’ $

STOCHASTIC GEOMETRY AND ARCHITECTURE OF CELLULAR COMMUNICATION NETWORKS – F. Baccelli and S. Zuyev

INRIA Sophia-Antipolis (FRANCE)

September 1995, Tokyo

& %

’ $

1

Problem

– Strategic planning of telecommunication networks

- characterization of future demand in communications - evaluation of network evolution scenarios - choice between potential architectures Necessity of Global Models capturing the variability of spatial characteristics

State of the Art

– Regular lattices (honeycomb, square, triangular) as a model

of station zones (cells)

– No structural variability of the characteristics of the cells

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

2

Probabilistic models of network structure – general idea

– Positions of stations (concentrators, antennas) and of sub-

scribers (fixed, mobile) in plane are considered as realizations of stochastic point processes

– Other characteristics (routing of calls, traffic etc.) are func-

tionals of these processes

Interest of probabilistic models

– Reduction of the number of structuring parameters – Analysis and Optimisation of the network as a function of its

parameters

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

3

Basic Cellular Network Models Voronoi Cells

Π is a point process in R2 describing positions of stations. The cell of a station xi ∈ Π consists of the points of the plane, which are closer to xi than to any other xj ∈ Π Voronoi cell Ci with respect to Π with the nucleus xi

– Stations – Subscribers – Cables – Cell boundaries

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

4

Hierarchical Model

Π_i, i = 0, 1, . . . , N point processes describing positions of stations of i-th level (0-level = subscribers)

Poisson Model: Πi are independent homogeneous Poisson processes of intensity λi (λi >> λi+i).

Hierarchical connections the i-th level stations in a cell of a (i+1)- st level station are directly connected to the latter.

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

5 Hierarchical Model (continued)

Auxiliary connections to the 2-nd closest station of the next level:

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

6 Hierarchical Model (continued)

Auxiliary connections at highest level

– stations

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

7

Analytical Results – Poisson Case

Cell Characteristics

Many analytical results on Voronoi tessellations: Gilbert 62, Møller 89 94, Z 94

Additive functionals Σ_{xj∈Πi} f(x_j)1{x_j ∈ C} for a given function f : R2 → R+, where C is a “typical” (i + 1)- level cell Examples:

– N the number of stations of i-level in C (f(x) = 1); – L_β cost of all direct connections in C – if the cost for con-

necting a level i-station at x to its level i + 1-station at y is f(x, y) = |x − y|^β, β ≥ 1

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

8

The first and the second moments

There are explicit integral expressions for many additive functionals. In particular

Theorem 1 , Guilbert 62, Foss & Z 93

(i) EN = λ_i λ_{i+1} EL_1 = λ_i 2λ^{3/2}_{i+1}

(ii) varN = λ_i λ_{i+1} + 0.280 λ^2_i λ^2_{i+1}

var L_1 = λ_i πλ^2_{i+1}

+ 0.147 λ^2_i λ^3_{i+1}

cov (N , L_1) = λ_i 2λ^{3/2}_{i+1}

+ 0.197 λ^2_i λ^{5/2}_{i+1}

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

9

Tail Decays

Theorem 2 , Foss & Z 93 There exist positive constants A_1, A_2, C_1, C_2 depending on λ_{i+1} and λ_i only, such that A_1x^{−1/(2+β)} exp(−C_1x^{2/(2+β)}) < P{L_β > x} < A_2 exp(−C_2x^{2/(2+β)}) for all x > 0.

Corollary 1 for all positive x

A_1x^{−1/3} exp(−C_1x^{2/3}) < P{L_1 > x} < A_2 exp(−C_2x^{2/3}) For all positive n

(1 + 4λ_{i+1}/λ_i)^{−n} ≤ P{N ≥ n} < C^6_{n+6}(1 + 0.346λ_{i+1}/λ_i)^{−n}

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

10 Traffic Matrices

Assumption Communications are established according to the hierarchical principle Basic Construct

– h(s^{(i)}, s^{(j)}) height of a communication between s^{(i)} and s^{(j)}

– H_{ij}(r, h) the probability, that station s^{(i)} has a communica-

tion of height h with some s(j) at the distance r

Theorem 3 , B & Z 94 H_{ij}(r, h) = 0, if h < i ∨ j or h = i = j < N; exp(−λ_{i∨j}πr^2), if h = i ∨ j < N, i ≠ j; 1, if h = i ∨ j = N;

H_{ij}(r, h) = (1 − exp(−λ_{i∨j}πr^2)) Q(r √ λ_h)^{∏h−1}_{m=i∨j+1}(1 − Q(r √ λ_m)), if h = i ∨ j + 1, . . . , N − 1, i ≠ j; (1 − exp(−λ_{i∨j}πr^2))^{∏N−1}_{m=i∨j+1}(1 − Q(r √ λ_m)), if h = N, i ≠ j;

H_{ii}(r, h) = Q(r √ λ_h)^{∏h−1}_{m=i+1}(1 − Q(r √ λ_m)), if h = i + 1, . . . , N − 1; ∏N−1 m=i+1(1 − Q(r √ λ_m)), if h = N.

