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LZNOPxµ�GYLUJ�]�MOI^]�Á�\¹L[R�L5P=Ù�Ç�LSL8PoNOI

∃c, (a, c) ∈ subst
]�\¹V�M;N

NOI
b = c

]�\¹V�M;NHL8MOM;L8µ�M
NOIKGYV�G	�:L8MOIæÈ�ÙY>�V�Â´Ç�]�POIKÁ�IK\KIKP=Ù

(l1, rt) l2 (a, b) :: subst
\2Ê �f��� ì � ê � �` 0/ Æ �g~�º�ÍU{}¹Q�iºÑ|Q~*`?:Z`a:=<"ÊYD8EqFA:G>dL�:KDOJ�<eL=2h:�5):�FQ5�<?>�FQLin�7K1Î>¸`a:=>�`a:K<�Ê,p
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L�:=<eL9t
#0½%$b|Q�"º��&��Á���Ð54 �g~�ºÒÍU{,¹Q�iºÑ|Q~+ç6 G�Iæå�XW]�POI¹V�G

x y
)

NOI
x = y

°`M;L8P;V�µ�MOGYL
xNOIKGYV�G£NOI

x
LZN;Pxµ�GYLUJ�]�MOI^]�Á�\¹LSR�L5P=Ù�Ç�L�°�M;L8P;V�µ�MOGYL

yNOIKGYV�G£NOI
y
LZN;Poµ�GYL5J�]�MOI^]�Á�\¹LSR�LUP=Ù�Ç�L�°`M;L8P;V�µ�MOGYL

xNOIKGYV�G£L8MOM;L8µ�M
\2Ê �f��� ì � ê � �1�87 <e2412H>KDO/�2bDh`jJ�2A2hn=ph5�Æ �?~�·?ºÑ� |b~�~µ�?Á��a~��µÐQ�4���
���?�¸:G>=Dh5�Æ :K2H>9:=-Ms=5):
/�>q>KJ�7K18/"2bD�5):G>U¿}/�L=1;/as=5):G>P7�J�2b2A<H:=>YÃM5):=<eLq>�D8EGFH:=>ÄFH:=2Q`j/"2bD�5�Æ /"2Q/�56E}> :P`®Æ <e2�s=5ÛJ�7�t

9 ��v � ¤=¢��Ñ�1� ���1�0�0�!�
â�LÆN;ÙÃGÃPOÕYQ8POI¹N;L8µ�MxR�LAP.ÙÃÇ(LZNUØö;:Kû <AýÛù�üÖÚ�Ç�M;L8GYR�L8G2]�MO×�µ�ÂDL8GÃPxµ�GYLAÈ�V�GYX8POI¹V�G Ø�N;V�G�GYV�Â
L8P�N;V�G´Á�Ù�P;LZXZVÃR�LÚ0L8P:Ç�M;VÃR`µ�IKP�N;V�G´Ç�M;V�P;V�P=Ù�Ç�LsØ�NOIYL8\K\¹LoLZNOP0Á�I¹L8GßP=Ù�Ç�QZLÚ±°ÃX�ÒÖLZNOP»º.ãÞº=R`IKM;L
\¹LoP=Ù�Ç�Ll\¹LxÇ�\KµYN#×!Q8GYQ8Ma]�\1R�LoNaLZN#]�MO×�µ�ÂDL8G�P;N�L8P#N;V�G´P.ÙÃÇ(LoR�LxM;L8P;V�µ�MW·0â§V�M;N�R`µßXW]�\¹X8µ�\
R�LxXZLlR�L8MOG�I¹L8MW°ÃR�LZN:XZV�G�POMa]�IKGÃP;LZN�N;V�GÃP0×!Q8GYQ8M;QZLZN:NOµ�M0\¹LZNfP.ÙÃÇ(LZNfM;L8GYXZV�G�POM;QZNW·�S0GYNOµ�IKP;L�°
V�G L8G R�QZR`µ�IKPà\¹LZNàP=Ù�Ç�LZNs\¹LZNàÇ�\KµYNs×!Q8GYQ8Ma]�µ`ä(°0NOI�\¹LFN;Ù�NOP��8ÂDLFV�Á�P;L8G�µ"LZNOP�N;V�\Kµ�Á�\¹L�·
>�LZNHXZV�G�POMa]�IKG�P;LZN5N;V�GÃPHR�L5\^]sÈ
V�MOÂDL´ç
XZV�G�POMa]�IKG�P;LZN

≡ (variabledetype, type)
V�µ

(variabledetype, variabledetype)

R XaÕ�]�è�µYL�]ÞÔ»V�µ�PàR,Ò µ�GYLßGYV�µ�J!L8\K\¹LFXZV�G�POMa]�IKG�P;L�°:\^]�È
V�GYX8POI¹V�G ÷�ô�ô>= ö + � ÷`ì � ê � Ø�X±È»·
NaV�µYN»º=N;LZX8POI¹V�G�²`·Ó²!Ú�Ç(L8MOÂDL8PHR�LUM;QZR`µ�IKM;L[L8PAR�L5M;QZN;V�µYR`M;LU\¹L[NOÙ`NOP��8ÂDL�·
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R µ´R�Q8Ç�]�MOPW°!\¹LZN:]�MO×�µ�ÂDL8GÃP;N:V�G�P:\¹L�P.ÙÃÇ(L�\¹LlÇ�\KµYNf×!Q8GYQ8Ma]�\�Ç�V�N;N;IKÁ�\¹L$BÃX�ÒÖLZNOPfÇ�V�µ�M;èÃµYV�I�°
RY]�GYNÆ\�Ò IKÂ´Ç�\¹Q8ÂDL8GÃPa]�POI¹V�G§°�ãFX;Õ�]�èÃµYLD]�MO×�µ�ÂDL8G�P[LZNOPU]�N;N;V�X8I¹Qàµ�GYLàJ�]�MOI^]�Á�\¹L�R�LSP.ÙÃÇ(L
Ø7IKG�IKPOI^]�\KI¹N ]�POI¹V�G�R�L5\�ÒÖL8G�J�IKM;V�G�GYL8ÂDL8G�P Ú±·

â§L[XZV�MOÇYNoR,Ò µ�GYL5È
V�GYX8POI¹V�G�LZN;P[ç

�



−
B�V�IKPoµ�GYL[L±ä`Ç�M;LZN;NOI¹V�GÜèÃµ�I,Ç�L8µ�PHÛ8POM;Lßç

•
µ�GYLUJ�]�MOI^]�Á�\¹L

•
µ�G£XZV�GYNOPOMOµYX8P;L8µ�MÆ]WJ!LZX[N;LZNH]�MO×�µ�ÂDL8GÃP;NAQ8J!L8GÃPOµYL8\¹N

•
µ�GYL5È�V�GYX8POI¹V�G3]ZJ!LZX[N;LZNA]�MO×�µ�ÂDL8G�P;N

−
B�V�IKP�µ�GßåY\KPOMa]�×!LAXZV�GYNOPOIKPOµYQÆR,Ò µ�GYLAJ�]�MOI^]�Á�\¹L�°`R,Ò µ�G®ÂDV�POIæÈ�]�µYè�µYL8\�V�GFI¹R�L8GÃPOIæå�L
\^]�J�]�MOI^]�Á�\¹L�°xL8PßR�L£R�L8µ`ä XZV�MOÇYN�Ø7\¹L2Ç�M;L8Â´I¹L8M�NWÒÖL±ä`QZX8µ�P;L�NOIo\�Ò I¹R�L8GÃPOIæå�XW]�POI¹V�G
M;Q8µYN;NOIKPW°(\�ÒÓ]�µ�POM;L´L8G XW]�NUR,ÒÖQZXaÕYLZXÚ=B§\¹L�Ç�M;L8Â´I¹L8MUÁ�\¹V�XsNaL8Ma]®]�Ç�Ç(L8\¹Q�Á�\¹V�XàÇ(V�NOIæº
POIæÈDL8P£\¹LÐR�L8µ`ä`I)�8ÂDL Á�\¹V�X GYQ8×�]�POIæÈO·vT�]�M3\^]"NOµ�IKP;L�°SXZL�åY\KPOMa]�×!LÐNaL8Ma]"GYV�P;Q
é<÷`ìWí��

(v,m, body1, body2)
·

?AV�µYN0]�\K\¹V�GYN0NOµ�IKJ�M;L�XZL8POP;LlV�MO×�]�G�I¹Na]�POI¹V�G´Ç(V�µ�MfÂDV�G�POM;L8MW°ÃXW]�N�Ç�]�M0XW]�NW°�XZV�Â´ÂDL8GÃP
NaL£R�Q8M;V�µ�\¹L�\^] ×!Q8GYQ8Ma]�POI¹V�G R�L3XZV�G�POMa]�IKG�P;LZN2L8P�XZV�Â´ÂDL8G�P�\¹L£P=Ù�Ç�L3R�LÜM;L8P;V�µ�M2LZNOP
XW]�\¹X8µ�\¹Q�·�T�V�µ�PoR,ÒÓ]�Á(V�M;R,°`IK\(LZN;PxãàGYV�P;L8MxèÃµYLA\¹LÆP.ÙÃÇ(L5R�LAM;L8P;V�µ�MoR,Ò µ�GYLÆÈ
V�GYX8POI¹V�GÜLZNOP
\¹L5P.ÙÃÇ(L[R�LUN;V�GÜXZV�MOÇYN·
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Ç�\KµYNOI¹L8µ�M;NxÈ
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NOI

e
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e
LZNOPSXZL8\Kµ�I#R�L
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−
NOI

e = c(e1, . . . , en)
Ø�V�³
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LZN;P#µ�GFXZV�GYN;POMOµYX8P;L8µ�MlL8P�X;Õ�]�X8µ�G�R�LZN

ei

µ�GYL
L±ä�Ç�M;LZNaNOI¹V�G1ÚÆçfNOI(\¹LZNlP=Ù�Ç�LZNlIKG`È
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e
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NOI

e = f(e1, . . . , en)
Ø�V�³

f
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LZN;P�\¹LAP=Ù�Ç�LÆR�LAM;L8P;V�µ�MlR�L

f
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P=Ù�Ç�LZN�R�LZN�]�MO×�µ�ÂDL8GÃP;N
e1, . . . , en

