QMIPS

N

M / M /

N

Routing Among Differen t No des Where

Serv ers Break Do wn Without Losing Jobs

CWI EHE

INR UER

ZAR UTO

UNE IMP

Distribution Lev el:

Abstract

The QMIPS Pro ject:

Nigel Thomas Isi Mitrani

Computing Science Departmen t, Univ ersit y of New castle

New castle up on T yne NE1 7R

U, England

Q uantitative

M o deling

I n

P arallel

S ystems

Unrestricted

Jobs generated by a single Poisson source can b e routed through alterna-

tive gateways, mo delled as parallel 1 queues. The servers are sub ject to random

breakdowns which leave their corresp onding queues intact, but may affect the routing of

jobs during the subsequent repair p erio ds. The marginal equilibrium queue size distribu-

tions are determined by sp ectral expansion. This can b e done, at least in principle, for

any numb er of queues. Several routing strategies are ev aluated and compared empirically .

In the sp ecial case = 2, it may also b e p ossible to find the joint distribution of the

numb ers of jobs in the two queues.

The QMIPS pro ject is a collab orative research pro ject supp orted

by the CEC as ESPRIT-BRA pro ject no 7269. It is b eing carried out by the follow-

ing organisations: CWI (Amsterdam), EHEI (University of Paris V), Imp erial College

(London), INRIA (Sophia-Antip olis), University of Erlangen, University of Newcastle,

University of T orino and Universit y of Zaragoza.

N

N

N almost static

1 In tro duction

The mo delling literature contains many studies dealing with the p erformance and av ail-

ability of systems sub ject to breakdowns and repairs. Problems of this typ e arise in

areas as diverse as computing, comm unications, manufacturing and transp ort. However,

most of the work has concentrated on mo dels involving a single job queue served by one

or more pro cessors (e.g., see [1, 8, 13 , 14 ]). V ery few results are av ailable for systems

with more than one queue. An approximate solution for a general Jackson network of

unreliable no des was suggested in [7]. Mikou [5] analysed a tightly coupled two-no de

network with simultaneous breakdowns and repairs, by a far from trivial reduction to

a b oundary v alue problem. More recently

, Mitrani and W right [11] examined a system

with parallel queues where the consequences of a breakdown are (a) the loss of all

jobs in the corresp onding queue and (b) the re-direction or loss of all arriv als to that

queue during the subsequent repair p erio d. Those assumptions imply that the queue of

a broken server is necessarily empty

. Idrissi-Kacemi et al. [6] have studied the case of

two queues, only one of which is sub ject to breakdowns; all jobs present are transfered,

and new jobs are redirected, to the other queue after a breakdown.

Of the ab ove citations, only [11] obtains exact p erformance measures for a mo del with

more than two queues.

Here we consider a system where jobs from a common incoming stream may b e di-

rected to one of alternative no des, each of which consists of a single server and an

unb ounded queue. The service, breakdown and repair pro cesses at the different no des are

indep endent of each other and have different parameters, in general. The consequences

of a breakdown at a server are not to o catastrophic: service stops and the existing jobs

remain in place; new arriv als during the subsequent repair p erio d may or may not b e

re-directed to other no des, dep ending on the routing p olicy

. There are no job losses.

The routing p olicies that are examined are . That is, the choice of where

to send an incoming job is Bernoulli, indep endent of past history and of the current queue

sizes. However, the probability of selecting a given no de may dep end on the current server

configuration, i.e. on which servers are op erative and which are not.

Our motiv ation for studying this system comes from the field of networking: the jobs

are messages generated by some source, and the servers are alternative gateways through

which those messages may b e routed. Gateways are sub ject to failures that interrupt

service for random p erio ds of time. The source finds out ab out such failures and may

redirect traffic. This naturally raises the question of how to set the routing probabilities.

The main purp ose of the analysis, therefore, is to determine p erformance measures so

that different routing p olicies can b e ev aluated and compared.

The mo del and its parameters are sp ecified in section 2. Ideally

, one would like to

find the joint stationary distribution of the set of op erative servers and the numb ers of

jobs in the corresp onding queues. T o determine that distribution, it is necessary to solve

a non-separable multidimensional Markov pro cess, which is an intractable problem in the

general case. The only case for which the joint distribution is attainable is = 2. An

outline of that analysis is presented in section 6.

