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1. Introduction

In [4] we chowed that in every model, D,,, of the A -calculus as
constructed in [8]_the strict ordering, <4 , is firat.ordsr definable using
only application. Here we look at the. perrspa mcre pariinent, question
of definability by pure ,\ ~terms of such lattice~theovesic entities as

1, T, U, N an \r , the least fixed-pcint cporsztor.

The main method will be to construct certain, so-c2lled, logical
relations which are satisfied by all (zenatart vectors of) A -2ofinable
elements and yot are not setiafied by ¢ .z -2 T G 5 unaer
discuscicn. Thie dofinition ot logical is derivzd {ron 3 torrasponding
one ot . fRordon far the typed A -calculus, Thin in turn generalised
the idea of an invariant Tunctional [2]. R. ¥ilne [3] hag independently
developed analogues of the logical relaticng for ucs in equivaler € [:20fs

about programming langusgzes.

It is not known whethber logical ielaticns alsc previide sufficient
conditions for definability. In the second half eorf this wemorzndum ve
discuss this question for the typed case, obtairing noceasary and
sufficient conditicng by using the more inclugive ccncept of an I-logical

relation,

This memorandum is by no means self-contained.  The reader ghould
have some knowledge of both the typed and untyped A Ke-calculi end be

fairly familiar with Scoti's models of tke untypel A K-calculus,
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2 Pure definability in Do

A siructure (D,K,ﬂ;[-]) is called a (ncn-trivial) model of the

A ~calculus if K and S have the usual properties and extensionality holds
(and ID| > 1). Such structurss give a denotational semantics for the

A K-calculus which we will use informally, confusing use and mention.
Generally we will consider only the models Dg,, from-[B], given by a
Park retraction, v'oﬂ ,\f: D1.f(t), where % is an isolatesd element of
DO. We #ill oftzn use facts about such models, accompanied by &
reference to the precof for the case t=1 . The general proof is always
similar. Also neeled is the fact that if YA ig the paradoxical
combinator, AT( Ax f(xx))(Ax £f(xx)), then, in Dog s Y‘\C'sznl')'lofn[

FE]a t > t, L]r ey [5].

A relation R € L-K, (K an ordinel) on such a structure is logical
iff:

Ve 0% (r(P) = (V& I5RE) - rREE))).

Here K is any ordinal and application of vectors is defined
pointwise, An eiement x € D satisfies R iff R(Q) is true, where Q E DK

is the ccnatant vector such that (?))\ =x (A< K).

An element ¥ ¢ D iz A —definatle if x=M, for gome closed A -term M;

it ia A —definable from X & D iff there is a closed ttrm M and XqeensX, in

X such that x:N?1....x ‘
n

Theorez | 1. Any <losed A -term satisfies any logicel relation.
2, If x is A -defineble from X € D, and each element in

X satizfies the logical relation R, then so does x.

Proof Clearly,if x and y satisfy a logical relation R, so does x[y].
So to finish the proof we need only show that K and S satisfy any such
relation. Suppose R iz logical. To show K satisfies R, assuming
R(§>) we must show that R(£[§>]). This, in turn, follows if
R(R[Z°1[5°]) when R(3’). But this Iolds as ?{[E’][?]ﬁ).

In/
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G.D.P.
=Dr=>7r=>
In the sam2 way we se2e that S satisfies R if r(81z71(7°1[Z°])
when fo ), R(j ), ani R(E>). But then we have successively, by the
=Dr=>
remark male as +h2 beginning of the procf that R(x‘E?D R(Y [z ]) and
R(x[ E>]ﬂy }[E>]]), concluding the proof.

Notting is known about the converse of theorem 1. However it will
be very useful fer particular cases of undefinability. Here is a way

; ; . 2
of consiructing legicsl relations R € I

; 2
] ae c ! i < 2
Suppese HO“ DO. Define Rn__ Dn by

Ve e, (8 (5,8)=Y x,y € D (R (x,y) => R (fx,ev))).
Derine R, € Do; by

V d,e € DyyiRao'3,2)= ¥ Ry (dn,en)).

