QMIPS

Appro ximate Solutions for Op en Net w orks

with Breakdo wns and Repairs

CWI EHE

INR UER

ZAR UTO

UNE IMP

Distribution Lev el:

Abstract

The QMIPS Pro ject:

Ram Chakk a Isi Mitrani

Computing Science Departmen t, Univ ersit y of New castle

New castle up on T yne NE1 7R

U, England

Q uantitative

M o deling

I n

P arallel

S ystems

Unrestricted

Network mo dels whose no des are sub ject to interruptions of service are no-

toriously difficult to solve. There are no exact results for systems with more than two

no des, and even the approximations that have b een prop osed turn out to b e rather un-

satisfactory . W e assess the existing approaches and develop new approximation metho ds.

The latter’s accuracy is ev aluated by comparisons with simulations and is shown to b e

acceptable over a large range of parameter v alues.

The QMIPS pro ject is a collab orative research pro ject supp orted

by the CEC as ESPRIT-BRA pro ject no 7269. It is b eing carried out by the follow-

ing organisations: CWI (Amsterdam), EHEI (University of Paris V), Imp erial College

(London), INRIA (Sophia-Antip olis), University of Erlangen, University of Newcastle,

University of T orino and Universit y of Zaragoza.

1 In tro duction

r e duc e d

work-r ate appr oximation

Poisson appr oximation

MMPP-appr oximation

joint-state appr oximation

Despite the great imp ortance and widespread use of queueing network mo dels, there have

b een very few efforts to analyse their b ehaviour when the servers are not completely re-

liable. The general problem is difficult b ecause, even under favourable assumptions, the

existence of service interruptions destroys the separability of the appropriate multidimen-

sional Markov pro cess and renders its solution intractable.

Most of the existing studies involving breakdowns have concentrated on mo dels with

a single job queue served by one or more pro cessors (e.g., see [1, 8, 15 , 18]). Some

results are av ailable for systems where jobs from a single source are directed to one of

several parallel queues, and after completion depart: in [11], the consequences of a server

breakdown are the loss of all jobs in the corresp onding queue and the re-direction or loss

of all arriv als to that queue during the subsequent repair p erio d; [16 ] treated a similar

mo del but without job losses; [4] examined the case of two queues, only one of which is

sub ject to breakdowns resulting in the transfer of all jobs to the other.

T o our knowledge, the only ‘genuine network’ (in the sense that after completing

service at one no de jobs may go to another), which has b een analysed in the presence

of breakdowns and repairs, consists of only two no des [6]. Even this apparently simple

case is not treated in its full generality: a tight coupling is assumed, so that a break-

down interrupts service at b oth no des simultaneously

, and b oth no des complete their

repair simultaneously

. The analysis in [6] provides ample illustration of the formidable

mathematical difficulties p osed by this kind of mo del.

In view of the ab ove, it seems clear that approximate solutions offer the b est hop e of

obtaining p erformance measures for non-trivial unreliable networks. Indeed, some steps

in that direction have b een taken already

. A simple approach known as the

was prop osed in the context of b oth priority interruptions and

breakdowns [12, 14 , 17]. This is based on replacing an interruptable server with an

uninterruptable but slower one, cho osing the new service rate so that the overall service

capacity remains the same. The ev aluation of that approximation has b een very limited.

Another p ossibility is to mo del the breakdowns and repairs exactly

, but reduce the

interactions b etween no des by considering each of them in isolation. The simplest as-

sumption would b e to say that the total arriv al stream into a no de is Poisson. This

was suggested in [7], but its accuracy has not b een ev aluated.

The ob ject of the present pap er is to examine in some detail the problem of approxi-

mating the b ehaviour of op en Jackson networks where no des break down and are repaired

indep endently of each other. The regime of interest is one where b oth the op erative p eri-

o ds and the repair interv als are large compared to the job interarriv al and service times.

It turns out that, under those conditions, the reduced work-rate approximation is a very

p o or choice indeed. The Poisson approximation is b etter, but it to o can b e inaccurate,

esp ecially in networks with cycles.