On the other hand, the p erformance measures of practical interest are mainly con-

cerned with lo cal or global averages, e.g. the average numb er of jobs present at a given

no de or the overall average resp onse time. T o calculate such p erformance measures, it

is enough to determine the marginal queue size distributions. This last problem can b e

∈ ∈

∏ ∏

⊂ { }

⊂ { }

{ }

1 1 1

2 2 2

1

2

2 The mo del

system c onfigur ation k k

k

N N N

N

N

σ

σ

k σ k

k k

k σ k

k k

N

λ N

k

/ξ /η

/μ

μ , ξ , η

μ , ξ , η

μ , ξ , η λ q

q

q

N

σ

σ , , . . . , N

p σ

p η

ξ η ξ

ξ η

, σ , , . . . , N ,

σ σ , , . . . , N solved, at least in principle, for arbitrary (section 3). Problems of comparison and

optimization of routing p olicies can thus b e tackled numerically

. Several such numerical

ev aluations are rep orted in section 4. V arious generalisations of the mo del, where the

same solution metho dology applies, are mentioned in section 5.

Jobs arrive into the system in a Poisson stream with rate . There are servers, each

with an asso ciated unb ounded queue, to which incoming jobs may b e directed. Server

go es through alternating indep endent op erative and inop erative p erio ds, distributed

exp onentially with means 1 and 1 , resp ectively

. While it is op erative, the jobs

in its queue receive exp onentially distributed services with mean 1 , and depart up on

completion. When a server b ecomes inop erative (breaks down), the corresp onding queue,

including the job in service (if any), remains in place. Services that are interrupted in

this way are eventually resumed from the p oint of interruption. The system mo del is

illustrated in figure 1.

( )

( )

( )

Figure 1: A single source split among unreliable no des

The at any moment is sp ecified by the subset, , of servers that

are currently op erative (that subset may b e empty

, or it may b e the set of all servers):

1 2 . There are of course 2 p ossible system configurations. The steady-

state marginal probability

, , of configuration is given by

=

+ +

1 2 (1)

where is the complem ent of with resp ect to 1 2 and an empty pro duct is

by definition equal to 1. These expressions follow from the fact that servers break down

and are repaired indep endently of each other.

N q

J

J

J

∑

∑

∑

∑ ∑

⊂{ }

→∞

∞ −

⊂ { }

−

{ ≥ }

{ ≥ }

− ≥

1 2

=1

1 2

=1

=1

2 1

=0 k

N

N

N

k k

N

k

σ , ,...,N σ k k k

k k

k

N

k k

k k

k

k

k

k

t k

N

k

k

j i k σ

k q σ

σ q σ , q σ , . . . , q σ , σ , , . . . , N ,

σ

q σ .

t I t , t I t

I t

, , . . . , t k J t

k k , , . . . , N

X I t , t , t

X

λ p q σ < μ η

ξ η

, k , , . . . , N .

X

N > N

L

W

W

λ

L .

Y I t , J t , t k , , . . . , N

Y

N Y

k

k t , t t

k t

Y

p i, j P I t i , J t j , i , , . . . , , j .

p i, j k

L j p i, j .

If, at the time of arriv al, a new job finds the system in configuration , then it is

directed to no de with probability ( ). These decisions are indep endent of each other,

of past history and of the sizes of the v arious queues. Thus, a routing p olicy is defined

by sp ecifying 2 vectors,

( ) = [ ( ) ( ) ( )] 1 2 (2)

such that for every ,

( ) = 1

The system state at time is sp ecified by the pair [ ( ) ( )], where ( ) indicates

the current configuration (the configurations can b e numb ered, so that ( ) is an integer

in the range 0 1 2 1), and ( ) is an integer vector whose ’th element, ( ),

is the numb er of jobs in queue ( = 1 2 ). Under the assumptions that have

b een made, = [ ( ) ( )] 0 is an irreducible Markov pro cess. The condition for

ergo dicity of is that, for every queue, the overall arriv al rate is lower than the overall

service capacity:

( )

+

= 1 2 (3)

When the routing probabilities dep end on the system configuration, the pro cess is

not separable (i.e., it do es not have a pro duct-form solution). Consequently

, the problem

of determining its equilibrium distribution is intractable for 2. In the case = 2,

a solution is p ossible but is rather complex (see section 5). However, the quantities of

principal interest are the steady-state average queue sizes, , and the the overall average

resp onse time, , given by

=

1

(4)

T o determine those p erformance measures, it suffices to study the sto chastic pro cesses

= [ ( ) ( )] 0 ( = 1 2 ), mo delling the b ehaviour of the system

configuration and the size of an individual queue. The state space of is infinite in

one dimension only

, which simplifies the solution considerably and makes it tractable

for reasonably large v alues of . The imp ortant observ ation here is that is also an

irreducible Markov pro cess, for every . This is b ecause the arriv als into, and departures

from queue during a small interv al ( + Δ ) dep end only on the system configuration

and the size of queue at time , and not on the sizes of the other queues.