N;V�G�P�XZV�Â´Ç�]�POIKÁ�\¹LZNl]WJ!LZXH\^]SNOIK×�G�]�POµ�M;L
R�L

f
·2T�V�µ�MsXZL8\^]`°0V�G�X;ÕYL8M;XaÕYL�\¹LDÇ�M;V�P;V�P=Ù�Ç(LFR�L

f
RY]�GYNà\^]2\KI¹NOP;L®R�LZN

NOIK×�G�]�POµ�M;LZN[Ç�M;QZXZQZR�L8Â´ÂDL8GÃP´XW]�\¹X8µ�\¹QZLZNW·®B�Ò IK\:G§Ò Ù�LZNOPUÇ�]�N°�V�GÐNOµ�Ç�Ç(V�N;L
è�µYL�\¹LÜÇ�M;V�P;V�P.ÙÃÇ(L�R�L

f
LZN;Pß\¹L�Ç�\KµYNF×!Q8GYQ8Ma]�\ÆÇ(V�N;NOIKÁ�\¹L�·+T:µ�I¹N®V�G�\¹L

M;LZXW]�\¹X8µ�\¹Là]ÞåYG£R�L5Ç�M;QZX8I¹NaL8MHN;LZNxP.ÙÃÇ(LZNW·

•
BÃI§\¹LUXZV�MOÇYNHR�L5\^]sÈ
V�GYX8POI¹V�G£LZNOPxµ�G�åY\KPOMa]�×!LFç
B�V�I¹L8G�P
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\^]�J�]�MOI^]�Á�\¹LSãsåY\KPOM;L8MW°

m
\¹L5ÂDV�POIæÈ:]�µYèÃµYL8\�V�GÜI¹R�L8GÃPOIæå�L
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body1

\¹L
Á�\¹VÃX�Ç(V�NOIKPOIæÈlL8P

body2

\¹L�Á�\¹VÃX�GYQ8×�]�POIæÈO·´â§LZN[XZV�GÃPOMa]�IKG�P;LZNàIKGYR`µ�IKP;LZN[R`IKM;LZX8P;L±º
ÂDL8G�PAÇ�]�Mx\¹LUÇ�MOIKGYX8IKÇ�LSR,ÒÖL±ä`QZX8µ�POI¹V�G3R,Ò µ�G�åY\KPOMa]�×!LSN;V�GÃPSç

−
\^]ÐJ�]�MOI^]�Á�\¹L

v
LZNOP2R�L3ÂDÛ8ÂDL3P=Ù�Ç�L�èÃµYL£\¹L3ÂDV�POIæÈ

m
Ø7Ç�µ�I¹N;èÃµ§ÒÖV�G \¹LZN

I¹R�L8G�POIæå�LÚ
−
\¹LZNUR�L8µ`ä�Á�\¹V�XZN

body1

L8P
body2

N;V�G�PUR�LsÂDÛ8ÂDL�P=Ù�Ç�L�·�S0G�L±Ý(L8PW°,NOI�\¹L
åY\KPOMa]�×!L[M;Q8µYN;N;IKPW°Y\¹LUP.ÙÃÇ(LSR�LUM;L8P;V�µ�MÆR�L[\^]sÈ
V�GYX8POI¹V�G�NaL8Ma]´Q8×�]�\�]�µÜP.ÙÃÇ(L
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R�L
body1

· Î ]�GYN5\¹L�XW]�NUXZV�GÃPOMa]�IKM;L�°,\¹LsP=Ù�Ç�L�R�LsM;L8P;V�µ�M[R�Ls\^]DÈ
V�GYX8POI¹V�G
N;L8Ma]5Q8×�]�\�]�µ´P=Ù�Ç(LxR�L

body2

·�[AM0\¹L�P=Ù�Ç(LxR�LlM;L8P;V�µ�M:Ç�V�µ�M0µ�GYL�È
V�GYX8POI¹V�G
R�V�G�GYQZLSLZNOPxµ�G�I¹èÃµYL�·

@HQZNOµ�ÂDV�GYNx\¹LZNHXZV�G�POMa]�IKG�P;LZN5V�Á�P;L8GÃµYLZNo\¹V�M;NHR�L5\�ÒÓ]�G�]�\KÙ`N;LDç
R G�]�\KÙ`N;LUR�L éë÷`ìWí,�

(v,m, body1, body2)

•
P=Ù�Ç�L[R�L4¿

=
P=Ù�Ç(LUR�L4-

•
P=Ù�Ç�L[R�LMs�J `�E ×

=
P=Ù�Ç(LUR�L_siJ `�E Ø

R G�]�\KÙ`N;LUR�LU\�ÒÖL±ä`Ç�M;LZN;NOI¹V�G
c(e1, ..., en)

°�V�³
c
LZNOPxµ�G£XZV�GYNOPOMOµYX8P;L8µ�M

•
B�V�I¹L8G�P

t1, . . . , tn
\¹LZNoP.ÙÃÇ(LZNHR�LZN5]�MO×�µ�ÂDL8G�P;N5R�L

c
Ø�RY]�GYNA\^]´R�QZX8\^]�Ma]�POI¹V�G�R�LZN

P=Ù�Ç�LZNHR`µÜÇ�M;V�×�Ma]�Â´ÂDLSN;V�µ�M;XZLÚ±· R \¹V�M;NxÇ(V�µ�MxP;V�µ�P
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°
ti =

P=Ù�Ç�LUR�L
ei

R G�]�\KÙ`N;LUR�LU\�ÒÖL±ä`Ç�M;LZN;NOI¹V�G
f(e1, ..., en)

°�V�³
f
LZNOPxµ�G£NOÙ�ÂSÁ(V�\¹LÆÈ�V�GYX8POI¹V�G�GYL8\

•
B�V�I¹L8G�P

t1, . . . , tn
\¹LZNHP.ÙÃÇ(LZNHR�LZNÆ]�MO×�µ�ÂDL8G�P;N5R�L

f
Ø�RY]�GYNo\^]D\KI¹NOP;L[R�LZNANOIK×�G�]Þº

POµ�M;LZN Ú±· R \¹V�M;NxÇ(V�µ�MxP;V�µ�P
i
°
ti =

P.ÙÃÇ(LUR�L
ei

[AG�V�Á�POI¹L8GÃP[R�V�GYX�µ�G�NOÙ�N;P��8ÂDLàR,ÒÖQZèÃµ�]�POI¹V�GYN[XZV�MOM;LZNOÇ(V�GYRY]�G�Pà]�µ`ä3XZV�G�POMa]�IKG�P;LZN
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P.ÙÃÇ(LZNW· R IKGYNOI�°�ãà\^][åYG2R�LÆ\^]àM;QZN;V�\Kµ�POI¹V�GÜR�L5XZL5NOÙ�N;P��8ÂDL�°�V�GÜ]�µ�Ma]�V�Á�P;L8GÃµ§°`Ç�V�µ�Ml\¹L
P.ÙÃÇ(L�R�L´X;Õ�]�èÃµYLD]�MO×�µ�ÂDL8G�PsL8PÆÇ(V�µ�MU\¹LsP=Ù�Ç�L´R�LsM;L8P;V�µ�MW°�\¹LàP.ÙÃÇ(L�\¹LsÇ�\KµYN5×!Q8GYQ8Ma]�\
Ç(V�N;NOIKÁ�\¹LHP;V�µ�P�L8G�Q8Pa]�G�Px]�N;N;LK¬AÇ�M;QZX8I¹N�Ç(V�µ�M#M;LZN;Ç�LZX8P;L8M�\�ÒÖL8GYN;L8ÂSÁ�\¹L5R�LZN�XZV�G�POMa]�IKG�P;LZN·
Tf]�MA]�IK\K\¹L8µ�M;NW°Y\¹LZNA]ÞÝ,LZX8Pa]�POI¹V�GYNHV�Á�P;L8G�µYLZNÆã�Ç�]�MOPOIKMHR�LZNoXZV�GÃPOMa]�IKG�P;LZN5N;V�GÃP[ç
T�V�µ�MHµ�G�åY\KPOMa]�×!L é<÷`ìWí��

(v,m, b1, b2)
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−
BÃI
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LZNOPoR�L5P=Ù�Ç(L[XZV�G�G�µÑØ»1O:8°YXZL5G§ÒÖLZN;PoÇ�]�Nxµ�GYLUJ�]�MOI^]�Á�\¹L[R�L5P=Ù�Ç(LÚx]�\¹V�M;N[ç

→
NOIf\¹LàP.ÙÃÇ(L´R�L

v
LZNOPUXZV�G�G�µÑL8P5èÃµYLs\¹LZN5P=Ù�Ç�LZNUR�L

v
L8P
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GYL´N;V�GÃPUÇ�]�N

\¹LZNxÂDÛ8ÂDLZNW°�]�\¹V�M;NH\¹L5Á�\¹VÃXULZN;PoÂß]�\,P=Ù�Ç�Q�·
→

NOI:\¹L´P.ÙÃÇ(L´R�L
v
LZNOP[µ�GYL´J�]�MOI^]�Á�\¹LßR�L´P.ÙÃÇ(Lß]�\¹V�M;NàV�G Ma]ÞÔ»V�µ�P;LD\^]2XZV�G`º

POMa]�IKG�P;L_D8EqFA:Y`?:U¿
←

D8EGFH:P`a:U-
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BÃI�\¹L5P.ÙÃÇ(L5R�L

m
LZN;P�µ�GYL5J�]�MOI^]�Á�\¹L5R�L5P=Ù�Ç�L�ç0N;V�I¹L8GÃP
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L8P

t2
\¹LZNlP.ÙÃÇ(LZNxR�L

vL8P
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L8PoNaV�IKP

t
\¹L5M;QZNOµ�\KPa]�PoR�L5\�Ò µ�G�Iæå�XW]�POI¹V�G£L8GÃPOM;L

t1
L8P

t2
·#BÃI

t1 = t
°�]�\¹V�M;NW°

V�GDMa]ÞÔOV�µ�P;Lx\^]UXZV�G�POMa]�IKGÃP;L
t2 ← t1

°!NOIKGYV�G�Ø
t2 = t

Ú�V�GßMa]ÞÔ»V�µ�P;Lx\^][XZV�G�POMa]�IKG�P;L
t1 ← t2

·
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BÃI�\¹LsP.ÙÃÇ(L�R�L

b1

L8P5\¹LSP.ÙÃÇ(L�R�L
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N;V�GÃP5R�L8µ`ä3P=Ù�Ç�LZNUXZV�G�GÃµYN[L8P5R`IæÝ(Q8M;L8GÃP;NW°
]�\¹V�M;No\^]àÈ
V�GYX8POI¹V�G£LZNOPxÂß]�\§P.ÙÃÇ(QZL�·
BÃIKGYV�G çHN;V�I¹L8GÃP

t1
L8P

t2
\¹LZNÆP=Ù�Ç�LZN5R�LZN5Á�\¹V�XZN

b1

L8P
b2

L8PUN;V�IKP
t
\¹LsM;QZNOµ�\KPa]�P

R�LU\�Ò µ�G�Iæå�XW]�POI¹V�G�L8GÃPOM;L
t1
L8P

t2
·

−
NOI

t1 = t
°Y]�\¹V�M;NW°�V�G£Ma]ÞÔ»V�µ�P;LU\^]�XZV�GÃPOMa]�IKG�P;L

t2 ← t1

−
NOI

t2 = t
°Y]�\¹V�M;NW°�V�G£Ma]ÞÔ»V�µ�P;LU\^]�XZV�GÃPOMa]�IKG�P;L

t1 ← t2
·

½ !