Q(ρ) probability that two fixed points at the distance ρ belong

to the same Voronoi cell

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

11 Traffic Matrices (continued)

Lemma 1

Q(ρ) = 2ρ^{2 ∫ π}_0 dϕ^{∫ ∞}_0 α exp(−ρ^2A(α, ϕ)) dα where A(α, ϕ)) = α sin ϕ+α^2(π−ϕ)+(α^2+1−2α cos ϕ) π − arccos

1 − α cos ϕ √ α^2 + 1 − 2α cos ϕ

Two points 0 and (0, ρ) belong to the same Voronoi cell if there exists a concentrator P that lies in the intersection of the boundaries of two empty discs centered in 0 and (0, ρ) respectively. The

0_ρ ϕ αρ

probability of having these discs empty given the position of P is exp(−A(α, ϕ)) A(α, ϕ) is the area of this union of discs

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

12 Traffic Matrices (continued)

Assumptions A level i-station s(i) asks for a communication with a level j station s(j) at distance r with temporal intensity fij(r), independently of all the rest Traffic Matrices

– Mean number of communication requests of s^{(i)} to stations

of level j with height h ≥ i ∨ j per time unit: M_{iJ} (h) = 2πλ_j^{∫ +∞}_0 rf_{ij}(r)H_{ij}(r, h) dr. – Mean number of level h-communications in progress initiated by s^{(i)} If the process of requests is Poisson (M/G/∞) 2π^{N∑}_{j=0} λ_j^{∫ +∞}_0 rf_{ij}(r) T_{ij}(r, h) H_{ij}(r, h) dr. T_{ij}(r, h): mean duration of a communication

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

13

Mobile Communications

Mobile Models

Basic Data for Traffic on Roads A random line process with phase space: R × [0, π) × S × T

– D = (p, α) ∈ R × [0, π) distance to the line (road) and its

inclination;

– σ ∈ S type of road (highway, one-way road etc.); – τ ∈ T traffic characteristics (density, distribution of posi-

tions, velocity etc.)

Main assumption Poisson process with the intensity measure λ_r dp O(dα) Q(α, dσ) T (α, σ, dτ), λ_r intensity of roads;

O(dα) distribution of the orientation (if uniform – isotropic road

system, if discrete with two atoms {0} and {π/2} – Manhattan type).

Q(α, dσ) type distribution, depends in general on the orientation. T (α, σ, dτ ) traffic distribution, depends on everything.

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

14

Poisson traffic model

– The initial positions of mobiles on a line (p_i, α_i, σ_i): homoge-

neous Poisson point process of intensity λt(αi, σi).

– Distribution of velocities: V(α_i, σ_i)(dv), chosen indepen-

dently for each vehicle.

Barlett’s theorem: distribution of positions time stationary: Pois- son

Communications from Mobiles Each mobile can be in two alternative states: call and think modes. The time spent in the think and the call modes have exponential distributions with parameters ν0, ν1, respectively, and the modes of different mobiles are independent. θ = ν0/(ν0 + ν1) is an average proportion of time spent in the call mode in the stationary regime.

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

15

Additive functionals

Take T = R+. Functionals of the type Σ =^∑i τi where τi is some non-negative characteristic associated with i-th road.

Theorem 4 , B & Z 94 Let ϕ_D(t) is the Laplace transform of the distribution of τ (D) = τ (p, α, σ). Then the Laplace transform of Σ is Φ(t) = exp {∫ E(ϕ_D(t) − 1) M(dD) } where M(dD) = λ_r dp O(dα) Q(α, dσ). In particular, EΣ =^∫_E Eτ_D M(dD) et varΣ =^∫_E Eτ^2_D M(dD).

Proof: (Poisson summation formula)

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

16

Applications

Number of Communicating Vehicles in a Cell

– M(Z) number of communicating mobiles in fixed domain Z – l(p, α) length of the intersection of Z with the line (p, α) – hit(Z) = {(p, α) : l(p, α) ≠ 0} In the isotropic Poisson traffic model EM(Z) = θλ_r|Z|^∫_S λ_t(σ)Q(dσ) varM(Z) = EM(Z) + λ_rθ^2 π ∫ S λ^2_t (σ)Q(dσ)^∫_{hit(Z)} l^2(p, α) dαdp.