The next task, therefore, is to find the equilibrium distribution of :

( ) = lim [ ( ) = ( ) = ] = 0 1 2 1 0 (5)

Given the probabilities ( ), the average size of queue is obtained from

= ( ) (6)

∑

′

′

′

′ ′

′

′ ′

∞

=0

0 1 2

0 1 2

0 1 2

2

−

− ≥

−

{ }

− { }

−

− ≥

− − − v

v v v v

v v v

v e

e

v v v 0

3 Queue size distributions

blo ck tri-diagonal Quasi-Birth-and-De ath

sp e ctr al exp ansion k

k

k

k k k k

N

i,i

N

i,i ℓ

i,i ℓ

A

N

k k

k k

k A k k k k k k k

k A k k k k

j k

N

k k , k k , k k ,

k , k k , A k k k , k

k

k k , k , k ,

Y

i, j i , j i

i, j i, j k

i q i

i, j i, j j > k

i

Y

j k

j p , j , p , j , . . . , p , j , j .

A a i, i , , . . . ,

i σ

i σ ℓ ℓ a η i

σ ℓ ℓ a ξ

D i i A i , , . . . ,

B i λq i

C i μ k

i

j >

j D B C j A j B j C , j .

j

D B A C .

j ,

j Q j Q j Q , j , , . . . ,

Q B Q A D B C Q C

Q z

Q z Q Q z Q z .

The pro cess is of the , or typ e. Its p ossible

transitions are:

(a) from state ( ) to state ( ), where is a configuration with either one more, or

one fewer op erative server;

(b) from state ( ) to state ( + 1), if the routing probability to queue in configu-

ration , ( ), is non-zero;

(c) from state ( ) to state ( 1), if 0 and server is op erative in configuration

.

The balance equations for are b est written in vector and matrix form. Define the

(row) vector of equilibrium probabilities of all states with jobs in queue :

( ) = [ (0 ) (1 ) (2 1 )] 0 (7)

Let = ( ) ( = 0 1 2 1) b e the matrix of instantaneous transition rates

corresp onding to transitions (a). If in configuration the subset of op erative servers is ,

and in it is + , for some server , then = ; similarly

, if in the configuration

is , for some server , then = . It is also useful to intro duce the diagonal

matrix, , whose ’th diagonal element is the ’th row sum of ( = 0 1 2 1).

Let b e the diagonal matrix whose ’th diagonal elemen t is equal to ( ) ; these

elements are the instantaneous transition rates corresp onding to transitions (b). Also,

let b e the diagonal matrix whose ’th diagonal elemen t is equal to if server is

op erative in configuration , and 0 otherwise; these are the instantaneous transition rates

corresp onding to transitions (c).

When 0, the vectors (7) satisfy the balance equations

( )( + + ) = ( ) + ( 1) + ( + 1) 1 (8)

F or = 0, the equation is slightly different:

(0)( + ) = (0) + (1) (9)

In addition, all probabilities must sum up to 1:

( ) = 1 (10)

where is a column vector with 2 elements, all of which are equal to 1.

The ab ove equations can b e solved by several metho ds. Perhaps the b est approach is

to use (see [9, 10 ]). Rewrite (8) in the form

( ) + ( + 1) + ( + 2) = = 0 1 (11)

where = , = and = . This is a homogeneous

vector difference equation of order 2, with constant co efficients. Asso ciated with it is the

characteristic matrix p olynomial, ( ), defined as

( ) = + + (12)

N

N

∑

∑

∑

∑

0

v

v

e

e

q

{ }

≥

| | ≥

−

−

−

=1

=1

2

=1

2

=1

2

1 2

4 Ev aluation of sc heduling strategies gener alize d eigenvalue s and left eigenvectors

k ,ℓ k ,ℓ k

k ,ℓ k k ,ℓ

k

k ,ℓ

k d

ℓ k ,ℓ k ,ℓ j

k ,ℓ

k ,ℓ

k ,ℓ

k ,ℓ

k

k c

ℓ k ,ℓ k ,ℓ j

k ,ℓ

k

k ,ℓ

N

N

ℓ k ,ℓ k ,ℓ

k ,ℓ

k ,ℓ

N

k

N

k ,ℓ

k

ℓ k ,ℓ k ,ℓ

k ,ℓ

N z ψ Q z

ψ Q z , ℓ , , . . . , d ,

d deg r ee det Q z

z

r r

j x ψ z , j ,

x ℓ , , . . . , d

z ℓ

x

Q z

j x ψ z , j , , . . . ,

c

Q z

j j

x

x ψ

z

.

x c

Q z

x k

L x z ψ k , ℓ

z

.

q , q , . . . , q

Denote by and the of ( ).

