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real roots-1 : averagedensity

number of distinct real roots of

��� :
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change of variable in
the Dirac distribution

mathematical expectation of the density of roots
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real roots-2 : gaussiancase

Simple case : � � iid �. & / ���� � � �

and
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are gaussian variables with zero mean and
joint pdf

� �'& � � � � /
021 3 45 6 7 � / 0 � � & � � �8 + - �� � 9

� ��:<; =?> @ AB C 
 
 
�B ; correlation matrix of

A  ED  F C

.

gaussian integral

Porquerolles - IX/2003 – p.4/18



real roots-2 : gaussiancase

Simple case : � � iid �. & / ���� � � �

and

� �� � � �

are gaussian variables with zero mean and
joint pdf

� �'& � � � � /
021 3 45 6 7 � / 0 � � & � � �8 + - �� � 9

� ��:<; =?> @ AB C 
 
 
�B ; correlation matrix of

A  ED  F C

.

G G�H

gaussian integral

I # � � � � � /
021 3 � � � � � � � � 45 6 J � /0 3 $ � K% � � KML � 3
1 $ � K%

Porquerolles - IX/2003 – p.4/18



real roots-3 : Kac formula (1943)
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real roots-4 : asymptotics

average number of real roots
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+ Universality of this behaviour
Singularity of the real axis.

Porquerolles - IX/2003 – p.6/18



real roots-4 : asymptotics

average number of real roots

$ � � % � � �� # � � � �

0
1 JRTS N O RS � 0 � /
N � L U $ � � % U 0
1 JRTS N O RS 0 O V WL

I $ � � % X KY RS N ,RS N /

10 100
1

1.5

2

2.5

3

3.5

4

4.5

n

2
π {ln n + ln 2}

<Nn> average number of real roots

+ Universality of this behaviourZ Singularity of the real axis.

Porquerolles - IX/2003 – p.6/18



complexroots-1

� [ \

fixed I 4 r.v. : real & imaginary parts of

�
and

� �
.

2-dimension Dirac distrib. + Cauchy-Riemann equations

I � � ��� � � �
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generalizedmonic polynomials

��� ��� � � b �� � O � + -
�
	 � � � c � ��� �

GGGd 
 
 
�
holomorphic functions

Cases of particular interest :b � . ,

c � � � � Z Homogeneous random polynomial.b � polynomial,

c � � � � Z Monic-type random polynomial.
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complexroots-2 : gaussiancase

J � �L iid

�. & / � I closed formula (Mezincescu & al., 1997)
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complexroots-3 : homogeneouscase

� RTS j / O j K �
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complexroots-4 : monic polynomials

Positions of the maxima of the density of complex roots ?

v � order of magnitude of

b

parameters

High disorder regime :

v � w � / � Z cf. homogeneous case.

Weak disorder regime :

v /
.

* Near the non-zero roots of
b

:# � �� ��x 45 6 J � v Kzy { |~} ��� � � � � K L I peaks of width

w � v + - �

.

* root of order N � at the origin : peaks near the points

situated on a circle of radiusx v + - Q ��

, at the angles

K � � P - � Y�� ,
of width

w � v + - �
.
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complexroots-5: monic, low disorder
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complexroots-6
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Szegöpolynomials-1: definition

Orthogonal polynomials ; scalar product on the unit circle

$ c ��� % � � �� 	 - c ��� �� ��� �� ��� � ���� $� � � � � % � � � �

� �
��

Power spectrum of the signal

J� �L �� �� � + -

� ��� � � � + -
�
	 + � � + - �

y �� + � � �� ��� � �� � / ��� �


 


 
�

autocorrelation

�
� � � ��� � � ��� � � A�� C � A�� � � C !!
!!

!!!"

�

-transform

� � A�� C � � ��� ��� � � A � C � � �
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Szegö-2: AR systemgeneratedsignal

J� L

generated by an AR system of order

�

� ��� � � � - � ��� � / � O � � � O �¡ � ��� � � � O ¢ ��� �

 
�

gaussian white noise£

-transform ¤¥¦¡ � /
� � �� ��� � � �¢ ��� �

Reciprocal characteristic polynomial
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Szegö-3: AR(A)

Power spectrum

� ��� � � /
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� � & � /

Associated Szegö polynomial
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� � §� + - �� � (N ¨ �


 
�

zero-mean fluctuating part
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Szegö-4: AR(4)
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Szegö-5: deterministic signal

trigonometric signal ;
no noise, no dissipation.

© ª�« ¬®­ ¯ °²± ³ ´ « µ ¯ ° ± ³¶ «µ ¯ °²± ¶ ³ · «

(Jones, Saff & al., 1990)
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