T�V�µ�MHµ�GYLUL±ä`Ç�M;LZN;NOI¹V�G
c(e1, e2, . . . , en)

ç
B�V�I¹L8G�P

τ1, . . . , τn

\¹LZN[P.ÙÃÇ(LZNUM;LZNOÇ(LZX8POIæÈ
N[R�L
e1, ..., en

°�L8PSN;V�I¹L8GÃP
t1, . . . , tn

\¹LZN
P.ÙÃÇ(LZN[R�LZNs]�MO×�µ�ÂDL8G�P;NsR�L
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XZV�GYNaQZè�µYL8GÃPW°HIK\¹N2N;V�GÃP®È�V�M;XZQ8ÂDL8GÃP2Ç�\KµYN�Ç�M;QZX8I¹N2è�µYL

τ1, . . . , τn

· â§LZN�Q8×�]�\KIKP;QZNÜN;L
POMa]�R`µ�I¹NaL8G�PHÇ�]�Màç

∀i, 1 ≤ i ≤ n, τi ← ti
·

T�V�µ�MHµ�GYLUL±ä`Ç�M;LZN;NOI¹V�G
f(e1, ..., en)

ç
B�V�I¹L8G�P

t1, . . . , tn
\¹LZN#P=Ù�Ç�LZN�R�LZN�]�MO×�µ�ÂDL8GÃP;N�R�LH\^]ÆÈ�V�GYX8POI¹V�G

f
Ø7M;QZX8µ�Ç�Q8M;QZN�RY]�GYN
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V�GYX8POI¹V�GYN Ú±·xB�V�I¹L8G�P
τ1, . . . , τn

\¹LZNxP.ÙÃÇ(LZNoM;LZN;Ç�LZX8POIæÈ
NoR�L
e1, ..., en

· R \¹V�M;N[ç
∀i, 1 ≤ i ≤ n

°

→
NOI

ti
L8P

τi

N;V�GÃPHXZV�G�G�µYNAL8PoR`IæÝ(Q8M;L8GÃP;NÆ]�\¹V�M;Nx\�ÒÖL±ä`Ç�M;LZN;NOI¹V�G�LZNOPxÂß]�\§P=Ù�Ç(QZL

→
NOIKGYV�GÐç0N;V�IKP

ui

\�Ò µ�G�Iæå�XW]�POI¹V�G�R�L
ti
L8P

τi

•
NOI

ti = ui

]�\¹V�M;NoV�GÜMa]ÞÔOV�µ�P;LU\^]�XZV�G�POMa]�IKGÃP;L
τi ← ti

•
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9 � 9 �B?�¢����.�0�!¤����<���d¢�x:¢Þ��C��%���ED¹�GFo��¥�������¤=���#¢
â�]ÜM;QZN;V�\Kµ�POI¹V�G R`µ NOÙ`NOP��8ÂDL®R,ÒÓ]ÞÝ(LZX8Pa]�POI¹V�G"N;LßÈ
]�IKP´ã�X;Õ�]�èÃµYL�]�MOMOIKJ!QZL�R,Ò µ�GYL®GYV�µ`º
J!L8\K\¹L�XZV�G�POMa]�IKGÃP;L�ã \�ÒÓ]�I¹R�L£R�L£\^]�È
V�GYX8POI¹V�G ÷�ô�ô>= ö + � ÷`ì � ê � · R X;Õ�]�èÃµYL�]ÞÔOV�µ�PW°
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V�GYX8POI¹V�G ìWóÞ÷ � Ë � ì ��1ö Ç�]�MWç
ìWóÞ÷ � Ë � ì ��1ö

(t, t′) (t1, t2) ls =

•
BÃI

t2 6= t
]�\¹V�M;NoMa]ÞÔOV�µ�P;L8M

(t1, t2)
ã

ls

•
BÃIKGYV�G£NOI

t′ 6= t1 alors rajouter(t1, t
′)
ã

ls

[AG�R�Q±åYG�IKPHQ8×�]�\¹L8ÂDL8G�PA\^]sÈ�V�GYX8POI¹V�G ÿ ó�ê ÿ ÷ Ç�]�MWç
ÿ ó�ê ÿ ÷

(t, t′) [(t1, t
′

1
); . . . ; (tn, t′

n)] =
res← []
Pour ide n

ã
1
È�]�IKM;L

transitive (t, t′) (ti, t
′

i) resåYGÜÇ�V�µ�M
M;L8P;V�µ�MOGYL8MHM;LZN
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(t, t′) ls =

•
BÃI

t = t′ alors retourner ls
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•
BÃIKGYV�G£NOI

∀(v, v′) ∈ ls, v 6= t′ alorsup← t′

NOIKGYV�G�N;V�IKP
up
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÷�ô�ô5= ö + � ÷`ì � ê �
(t, t′) ls =

•
BÃI

t = t′ alors retourner ls

•
BÃIKGYV�G£NOI

∀(v, v′) ∈ ls, v 6= t alors retourner
ÿ óÞê ÿ ÷

(t, t′) lsNOIKGYV�GÐN;V�IKP
t′′
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(t, t′′′)

up←
������ í!÷`ì � ê �

(t′, t′′)

ls1 ← apply I equation (t, up) ls

ls2 ← apply I equation (t′, up) ls1

ls← apply I equation (t′′, up) ls2M;L8P;V�µ�MOGYL8M
ls

J W j uvjoiLKàg;nsrNMUgOe�k�{àr0y;yar
â�LßÁ�µ�P�R�Lß\^]£Âß]�X;Õ�IKGYL®J�IKMOPOµYL8\K\¹L�Ø7GYV�P;QZLßÇ�]�M�\^]ÜN;µ�IKP;LM�5_�Ú[LZNOP�R�LFXW]�\¹X8µ�\¹L8M�\¹LZN
J�]�\¹L8µ�M;NoR�L[XaÕ�]�X8µ�GYLSR�LZNoL±ä`Ç�M;LZN;NOI¹V�GYNHR�V�G�GYQZLZNW·
S:\K\¹L�R`I¹NOÇ(V�N;LÜR�L�NOIæä IKGYNOPOMOµYX8POI¹V�GYN3çO���«jª}÷	�
�+���"û6ü ÿ��P�g«jü�üQ�Õþ,øj«}ÿ���e©Ôømú
�R�h°K©S�T�Oª�·
>�L8\^]�Ç(L8µ�P2Ç�]�Ma]VU¹POM;L�Ç(L8µ§°ÆJ!V�IKM;L�IKGYNOµXWßNa]�G�PW°UN;µ�MOP;V�µ�PÜXZV�Â´Ç�]�M;QÐ]�µ POM��ZN2×�Ma]�GYR
GYV�ÂàÁ�M;L2R,Ò IKGYNOPOMOµYX8POI¹V�GYNDèÃµYL®Ç�L8µ�J!L8GÃP�XZV�Â´Ç(V�MOP;L8MDXZL8MOPa]�IKGYLZN´Ç�\^]�P;L±º
È
V�MOÂDLZN�P;L8\K\¹LZN
èÃµYL:¸�]WJ�]sØ»½ ��¾HIKGYN;POMOµYX8POI¹V�GYN Ú±°�Âß]�I¹N�XZL8\^]HLZNOP§\^]�MO×!L8ÂDL8G�PfNOµXWßNa]�GÃP�Ç(V�µ�M�R�Q8J!L8\¹V�Ç�Ç(L8M
\¹LZNoÇ�MOIKGYX8IKÇ�LZNAR�L5J!Q8MOIæå�XW]�POI¹V�GYNAèÃµ�I,GYV�µYNoIKGÃP;Q8M;LZN;N;L8G�PW·

S0G L±Ý(L8PW°§Âß]�\K×�M;QDXZL8PS]�NOÇ(LZX8P[NOIKÂ´Ç�\KI¹NOP;L�°§L8\K\¹L�M;L8×�M;V�µ�Ç(L´\¹LZN5Ç�MOIKGYX8IKÇ�]�\¹LZNUÈ
V�GYX±º
POI¹V�GYN�èÃµYLo\�ÒÖV�G®Ç�L8µ�Pl]�POP;L8GYR`M;Làç�Á�Ma]�GYX;ÕYL8ÂDL8GÃPoXZV�GYR`IKPOI¹V�G�GYL8\�°�]�Ç�Ç�L8\(R�LxÈ
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\¹LlP.ÙÃÇ(LoR�LZN0\KI¹N;P;LZN�ã
n
Q8Pa]�P;NW°

n
Q8Pa]�GÃP#\¹LxGYV�ÂàÁ�M;LHR,Ò IKGYNOPOMOµYX8POI¹V�GYN�R`µßXZVÃR�LHL8GDXZV�µ�M;N

R�L5J!Q8MOIæå�XW]�POI¹V�G§·
[AG£NOµ�Ç�Ç(V�N;LUè�µYL´ç
• ≤ est un ordre partiel surΣ