These quantities satisfy

( ) = = 1 2 (13)

where = [ ( )] .

The eigenv alues do not have to b e simple, but it is assumed that if has multiplicit y

, then it has linearly indep endent left eigenvectors. This is inv ariably observed to b e

the case in practice. Under that assumption, any solution of (11) is of the form

( ) = 0 (14)

where ( = 1 2 ), are arbitrary (complex) constants.

Moreover, since only normalizeable solutions are acceptable, if 1 for some ,

then the corresp onding co efficient must b e set to 0. Numb ering the eigenv alues of

( ) in increasing order of mo dulus, the sp ectral expansion solution of equation (11)

can b e written as

( ) = = 0 1 (15)

where is the numb er of eigenv alues strictly inside the unit disk (each counted according

to its multiplicit y).

In the numerical exp erimen ts carried out with this mo del, the eigenv alues and eigen-

vectors of ( ) have always b een observed to b e simple, real and p ositive.

Substituting (15), for = 0 and = 1, into (9), yields a set of homogeneous linear

equations for the unknown co efficients . There are 2 1 indep endent equations in

this set (rather than 2 ) b ecause the generator matrix of the Markov pro cess is singular.

A further, non-homogeneous equation is provided by (10), which now b ecomes

1

= 1

These equations can b e solved uniquely for the co efficients , if = 2 . This turns out

to b e the case when (3) is satisfied. Indeed, the ergo dicity condition is equiv alent to the

requirement that ( ) has exactly 2 eigenv alues strictly inside the unit disk.

Having determined the co efficients , the average numb er of jobs in queue is

obtained by substituting (15) into (6):

=

(1 )

(16)

In order to reduce the numb er of parameters that have to b e given v alues when defining

the routing strategy

, we shall ev aluate and compare several strategies based on a single

routing vector, = ( ). In each case, the optimization problem is to chose

the elements of that vector so as to minimize the average resp onse time, given by (4).

∑

∑

∑

∑

2

1 2

=1

∈

∈{ }∪

∈

−

∈

∈

−

≤

∈

≤ ∨ ∈

−

̸∅

∈

∈ k

k k k k k k

k k k k k k k

k

k k

ℓ σ ℓ

k

k k

ℓ , ,... ,m σ ℓ

k

k k

ℓ σ ℓ

k k

m

ℓ ℓ

The fixe d str ate gy.

The sele ctive str ate gy.

The fixe d(m) str ate gy.

The sele ctive (m) str ate gy.

k q N

k

L λq ξ η ξ μ

ξ η η μ λq ξ η

.

σ

k k σ q

q σ q

q

, k σ .

σ k q k

, , . . . , N

N m m >

m

σ k k m

k σ

q σ q

q

, k m k σ .

N m

m > σ σ

k k σ q

q σ q

q

, k σ .

σ m

q σ q

q

, k , , . . . , m .

m m N

m m N

1

The most straightforward way of splitting the incoming stream is to send each job to

no de with probability , regardless of the system configuration. Then the no des are

indep endent of each other; no de can b e considered in complete isolation, as an M/M/1

queue with breakdowns and repairs. In this simple case, there is a well known explicit

formula for the average queue size (see [1, 8, 14 ]):

=

[( + ) + ]

( + )[ ( + )]

(17)

2

Intuitively

, it seems b etter not to send jobs to no des where the server is inop erative,

unless that is unavoidable. This suggests the following strategy: If the subset of op erative

servers in the current system configuration is , and that subset is non-empty

, send jobs

to no de only if , with probability prop ortional to :

( ) =

If is empty (i.e. all servers are broken), send jobs to no de with probability ( =

1 2 ).