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

17

Tail behavior

For dimensioning the network the following result is important:

Theorem 5 Let Z be a convex bounded domain, |∂Z| and diam(Z) being its perimeter and its diameter. Assume that λ^∗_t^{def}= sup_S λ_t(σ) < ∞ Then in the isotropic road model P{M(Z) ≥ n} < U(λ_r|∂Z|π^{−1}, θλ^∗_t diam(Z), n), where U(a, b, n) = L(n) 2πn eb L(n) n (1 + o(1) ) L(x) = L_{a,b}(x) is the inverse of the function x(L) = eaL(L/eb)^L in the interval [b, ∞).

So the decay rate is superexponential

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

18

Integration into the Poisson Random Cell Model

If Z is a typical Voronoi cell C then

EM(C_0) = θλ_rλ_t λ_c varM(C_0) = θλ_rλ_t λ_c + 0.672 θλ_rλ^2_t λ^{3/2}c + 0.280 θλ_rλ_t λ^2_c , where

λ^k_t =^∫_S λ^k_t (σ)Q(dσ).

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

19

Number of Crossings of a Cell Border – Handover

I(Z) number of crossings of the border ∂Z of zone Z by mobiles

in communication

M_1 =^∫_S λ_t(σ)E_σ|V |Q(dσ);

M_2 =^∫_S(λ_t(σ)E_σ|V | + (λ_t(σ)E_σ|V |)^2) Q(dσ).

Theorem 6 , B & Z, 94

EI(Z) = 2 π |∂Z|θλ_rM_1; EI(C_0) = 8θλ_r π √ λ_c M_1 2 π θλ_r|∂Z|M_2 ≤ varI(Z) ≤ 4 π θλ_r|∂Z|M_2; θλ_r π 0.945M_1 λ_c + 8M_2√ λ_c ≤ varI(C_0) ≤ θλ_r π 0.945M_1 λ_c + 16M_2 √ λ_c

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

20

Example of Architecture Optimization

Distribution Points

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

21 Example of Architecture Optimization (continued)

Optimal intensity of distribution points Cost Structure – Example 1. an additive cost (e.g. cable) 2. a cost with economy of scale (e.g. civil engineering) Assumption:

G = E_2

D_1N_1(0) +^∑_{yi∈Π1∩V2(0)}^[B_{12}|y_i|^{ε12} + C_{12}|y_i|^{β12}N_0(y_i)

+^∑

x_j ∈Π_0∩V_1(y_i)

(B_{01}|x_j − y_i|^{ε01} + C_{01}|x_j − y_i|^{β01}) . Let A_1 =^{B12}

π^ε12^{/2}λ^{ε12/2+2} 2 Γ ( ε_{12}

2 + 1 ) +^{D1}_{λ2} ; A_3 =

B_{01}λ_0 π^{ε01/2} λ_2 Γ ( ε_{01} 2 + 1 ) ; A_2 =^{C12λ0}

π^{β12/2} λ^{β12/2+2} 2 Γ ( β_{12}

2 + 1 ) ; A_4 =

C_{01}λ_0 π^{β01/2} λ_2 Γ β_{01} 2 + 1 Theorem 7 , B & Z, 95 The cost function G has a unique minimal value in λ_1, attained in the point λ^∗_1 which solves the equation A_3ε_{01}λ^{−(ε01/2+1)}

1 + A_4β_{01}λ^{−(β01/2+1)}

1 = 2A_1

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %

’ $

22

References

– F. Baccelli, M. Klein, M. Lebourges and S. Zuyev. Géométrie

Aléatoire et Architecture de Réseaux – to appear in Les annales de télécommunications (English version in Proc. Informs Telecom 1995)

– F. Baccelli, M. Klein and S. Zuyev. Perturbation analysis of

functionals of random measures – Adv. Appl. Probab., 27, 306-325 (1995)

– S. Foss and S. Zuyev. On a Voronoi Aggregative Process

Related to a Bivariate Poisson Process – to appear in Adv. Appl. Probab. (1996)

– G. Sallai. Optimal network structure with randomly dis-

tributed nodes. 12th International Teletraffic Congress, 1988

– N. Curien and M. Gensollein. Economie de Télécommunications. Ouverture et réglementation. Economica-ENSPTT. Paris, 1992

– J. Møller. Lectures on random Voronoi tesselations. Lect.

Notes in Stat., 87, 1994

STOCHASTIC GEOMETRY – COMMUNICATION NETWORKS September 1995

& %