Thecrem = Suppena that R (t t), that Ry (d,e) implies R Gﬂw ¢0 e),
for any 4, & in DU' and thwt RO is clcsei under unions of increasing
sequences, Thens

la Roo iz logiczl.
2. Pgg ic clrued under incraasing sequences.
o 1F Ry i9 clezal under W (M) so is Ry 3 if RO(J_,l.)

(Ry(T,s14)) Shen Bl L) (Ro(T,T)).

The construction alsc works for any RC)QE DK under the correspending
conditionz, e&nl ths thecorem analogous to theorem 2 can be proved; thia

extenzcicn will be assumed.

Lemma 1.1 Suppose thet Ry(t,t) and Ri(d,e) implies 31(% a, ¢, e
for any 4, e in DO' Then,

Va Ve e, &, <‘,g) ~> R, (§.(2), ¢ (e)))ana
Vn Vi,g € D w(fee) Sr (@r(2), “?’ (&)

n+i

fa2 IF RU in closed under increasing sequences so i3 each Rn.

Prcof/
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Freef .1 ty inlucticn on n.
Ter w0, not: that if Ri(f,g) then Ro(ft,gt) frcm tha
dafiniticn of R, cnl %ha fzct that Ro(t,t).

Pur na', suppese 'Rn+,l(f,g) and suppose R +|(f',g').
y induetic bnasia ' )s s
By inducticn nypothesi Rn(wnf ; [, .2 ) Therefore
Rn(f‘( Ql_f'),gilflng')). and by the induction hypothesis,
R +1(\¢ of-ol"ﬁ Loy, ¢n0f°5bn(g')), which shows that
s ~ . s S mi
m_?(?ﬁ i ?I‘lrn ). The other half is similar.

; e . m L
1.2 By induciicn cn n. For ntl, let <f m ‘ be an

(infinite‘* increnzing sequence in Rn+1 and suppose Rn(x,y). Then
<™ ' g p - ig on increasing sequence in Rn and so

M = 3 oo . s ‘
((ul )T, ’UE }i» 45 in B by induction hypothesis and the compl=te
additivity of cppiiecaticn in its first argument, This concludea the

rreef.

Frocf of theorzm ~ 1 First suppese that Rw(f,g) and Roo(x,y). W2

will skew thes Bmt.“x,gy),

oy
{" \ =t b ai Erly g .
New (f£x) . ""*u"Urr L ) and similarly for (ey) [7]
e For) a ton
Since R‘\trﬂ R ) is true for any mdn,R (?mn m+|xm)
s e ¥ —_ ‘ o 2 L & "1 then
y)mn(gn"ll m” 1617w }*3 T — n applications of lemma 1.1, then

we gee thaoib E“(ilj”}‘.)r.\_e_,'}')n) by lemma 1,2 and the above formulze for

(i’x)n end (g:r}‘_.

Comreranly, ouppess that whenever R,o(x,y) then Fm(fx.gy) and
yet fer gcme 1)% (*‘ Fn ) iz false. By lemmz 1.1 we ccn astume that
= fr = ~ - 3
3, end ao for =rme <‘)Zn_.,l,_.n_1) € F{n 11 Hn--‘s(jnxn—Vgn‘vn-?
falge, Let x= fsr jo X, 4 and define y similarly. By lemma 1.1,

) is

Rno (x,¥) is true and so therefore is Rm(ix gy) °rd, conzequently,

A e

((fx) L ley) I). But {fx) f‘ X ) end q:Lmllarly for "
(g}’)n_1 ;f,c., the 1{‘.»4*3 of' appllcatlon in [9] and so Hn—1(‘n net?
gnyn_1), o cc-ntrz‘.rllctlon). : } g

. m o % - . . |

2  Suppece <x ,¥y >m—0 is an (infinite) increasing sequence in
R

Now/
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2 U 1) = m - =
Now, ( )n Bl L[Dn n(m-O(x )n,) and similarly for the
(ef. [7] .

Than one ares, successively that, R (( m) (ym) ) fOI_‘ all m and n,
R (ﬁ( II1) ﬁ,(y ) ) for 211 n, by 1emma te 2 R ('f Ll (xm)n),
"Fn "0 Ll(y ) ) for n'>n, by lemma 1.1 and finally R ((le )
(|r.ﬂl y )n) by lemma 1.2.