3

It is p ossible that some no des are unable, under any circumstances, to receive jobs

when broken. Supp ose that the last no des are of this typ e ( 0), and that

jobs are sent to the first no des regardless of their state. Thus, when the system

configuration is , an incoming job can b e directed to any no de for which or

, or b oth, with probability

( ) = ( ) ( )

4

This strategy

, like the selectiv e one, do es not send jobs to broken no des unless that

is unavoidable. In addition, the last no des are completely unable to receive jobs

when broken ( 0). In other words, if the system configuration is , and = , an

incoming job is directed to no de , only if , with probability prop ortional to :

( ) =

If is empty

, the job is sent to one of the first no des, with probability

( ) = = 1 2

Clearly

, the fixed strategy is a sp ecial case of the fixed( ) one, when = . Sim-

ilarly

, the selective strategy is a sp ecial case of the selective( ) one, when = . All

strategies except the fixed are ev aluated by the sp ectral expansion metho d.

Intuitively it would seem that, for a given routing vector, the selective strategy should

p erform b etter than the others, since it app ears to make the b est use of all servers. The

fixed strategies may b e exp ected to p erform p o orly

, since they largely or completely

− ≤ ≤

−

1 2 1 2 1 2

1 2 1 2 1 2 m m

λ

N , λ , μ , μ , ξ , ξ , η , η

q , q q

q , q λ μ μ ξ ξ η η

q

.045

                                      .03

.015

.5
selective
fixed m=1
fixed

1
q

                                                                                                            W disregard the current av ailability of servers. When the ma jority of the servers are quite

reliable, the p erformance of a selective( ) strategy should not dep end muc h on and

should resem ble that of the selective strategy (since the only differences arise when all

servers are broken).

This intuition is confirmed by exp erimen tal results. In general, every selective strategy

out-p erforms every fixed one. The different selective strategies tend to have quite similar

b ehaviour. Within the fixed strategies, it is worth noting that fixed(1) and fixed(2) may

start off b etter than fixed, but b ecome worse when the load increases. This is b ecause the

prohibition on sending jobs to some servers when they are broken helps to balance the load

at low arriv al rates, but saturates the other servers when the load is high. Exp eriments

indicate that if, instead of keeping the routing vector constant, it is optimized for each

v alue of , then fixed(1) b ecomes uniformly b etter than fixed(2), which in turn b ecomes

b etter than fixed.

Despite their plausibility

, the ab ove remarks are not universally v alid. In particular,

it is p ossible to construct examples where the fixed strategy p erforms b etter than the

selective (e.g. = 2 = 10 = 30 = 10 = 100 = 1 = 100 =

100000; admittedly

, that example is rather contrived, with one fast and fairly unreliable

server, while the other is slower and extremely reliable).

T o study the effect of the routing p olicy in more detail, a 2-no de system was ev aluated

for different routing vectors, ( 1 ), on the range 0 1 (remem b er that that vector

is used in making routing decisions only when b oth servers are op erative or, in the case

of the selectiv e strategy

, when b oth are broken). The system parameters are such that

each server is op eratove approximately 90% of the time, while server 1 is 50% faster than

server 2. The results for the fixed, fixed(1) and selective strategies are illustrated in figure

4.1.

Figure 2: Average resp onse time in a 2-no de system, as a function of the routing vector

( 1 ). = 50, = 150, = 100, = = 1, = = 10

An obvious remark is that when = 1, the fixed and fixed(1) strategies are identical.

This follows from the definitions. The selective(1) strategy is not plotted b ecause its

∑

−

′ ′

′

=1

1 1 1

De ath

c ause d

Birth

5 Generalizations i

i i i

i i

th

i i

N

j j

N N N

k

k

k q q

i w

w μ η

ξ η

, i , , . . . , N .

i

i

q w

w

, i , , . . . , N .

λ

, , . . . ,

Y

i, j i , j i i

i i C

Y p erformance is very close to the selective one. In fact, selective(1) is identical to fixed(1)

at = 0 and to selectiv e at = 1.

Two further observ ations are worth making, of which the first is quite intuitive, and

the second is somewhat counter-intuitive:

(a) F or the fixed and selective strategies, the b est routing vector sends the ma jority of

the jobs (70% - 80%) to the faster server.

(b) F or the fixed(1) strategy

, it is b est to send fewer jobs (40%) to the faster server

than to the slower one.

T o explanain (b), note that under the fixed(1) strategy

, no de 1 is obliged to receive

all jobs whenever server 2 is broken, regardless of its own state. This load should b e

comp ensated by sending it fewer jobs when there is a choice, i.e. when b oth servers are

op erative.