Two new approximation metho ds are develop ed and ev aluated. The first, referred to

as the , attempts to capture the non-renewal nature of the arriv al

stream into a no de by mo delling it as a Markov-Mo dulated Poisson pro cess; the departure

streams are mo delled as interrupted Poisson pro cesses (the latter may of course contribute

to the former). The second metho d takes explicit account of the op erative/broken states

of several (p erhaps all) no des; it will b e called the . In b oth

approaches, if the network has cycles, then the parameters of the arriv al pro cesses are

− σ

σ σ

1 2

1 2

1 2

N

N

i,j

i i

i

i i i

i i

N

i i

i

i

i i

i i br e akdowns

r ep airs

servic e c ap acity

2 Jac kson net w orks with breakdo wns and repairs

N

γ γ , γ , . . . , γ

μ μ , μ , . . . , μ

R r i, j , , . . . , N

i j

i

ξ η i , , . . . , N

i

ν

ν μ η

ξ η i , , . . . , N .

i

σ , σ , . . . , σ N

γ R .

σ < ν i

N >

i ν i , , . . . , N

i L

L σ

ν σ i , , . . . , N .

found by iterations converging to a fixed p oint. Thus, a considerably higher accuracy is

obtained at the exp ense of increasing the numerical complexity of the solution.

W e start by intro ducing the network mo del and the two existing approximations,

reduced work-rate and Poisson, in section 2. The MMPP and joint-state approximations

are describ ed and analysed in sections 3 and 4, resp ectively

. A numb er of numerical

ev aluation results and comparisons with simulations are presented in section 5.

Consider an op en Jackson queueing network (e.g., see [5]), with no des. The external job

arriv al streams are Poisson, with arriv al rates given by the row vector = ( ).

The service times at all no des are exp onentially distributed, with parameters sp ecified

by the row vector = ( ). The routing decisions are Bernoulli, governed by

the matrix = ( ), ( = 1 2 ), whose elements are the probabilities that after

completing service at no de , a job go es to no de . Every no de contains a single server

and an unb ounded FIFO queue.

The p ossibility of relaxing some of the ab ove assumptions will b e discussed at the end

of the pap er.

The server at no de go es through alternating op erative and inop erative p erio ds,

distributed exp onentially with parameters and , resp ectively ( = 1 2 ). These

p erio ds are indep endent of the states of other no des and of the numb er of jobs in the

queue. T ransitions from the op erative to the inop erative state are called ,

while those from the inop erative to the op erative state are . If a breakdown

o ccurs during a service, the latter is resumed from the p oint of interruption after the

repair. Incoming jobs continue to join the queue during inop erative p erio ds.

Because of the breakdowns, the average numb er of jobs that server can complete

p er unit time, , is given by

=

+

; = 1 2 (1)

This is the at no de .

Let = ( ) b e the vector of total job arriv al rates at the no des. These

rates are obtained as the unique solution of the set of linear equations

= + (2)

The ergo dicity condition for this network is simple: the total arriv al rates should b e

smaller than the corresp onding service capacities, i.e. for all . This will b e

assumed to hold. However, finding the joint or marginal distributions of queue sizes, and

hence any p erformance measures asso ciated with them, is an op en problem for 1.

The reduced work-rate approximation consists of replacing the unreliable servers with

reliable ones that have the same service capacity

. In other words, the new server at no de

has service rate and breakdown rate 0 ( = 1 2 ). The arriv al rates and routing

probabilities remain the same. The resultant network has a pro duct-form solution and

its p erformance measures are easily calculable. In particular, the reduced work-rate

approximation for the average queue size at no de , , is

= ; = 1 2 (3)

∑

−

a

a

1 2

=1 i

i i

i

i i

i i i i

i i i

j

T

T

j j

3 The MMPP appro ximation ν

ξ η

i

i

i σ

L σ

ν σ ν ξ

η ξ η i , , . . . , N .

i

Y t T , , . . . , T

i

Y t j σ j , , . . . , T

Y M a , a , . . . , a

M a .

The ma jor drawback with this approach is that, since dep ends only on the ratio of

and , and not on their separate v alues, the reduced work-rate approximation dep ends

only on the long-term fraction of time that the server is op erative, and is insensitive to

the frequency of breakdowns and repairs. Y et the network p erformance measures dep end

very strongly on that frequency (see section 5). F or example, if the average lengths of the

op erative and inop erative p erio ds at no de increase, keeping their ratio and the other

parameters fixed, then the average queue size at that no de grows without b ound while

the v alue given by (3) remains constant. An unreliable no de may b e very lightly loaded,

in terms of its service capacity (i.e., it may b e op erative and idle most of the time), and

yet its average queue size may b e very large. Thus, the reduced work-rate approximation

can b e arbitrarily bad when servers break down rarely and take a long time to repair,

which is precisely the case of practical interest.