·%¯.G�POµ�IKPOIKJ!L8ÂDL8G�PW°AR`IKM;L£èÃµYL
s1 ≤ s2

Ç(V�µ�M ù
Q8Pa]�P;N

s1 et s2

°�XZL8\^]´N;IK×�G�Iæå�L[è�µYL
s1

LZNOP�/�<	-0J�132H>�/�<?>q>=1�7�J,lmn=L�:=2bDHè�µYL
s2

·

½W²



•
Ë ��ÿ LZNOP�µ�GYLÑ\¹V�I´IKGÃP;L8MOGYL Á�IKG�]�IKM;L"NOµ�M

Σ
°sL8P Ë ��ÿ

(s1, s2)
LZN;P3\^]�Á(V�MOGYL

NOµ�Ç(Q8MOI¹L8µ�M;L[R�L
s1, s2

Ø�N;L8\¹V�GÜ\^]s\¹V�I
≤
Ú

• ∀s ∈ Σ, s ≤ >
Ø7P;V�µ�PHQ8Pa]�PHLZNOPxÇ�\KµYNAXZV�ÕYQ8M;L8G�PÆè�µYL5\�ÒÖQ8Pa]�PoIKGYXZV�GYN;I¹NOPa]�G�P Ú

•
¯=\xG§ÒÖL±ä`I¹NOP;LÜ]�µYX8µ�GYLÜNOµ�IKP;L�IKG`åYG�I¹L£NOPOMOI¹X8P;L8ÂDL8G�P®R�QZX8M;V�I¹N;Na]�G�P;L�R,ÒÖQ8Pa]�P;N

s1 >

s2 > . . . > sn > . . .
°HV�³

>
LZNOPß\^]ÑM;L8\^]�POI¹V�G R�Q±åYG�I¹L3Ç�]�MWç

∀(s1, s2) ∈
Σ2, (s1 > s2)⇐⇒ (s2 ≤ s1 ∧ s1 6= s2)

·�[AG®GYV�P;L8Ma]s]�µFÇ�]�N;N ]�×!LHèÃµYL
>
LZNOP

\^]�M;L8\^]�POI¹V�G�-0J�132H>�7�J,lmnKLi:=2QDÄo9<H:8·
¯.G�POM;V�R`µ�I¹N;V�GYNAè�µYL8\¹èÃµYLZNxGYV�Pa]�POI¹V�GYNWç
• boolean

LZNOP#\¹LHP=Ù�Ç�LAR�LZN:Á(VÃV�\¹QZL8GYNW°ÃGYLHXZV�GÃP;L8G�]�G�PxèÃµYLo\¹LZN�Q8\¹Q8ÂDL8G�P;N
true

L8P
false

·

• f list
LZNOPà\¹LßP.ÙÃÇ(LßR�LZNà\KI¹NOP;LZNsR,ÒÖL8G�POI¹L8M;NsG�]�POµ�M;L8\¹N�L8P

Σlist
XZL8\Kµ�IlR�LZNà\KI¹NOP;LZN

R,ÒÖQ8Pa]�P;NW·�S0G£Ç�]�MOPOI¹X8µ�\KI¹L8MW°Y\¹LUP.ÙÃÇ(L ÿ ó�ê ø óÞ÷ ÌÑÌ ö LZN;Pxµ�GYLUÇ�]�MOPOI¹L[R�L
Σlist

·

• g Pa]�G�PÆR�V�G�GYQUµ�GYLU\KI¹NOP;L ls
L8PHµ�G£Q8\¹Q8ÂDL8G�P

e
°
e :: ls

LZNOPx\^]�\KI¹NOP;LUV�Á�P;L8GÃµYLSL8G
IKGYN;Q8Ma]�G�P

e
]�µ£R�Q8Á�µ�PHR�L

ls
·

•
B�V�IKP

ls
µ�GYL5\KI¹NOP;LSã

m
Q8\¹Q8ÂDL8GÃP;NAL8P

k
µ�GÜL8GÃPOI¹L8MW·

−
BÃI

k ∈ {0, 1, ...,m − 1}, ls[k]
LZN;Px\¹L

(k + 1)
º�I)�8ÂDLàQ8\¹Q8ÂDL8G�PÆR�L

ls

−
BÃI

k ≥ m, ls[k]
LZNOPxµ�G2Ç�]�Ma]�Â0�8POM;Là]�MOÁ�IKPOMa]�IKM;L8ÂDL8GÃPHå�ä�Q�·

[AG�R�Q±åYG�IKPA]�\¹V�M;NWç
•
â§L ø ó�÷ ÿ � ö ô öih êYì R,Ò µ�G�Á�Ù�P;LZXZVÃR�L

bc
LZN;P�µ�G�×�Ma]�Ç�ÕYL5V�MOI¹L8G�P;Q

F
°`R�V�GÃPx\¹LZN

N;V�Â´ÂDL8P;NÆN;V�G�PA\¹LZNHGÃµ�ÂDQ8M;V�NÆR�LZNHIKGYNOPOMOµYX8POI¹V�GYN5R�L
bc
L8PHP;L8\�è�µYL�°�Ç�V�µ�MHP;V�µYN

N;V�Â´ÂDL8P;N
i et j

R�L
F, (i, j)

LZNOPfµ�G´]�M;XlR�L
F
NOI`L8P0N;L8µ�\¹L8ÂDL8G�P:N;IÃ\�Ò IKGYNOPOMOµYX8POI¹V�G

j
Ç(L8µ�PoÛ8POM;L[L±ä�QZX8µ�P;QZLlÔ¼µYN;P;L[]�Ç�M��ZNo\�Ò IKGYNOPOMOµYX8POI¹V�G

i
·

•
Ë � í�í!Ë ç f → f list

·�T�V�µ�M�µ�GFGYV�L8µYR
p
R`µß×�Ma]�Ç�ÕYLÆR�L�#�V�P�R`µßÁ�Ù�P;LZXZV�R�LAL8G

XZV�µ�M;NUR�LsJ!Q8MOIæå�XW]�POI¹V�G§° Ë � í!í!Ë
(p)

M;L8G�J!V�I¹LD\^]ß\KI¹N;P;LsR�LZN5GYV�L8µYR�NUNOµYXZXZLZN;NaL8µ�M;N
R�L

p
·

•
ËZì ö�ÿ ç f ∗ Σ → ( f ∗ Σ)list

·o¯.\�NWÒÓ]�×�IKP5R�L[\^]±I9J�2Q7 D818J�2 `?:jcÄJ"D
· ËZì ö�ÿ
(p, s)XW]�\¹X8µ�\¹Ls\^]´\KI¹NOP;LsR�L[P;V�µYNÆ\¹LZNÆXZV�µ�Ç�\¹LZN

(k, sk)
°�V�³

k
LZNOPAµ�G3NOµYXZXZLZNaN;L8µ�MAR�L

pL8P
sk

\�ÒÖQ8Pa]�PHV�Á�P;L8GÃµ�L8G£L±ä�QZX8µ�Pa]�G�Po\�Ò IKGYN;POMOµYX8POI¹V�G
p
ãsÇ�]�MOPOIKMHR�LU\�ÒÖQ8Pa]�P

s
·

•
í!ê�ó�ó ö í�ì ç�Ç�M;V�×�Ma]�Â´ÂDL

∗ f → boolean
· í�ê�ó�ó ö í�ì

(ss, p) = true
NOIÆL8P

N;L8µ�\¹L8ÂDL8G�PÆNOI,\¹L
p
º�I)�8ÂDL[Q8Pa]�PHR�L

ss
LZN;PoXZV�MOM;LZX8PW·

•
í!ê�ó�ó ö í�ì ÿ óÞê øg� Ç�M;V�×�Ma]�Â´ÂDL

→ boolean
·�EAGDÇ�M;V�×�Ma]�Â´ÂDLÆLZNOP#XZV�MOM;LZX8PlNOIYL8P

N;L8µ�\¹L8ÂDL8G�PÆNOI,P;V�µYNoN;LZNHQ8Pa]�P;NoN;V�G�PAXZV�ÕYQ8M;L8G�P;NÆL8PHXZV�MOM;LZX8P;NWç
í!ê�ó�ó ö í�ì ÿ óÞê ø

(ss)⇐⇒ ∀p, 1 ≤ p ≤ n, ss[p] 6= >∧
í!ê1óÞó ö í!ì

(ss, p)
·

•
[AG£Q8P;L8GYR2\^]�R�Q±åYG�IKPOI¹V�G�R�L[\^]sM;L8\^]�POI¹V�G

≤
NOµ�M

Σlist
ç

½8¾



− [] ≤ []

− ∀(s1, s2) ∈ Σ2,∀(l1, l2) ∈ (Σlist)2
°

(s1 ≤ s2 ∧ l1 ≤ l2)⇒ (s1 :: l1 ≤ s2 :: l2)
·

\2Ê �f��� ì � ê � ���¨y J"13D¸¼}{a·HÖ¸FQLiJ(��Li/�-4-M:
→

FQLiJ(��Li/�-4-0:=pf<e2h:ÄI9J�2Q79D81;J�2ht.¼}{?·N:G>KD
<e2�·X'a�"º�ÍU{}¹Q���?�g�êÐQ��¼T�A���,{}|eÐQ�N>G1Õ:9D$>9:=<e5¾:K-0:K2bDÕ>G1�FmJ�<eL.DOJ�<eD�FhLÔJ(�"LÔ/�-4-M:

ss
p

>=1Ä5Û/�¿,n=L=1 cd7�/"D81;J�2	FH/�L_¼�{?·�`a:C>q>M:G>=D$7�J�2H>=1Î>KDO/�2bD3pf/�5¾J�LG>4135�:iÊ�1>=D�:0<?2�FQLiJ(��Li/�-4-M:
7qJ�LGL�:i79D

ts
/�<PFQ56<a>Y/"<a>G>G1�7�J,lHn=Li:K2bDZoK<A:

ss
Ö

∀ss ∈
FQLiJ(��Li/�-4-0:=p

> 6∈ (
¼}{a·

ss) ⇐⇒ (∃ts ∈ programme, ss ≤ ts∧{,|Q�"� �}{?���k��� |	$
(ts)

t

d � u w+D¹�,��¦§����¤
�
l#�%���:�nmÑ¤.�=�#�(�.�
â#ÒÓ]�\K×!V�MOIKPOÕ�ÂDLUè�µ§ÒÖV�G®Ç�M;QZN;L8G�P;LAI¹X8I(L8P�èÃµ§ÒÖV�GFµ�POIK\KI¹NaLHÇ(V�µ�M#\¹LZN�J!Q8MOIæå�XW]�POI¹V�GYNxR�LoP.ÙÃÇ(L
L8P�R�L�È�V�MOÂDLoLZN;P#RXoßã � ·�ï5IK\¹RY]�\K\�°�L8P0IK\�LZNOP0Ç�M;V�µ�J!QAè�µYLxNOI�\^]AÈ�V�GYX8POI¹V�GßR�L�#�V�P ËZì ö�ÿ
LZN;PSÂDV�GYV�P;V�GYL�°#]�\¹V�M;NsIK\�NÒÓ]�×�IKPsR,Ò µ�G"]�G�]�\KÙ�NaL8µ�MsR�LM#�V�PW·£â�]£ÂDV�GYV�P;V�G�I¹L�NOIK×�G�Iæå�L
I¹X8I�è�µYL´NOI

s1

LZNOPUÇ�\KµYNàXZV�ÕYQ8M;L8G�PàèÃµYL
s2

°�]�\¹V�M;N ËZì öÃÿ Ø
s1

ÚÆLZNOP[Ç�\KµYNSXZV�ÕYQ8M;L8G�P�è�µYL
ËWì ö�ÿ Ø

s2

Ú±·0_�]�I¹No]ZJ�]�G�PHR�LUR�Q8Pa]�IK\K\¹L8MH\�ÒÓ]�\K×!V�MOIKPOÕ�ÂDL�°�R�Q±åYG�I¹N;N;V�GYNxèÃµYL8\¹èÃµYLZNxGYV�POI¹V�GYNWç
\2Ê �f��� ì � ê � �`ý Yqpá��¹�¼aº�½ÎºÑ�('NÐ>4��g~µ�Nº�~��}�i�"��{a�iº»|b~a[