A numerical search for the optimal routing vector is exp ensive, and rapidly b ecomes

more so when the numb er of no des increases. It is desirable, therefore, to find a go o d

heuristic that avoids the search and yet pro duces a nearly optimal p erformance. One

candidate for such a heuristic is the following: Assign to no de a weight, , given by

=

+

= 1 2

This is the av ailable service capacity of server (the average amount of service it can

provide p er unit time). Let the element of the routing vector b e

= = 1 2

Thus the suggestion is to ignore the job arriv al rate and simply split the input stream in

prop ortion to the av ailable service capacities.

In figure 4.2, the p erformance of the ab ove heuristic is compared to that of the optimal

routing vector (which do es dep end on ), and also to the ’dumb’ splitting based on the

vector ( ). It can b e seen that, while the heuristic is very close to the optimal

p erformance throughout the range of arriv al rates, the equal splitting clearly fails to

balance the loads at the different servers. The p enalty of not using a go o d routing vector

can b e very large.

The solution metho dology describ ed in section 3 can b e applied to more general mo dels

involving routing and breakdowns. F or example, a breakdown may b e accompanied by

the loss of the job in service (if any), with a given probability

. The only effect of that

assumption is to complicate slightly the transitions of the pro cess : these can

now b e from state ( ) to state ( 1) ( = if the departure is due to a service

completion and = if to a breakdown). The matrix is no longer diagonal but the

solution pro cedure remains unchanged.

Similarly

, a breakdown may b e , with a certain probability

, by the arriv al of a

job into a no de. That complicates the transitions of , making them from state

N

′

= 2

1 2 1 2 1 2

k

k

k k k

N N

                                                                                          W

.02

       .01

400

300

6 Join t distribution for λ

N

μ μ ξ ξ η η

i, j i , j B

Y

n

A B C

n

n ful ly op er ative

p artial ly op er ative br oken

Figure 3: Optimal average resp onse time as a function of the job arriv al rate. = 5,

= 150, = 100, = = 1, = = 10

( ) to state ( + 1). The matrix is then no longer diagonal. Both the ab ove effects

may b e present in the same mo del.

It would b e easy to mo dify the selective and selective-m strategies by making them lose

incoming jobs when all servers are broken. In all these mo dels where losses are p ossible,

the average numb er of jobs lost p er unit time is an imp ortant p erformance measure. That

quantity is obtained directly from the probabilities (1) and from the distributions of the

pro cesses .

Another p ossible generalization concerns the intro duction of more op erative states.

F or instance, instead of b eing just op erative or broken, a server may b e ,

and . Perhaps when fully op erative the server can b oth accept

and serve jobs, when partially op erative it can accept but not serve, and when broken it

can neither accept nor serve. In general, a server could b e in one of p ossible opp era-

tive states, with different arriv al and service characteristics in different states, and with

transitions b etween states governed by an arbitrary Markov chain.

Of course, the price paid for such an increase in generality is a corresp onding increase

in complexit y . Changing the comp osition of the matrices , and do es not alter

signifficantly the computational complexity of the solution, but changing their size do es.

That size is determined by the numb er of system configurations. If, instead of the 2

p ossible op erative states for each server there are states, the total numb er of system

configurations grows from 2 to . This imp oses obvious limitations on the size of

problems that can b e solved numerically .

It has already b een p ointed out that the problem of determining the steady-state joint dis-

tribution of the numb ers of jobs at two no des is of mainly theoretical interest. Moreover,

the metho ds for solving two-dimensional Markov pro cesses by reduction to b oundary

v alue problems are quite well known (see [3, 2 ]). W e shall therefore present the analysis

∞ ∞

∑ ∑

√

1 2

1 2 k

i

i

j j i j j

k k k k

k k k

− −

− −

− − − −

− −

− − −

− − −

− − − − − −

| |

1 2

1 2

1 2

=0 =0

1 2

0 2 1 1 2

1 2 0 1 3 2 1

2 1 0 2 3 1 2

3 1 3 2 3

1 1 2 2

1 2 1 2

2 2 1

1 1 2

1 2 1 2

1 2

0

1 2 3

1 2

1 2 3

1 2

3 3

3

1 1

1 1

N

q , q

k q k ,

p j , j i

j j

g x, y p j , j x y , i , , , .