3 A strazightforward inductive argument shows that if R is closed
under L) so is each R . Then, clearly, R (/\ A vl X Ll ¥, )
A x /\v(x Uy, )) and 50 P, is closed under lJ as U = Axk’(x Uy, ))

expresses U as an 1ncrea31ng sequence in Dw

The argument for T, is similar; it uses the fact that if Z,8 X =

where X and Y are continuous lattices then (£fT7 g)x=(fx) M (gx).
If HU(_L , 1) then Rn(.L,_L), for any n, by lemma 1.1.

( ) ecey inducti
If RO IO,I ) an ecsy inductive argument shows that Rn(Tn'Tn) for

21l n, cecncluding the proof.

-t
VL

As zn example, I¢- Iy
a extensicn of) theorem 2, Foo is logical and so the Q:L component of any
b closed A -term is t. Therefore if é;-é L natthers L' nofy siic L 0 Tj =

-

\
¥

pt A -definable; %his is a result of Park [6].

The nert example esizblishes all the definabilities among 1l P
N and 7 for all possible wvalues of t.

Theorem 3 1.1 1f t= L1, Y=Yy and 1 =Yy I.

2 In general, L =YI and Y= A f(Yx(A gAxf(gl))I).
3 if t=T then T:Y,\K.
4

-

O’
g If t=T, and 130=-.‘D ={1,T} then
N=1\AgAxAyAz g(xz)(yz)).
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2. The only definabilities among .L,T, U ,[1 and Y are

those implied ty 1.

Proof 1.1 This result is known -~ see [9].
.2. | =TT is obvious.
Suppose £ € Dgq and let | :/\g Ax flgl). As

T t=TL=Axf L, we cee that YAT‘ =50T "(Axtl ). By induction
onn, T M MxfL)=Ase™(1), civing ¥gT" =Ax(¥£), and the result

follows.

5 | 7 : i ==
for all n, Y} K=T.

4, Let T'=AgAxAyAzg(xz)lz). Since,in this Do s
x At iff xt 3 t, one sees that T+t3 t. Now, t= AxAy xorl Yo is
true in this lattice and then [] =YAT' follows by the usual inductive

argument.

2. As 1 and Y are interdefinable, only definabilities among

_L,T,L) and [] reed be considered.

We must show that if t;é 1, then _L is not A -definable from
{,1J, M}  that if t#7,, T is not A -definable frcm {L,U,N}; that
D is not A —-definable fromw {,L ,T,I"H in all cases; and that if
t;éTO or Do;é (D then M is not A -definable from {L,T,U}.

To show that 1 is not )\ -definable from {T, [}, N}, when t£ L 1let
P.0=!t,'1‘0l. The conditicns of theorem 2 are easily checked and so Roq
is logical. It also follows from theorem 2 that 4 , I"] and T satisfy
Koo - Clearly 1 does not. The conclusion then follows from theorem 1.2.

In the rest of the proof we shall first display an appropriate RO

and leave the (admi‘;tedly tedious) details to the 'reader.

To show that if t#T,, T is not A -definable from {1,0,U}
take R0=[_L,t].

To/
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To show that, in all cesss, L is not A -definavle from {1 ,T,[1},
take Ry={<T .70, <1, T .. <r Lo byt Loy ot L s,
<.L L 1>}, TNote trat RW(_L,TO,_L) and RM(TO,J.,_L) but not

1.

To show that if t,;[-TO then n is nct A ~definable from [_L,T, LH,
take RO={<x,y,Z> IITty} .c.. itsTO"!"Iiét or 3’}!17; Z € [-L!t!r].\o}} v [<‘L!-L!-L>I'
Note that Reg(%,T,l) and Roa(T, %, L) but not R o(t,%,L).

0’ 0’

To show that if t=T, and DO¥ O then 1 is not A -definable from
{L,r,U0}, choose u € D, distinct from L and t and take
RO=i<t,u,u>J<u,t,u:5<t,t,u>,<t,t,t>] U {<,y,L>]|x,y € £1 ,u,t}}.

Note that'Roa(t,u,u) and.F%o(u,t,u) but not Roa(u.u u). This concludes
the proof.