�}��¹�¼j½3�eÖµFQLiJ(��Li/�-4-M:
∗ f → boolean

t
] 2h:$132H>KD8LG<H79D81;J�2PFN:G>=D�`"13D�:f>KDO/as=5):f>G1µ:KDá>9:K<?5):=-M:=2bDá>=1HFmJ�<eL±DOJ�<mDá>G<H7�7q:G>G>9:=<eL�o

`?:ZFbpd5):Y2QJ�<e¿,:=5�nKDO/"DZ/�>q>KJ�7K1;n0ÃÉ5iÆ 12A>=D8L=<m79D81;J�2�oM:G>KD�/�<�-0J�132H>ÄFQ56<?>P7�J,lmnKLi:=2QD¸oK<A:
5�Æ /�2Q7K1O:=2hÖ

�}��¹�¼j½3�
(ss, p)⇐⇒ ∀(q, s) ∈ step(p, ss[p]), s ≤ ss[q]

\2Ê �f��� ì � ê � ��¡ Yqpá��¹�¼aº�½ÎºÑ�('NÐ>4��g~n��� |r$b� ¹bÁ�Á��k[
�}��¹�¼j½3�k��� |	$QÖµFQLiJ(��Li/�-4-M:

→ boolean
t

] 2.FhLÔJ(�"LÔ/�-4-M:.:G>KDÄ>=DO/asK5¾:0>G1¸:KDZ>9:=<e5):=-M:=2bD�>=1Z7=le/j7K<e2h:Å`a:C>9:=>P132H>=D8L=<H79D818J"2H>
:=>=D�>=DO/as=5): Ö

�}��¹�¼j½3�k��� |	$
(ss)⇐⇒ ∀p, 1 ≤ p ≤ n

�}��¹�¼j½3�
(ss, p)

t

\2Ê �f��� ì � ê � �H
 Y»¹b~µ¹Q½s�A���a�®��Ðh�utP|Q�i�([
y J�18D¸`ÔI9/aÖ$FhLÔJ(�"LÔ/�-4-M:

→
FQLiJ(��Li/�-4-M: t�`ÔIK/N:G>KDZ<e2 ¹Q~�¹Q½s�b�,�?�g�äÐh�"t4|b�ÅÐQ�

Ðh|Q~á~v',�a�_>=1Z:9D�>9:K<?5):=-M:=2bDZ>G1�FmJ�<eLMDOJ�<mD�FQLiJ(��Li/�-4-M:
ss

pÄ5):G>xwN7�J�2Q`�18D81;J�2H>P>G<e1¿k3
/"2bD�:G>Õ>KJ�2QD�¿,n=L=1 cdn�:G> Ö

•
`ÔIK/

(ss)
:G>=D�<e20FQLiJ(��Li/�-4-M:Y>=DO/?s=5¾:

• ss ≤
`ÔI9/

(ss)
Ö	<e2*FQLÔJy��LÔ/"-P-M:	:=>=DU/�<ä-CJ"12H>_/"<a>G>G1$7qJ�2H>G1>=DO/"2bD±oK<H:É>KJ�2

1-0/k�?: t
• ∀ts ∈

FQLiJ(��Li/�-4-0:=p
(ss ≤ ts ∧

�}��¹�¼a½� �á� |	$
(ts)) ⇒

`iIK/
(ss) ≤ ts

Ö±FmJ�<eL
DOJ�<mDfFQLÔJy��LÔ/"-P-M:

ts
pC>G1

ts
:G>KDY>=DO/as=5): :9DY-0J�132H>*7qJ,lmn=L�:=2bDMo9<H:

ss
p_/�5ÛJ"Lq>

5iÆ /�2Q/"5�E,>9:ÄFm/�LP`ÔIK/É`a:
ss

:=>=D�Fh5�<?>Y7�J,lmnKLi:=2QDZoK<H:
ts

t

½W¿



¯=\�Ç�L8µ�P0]�\¹V�M;NfÛ8POM;L�R�Q8ÂDV�GÃPOM;Qxè�µYL�NOI�\¹LZN�È�V�GYX8POI¹V�GYN ËZìW÷ � î ö L8P í�ê�ó�ó ö í�ì J!Q8MOIæå�L8GÃP
\^]ßXZV�GYR`IKPOI¹V�G Ø�>xÚoX8Iæº=R�LZN;N;V�µYNW°�]�\¹V�M;Noµ�G�]�G�]�\KÙ�N;L8µ�MÆR�L±#�V�PÆLZNOPoµ�G£J!Q8MOIæå�XW]�P;L8µ�M5R�L
ÁÃÙÃP;LZXZV�R�L�· R IKGYN;I�°�N;I ËZìW÷ � î ö L8P í�ê�ó�ó ö í�ì J!Q8MOIæå�L8GÃPHØ�>xÚ§L8PfèÃµYL ËZì öÃÿ LZNOP�ÂDV�GYV�P;V�GYL�°
]�\¹V�M;No\�ÒÓ]�\K×!V�MOIKPOÕ�ÂDLàR�LUï5IK\¹RY]�\K\�NaL8Ma]�µ�G2J!Q8MOIæå�XW]�P;L8µ�MÆR�L5ÁÃÙÃP;LZXZV�R�L�·

Ø�>xÚSç
∀ss ∈

Ç�M;V�×�Ma]�Â´ÂDL�°
∀p, 1 ≤ p ≤ n, (> 6∈ ss ⇒

í!ê�ó�ó ö í�ì
(ss, p)) ⇐⇒ËWìW÷ � î ö

(ss, p)
·

Î ]�GYN�\�ÒÓ]�\K×!V�MOIKPOÕ�ÂDLxX8Iæº=R�LZN;N;V�µYN°
wl
LZNOP�\�ÒÖL8GYN;L8ÂàÁ�\¹LxR�LZN�IKGYN;POMOµYX8POI¹V�GYN0R�V�G�Pf\¹LZNfQ8Pa]�P;N

]�NaN;VÃX8I¹QZN�V�G�PlX;Õ�]�G�×!QUã[\^]SR�L8MOG�I)�8M;LÆIKP;Q8Ma]�POI¹V�G§·�[AG®NOµ�Ç�Ç�V�NaLAèÃµ§ÒÖV�G®]Sµ�GYLoÈ
V�GYX8POI¹V�G
ó ö�ÿ î7÷�í ö èÃµ�I,Ç�M;L8GYRÜL8GÜÇ�]�Ma]�Â0�8POM;L[µ�GYLU\KI¹NOP;L

ls
ã

m
Q8\¹Q8ÂDL8G�P;NW°�µ�GÜL8G�POI¹L8M

k ≤ mL8P�µ�GFQ8\¹Q8ÂDL8GÃP
elt

L8P�èÃµ�IYM;L8GÃJ!V�I¹LA\^][\KI¹NOP;LHV�Á�P;L8GÃµYLÆã[Ç�]�MOPOIKM�R�L
ls
°�L8GFM;L8Â´Ç�\^]	zW]�G�P

NaV�G
k
º�I)�8ÂDLSQ8\¹Q8ÂDL8G�PHÇ�]�M

elt
·

� î ø ê1ó � ì�� Ì ö��Ü� î7ô�÷Yî7î

•
S0G�POM;QZLZNWç

−
µ�GÜÇ�M;V�×�Ma]�Â´ÂDL

ss
°�I�·ÖLUµ�GYLU\KI¹N;P;LUR�L

n
Q8Pa]�P;N

−
µ�G£XZVÃR�L

bcode
R�L

n
IKGYN;POMOµYX8POI¹V�GYN

−
µ�GYLUM;L8\^]�POI¹V�G

≤
NOµ�M

Σ

−
µ�GYLU\¹V�I

sup
NOµ�M

Σ

−
µ�GYL5È�V�GYX8POI¹V�G�R�LÕ#�V�P

step

•
B�V�MOPOI¹L�ç:µ�G2Ç�M;V�×�Ma]�Â´ÂDL

reslt

•
BÃÇ�QZX8Iæå�XW]�POI¹V�GYNWç

reslt
LZN;PAV�Á�P;L8G�µ ãDÇ�]�MOPOIKMÆR�L

ss
L8G£M;L8Â´Ç�\^]	zW]�GÃPU\¹LZNHQ8Pa]�P;N

]�N;N;V�X8I¹QZN2]�µ`ä�IKGYNOPOMOµYX8POI¹V�GYN�IKGYNOPa]�Á�\¹LZN2R�L
bcode

Ç�]�M�\¹LZN®Q8Pa]�P;N2XW]�\¹X8µ�\¹QZNÜã
Ç�]�MOPOIKMHR�LU\¹L8µ�M;NxÇ�M;QZR�LZXZLZNaN;L8µ�M;NW·

•
_�Q8POÕYV�R�L�ç
{�{ ½�·0¯.G�IKPOI^]�\KI¹Na]�POI¹V�G
wl ← ∅

reslt← ss{�{ � Q8GYQ8Ma]�POI¹V�G£R�L[\^]}|�V�MOá�\KI¹NOP
T�V�µ�MÆX;Õ�]�èÃµYLUG�µ�ÂDQ8M;VFR,Ò IKGYNOPOMOµYX8POI¹V�G

p
RY]�GYN

bcode
È
]�IKM;L

BÃI
p
G§ÒÖLZNOPoÇ�]�NHNOPa]�Á�\¹L[]�\¹V�M;N

wl ← wl ∪ {p}åYGÜÇ(V�µ�M
T�]�GÃPAèÃµYL

wl 6= ∅
È�]�IKM;L

Sfä`POMa]�IKM;LUµ�GÜGÃµ�ÂDQ8M;VßR,Ò IKGYNOPOMOµYX8POI¹V�G
p
R�L

wl{�{ ù ·:T0M;V�Ç�]�×�]�POI¹V�G
sucp← step(ss, p)