α x, y g x, y ξ g x, y ξ g x, y ,

β y g x, y η y g x, y ξ y g x, y μ y g x, ,

γ x g x, y η xg x, y ξ xg x, y μ x g , y ,

R x, y g x, y μ y x g , y μ x y g x,

η xy g x, y η xy g x, y ,

α x, y λq x λq y η η ,

β y λy y μ y ξ y η y ,

γ x λx x μ x ξ x η x ,

R x, y λq xy x λq xy y μ y x μ x y

ξ ξ xy .

g x, y

g x, y g x, y g x, y

g x, g , y

D x, y g x, y a x, y g x, b x, y g , y c x, y g x, y ,

k , D x, y a x, y b x, y c x, y

g x, y g x, y

g x, g , y

R x, y g x, y

y φ x R x, φ x

x x μ / λq of the case = 2 only in outline, omitting many of the details. On the other hand, this

mo del has some unusual features which justify the inclusion of such an outline.

A two-no de system has four p ossible configurations: b oth servers broken, server 2

op erative and server 1 broken, server 1 op erative and server 2 broken, b oth servers op er-

ative. These configurations will b e numb ered 0, 1, 2 and 3, resp ectively . T o simplify the

notation, assume that the selective routing p olicy with routing vector ( ) is employ ed

(other strategies are treated similarly). Thus, in configuratiobs 0 and 3, jobs are directed

to no de with probability ( = 1 2), while in configurations 1 and 2 they go to the

only op erative server with probability 1.

Denote by ( ) the steady-state probability that the configuration is , and there

are jobs in queue 1 and jobs in queue 2. Intro duce the generating functions

( ) = ( ) = 0 1 2 3 (18)

It is a simple matter to transform the balance equations of the Markov pro cess into

four equations involving these generating functions:

( ) ( ) = ( ) + ( ) (19)

( ) ( ) = ( ) + ( ) (1 ) ( 0) (20)

( ) ( ) = ( ) + ( ) (1 ) (0 ) (21)

and

( ) ( ) = (1 ) (0 ) (1 ) ( 0)

+ ( ) + ( ) (22)

where

( ) = (1 ) + (1 ) + +

( ) = (1 ) (1 ) + +

( ) = (1 ) (1 ) + +

( ) = (1 ) + (1 ) (1 ) (1 )

+( + )

The first step of the solution is to use (19), (20) and (21) in order to eliminate ( ),

and express ( ) and ( ) in terms of ( ) and the two ’b oundary’ functions

( 0) and (0 ). This yields two relations of the form

( ) ( ) = ( ) ( 0) + ( ) (0 ) + ( ) ( ) (23)

for = 1 2, where ( ), ( ), ( ) and ( ) are known.

Now consider (22), and supp ose for the moment that ( ) and ( ) are known.

Then in the right-hand side of that equation there are two unknown b oundary func-

tions, ( 0) and (0 ). These can b e obtained by exploiting the fact that whenever

( ) = 0 and ( ) is finite, the r.h.s. of (22) must v anish (for a similar development

see [11]). There is an algebraic curve = ( ), which satisfies ( ( )) = 0, such

that when is on a certain closed contour (in this case the circle = ( )),

7 Conclusions

quasi-

sep ar ability

1 3

2 2

2 3

1 2 1 2

3

3 3

3

1 2 1 2

1 2

3 1

2

1 2 1 2

3 1 2

1 2 3 φ x g x,

x φ y R φ y , y y

φ y g , y

g x, y g x, y y φ x x φ y

g x, y x y

g , g ,

g x, y

y ψ x x ψ y D x, ψ x D ψ y , y

g x, y g x, y x y

g x, y y ψ x x

ψ y

g x, y g x, y y φ x x φ y

g x, y y ψ x x ψ y

g x, y g x, y g x, y

( ) is real. Using that curve, the problem of determining ( 0) is reduced to one of

finding a function which is analytic in the interior of a closed contour and satisfying on

that contour a sp ecific b oundary condition. That is a b oundary v alue problem, whose

solution is given in an integral form.

In the same way

, by using an algebraic curve = ( ), with ( ( ) ) = 0, on a

closed contour and ( ) real, the determination of (0 ) is reduced to the solution of

another b oundary v alue problem.

Thus, if ( ) and ( ) are known on the two curves = ( ) and = ( ),

the function ( ) can b e determined for all and . There are also a couple of

unknown constants that app ear in the solution (e.g., (1 0) and (0 1)). These are

obtained from the known marginal probabilities.

A similar approach applies to the solution of (23). If ( ) is known on two curves,

= ( ) and = ( ), which satisfy ( ( )) = 0 and ( ( ) ) = 0 resp ectively ,

then ( ) and ( ) can b e determined for all and by solving two (different)

b oundary v alue problems.

