaced by A, + Aceverywhere. For the

case of constant amount of useful 1nf0rmat10n it is not clear how we should scale
the service rate and the buffer size for this scenario.

3 Numerical Examples with Different Utility Functions

We will next evaluate the expected quality achieved using different utility func-
tions. The utility functions that we consider are used in [6,7] and are of the

form proposed in [10,16]. We define: U;(a) = a, Uz(a) = /a, Us(a) = a'/10,

1/10 13
Us(a) = esc(a — ozo)gi1 Cozs(m) , Us(a) = (71_“’3(”)) and Ug(a) = 1 if

a > 0 otherwise Ug(a) = 0. All utlhtles are concave starting at some minimum
and reach U(a) = 1 for a = 1. The least concave is the linear utility function
Uy, which is thus proportional to the amount of information which is well re-
ceived. The most concave function is Ug. Although it does not represent a utility
of any real application, it can be used to obtain an upper bound on the gain
achieved with employmg FEC. Indeed, we see that Ug is larger than any other



utility, so it follows that in both models described by (1) and (2), it should give
the best quality. The utility U, is zero for a < ag. This is typical for real time
applications with a minimum hard constraint. For example, the constraint may
represent the fact that the throughput of existing codecs for voice applications
cannot go beneath some bound. %N'g shall plot the quality (expected) function
with these six utility functions under different scenarios. For the plots we denote
by M the actual buffer size and by p that total load. Also note that in all the
plots that follow the utility functions are represented as: x—U;, +—Us,
.—Us, 0—Uy , — Us and finally — — Us.

1. A single audio flow implementing FEC traversing the bottleneck (no multi-
plexing): When a single audio flow traverses the bottleneck (i.e., Ay, = Ae =
0), then the spacing between a packet and its redundancy at the bottleneck
is the same as that generated at the transmission codec. We take A =1 and
p = A/u. We next plot the quality function with the six utility functions
for this scenario and for the cases when: ((? the packet sizes (and hence the
buffer sizes) remains unchanged after adding redundancy and the quality
function is given by (1) in Figs. 1, 2 (ii) when the packet sizes changes after
adding redundancy and the quality function is given by (2) in Figs. 3, 4.
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Fig. 1. A single audio flow implementing simple FEC traversing the bottleneck with
quality function given by (1).

We observe that

— as expected, Ug gives an upper bound for the quality. More generally,
for two utility functions, U; and U;, if U; > Uj for all a, then the corre-
sponding quality is larger for both cases (1) and (2). This is confirmed
in the figures, taking into account that Us > Uz > Uy > Uy.

— For large buffer size (M = 500) the quality is almost the same for all
p < 0.9; the reason is that the loss probabilities are very small and almost
all contribution for the quality is from the utility of unlost packets.
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Fig. 2. A single audio flow implementing simple FEC traversing the bottleneck with
quality function given by (1).
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Fig. 3. A single audio flow implementing simple FEC traversing the bottleneck with
quality function given by (2).
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Fig. 4. A single audio flow implementing simple FEC traversing the bottleneck with
quality function given by (2).

— For p > 1 we see that we gain by adding FEC (for any buffer size, and
for both cases described by (1) and (2)), for utilities Us, Uy, Us. For small
buffer size M = 5 we gain also for p = 0.9 when using utility Us, Uy, Ug
for both the cases but for very low a, 0.1 or less.

— The linear utility function always decreases with FEC for any p and any

— The quality is higher with constant information model than with con-
stant packet size model.

2. An audio flow implementing simple FEC sharing the bottleneck with other
audio flows implementing the same FEC: This is the case I (Sec. 2.1) of our
analysis. We take A = 0.1 and A\, = 0.9 and p = (A + \;)/u- We plot the
ezxpected quality function with the six utility functions for this scenario and
for the cases when: (i) the packet sizes (and hence the buffer sizes) remains
unchanged after adding redundancy and the quality function is given by (1
in Figs. 5, 6 (ii) when the packet sizes changes after adding redundancy an
the quality function is given by 7, 8. Due to multiplexing & takes values in
{1,2,...}. For our numerical calculations we restricted to ¢ = {1,2,...,8}
as for ¢ > 9, the contribution to Q(a) was negligible. Thus for buffer size
of 5 we will have the s acing exceeding the buffer size. Observe that the

lots (5) and (6) are almost similar to plots (1) and (2) respectively. From
7) and (8) We observe that for large p(> 1), the buffer size does not affect
the expected quality.
Also from all (tlhe I‘{)ts it is observed that Us always gives a lower bound on
expected quality for large a(> 0.2).

4 Conclusion

In this paper we studied the (possible) ﬁain obtained with a simple FEC scheme
when the losses are due to buffer overflow at the bottleneck. We obtained the
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Fig. 5. An audio flow implementing simple FEC sharing the bottleneck with other
audio flows implementing the same FEC scheme with quality function given by (1).
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Fig. 6. An audio flow implementing simple FEC sharing the bottleneck with other
audio flows implementing the same FEC scheme with quality function given by (1).
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Fig. 7. An audio flow implementing simple FEC sharing the bottleneck with other
audio flows implementing the same FEC scheme with quality function given by (2).
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Fig. 8. An audio flow implementing simple FEC sharing the bottleneck with other
audio flows implementing the same FEC scheme with quality function given by (2).



loss probabilities in the presence of FEC using ballot theorem. To this end we
generalize the analysis in [6] (which was for g < K,) and computed the loss
probability for a fixed ¢ taking values from 0 to co. Using these results we ob-
tained the expressions for the expected audio quality for general utility functions
and then utilised the tools developed for a detailed numerical studies with six
utility functions under various scenarios of multiplexing at the bottleneck. Our
future work is to analyse delay aware utility functions [3] and to do utility analy-
sis of other more inteﬁigent and efficient FEC schemes to quantize the (possible)
gain.
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