{�{ XW]�\¹X8µ�\¹L8MH\¹LZNoN;µYXZXZLZN;N;L8µ�M;NoR�L
pT�V�µ�MHX;Õ�]�èÃµYLSXZV�µ�Ç�\¹L

(q, s)
R�L

sucp
È�]�IKM;L

½Wü



up← sup(ss[q], s)BÃI
up 6= ss[q]

]�\¹V�M;N {�{
q
G§ÒÖLZNOPoR�V�GYX[Ç�]�NoL8GYXZV�M;LSNOPa]�Á�\¹L

wl ← wl ∪ {q}

reslt← replace(reslt, q, up)åYG2Ç(V�µ�M
åYGÜPa]�G�PAè�µYL
M;L8P;V�µ�MOGYL8M

reslt

¶�V�GYX8POI¹V�G�GYL8ÂDL8G�PfR�L0\�ÒÓ]�\K×!V�MOIKPOÕ�ÂDLHç
wl
LZN;P,\�ÒÖL8GYN;L8ÂSÁ�\¹L�R�LZN,G�µ�ÂDQ8M;V�N�R,Ò IKGYNOPOMOµYX8POI¹V�GYN

GYV�GÑL8GYXZV�M;LßNOPa]�Á�\¹LZNW·ßâ:Ò I¹R�QZLßLZNOPàR�L�Ç�]�MOPOIKMàR,Ò µ�G GYV�L8µYR�IKGYNOPa]�Á�\¹LFL8P[R�LDXW]�\¹X8µ�\¹L8M
NaLZNoNOµYXZXZLZN;N;L8µ�M;N·#B�Ò IK\§ÙFL8G�]sÇ�]�MOÂ´I�XZL8µ`äÃº=X8I�R�V�GÃPH\¹LZNoQ8Pa]�P;NA]�N;N;V�X8I¹QZNoV�G�PHXaÕ�]�G�×!Q�°
X�ÒÖLZN;P�èÃµ§Ò IK\¹N#GYLAN;V�G�P�Ç�]�N�L8GYXZV�M;LÆNOPa]�Á�\¹LZN#L8PlR�V�IKJ!L8G�PlR�V�GYXHÛ8POM;LAMa]ÞÔOV�µ�P;QZN�ã[\^]~|�V�MOá
\KI¹N;PW·£â§LFÇ�M;VÃXZQZR�Q�LZNOPàIKP;Q8M;Q[Ô»µYN;èÃµ§ÒÓã£XZLFè�µYLFP;V�µ�P;LZNs\¹LZNsIKGYNOPOMOµYX8POI¹V�GYN�N;V�I¹L8G�P´NOPa]Þº
Á�\¹LZN· R IKGYNOI�°(ãF\^]´åYG�R�Ls\�ÒÓ]�\K×!V�MOIKPOÂDL!Ø7IK\:LZNOPÆR�Q8ÂDV�GÃPOM;Q´è�µ§Ò IK\�P;L8MOÂ´IKGYLÚ±°(P;V�µ�P;LZN5\¹LZN
IKGYN;POMOµYX8POI¹V�GYNHR�L

bcode
N;V�GÃPHNOPa]�Á�\¹LZNW·

� � ôYô�y;g;i�jlk1g;mHnàñvpsrÏy ��jHy�Xomxe(g»kaK�uvr pàr�btg;y;psjoy;y�_�Mocfe�gOh+�
i�jxk1g;monsñ psr'k�^ÕôFrzr�k+pàr��Zmxe,uvr

[AGàJÃI¹L8GÃP�R�L#J!V�IKM�µ�G´]�\K×!V�MOIKPOÕ�ÂDL#×!Q8GYQ8MOI¹èÃµYL�Ç�L8MOÂDL8POPa]�GÃPfR�L¸¿,n=L=1 cÄ:=LoR`µàÁÃÙÃP;LZXZV�R�L�·
>�V�Â´ÂDL5ÂDL8GÃPOI¹V�G�GYQà]�µ£¿`°�\^]sGYV�POI¹V�GÜR�L07�J�L=L�:i79D81;J�2�R`µÜXZVÃR�L5R�Q8Ç(L8GYR2R`µ2P=Ù�Ç�L5R�L
J!Q8MOIæå�XW]�POI¹V�G<è�µ§ÒÖV�G L±Ý,LZX8POµYL�· â�LZNÜR�L8µ`ä�P.ÙÃÇ(LZN2R�L�J!Q8MOIæå�XW]�POI¹V�GYN£XZV�GYNOI¹N;P;L8G�PÜL8G
µ�GYLàL±ä`QZX8µ�POI¹V�G�NOÙ�ÂSÁ(V�\KI¹è�µYLàR�LS\^]DÂß]�X;Õ�IKGYLàJÃIKMOPOµYL8\K\¹LsR�Q±åYG�I¹LsL8G£¾Y°1\¹LZNANOÙ�ÂSÁ(V�\¹LZN
Âß]�G�IKÇ�µ�\¹QZN®Q8Pa]�G�P®R�LZN´P=Ù�Ç(LZNDÇ(V�µ�MD\^]�J!Q8MOIæå�XW]�POI¹V�G�N;Pa]�POI¹è�µYLÜL8PFR�LZNßL±ä`Ç�M;LZN;NOI¹V�GYN
Ç(V�µ�Mo\^]sÈ
V�MOÂDL�· R Ç�M��ZNA]WJ!V�IKMAR�Q±åYG�I,È
V�MOÂDL8\K\¹L8ÂDL8G�PÆ\^]�GYV�POI¹V�G�R,ÒÖQ8Pa]�PW°�V�G£R�V�G�GYL8Ma]
Ç(V�µ�MHXaÕ�]�X8µ�GYLsR�LZNAR�L8µ`ä(°�\^]�È
V�GYX8POI¹V�G�R�LÕ#�V�P ËZì ö�ÿ Ç(L8MOÂDL8POPa]�G�P5R�L[Ç�M;V�Ç�]�×!L8MÆ\¹LZN
Q8Pa]�P;NHRY]�GYNo\¹L5Ç�M;V�×�Ma]�Â´ÂDL�·

EHG£Q8Pa]�PALZNOPHN;V�IKPo\�ÒÎn9DO/"D�7=le/jJ,>�Ø
⊥
Ú±°1N;V�IKPo\�ÒÎnKDO/"D�132Q7�J,lmnKLi:=2QD8Ø

>
Ú±°1N;V�IKPoL8G`åYG�µ�GYL

\KI¹N;P;LUR�L[NOÙ�ÂSÁ(V�\¹LZNW·�[AG�]�R�V�GYXDç
Σ = {⊥,>} ∪ S

°�V�³
S
LZNOPHã�Ç�M;QZX8I¹N;L8MHRY]�GYNHX;Õ�]�èÃµYL[P=Ù�Ç(L5R�L[J!Q8MOIæå�XW]�POI¹V�G§·

[AG£R�Q±åYG�IKPA]�\¹V�M;Nx\^]�M;L8\^]�POI¹V�G
≤
Ç�]�MWç

• ∀s ∈ Σ,⊥ ≤ s

• ∀s ∈ Σ, s ≤ >

• ∀s1, s2 ∈ Σ \ {⊥,>}, s1 ≤ s2 ⇐⇒ s1 = s2

T0µ�I¹No\^]s\¹V�I�Ø�XZV�Â´Âàµ�Pa]�POIKJ!LÚ
sup

Ç�]�MWç

• ∀s ∈ Σ, sup(s,⊥) = s

• ∀s ∈ Σ, sup(s,>) = >

½ -



• ∀s1, s2 ∈ Σ \ {⊥,>}, sup(s1, s2) = s1 si s1 = s2 sinon sup(s1, s2) = >
S0P�L8G`åYG§°Ã\^]5È
V�GYX8POI¹V�G

succs
R�V�G�G�]�GÃP�\^][\KI¹NOP;LHR�LZN�NOµYXZXZLZN;N;L8µ�M;N�R,Ò µ�GYLHIKGYNOPOMOµYX±º

POI¹V�G�Ø
n
LZN;Px\^]s\¹V�G�×�µYL8µ�MAR`µ2Á�Ù�P;LZXZV�R�LSL8GÜXZV�µ�M;NHR,ÒÓ]�G�]�\KÙ`N;LSÚ±ç
¯.GYNOPOMOµYX8POI¹V�G

p succs(p)�h°K©S�
��ª
[p]e©Ôømú
[]���«aª�÷	�

c j
NOI

p + 1 < n et j < n alors[p + 1; j]
NOIKGYV�G

[p; p]þ�øj«�ÿ
j

NOI
p + 1 < n alors[p + 1]

N;IKGYV�G
[p]���"û6ü ÿ

c m
NOI

p + 1 < n alors[p + 1]
N;IKGYV�G

[p]�g«jü�ü
g m

NOI
p + 1 < n alors[p + 1]

N;IKGYV�G
[p]

T�]�M£]�IK\K\¹L8µ�M;NW°HÇ�V�µ�M2R�L8µ`ä%\KI¹NOP;LZN
l1 = [a1, . . . , an]

L8P
l2 = [b1, . . . , bn]