The ab ove discussion suggests an iterative pro cedure for finding all unknown func-

tions:

1. Make an initial guess for the v alues of ( ) on the curves = ( ) and =

( );

2. Compute ( ) and ( ) on the curves = ( ) and = ( );

3. Compute ( ) on the curves = ( ) and = ( );

4. Rep eat steps 2 and 3 untill the differences b etween two consecutive iterates for

( ), ( ) and ( ) b ecomes sufficiently small.

Thus the solution of the mo del is reduced, via the b oundary v alue problems, to

determining the fixed p oint of three functional equations. If the ergo dicity condition

is satisfied and the iterative pro cedure converges to v alid generating functions, then it

must provide the unique solution of the Markov pro cess. W e do not have a pro of of

convergence. As is often the case with fixed-p oint solution metho ds, the only way of

assessing the feasibility and efficiency of the approach is by numerical exp erimentation.

That is outside the scop e of this pap er.

The system considered here has a prop erty which may lo osely b e describ ed as

. An individual no de can b e analysed in isolation of the others, provided that

the full server configuration is included as a state v ariable. Because of that prop erty ,

one can determine exactly the p erformance measures in mo dels with more than two

no des. It is also p ossible to optimize the splitting of the input stream among the no des,

under different routing p olicies. However, such an optimizations involves a search in

a multidim ensional space, together with the solution of many instances of the mo del.

Computationally

, this can b e very exp ensive. A simple heuristic has b een prop osed, that

app ears to work well for selective routing p olicies. F urther progress can b e made either by

discovering more accurate heuristics, or by developing fast approximate solutions whose

N

Ac kno wledgemen t

References complexity do es not grow exp onentially with . Both these avenues of further research

are worth pursuing.

This work was carried out in connection with the Basic Research pro jects QMIPS (Quan-

titative Metho ds In Parallel Systems), and PDCS 2 (Predictably Dep endable Computer

Systems), funded by the Europ ean Union. The first author is supp orted by a CASE

scholarship and is sp onsored by British T elecom.

[1] B. Avi-Itzhak and P

. Naor (1963), Some Queueing Problems with the Service Station

Sub ject to Breakdowns, Op erations Research, 11, 303-320

[2] J.W.Cohen and O.J. Boxma (1983), Boundary V alue Problems in Queueing System

Analysis, North-Holland (Elsevier)

[3] G. F ayolle and R. Iasnogoro ds ki (1979), Two Coupled Pro cessors: The reduction to

a Riemann-Hilb ert Problem Z. W ahrsheinlichkeitstheorie, 47, 325-351

[4] F.D. Gakhov (1966), Boundary V alue Problems, Addison W esley

[5] N. Mikou (1988), A Two-No de Jackson Network Sub ject to Breakdowns, Sto chastic

Mo dels, 4, 523-552

[6] O. Idrissi-Kacemi, N. Mikou and S. Saadi, Two Pro cessors Only Interacting During

Breakdown: The Case Where the Load is Not Lost, submitted for publication.

[7] I. Mitrani (1974), Networks of Unreliable Computers, in Computer Architectures

and Networks (eds. E. Gelenb e and R. Mahl), North-Holland

[8] I. Mitrani and B. Avi-Itzhak (1968), A Many-Server Queue with Service Interrup-

tions, Op erations Research, 16, 3, 628-638

[9] I. Mitrani and R. Chakk a (1995), Sp ectral Expansion Solution for a Class of Markov

Mo dels: Application and Comparison with the Matrix-Geometric Metho d, Perfor-

mance Ev aluation, 23

[10] I. Mitrani and D. Mitra (1992), A Sp ectral Expansion Metho d for Random W alks

on Semi-Infinite Strips, in Iterative Metho ds in Linear Algebra (Eds R. Beauwens

and P

. de Gro en), North-Holland

[11] I. Mitrani and P

.E. W right (1994), Routing in the Presence of Breakdowns, Perfor-

mance Ev aluation, 20, 151-164

[12] N.I. Muskhelishvili (1953), Singular Integral Equations, P

. No ordhoff

[13] B. Sengupta (1990), A Queue with Service Interruptions in an Alternating Markovian

Environment, Op erations Research, 38, 308-31 8

[14] H.C. White and L.S. Christie (1958), Queueing with Preemptive Priorities or with

Breakdown, Op erations Research, 6, 79-95