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1- Distribution of Real Roots

2- Complex roots of Homogeneous and Monic Polynomials

3- Szeg0 Polynomials and Spectral Analysis
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realroots-1: averagedensity

-

number of distinct real roots of P, : N,, = fR dt oy, (t)

-

counting measure o, (t) = Zk "0 0t — = | P/ ()| 6( Py (1))

/ A

real zeros of P, change of variable in
the Dirac distribution
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realroots-1: averagedensity
-

number of distinct real roots of P, : N,, = fR dt oy, (t)

-

counting measure o, (t) = Zk "0 0t — = | P/ ()| 6( Py (1))

/ A

real zeros of P, change of variable in
the Dirac distribution

mathematical expectation of the density of roots
on(t) = (on(t)) = [Jg dPdP" Z(P, P') |P'| 6(P)

vt fixed, P, (t) = > 1_gar t* and P.(t) = > 7_ok ai t*~1 can
be considered as 2 coupled random variables.
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realroots-2 . gaussiancase

-

fSimple case : ag iid 47(0,1)
P,(t) and P/ (t) are gaussian variables with zero mean and
joint pdf

QZ(P, Pl) = 27T1/Z eXp{ — %(Pa P,)C_l (§/>}

/ /

A = det(C) C = correlation matrix of (P, P’).
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realroots-2 . gaussiancase

-

fSimple case : ag iid 47(0,1)
P,(t) and P/ (t) are gaussian variables with zero mean and
joint pdf

P(P,P) = 27T1/Z exp { — %(P, P,);‘Jl <§/>}

/

A = det(C) C = correlation matrix of (P, P’).

gaussian integral

A
1P [P'] expl— (P2 p?y ~ VA

= enlt) = 2A 7 { P?

L 27’(’\/_

]
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realroots-3: Kac formula (1943)

-

1 1 an 1/2
on(®) = { e — 0+ 0 e )




realroots-4 . asymptotics

o N

average number of real roots ( fR dt on(t)
2 1 2
“{lnn+mn2- =) < (N,) < Z{lnn+1n2+4v3}
70 n 70
= (N,) ~ 21nn,
Inn >1 ,
* *”//TZ_[{In n+In 2}
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realroots-4 . asymptotics

-

average number of real roots ( = [pdt on(1)

nn+@— ) < (N,) < %{lnn+ln2+4\/§}

<Nn> average number of real roots
4.5
T T T T T T T T ‘

* -2
T_[{In n+In 2}

+ Universality of this behaviour

— Singularity of the real axis.

.

n

|
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complexroots-1

z € C fixed = 4 r.v. : real & imaginary parts of P and P’.
2-dimension Dirac distrib. + Cauchy-Riemann equations

= op(2 Z(s (z = 2MV) = |P.(2)]2 6P (Pu(2))

average density o,(z) = [d*P" |P'|> 2(0, P)

4-dimensional gaussian

(Na(Q)) = /Q ()

Porquerolles
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generalizedmonic polynomials

B n o
Pp(z) = ®(2) + Y apfr(2)

ey

holomorphic functions

Cases of particular interest :

®=0, f=2"— Homogeneous random polynomial.
® = polynomial, f; = z*¥ — Monic-type random polynomial.

o |
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complexroots-2 ;. gaussiancase

o N

{ai} id A47(0,1) = closed formula (Mezincescu & al., 1997)

1 1 eor L »
_27T\/det(f,f)e pl—5®-(f f) @} x

AT 1) = FDEHT L =12 = (D7
for det(f, f) # 0.

on(2)




complexroots-3 : homogeneousase

o N

[ Inr Lt T2n| < |sin @] = o, (re') ~ ! L ner
n —
1 —r2n m l(lnr?)2 (1 —r2n)?
AT ' ' N ' 12007 T T T [ T [
. n=10 : i moduli of complex (non real) roots of homogeneous poly.
3_1000 real. - oo ' | 'histograms on 1000 realizatioFs. |
i ' o | 1000/ -
i X i 800 n=100 .
1+ — /
0 - - 6001 .
1 —] I |
400+ —
I UNItT | LF Mg 1
2+ circle T S : - - n=10 1
I ' ' ' I 200}~ | -
3+ —
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complexroots-4 : monic polynomials

. N

Positions of the maxima of the density of complex roots ?
A = order of magnitude of ® parameters
High disorder regime : A = O(1) — cf. homogeneous case.

Weak disorder regime : A > 1.

* Near the non-zero roots of ¢ :

on(2) o< exp{—A2C%"(z — 29)?} = peaks of width O(A™1).

* root of order ng at the origin : peaks near the points
situated on a circle of radius oc A=1/", at the angles 22XUT.
of width O(A™1).

o |
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complexroots-5: monic, low disorder

1000
T | T | T | T | T
moduli of complex roots of monic polynomials
T (A=20) histograms on 1000 real. I
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complexroots-6

IN Rmax Average moduli of complex (non real) roots
| R — E— R ] EL A T ] 100
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SzegOpolynomials-1: definition

o N

Orthogonal polynomials ; scalar product on the unit circle

o= [ 1290 €)“

2]=1 / &

Power spectrum of the signal { X, Jo<m<n—1

<Sm|sn> — 57?7,

E)= Y O = X(2)X(1/2)

autocorrelation Cj, = S"N=1=F X (m) X (m + k)

m=0

Z-transform )A((z) = ZTJ\,{;% X(m)z—™ J
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Szeg0-2 AR systemgeneratedsignal

o N

{X} generated by an AR system of order A

X(m)=a1 X(m—-1)+ - +asX(m—A)+ ¢(m)

f

gaussian white noise

Z-transform
1 ~ ~

L) R(2) = 3()

Reciprocal characteristic polynomial

LL(z) =4 — a2 —ay



Szeg0-3 AR(A)
-

Power spectrum
1
LYy (z) L}y (1/2)

Associated Szeg0 polynomial

E(z) = +0/(—), N>1

21~

1
= Sp(2) = 2" ALY (2) + —=57_[(2) Vn> A

zero-mean fluctuating part



Szeg0-4 AR(4)

AR(4) system
T 1 T

1 T T T T T | T T | T T | | T T T T | T | T | T | T
- .‘. - - ’ - \ .
0.8 @ - 0.8 Y -
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or roots ofI thel /IU N
i Szego polynomials [ 7
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N=10000; 1000 realizations
n=4 n=10
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Szeg0-5 deterministic signal

o N

trigonometric signal ;
no noise, no dissipation. — ]
e T \ _

0.8~

- T : T -

X(m) = sin gm + sin gm T R
+sin 2Fm )

0.2 * —

(Jones, Saff & al., 1990) odf

-0.41- . . 7

0.6~ - -

-0.8|- < -
® ®

- 1 I 1 I 1 I 1 I 1 I 1 I 1 I 1 I 1 I 1
1-1 -08 -06 -04 -02 O 02 04 06 038 1
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