R�L
ÂDÛ8ÂDL�Pa]�IK\K\¹L�°ÆV�G R�Q±åYG�IKP í!ê Ì*�f����ö Ø

l1, l2
ÚFXZV�Â´ÂDL�Q8Pa]�G�P2\^]Ñ\KI¹NOP;L�R�L�XZV�µ�Ç�\¹LZN*

(a1, b1), . . . , (an, bn)
,=·

� ��v ��?���¤��l¥`�1�!¤=���<�#�Ð��xfªx�
â�] J!Q8MOIæå�XW]�POI¹V�G R�L�P=Ù�Ç�L�Ç(L8MOÂDL8P®R,ÒÓ]�N;N;µ�M;L8MF\^]ÑXZV�ÕYQ8M;L8GYXZL�R�LZNFP.ÙÃÇ(LZN�L8G�POM;L3\¹LZN
N;IK×�G�]�POµ�M;LZNs]�XZXZV�Â´Ç�]�×�G�]�GÃP´\¹LDÁ�Ù�P;LZXZV�R�LFL8Pà\¹LZNSJ�]�\¹L8µ�M;NSM;QZL8\K\¹L8ÂDL8GÃP�Âß]�G�IKÇ�µ�\¹QZLZNW·
Î L0Ç�\KµYN°IK\ÃÇ�L8MOÂDL8P�R�L:R�Q8P;LZX8P;L8M�\¹LZN�R�Q8Á�V�M;R�L8ÂDL8GÃP;N�ÂDQ8ÂDV�IKM;L#R`µYN�ãHR�LZN�V�Ç(Q8Ma]�POI¹V�GYN
IK\K\¹Q8×�]�\¹LZNsØ7Á�Ma]�GYX;ÕYL8ÂDL8GÃPUãsµ�GYLà]�R`M;LZN;N;LUIKGYL±ä`I¹NOPa]�G�P;L�°�X;Õ�]�MO×!L8ÂDL8G�PUR,Ò µ�GYLUJ�]�MOI^]�Á�\¹L
ãsµ�GYLà]�R`M;LZN;N;L5IKGYXZV�G�G�µYL�°�·K·K· Ú
�f� öÃÌÐÿ î ö3ý >�V�GYNOI¹R�Q8M;V�GYNx\¹LUXW]�NxR�L5\^]àÈ
V�GYX8POI¹V�G

succ
NOµ�IKJ�]�G�P;LDØ7\¹LZNoP=Ù�Ç�LZN �?�m���

L8P �"�a  N;V�G�PHR�Q±åYG�I¹NAL8G ù ·K½Ú±ç
K§¢ì,Þbß?ß��É���m���eÝ��"�à�	���aÞ"åb���a��Þ?� �"�a�Q£��	��âà���8�H���a H�m£"�êâeðQñ�§e¯
¤?���¨ì}ÞQßaß Ôâh¯ � �ÈÔâh¯Ú�a�

B�V�IKPH\¹L5Á�Ù�P;L[XZVÃR�L[]�NaN;VÃX8I¹QDØ�V�Á�P;L8GÃµ3]�Ç�M��ZNAXZV�Â´Ç�IK\^]�POI¹V�G�R�LU\^]àÈ
V�GYX8POI¹V�G1Ú5ç
� �a�"Ý�îµ�� Þb£�¤jÝ q�áã9ñj¯g�� ���aÞ��a���

B`]�GYNà\^]2J!Q8MOIæå�XW]�POI¹V�G"R�LßP=Ù�Ç�L�°�\¹LDM;QZNOµ�\KPa]�P�R�LD\�ÒÖQ8J�]�\Kµ�]�POI¹V�G R�L
succ(Nil)

N;L8Ma]�IKP
S(Nil)

°ÞX�ÒÖLZNOP»º.ãÞº=R`IKM;L
Nil+1

°�XZL:èÃµ�I!LZNOP§Q8JÃI¹R�L8Â´ÂDL8GÃP�IKGYXZV�MOM;LZX8P�N;Q8Âß]�G�POI¹èÃµYL8ÂDL8G�PW·
T�V�µ�MxXZLHP.ÙÃÇ(LHR�LAJ!Q8MOIæå�XW]�POI¹V�G§°`\¹LZN�NOÙÃÂàÁ�V�\¹LZN�Âß]�G�IKÇ�µ�\¹QZNlN;V�GÃP�R�LZN�\KI¹NOP;LZN�R�LHP.ÙÃÇ(LZNW·
B�V�I¹L8GÃP

s
\�ÒÖQ8Pa]�P2XZV�µ�Ma]�G�P£L8P

p
\�Ò IKGYNOPOMOµYX8POI¹V�G+ãÑL±ä`QZX8µ�P;L8MW· â�]ÐÈ�V�GYX8POI¹V�G R�L�#�V�P

]�NaN;VÃX8I¹QZL[ãs\^]´J!Q8MOIæå�XW]�POI¹V�G�R�L5P=Ù�Ç(L[LZNOPoR�Q±åYG�I¹LUÇ�]�MSç
ËZì ö�ÿ��

p, s � ) combine(succsp, fstep(p, s))
°
fstep

Q8Pa]�GÃP:R�Q±åYG�I¹LlX8Iæº=R�LZN;N;V�µYN
NaL8\¹V�G2\�Ò IKGYNOPOMOµYX8POI¹V�G3ã´L±ä�QZX8µ�P;L8MW·
½�·R���«aª�÷	�

c j
ç

fstep(p, s) =

½ �



•
NOI

s = ⊥ alors [⊥;⊥]

•
NOI

s = > alors [>;>]

•
NOI

s ∈ S alors� NOI
s
LZN;PoR�LU\^]àÈ�V�MOÂDL

l@[rt]
]�\¹V�M;N

N;V�IKP
(t1, . . . , tn)→ t

\^]�NOIK×�G�]�POµ�M;L[R�L
cNOI

rt = t
]�\¹V�M;N

[l@[t1, . . . , tn]; s]NOIKGYV�G
[>;>]� NOIKGYV�G
[>;>]

ù ·R���"û�ü ÿ
c n

ç
fstep(p, s) =

•
NOI

s = ⊥ alors [⊥]

•
NOI

s = > alors [>]

•
NOI

s ∈ S alors� NOI
s
LZN;PoR�LU\^]àÈ�V�MOÂDL

l@[ts1, ..., tsn]
]�\¹V�M;N

N;V�IKP
(t1, . . . , tn)→ t

\^]�NOIK×�G�]�POµ�M;L[R�L
cNOI

∀i, 1 ≤ i ≤ n, compatibles(ti, tsn) alors [l@[t]]NOIKGYV�G
[>]� NOIKGYV�G
[>]

²`·��Ú«aüÒü
g n

ç
fstep(p, s) =

•
NOI

s = ⊥ alors [⊥]

•
NOI

s = > alors [>]

•
NOI

s ∈ S alors� NOI
s
LZN;PoR�LU\^]àÈ�V�MOÂDL

l@[ts1, ..., tsn]
]�\¹V�M;N

N;V�IKP
s = (t1, . . . , tn)→ t

°�\^]�N;IK×�G�]�POµ�M;L[R�L
f

rt← Compatibility s [ts1, ..., tsn]NWÒ IK\,Ù2]´L8MOM;L8µ�MA]�\¹V�M;N
[>]NOIKGYV�G

[l@rt]� NOIKGYV�G
[>]

¾Y·Uþ�øj«�ÿ
j
ç

fstep(p, s) =

•
NOI

s = ⊥ alors [⊥]

•
NOI

s = > alors [>]

•
NOI

s ∈ S alorsNOI
s
LZN;PoR�LU\^]àÈ�V�MOÂDL

[ts1, ..., tsn]
]�\¹V�M;N

[ts1, ..., tsn, tsj]NOIKGYV�G
[>]
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¿`·Ee©»ømú®ç
fstep(p, s) = []

ü`·R�Q°K©��
�Oª®ç
fstep(p, s) =

•
NOI

s = ⊥ alors [⊥]

•
NOI

s = > alors [>]

•
NOI

s ∈ S alors� NOI
s
LZN;PoR�LU\^]àÈ�V�MOÂDL

l@[rt]
]�\¹V�M;N

N;V�IKP
s = (t1, . . . , tn)→ t

\^]´N;IK×�G�]�POµ�M;L[R�L
fNOI

rt = t
]�\¹V�M;N

l@[rt]NOIKGYV�G
[>]� NOIKGYV�G
[>]

[AG�Ç(L8µ�PHIKGÃPOM;VÃR`µ�IKM;LsÂß]�IKG�P;L8G�]�GÃPW°,\^]´GYV�POI¹V�G�R�LsXZV�MOM;LZX8POI¹V�G�R,Ò µ�GYLSÈ
V�GYX8POI¹V�G�ç
µ�GYLHIKGYNOPOMOµYX8POI¹V�G

p
LZNOPf{,|b�"� �,{?���sÇ�]�M#Ma]�Ç�Ç(V�MOPlã5\�ÒÖQ8Pa]�P�XZV�µ�Ma]�G�P

σ
NOI1L8P�N;L8µ�\¹L8ÂDL8GÃP

N;I
(σ 6= >) et(> 6∈ fstep(p, σ))B�V�IKP

f
\^]�È
V�GYX8POI¹V�GsL8GàXZV�µ�M;N�R,ÒÓ]�G�]�\KÙ`N;L�·�â§L:Ç�M;V�×�Ma]�Â´ÂDL5Ø7\KI¹NOP;L#R,ÒÖQ8Pa]�P;N±Ú§]�N;N;V�X8I¹Q

ã
f
LZNOP í!ê1óÞó ö í�ì NOI#L8PsN;L8µ�\¹L8ÂDL8G�P�NOI:P;V�µ�P;LZNsN;LZN[IKGYN;POMOµYX8POI¹V�GYNàN;V�GÃPàXZV�MOM;LZX8P;LZNsL8P

èÃµYL�N;V�G�Ç�M;L8Â´I¹L8M[Q8Pa]�P[LZNOPUR�Ls\^]DÈ
V�MOÂDL
[t1, . . . , tn]

V�³
n
LZNOP5\�ÒÓ]�MOIKP;Q´R�L

f
°(XZL8POP;L

R�L8MOG�I)�8M;L[Ç�M;L8G�]�G�PAR�LZNHÇ�]�Ma]�Â0�8POM;LZNHR�LUP.ÙÃÇ(LZN
t1, . . . , tn

·
� � u ��?���¤��l¥`�1�!¤=���<�#�ä´»�§�Ã���
>�V�Â´ÂDLÑ]�G�GYV�GYXZQÑ]�µ R�Q8Á�µ�P£R`µ Ç�]�Ma]�×�Ma]�Ç�ÕYL�ü`°Æ\^] J!Q8MOIæå�XW]�POI¹V�G<R�L3È
V�MOÂDL LZNOP
]Þä�QZLSN;µ�MH\^]�È
V�MOÂDLsR�LZNAL±ä`Ç�M;LZN;NOI¹V�GYNAÂß]�G�IKÇ�µ�\¹QZLZNØ�L8P5GYV�G£Ç�]�NÆNOµ�MH\¹LZNAP=Ù�Ç(LZN Ú±·f[AG
N;µ�Ç�Ç�V�N;LUR�V�GYXSè�µ§Ò µ�GYLSJ!Q8MOIæå�XW]�POI¹V�G�R�LUP.ÙÃÇ(L[]´R�L¼Ô;]´Q8P;Q5È�]�IKP;LUNOµ�Mo\¹LUÁÃÙÃP;LZXZV�R�L�°YL8P
èÃµYL5P;V�µ�P;LZNo\¹LZNxÈ�V�GYX8POI¹V�GYNAR�Q±åYG�I¹LZNHN;V�GÃPoÁ�I¹L8G2P=Ù�Ç�QZLZN·