Better results are obtained by treating no de as an isolated, indep endent M/M/1

queue and mo delling its breakdowns and repairs exactly

. This approximation consists

of assuming that the arriv als into no de form a Poisson stream with rate ; the other

assumptions are left intact. The known solution of the isolated queue (e.g., [1, 8]), yields

the following Poisson approximation for the average queue sizes:

= [1 +

( + )

] ; = 1 2 (4)

Whenever breakdowns and repairs o ccur, the v alues provided by (4) are larger than

those in (3). Moreover, the difference b etween the two b ecomes arbitrarily large when

the average op erative and inop erative p erio ds grow in a fixed ratio.

The exp erimen ts in section 5 show that the Poisson approximation is often quite

reasonable. Moreover, it is particularly go o d in large, strongly connected networks. This

is of course due to the fact that the sup erp osition of many input streams is approximately

Poisson, almost regardless of their individual characteristics. However, the quality of the

approximation can b e unsatisfactory in small to mo derately sized networks. There the

dep endency b etween no des and the non-Poisson, non-renewal nature of the traffic ought

to b e taken into account. This is the ob ject of the following sections.

A generalisation of the Poisson approximation is to treat no de as an isolated, inde-

p endent queue sub ject to breakdowns and repairs, with jobs arriving according to a

Markov-Mo dulated Poisson pro cess (or MMPP

, see [3]). Supp ose that the arriv al rate is

controlled by an irreducible Markov chain, ( ), with states numb ered 1 2 (here

and whenever there is no danger of misunderstanding, we omit the no de index, ). When

( ) = , the instantaneous arriv al rate into the no de is ( = 1 2 ). Denote the

generator matrix of by , and its steady-state distribution by = ( ).

The latter is obtained by solving the equations

= 0 ; = 1

∑

∑ ∑

∞

−

−

−

=1

=1

2

=1

≤

{ } × { }

| ≤

|

|

−

−

T

j j j

k ,n

n

T

k k ,n

j

k ,n

sτ

sτ

k sτ σ

σ a σ .

σ < μη / ξ η

δ t t

U t T δ t Y t , , . . . , T

U t T U t > T

t U t , V t V t

, , . . . , T , , . . .

p P U k , V n

L np .

T M

σ

p

t τ

t

s E e U t T , V t >

t

s E e U t > T , V t >

s E e U t k , V t > , k , , . . . , T

k

ξ / μ ξ

s μ η s

η s μ ξ s ξ η

.

s η

η s s μη

η s μ ξ s ξ η

.

The overall arriv al rate, , is equal to

= (5)

The queue is stable iff ( + ).

Let the binary v ariable ( ) indicate the state of the server at time : 0 if broken, 1

if op erative. Then the joint state of the server and the MMPP can b e represented by a

single random integer, ( ) = ( ) + ( ), taking v alues in the range 1 2 2 . When

( ) , the server is broken; when ( ) , the server is op erative. The state of the

queue at time is describ ed by the pair of integers [ ( ) ( )], where ( ) is the numb er of

jobs present. That pait is a Markov pro cess on the state space 1 2 2 0 1 .

The corresp onding steady-state probabilities, = ( = = ), can b e determined

exactly

, e.g. by sp ectral expansion, [10, 9], or by the matrix-geometric metho d, [13]. The

solution yields v arious p erformance measures, such as the average queue size:

= (6)

However, we still have to address the question of how to find the parameters ,

and , describing the arriv al MMPP at each no de. This is done by an iterative pro cedure

converging to a fixed p oint. The first step is to determine the Laplace transform of the

interv al b etween consecutive departures from a no de, when the arriv al MMPP into that

no de is given and the probabilities have b een calculated.