It is interesting te nzie that when tﬂTO and Dored) then a normal

term can even equal an "naelrable tarm, for example,

I=YA(Af‘Ax,\,v }r;.-})\.:f. 7-J, when t= 1 [9])

Our method of constructing logical relaticns ie by no means all-

powerful. For =xample, we believe that if th or D f (D then yfo is

not ,x —definable. Clearly, for the @;r constructed so far, if
(x) then R, A . ((F ) 1 ) and so F,(A o« . ((">) de) Therefore
Yb On the other hand up cae ¥~O were )\ -loflnsble by a closed

term M when t= J.. Clearly (ceo [1OJ) M is not unsolvable, as

FO£ 1. So there are cluzed ferms M1....M1{ (¥>0) such that

M M,....M =T, but as mentioned above the Oth component of M, must be L
and so either ] =1 cr y’oﬂl, & contradiction. Perhaps an extension of

Wadsworth's methods to the other Qp's would sort this ocut.

The last erxample concerng interdefinabilities among the members of
{tt,er,7,U,MN,2) in Tw[g] wnich is gotten by taking t= 1 and Dy to
be the truth-value lattice displayed in figure 1.

T/
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<t

\/

fig, 1
Z
The conditional, 2 , iz in ‘Ioo-—}ia’, and is regarded as being in '];n ’

in the usual wvay. Tt ia definad by:

sy (if z=T)
(z> x,y)= | (3 &%

c
v (if o7 £

o}

1 (osherwise)

It is known that T is A\ -d=finable from !tt,ff, U }, U is
A -definable from {2 ,T} and M c2n be defined from {+t,rr,U,2}. Ve
will show that thers ars nc more ~definabilities »f tt,ff,T, U or N
other than those impliel by the abore cnez; +he sitvation for Il has only

been partly clarified.

First, D is not definable frem {tt,fr, W, N ,T}. 'Take
RO={<.L, Lo, <tt, £, <0F, 715, <bt, 515, <64, T>,<T, T5, <L, £, <tt, L >, <1, ££5)
and note that R.( D %t ff tt, D fr ff tt) is false. Here and later

0
theorem 2 is used implicitly.

tt is not definable from {ff, l,>,T}; take RO={.L LEf,7}.

ff is not definable from {ti,U,2,T,M}; iake RO=U_ ,tt, T},

T is not definable from any one of {tt,ff,2,[}, {tt,U,2,N}
or {ff,U,d>,N}: take Rozil,tt,ff},fl,tt] or {1,ff} reapectively.

L is n~t definable frem either one of {tt.rf,T, N} or Itt,ff,ﬂ, o}
take/
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take HO=[<tt,tt>,<ff.ff>,<l.l. >, 4T, T, <tt. £E>. <tt, L >, <L, 1>}
and note that RO( ] tt tt, U tt £f) is falgse in the first case and
take HO={J.,tt,ff] in the seccnd cose.

In the case of ﬂ , we would like to zhow that M is not definable
from any of the sets {tt,ff, U 7}, [tt.ff,2}, {£f,U,2,7} or
{tt,U,>,7}. For the firs: of these take RO=1<t:t.tt),(f‘f,ff>,(T,T>,
<1, L>, <tt,£>,<t5,T>,<T,ro>] and ncte that RO( M £f tt, A ff £f) is

false.

The trouble with %he cthers is that if Roa(:' D) then Rm(l'l . I'l),
for the R's congidered here. For if x,y € TO then
(x > (y > ¥, _L),{y::_]_,y))-:w M y. and so one can define from 2 {zrms
Mn (nlO) gsuchk that Nnxyf-':f My if x and y are in Tn. Therefore if

Rm(:),'s) then R (A xAy x M yn) for any n ani so Roa(rl,l']).

On the ctner hand. I1 ia, in fzet, not A -definable from 3
For suppose [l —¥ O for wouwe clcaal A\ -term M. If ¥ is uncolvable then

K
N =1, a contradicticn; therefcra M hag the form A Xyeeon Axn.xj M1""Mk

ot

where n>0 end 1{j<n, One can assume that j<3 since one can always apply

the identity M =M D (W2)(N D). 7If j=1, then I = ceeex = D MILL LMY

~
2
“

where I-'-,I"::'r,\ x1[-ir) D (1<r<k). Teking the x,=T &nd }‘O—-lll we see that
(Mi)(}: L and ¢o M T....17= L, a contradiction. If j#1 then since

N xy=Myx, fer any x.y in Tay s ¥2 have 3:1‘-?,:....1-5‘{_—3{ D 3y ==l D yX ———=y M‘{....Mi‘c
whe:'e the I-Zi and ¥ ere A -definable {rom x,y, @ and -—-, Since x,y

are arbitrary membzra of T this is o contradictien.