¯=\fNWÒÓ]�×�IKPUR�V�GYX�R�LàR�Q±åYG�IKMU\¹LZN5Q8Pa]�P;NÆÂß]�G�IKÇ�µ�\¹QZNS]�IKGYNOIfè�µYLs\^]DÈ�V�GYX8POI¹V�G�R�LY#�V�P
XZV�MOM;LZN;Ç�V�GYRY]�GÃPW·
� Í � Í � õ:ö ËßÊ!ìW÷`ìWË
T�V�µ�Ms\^]2J!Q8MOIæå�XW]�POI¹V�G"R�L´È
V�MOÂDL�°�\¹LZNàNOÙ�ÂSÁ(V�\¹LZNàÂß]�G�IKÇ�µ�\¹QZNàN;V�GÃPsR�LZNsL±ä`Ç�M;LZN;NOI¹V�GYN
Ø
]�µ N;L8GYN�R�L�\^]ÐR�Q±åYG�IKPOI¹V�G ù · ù ·K½Ú±·zT�V�µ�P;L±È
V�I¹NW°ÆV�G ]�NaN;VÃX8I¹L3ãÐXaÕ�]�è�µYL�Q8Pa]�P®µ�GYL
N;µ�ÁYNOPOIKPOµ�POI¹V�G§°�X�ÒÖLZNOP5ã´R`IKM;L[µ�GYL[\KI¹NOP;LSR�L[XZV�µ�Ç�\¹LZN�Ø

v, e
Ú±°�V�³

v
LZNOPoµ�GYL[J�]�MOI^]�Á�\¹LàL8P

e
µ�GYL�L±ä`Ç�M;LZN;NOI¹V�G§·à>�LZN5NOµ�ÁYN;POIKPOµ�POI¹V�GYN[N;V�G�P5µ�POIK\¹LZN5Ç(V�µ�M5ÂDL8GYL8MU\¹LZNAJ!Q8MOIæå�XW]�POI¹V�GYN

R�LsPa]�IK\K\¹L´L8P[R�LsP;L8MOÂ´IKG�]�I¹N;V�G§·4S0G�GYV�Pa]�GÃP
S
\�ÒÖL8GYNaL8ÂSÁ�\¹LDR�LZNUNOµ�ÁYN;POIKPOµ�POI¹V�GYN[L8P±S

XZL8\Kµ�I�R�LZNoL±ä�Ç�M;LZNaNOI¹V�GYNW°�V�G�]sI¹X8I#ç
Σ = {⊥,>} ∪ ((E list) ∗S)

� Í � Í � õ ÷ � ê � í�ì � ê � ô ö�h ê�ì
â�]2È
V�GYX8POI¹V�G�R�L0#�V�PàÇ(L8MOÂDL8PàR�LFÇ�M;V�Ç�]�×!L8Ms\¹LZNsQ8Pa]�P;NsR�LZNàIKGYNOPOMOµYX8POI¹V�GYNsIKGYNOPa]�Á�\¹LZN
J!L8M;N�\¹L8µ�M;NfNOµYXZXZLZN;NaL8µ�M;N�RY]�GYNf\¹L�×�Ma]�Ç�ÕYLlR�L�#�V�PW·�[AG�Ma]�Ç�Ç(L8\K\¹L�Q8×�]�\¹L8ÂDL8GÃP:è�µYL�XZL8POP;L

ù"!



È
V�GYX8POI¹V�GÐLZNOPSµ�GYLDL±ä`QZX8µ�POI¹V�G�NOÙ�ÂSÁ(V�\KI¹è�µYLDR�LD\^]�Âß]�X;Õ�IKGYLFJÃIKMOPOµYL8\K\¹L�·®¯.\:LZNOPSR�V�GYX
G�]�POµ�M;L8\Aè�µYL�\^]�Ç�M;V�Ç�]�×�]�POI¹V�G%R�Q8Ç�L8GYR�L£R�L�\�Ò IKGYNOPOMOµYX8POI¹V�G©IKGYNOPa]�Á�\¹L�ã�XZV�GYNOI¹R�Q8M;L8MW·
[AG N;µ�Ç�Ç�V�N;L�èÃµYL3\^]�Âß]�X;Õ�IKGYL N;L3POM;V�µ�J!L RY]�GYN�µ�G Q8Pa]�P

s ∈ Σ
°ÆèÃµ§ÒÖV�G POMa]�IKP;L

\�Ò IKGYN;POMOµYX8POI¹V�G
p
L8PSV�GÐJ�]2R�V�G�GYL8Mà\¹LZN[M��8×�\¹LZNàR�L´Ç�M;V�Ç�]�×�]�POI¹V�G�R�L

s
°�]�IKGYNOI#èÃµYL´\^]

R�Q±åYG�IKPOI¹V�G3R�LU\^]´XZV�MOM;LZX8POI¹V�G�R�LU\�Ò IKGYNOPOMOµYX8POI¹V�G
p
ç:RY]�GYNHXZL[èÃµ�I�NOµ�IKPW°

σ, σi

N;V�GÃPAR�LZN
N;µ�ÁYNOPOIKPOµ�POI¹V�GYNW°

e
°
ei

N;V�GÃPSR�LZN[L±ä`Ç�M;LZN;NOI¹V�GYN[L8P
ls
µ�GYLD\KI¹NOP;L´R,ÒÖL±ä�Ç�M;LZNaNOI¹V�GYNW·´T�V�µ�M

R�L8µ`äÜ\KI¹N;P;LZN
l1 et l2

°1V�G�GYV�P;L8Ma]
l1@l2

\^]´\KI¹N;P;LàV�Á�P;L8GÃµYLsL8G3XZV�GYXW]�P;Q8G�]�G�PU\¹LZNA\KI¹NOP;LZN
l1 et l2

°
l2
Q8Pa]�GÃPAL8G£P;Û8P;L�°�L8P

σ1 ◦ σ2

M;L8Ç�M;QZN;L8G�P;L8Ma]ß\^]DXZV�Â´Ç(V�N;QZL!Ø7Âß]�POÕYQ8Âß]�POI¹èÃµYLÚ
R�LZN�NOµ�ÁYNOPOIKPOµ�POI¹V�GYN

σ1 et σ2

·�[AGFNOµ�Ç�Ç(V�N;Lo\�ÒÖL±ä`I¹NOP;L8GYXZLAR,Ò µ�GYLoÈ
V�GYX8POI¹V�G ��ö Ç = � ÷�ó�Ë
èÃµ�I�Ç�M;L8GYRÑL8G"]�MO×�µ�ÂDL8G�P´µ�G L8G�POI¹L8M

k
L8P�èÃµ�I�M;L8GÃJ!V�I¹L

k
J�]�MOI^]�Á�\¹LZNSÈ�Ma]�I¹X;ÕYLZNÞØ7GYV�G

L8GYXZV�M;L5µ�POIK\KI¹NaQZLZN Ú±°�L8Plµ�GYLHÈ
V�GYX8POI¹V�G ÷�ó � ì � è�µ�I(M;L8GÃJ!V�I¹LU\�ÒÓ]�MOIKP;Q5R,Ò µ�GÜXZV�GYNOPOMOµYX8P;L8µ�MW·
� ËZì öÃÿ Q8Pa]�GÃP[\^]®È
V�GYX8POI¹V�GÐR�Q±åYG�I¹LßX8Iæº=R�LZNaN;V�µYNW°§\^]FÈ
V�GYX8POI¹V�GÑR�LP#�V�PàLZNOPSR�Q±åYG�I¹L

Ç�]�Màç
ËZì ö�ÿ

(p, s)
)

combine(succsp, fstep(p, s))
·

>�V�Â´ÂDLoRY]�GYN0\¹LoXW]�N:R�Ll\^]ÆJ!Q8MOIæå�XW]�POI¹V�G®R�LlP=Ù�Ç�LZN°�\^]ÆÈ
V�G�POI¹V�G
fstep

LZNOP:R�Q±åYG�I¹L
Ç�]�MAXW]�NW°�N;L8\¹V�G2\�Ò IKGYNOPOMOµYX8POI¹V�G�ã´L±ä`QZX8µ�P;L8Màç
½�·R�Q°K©��
�Oª®ç

fstep(p, s) =

•
NOI

s = ⊥ alors [⊥]

•
NOIKGYV�G
� NOI

s
LZN;PoR�LU\^]àÈ�V�MOÂDL

ls@[e], σ
]�\¹V�M;N+*

s
,

� NOIKGYV�G�*
>
,

ù ·Ee©»ømú®ç
fstep(p, s) = []

²`·Uþ�øj«�ÿ
j
ç

fstep(p, s) =

•
NOI

s = ⊥ alors [⊥]

•
NOIKGYV�G
� NOI

s est de la forme(ls, σ) alorsNOI
j < n alors[(ls@[ls[j]], σ)]NOIKGYV�G�*
>
,

� NOIKGYV�G�*
>
,

¾Y·R���"û�ü ÿ
c m

ç
fstep(p, s) =

•
NOI

s = ⊥ alors [⊥]

•
NOIKGYV�G
� NOI

s
LZN;P§R�Lf\^]�È�V�MOÂDL

(ls@[e1, e2, . . . , em], σ)
]�\¹V�M;N

[(ls@[c(e2, . . . , em)], σ)]

ù ½



� NOIKGYV�G�*
>
,

¿`·��Ú«aüÒü
g m

ç
fstep(p, s) =

•
NOI

s = ⊥ alors [⊥]

•
NOIKGYV�G
� NOI

s
LZN;P§R�Lf\^]�È�V�MOÂDL

(ls@[e1, e2, . . . , em], σ)
]�\¹V�M;N

[(ls@[g(e2, . . . , em)], σ)]� NOIKGYV�G�*
>
,

ü`·R���«aª�÷	�
c label

ç
fstep(p, s) =

•
NOI

s = ⊥ alors [⊥;⊥]

•
NOIKGYV�G
� NOI

s
LZN;PoR�LU\^]àÈ�V�MOÂDL

(ls@[v], σ)
]�\¹V�M;N

N;V�IKP
vars := new I vars(arity(c))N;V�IKP
e := c(vars)M;L8P;V�µ�MOGYL8M

[(ls[v := e]@vars, [(v, e)] ◦ σ); s]� NOIKGYV�G
NOI

s
LZN;PoR�LU\^]àÈ�V�MOÂDL

(ls@[cons(ls1)], σ)
]�\¹V�M;N

∗
NOI

cons = c
]�\¹V�M;N

[(ls@ls1, σ); s]

∗
NOIKGYV�G

[⊥; s]NOIKGYV�G�*
>;>

,
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