Let b e an arbitrary p oint of time in the steady-state, and b e the interv al b etween

and the next departure. Define the following conditional Laplace transforms:

Υ( ) = [ ( ) ( ) 0]

(at time , the server is broken and the queue is non-empty);

Ω( ) = [ ( ) ( ) 0]

(the server is op erative and the queue is non-empty);

Γ ( ) = [ ( ) = ( ) 0] = 1 2 2

(the joint state of the server and the MMPP is , and the queue is empty).

By conditioning up on the numb er of breakdowns that may o ccur during a service

(geometrically distributed with parameter ( + )), we obtain

Ω( ) =

( + )

( + )( + + )

(7)

Also, since a broken server has to b e repaired b efore it resumes service,

Υ( ) =

+

Ω( ) =

( + )( + + )

(8)

−

−

∑

∑

∑ at that ep o ch

+

=1 =

+

=1 =

+

0

0

+ 1

0 1 0

2 0 0 0

0

=1

0 +

2

2 j j

j j

T j

j j

T

k , j j,k k

j j

j,k j

T j j

j j j

j j

T

k , j j,k T j

j j

j,

j,

T j,

,

, T ,

T

j j, T j

Y

j , , . . . , T

s σ s

σ η m s η s

σ η m s m s

σ η m s

,

m Y j k m

j

Y

s σ s

σ ξ m s ξ s

σ ξ m s m s

σ ξ m s

.

π Y j

Y j

σ

π p μ

σ j , , . . . , T .

π π

π . . . π π

s

s π s π s .

s

s

/σ

D

D M

D

If the server is broken and the queue is empty

, then the next event to o ccur may

b e an arriv al, a repair, or a change of state in the controlling pro cess . Hence, for

= 1 2 ,

Γ ( ) =

Υ( )

+ + +

+

Γ ( )

+ + +

+

Γ ( )

+ + +

(9)

where is the rate at which the pro cess moves from state to state , and is

the rate at which it leaves state .

Similarly

, If the server is op erative and the queue is empty

, then the next event to

o ccur may b e an arriv al, a breakdown, or a change of state in the controlling pro cess .

This yields,

Γ ( ) =

Ω( )

+ + +

+

Γ ( )

+ + +

+

Γ ( )

+ + +

(10)

The linear equations (9) and (10), together with (7) and (8), determine all the con-

ditional Laplace transforms. Now consider the queue immediately folowing a departure

instant. Let b e the probability that , the pro cess is in state and

the queue is empty

. That probability is equal to the fraction of all departures which

o ccur when the pro cess is in state , the server is op erative and the queue size is 1.

Remem b ering that the overall average numb er of departures p er unit time is equal to ,

given by (5), we can write

= ; = 1 2 (11)

The probability that the queue is empty at a departure ep o ch is equal to = +

+ + , while the probability that it is not empty is equal to 1 . Hence, the

unconditional Laplace transform of the inter-departure interv al, Δ( ), is given by

Δ( ) = (1 )Ω( ) + Γ ( ) (12)

Having obtained Δ( ), one can determine successive moments of the inter-departure

interv al by taking deriv atives in (12), (9), (10), (7) and (8), at = 0 (the first momen t is

of course equal to 1 ). Those moments can b e used to fit an MMPP to the departure

pro cess, although the computational task is complex if large numb er of phases are in-

volved. If one decides to approximate the departure pro cess by an MMPP with phases,

there would b e parameters to determine (the off-diagonal elements of the matrix

and the phase-dep endent departure rates), and so moments would b e needed.

It is desirable, therefore, to approximate the departure pro cess by an MMPP with a

small numb er of phases. Bearing in mind that there are no departures when the server

is broken, we decided to cho ose a 2-phase approximation with departure rate of 0 during

one of them. That is, we approximate the departure pro cess from each no de by an IPP

(Interrupted Poisson Pro cess). Since the latter is determined by just 3 parameters, only

the first 3 momen ts of the inter-departure interv al have to b e calculated.

Markov-mo dulated Poisson pro cesses can b e split or merged. Bernoulli splitting ac-

cording to fixed probabilities is simple: the numb er of phases and the generator matrix any

1 2

1 2

1 2

−

{ − } × { }

K

K

i

i

N i

N

i,k i

i,k

i i

N

i,k

i i

4 The join t-state appro ximation

K T , T , . . . , T

T T . . . T

i

j i j

i i i μ

i

σ

ϵ

t

δ t , δ t , . . . , δ t δ t i

U t

N i.e., U t , , . . . ,

i

U t

ξ η

i U t k μ μ i k

i U t σ

U t k U t , V t V t

i , , . . . , , , . . . σ

p k , n P U k , V n remain the same, while the phase-dep endent rates are multiplied by those probabilities.