‘o !

Perheps an extension of Wadsworth's ideas to LAFBDA [9], would

settle these questirns,
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B A ~dofincbility ia tre full YSyrz bierarchy

For the zske of alarity, we will ba a little meore formal than in

the lest section.

The set of type mymbols is the lecst set containing ¢ and
containing (@ => ¥) wheprer it contzins 6 and ¥ ; 6  and U are
metavariables,psssibly suffixed, ranging over lype symbols and
(6'1 yesey n,‘l‘) sborevietes | 51-->f0 2->...(¢fn-> T)eooo)) (n>0).

The language of the typai A ~calculus hag denumerably many
variables o("f (i>0) cf each type ¥ . We will use X and B, with
or without v ;ious decoratiors = metarariables over variables. The
langusge has a set of ferms which is given by:

1 O‘i is & term of type T, (i20),

2. if M end N zre tarmg cf Sype (6 ->7T) and & respectively
then (MN) is = term of type ¥, &

3. if ¥ is a tam of Sype T then () “i.}‘;) is a term of type
(a =>7T), (10):

M and N, possibly with suffica2s3, will be used as metavariables over
terms., The re~der iz arsumed to wnow what a /8 ,7 -ncrmal form of &
term is and the elementary picperties of normal forms; M=% N means that
M and N have identiczl /5 ?’-no a2l forme, By the Church—-Rosser theorem

this. is an equivzlence rcl r.1c‘1° Supposa_that Yo"‘r! -(XO( X"( ¢ ))

S
and S ~(\ & (5'1, 2, ):)\0( (€2,2) (y 7 rdd c()ﬁ O% :s)qofi)
(O((ﬂr’-l"'i'-)L ‘1- ))))) Then, »- is JBll-kTiOWﬂ, tra K's ani S's generate

all closzed terma under cpplication, to within & . The type subscripts
in K and S will cften be critted, es will be as mzny other type symbols
as is convenient; the resulting propositions are to be understood as

being asserted for every consistent way of putting the symbols back in,

Our langusge also hag a cemantics based on the full type
hierarchy [Do'l defined by:

/
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D( gy )~ Dg =>D t} (4he.se% of il functions from Dg to D),

ad

where T{ i3 some given zet.

-~ ~

~0UD

s
The semantics iz a function [I ]: Term.ﬂ:—-->(Env—>Ud» DO') where Env, A

the set of environments, ia tha2 set of type respecting functions from the
set of variables tn U L‘r,, end i ronged over by /" . Then, E I] ig the

unique function ef that type such that:

ﬂ:qf:ﬂf )= /710( (1>0)
2. [ « 1\11\:; ff [ﬂ]\f’)t[[‘ﬂf))
5. L Ao( M]]"/O‘lfx‘—-[h]]xﬂvq (320, ‘€ Dy)

where /O[x/oii] is the environment /0' such that

-
= —_ )
,.t' o i:qil Iq‘l’

(X, )=
f -4 B .
Pl O(i'; "'}J.:}.-'-'.- W1is9) .

Note that if M hes type 6 ,[[¥]:p) € Dgn  If M 1o closed then ] 5;)=[M]](P')
for any /0 and ,0' -~ gn we ofien drop the relerence to /0 for closed M.
If M2 M' then ﬂ_'r-:-‘[](/J}.—ﬂrmﬂi/o) for any /D : we will give a converse later.

¥ 3 aSrmutation. toy t i i
Suppose ')TL 3 T)'J-—> () 1¢ & psrmuiation Parmutations 7'{'0- in any
D(b’—)d) can be defired by:
- { [-J
‘ 77
If M is closel %ter: then ‘ﬂ'([irl_])v:ﬁ:f—f]] (gee [2]) However this does -~ .,
not characterise A -definability. \{’“t o :

For example grcund stuality, =5 . ir permutation-invariant, but is K oS
certainly not A ~definanle, Explicisiy let O czbbreviate (L, ¢, ) and %
let +t and ff be /\O((;' }\O(:' { LO cud ,\o(l(') ,\ 0(';. c{t'1 respectively.