Merging is more complicated: if indep endent MMPP’s with phases re-

sp ectively are merged, the resulting pro cess has phases. Expressions for the

parameters of the merged pro cess are av ailable [3].

Now, the overall arriv al stream into no de is formed by merging its external arriv als (if

any), with those departures from no de which are routed to no de , for all different from

(feedbacks from to can b e eliminated by suitably changing ). If the arriv al pro cesses

into those other no des are known, then solving the corresp onding isolated mo dels, fitting

an IPP to each of their departure pro cesses and p erforming the appropriate splitting and

merging op erations, pro duces an MMPP arriv al pro cess for no de .

If the network is acyclic, i.e. if no job can ever return to a no de it has visited already ,

then one can start with the no des whose arriv als are entirely external (there must b e

at least one such no de), and by applying the ab ove pro cedure, construct MMPP arriv al

streams at all no des and solve the network in one sweep.

If the network has cycles, then it is necessary to iterate. The initial step is to assume

Poisson arriv als into all no des, with rates obtained from (2), and solve the isolated

mo dels. F rom then on, the departure pro cesses computed in the last iteration are used

to construct the arriv al pro cesses for the next one. The pro cedure stops when some

convergence criterion is satisfied, e.g. the change in the average queue sizes (6) is less

than some .

Numerical exp eriments show that the MMPP approximation is very reasonable in

acyclic networks, but may over-estimate the queue sizes considerably when there are cy-

cles (see section 5). T o improve the accuracy in the latter case, one should take into

account the fact that the arriv al rate into a no de which is part of a cycle is influenced by

whether it, as well as the other no des, are broken or op erative. The following approxi-

mation attemps to remedy this defficiency .

The joint state of all no des in the network at time is describ ed by the vector of indicators

( ) ( ) ( ), where ( ) is 0 if no de is broken, 1 if op erative. Alternatively

, that

joint state can b e describ ed by a single integer random v ariable, ( ), whose v alues have

-digit binary representations given by the indicator vector ( ( ) = 0 1 2 1).

Consider the queue at no de in isolation from the other queues, but controlled by the

Markovian environment ( ). That environment changes phase whenever op erative

no de breaks down or a broken one is repaired; the generator matrix asso ciated with those

transitions is known, since all and parameters are gigen. The instantaneous service

rate at no de when ( ) = , , is equal to if no de is op erative in phase and is

0 otherwise.

The joint-state approximation is based on assuming that the arriv al pro cess into

no de is MMPP and is controlled by ( ). The instantaneous arriv al rate is when

( ) = . Then the pair [ ( ) ( )], where ( ) is the numb er of jobs present at no de

, is a Markov pro cess on the state space 0 1 2 1 0 1 . If the rates

are known, the steady-state probabilities, ( ) = ( = = ), and the desired

p erformance measures, can b e determined.

∑

−

=1

5 Numerical results i,k

i,k i,k i

i,k

N

j j,k j,i

j,i i k d

d μ p k ,

p k

,

p k k

k

σ d r ,

r j i

i

U T

/ξ η /ξ

N

The departure rate from no de in phase , , is equal to

= [1

( 0)

( )

] (13)

where ( ) is the marginal steady-state probability that the environment is in phase .

Hence, the arriv al rate into no de i in phase is equal to

= (14)

where is the routing probability from no de to no de .

Now we are in a similar situation to that in the last section. If the network is acyclic,

then starting from the no des whose inputs are entirely external, and using their outputs

to calculate the inputs into the downstream no des, the approximate solution for the whole

network is obtained in one sweep. Moreover, a slight simplification of the computation

is p ossible in this case: any no de which do es not contribute, directly or indirectly

, to the

traffic at no de may b e excluded from the latter’s Markovian environment.

If the network has cycles, then an iterative pro cedure is applied: initially

, all inputs

rates are assumed to b e phase-indep endent and given by (2). Subsequently

, the departure

rates computed in the last iteration are used to find the arriv al rates for the next one.

The full environment ( ) controls all no des in every iteration.

The first exp eriment is intended merely to illustrate the inadequacy of the reduced work-

rate approximation, so that it can b e eliminated from further comparisons. The example

involves a simple network of two identical no des in tandem. In figure 1, the approximated

and simulated v alues of the average queue size at no de 2 are plotted against the average

op erative p erio d, 1 . The ratio is kept fixed, so that the service capacities remain

constant (each server is op erative ab out 80% of the time). The figure amply confirms

the fact that the queue size increases with the lengths of the op erative and inop erative

p erio ds. Moreover, that increase app ears to b e almost linear. The reduced work-rate

approximation, on the other hand, do es not change and therefore b ecomes progressively

worse. In this example, the MMPP and the joint-state approximations are nearly identical

and very accurate, while the Poisson approximation is slightly worse.

Next, we examine the quality of the Poisson approximation when the size of the

network increases. A numb er of fully connected networks with 3, 5, 10 and 15 no des are

generated, cho osing their parameters at random while making sure that all are stable and

sub jected to roughly similar loads. In each case, the average resp onse time is estimated

by means of the Poisson approximation, and also by simulation; the relative error of the

former with resp ect to the latter is ev aluated. The results, displayed in figure 2(a) show

that b oth the average and the v ariability of the error decrease rapidly with . In the

10-no de networks, all observed errors are less than 15%, while in the 15-no de ones they

are less than 10%.

Figure 2(b) shows the approximated and simulated average resp onse times in a ran-

domly chosen 17-no de network under increasing load (the total external arriv al rate is

20406080100

02040608010

L21/x

Poisson

MMPP joint-state simulation reduced work-rate

1 2 1 2 1 2 σ μ μ ξ ξ ξ η η ξ

6 Conclusion

Figure 1: Approximations for a 2-no de tandem network

= 1; = = 2; = = ; = = 5

v aried). All approximated v alues, including the heavy load ones, are well within the

corresp onding confidence interv als.

Thus, the Poisson approximation is adequate in networks where each no de has a

reasonable numb er of inputs (10 or more). The more complex approximations find their

applications in small networks, or networks whose structure is such that the numb er of

inputs into each no de is small (e.g., no des in tandem). F urther exp erimentation with

that typ e of networks has led us to conclude that when they do not have cycles, b oth the

MMPP and the joint-state approximations are quite accurate (relative errors are usually

less than 10%). However, when there are cycles, the joint-state approximation is clearly

preferable.

Figure 3 provides an illustration of the last remark, in the context of a three-no de

network with feedbacks from no de 3 to no de 1. The p erformance measure is the average

resp onse time. It is ev aluated by the Poisson, MMPP and joint-state approximations,

and also by simulation, for different external arriv al rates. In graph 3(a), the servers are

op erative ab out 95% of the time, while in 3(b), that fraction is b etween 60% and 65%.

Both graphs show that the Poisson and MMPP approximations strongly overestimate the

p erformance measure. The joint-state approximation is much b etter; its relative error is

on the order of 15% or less.

W e have made some prograss with a difficult problem. The reduced work-rate approx-

imation can generally b e dismissed from consideration. The Poisson approximation is

9

3691215

01020304050 averageerror error%N(a)

246810

50010001500200025003000 sWPoisson simulation(b)

vs

Ac kno wledgemen t

References

Figure 2: Poisson approximation for average resp onse time simulation

Graph (a): random networks of different sizes; Graph (b): a 20-no de network

acceptable in networks with high degree of merging of arriv als. Where that is not the

case, one has to deal with the obstacles p osed by the very volatile and state-dep endent

nature of the traffic b etween no des. The latter can b e overcome, at least partially

, by

using non-Poisson approximations for the arriv al streams. Of the two suggested here,

the joint-state approximation is recommended for networks containing cycles. Both the

joint-state and the MMPP approximations app ear to b e adequate in feedforward net-

works.

The accuracy of the approximations can probably b e improved, at the price of increas-

ing their complexity . F or example, while a no de is broken, its queue tends to accumulate

and there may b e a large backlog of jobs at the start of the next op erative p erio d. Con-

sequently

, for an initial fraction of that p erio d the departure rate is higher than average.