Then =0 is defined by

tt (if x=y)

= XY (x,7 € D()
£t (if x#y)

But/
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But the only A —definsble functionals of type (L, L ,0) are

L L L L £ o : ; ‘g
XK 0)\0(1 /\0(2 :\0(3 o(j for 0£j<3 noneT of which are =C if ]DL' b [

M. Gordon proposed, as a possible remedy, that relations
RL < DI2. should be extended - not just permutations. Starting with such

an RL' the Pts are cefined by:
R(o—_>ﬂ(f;g)E VL,V € DGa(Rg(x»Y)-Z’RT(fX.&'Y))-

When R is a perrutation T 4R¢ = g for all & . The definition
generaligses, in the obvlnus wey, if one starts with RL" D , for any
ordinal K. If Rd‘" D6 is obtained from an R _in that way it is called
K-logicasl; f € Ik satisfieg it iff Rﬁ(f) holds. With the obvious
definitions of A -iefinability and )\ -definability from a set X& U Dy,
one shows that any ,A ~defineble functional satisfies any K-logical
relation, of thes right type and that if ?Rg} is the system of relations
obtained from some Kk , and each member of X satisfies the appropriate
Rgand f is A -defincble from X, then x satisfies the appropriate Rg .

The proof is like that of thecrem 1.1.

One can now =ee why =1 is not ,\—definable if IDL|>1.
Let 0,1 be distinct elements of D . Let R, ={<0,05,<0,1>,<1,0>}.
Then R{tt,ff) is false for R(1,0) and R(0,1) but not R(tt10,££01).
Therefore R(=(,=() is false for R(0,0) and R(0,1) but not
R(=¢(0)(0),=,(0)(1)).

As an example of non-relative definability, consider the

universal quantifier VLG:‘ type (((«—)0)—)0) defined by:

tt (if £xz=tt for all x in DL)
V{(f)=

£f (otherwise).

Now VQ is permutation-invariant; however if ’DL( 23 it is not
A.-definable from = . To see this let RL={<O,O>,<1,1>] where 0,1 are
distinct elements of D. R(”L!zt) is true, but if f,g € DU.—)O) are
such that f(x) is always tt but g(x) ig tt iff x is 0 or 1 then

R/
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R(f,g) but not R(YV¢ (£),V((g)). Incidentally, if |D| <3, ¥, is
A -definable from (e

We can only charecterise definability using logical relations,

for types of level £ 2.

Theorem 1  Suppose U has the form (’?1,...,T’n,£) where each ”Tfi
has the form (¢,...,(,¢). Then if [D |> }(0 and f € Do satisfies
every 2-logical relation, it is ) -definable.

Proof We will just give two cases since this should give the idea

without overmuch detail.

Suppose ¥ =(¢,(, (). Let x,y,0,1 be elements of D, with O
and 1 distinct and take R ={<x,1>,<y,0>}.  Then K(fxy,f10). So for
every x,y € D¢ either fxy=x and £f10=1 or else fxy=y and f10=0.
Therefore either f10=1 or £10=0 and so, since 1£0 either

= Do A %] o = DA & ]

The other case we consider is T =(((,¢),L,¢). TIdentify the

integers, with a subszet of DC and let the restriction of s to the integers

be the successor function. fiven g in D((_>() and x € D let
R(={<gn(x),sn(0}> lnﬁO}. Clearly R(x,0) and R(g,s). Therefore
R(f(g)(x),f(s)(0)) and so for every g ¢ D&.‘>()
n such that f(g)(x):gn(x) and f(s)(O):sn(O). Since sn(0)=sn'(0) iff
n=n', n must be independent ¢f g and x and so for some n,
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n times

and x € D( there is an

We believe the theorem holds without the restriction on D¢« The
simplest type which has us baffled when | Dle_E is (((€ =>0)=>¢)=->0.

Some characterisation of definability can be obtained by
gtrengthening the implication in the definition of Rg to an

intuitionistic one, a la Kripke [1].

To this end, suppose we have a set W (of worlds) a reflexive,
transitive binary relation < which is a subset of W2 (alternativeness)
end a relation R, € D°xW such that:
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