That phenomenon can b e included into the approximation by adding extra phases to the

Markovian environment.

This work was carried out in connection with the Basic Research pro jects QMIPS (Quan-

titative Metho ds In Parallel Systems), and PDCS2 (Predictably Dep endable Computer

Systems), funded by the Europ ean Union.

[1] B. Avi-Itzhak and P

. Naor, “Some Queueing Problems with the Service Station

Sub ject to Breakdowns”, Op erations Research, 11, pp. 303-320 , 1963.

10

simulation joint-state

PoissonMMPPg

0 . 6 0 . 8 1 . 0 1 . 2 1 . 4

50010001500200025003000

(b)0.40.60.50.5Wg

0 . 6 0 . 9 1 . 2 1 . 5 1 . 8

100200300

Poisson simulationW(a)

MMPPg 18

1 2 3 1 2 3

1 2 3

1 2 3 μ , μ , μ , , η , η , η . , . , .

ξ , ξ , ξ . , . , .

ξ , ξ , ξ . , . , .

An Intr o duction to Pr ob ability The ory and its Applic ations, V ol. 1

Performanc e Evaluation

Queueing Systems, V ol. 1

Computer Ar chite ctur es and

Networks

Figure 3: Average resp onse time in a 3-no de network with feedbacks

( ) = (5 6 7); ( ) = (0 002 0 003 0 005)

Graph (a): ( ) = (0 0001 0 0002 0 0003 ); Graph (b):

( ) = (0 001 0 002 0 003 )

[2] W. F eller, , Wiley ,

1968.

[3] W. Fischer and K. Meier-Hellstern (1993), The Markov-mo dulated Poisson pro ccess,

, , 2, 149-17 1

[4] O. Idrissi-Kacemi, N. Mikou and S. Saadi, “Two Pro cessors Only Interacting During

Breakdown: The Case Where the Load is Not Lost”, submitted for publication.

[5] L. Kleinro ck, , Wiley

, 1975.

[6] N. Mikou, “A Two-No de Jackson Network Sub ject to Breakdowns”, Sto chastic Mo d-

els, 4, pp. 523-552, 1988.

[7] I. Mitrani, “Networks of Unreliable Computers”, in

(eds. E. Gelenb e and R. Mahl), North-Holland, 1974.

[8] I. Mitrani and B. Avi-Itzhak, “A Many-Server Queue with Service Interruptions”,

Op erations Research, 16, pp. 628-638, 1968.

11

Iter ative Metho ds in Line ar Algebr a

Matrix Ge ometric Solutions in Sto chastic Mo dels

[9] I. Mitrani and R. Chakk a (1995), “Sp ectral Expansion Solution for a Class of Markov

Mo dels: Application and Comparison with the Matrix-Geometric Metho d”, Perfor-

mance Ev aluation, 23, 1995.

[10] I. Mitrani and D. Mitra (1992), A Sp ectral Expansion Metho d for Random W alks

on Semi-Infinite Strips, in (Eds R. Beauwens

and P

. de Gro en), North-Holland

[11] I. Mitrani and P

.E. W right (1994), Routing in the Presence of Breakdowns, Perfor-

mance Ev aluation, 20, 151-164

[12] M. Reiser, “Interactive Mo delling of Computer Systems”, IBM Sys. J., 15, pp. 309-

327, 1976.

[13] M.F. Neuts (1981), , John Hopkins

Press

[14] M. Reiser, “A Queueing Network Analysis of Computer Comunication Networks

with Window Flow Control”, IEEE T rans. Commun., 8, pp. 1199-1 209 , 1979.

[15] B. Sengupta, “A Queue with Service Interruptions in an Alternating Markovian

Environment”, Op erations Research, 38, pp. 308-318, 1990.

[16] N. Thomas and I. Mitrani, “Routing Among Different No des Where Servers Break

Down Without Losing Jobs”, Pro cs., IPDS’95, Erlangen, 1995.

[17] B. Vino d and T. Altiok, “Approximating Unreliable Queueing Networks Under the

Assumption of Exp onentiality”, J. Op er. Res. So c., 37, pp. 309-316, 1986.

[18] H.C. White and L.S. Christie, “Queueing with Preemptive Priorities or with Break-

down”, Op erations Research, 6, pp. 79-95, 1958.

12