Approximation and interpolation in H^2: Toeplitz operators, recovery problems and error bounds

Laurent Baratchart^∗, Juliette Leblond^∗, Jonathan R. Partington^†

Extended Abstract for MTNS-2000

Keywords: Hardy spaces, Toeplitz operators, Constrained approximation, Interpolation, Frequency-domain identification, Inverse problems

1 Introduction

Let T denote the unit circle and D the unit disc. We write T = I ∪ J, the union of two disjoint arcs. Without loss of generality, we can take I = (e^{−ia}, e^{ia}) and J = (e^{ia}, e^{i(2π−a)}), where 0 < a < π. We designate by H^2 the Hardy space with exponent 2 of the unit disc. For E ⊂ T, we write H^2_{|E} to mean the space of traces on E of H^2 functions. For E ⊂ T or E ⊂ R, we denote by L^p(E) the familiar Lebesgue space and by ‖.‖_Lp_{(E)} the corresponding norm. The symbol ( , )_L2_{(T)} indicates the scalar product in L^2(T). Let H̄^2_0 be the orthogonal complement of H^2 in L^2(T), P_H2 : L^2(T) → H^2 the orthogonal projection, and

ϕ : H^2 → H^2, g → P_H2 (χ_J g) (1)

the Toeplitz operator with symbol χ_J , the characteristic function of J. Given f ∈ L^2(I), Ψ ∈ L^2(J), and M > 0, let us consider the following problem.

Find g = g_Ψ ∈ H^2 to minimize ‖f − g‖_L2_{(I)} under the constraint ‖Ψ − g‖_L2_{(J)} ≤ M.

This problem was originally taken up in [5], in a dual form with f = 0, and the above version in [3], after a preliminary study of the case Ψ = 0 in [1].

Apart from their theoretical importance, such problems have several physical motivations. For example, they occur in problems of deconvolution and linear systems identification from partial frequency-response measurements [1, 7], as well as in the study of inverse Dirichlet–Neumann problems such as those occurring in fault detection [4]. They are also closely connected with the work of Patil [8] on recovering Hardy class functions from their restrictions to a subset of the circle, as we shall discuss later.

In [1, 3, 6], the solution to the above constrained optimization problem is given implicitly in terms of a parameter λ ∈ (−1, ∞). Specifically, let f̃ = { f on I 0 on J

, Ψ̃ = { 0 on I Ψ on J . If f ∉ H^2_{|I} , then the optimal g_Ψ is given by

g_Ψ = g_Ψ(λ) = (1 + λ ϕ)^{−1} P_H2 ( f̃ + (1 + λ)Ψ̃ ) (2) for the unique λ > −1 such that ‖Ψ − g_Ψ‖_L2_{(J)} = M. Let e_Ψ(λ) = ‖f − g_Ψ‖^2_L2_{(I)} , e(λ) = e_0(λ) , and M_Ψ(λ) = ‖Ψ − g_Ψ‖_L2_{(J)} , M(λ) = M_0(λ) ,

∗INRIA, BP 93, 2004 route des Lucioles, 06902 Sophia–Antipolis Cedex, FRANCE, {baratcha}{leblond}@sophia.inria.fr †School of Mathematics, University of Leeds, Leeds LS2 9JT, U.K., {J.R.Partington}@leeds.ac.uk

whenever g_Ψ is defined as above for some λ ∈ (−1, ∞). Then, as λ → −1, it is shown in [1] that M(λ) → ∞, (λ + 1)M(λ)^2 → ∞ and e(λ) → 0.

When f ∈ H^2_{|I} , that is when the function f to be approximated is already the trace on I of an H^2 function, which we shall still call f, it turns out [3] that the family g_λ = g_0(λ) of solutions of the above bounded extremal problem for Ψ = 0 coincides with some Carleman type interpolants to f [8]. In this case, ‖f − g_λ‖_L2_{(T)} goes to zero while λ → −1, so that in particular M(λ) → ‖f‖^2_{L2(J)} and e(λ) → 0.

However, estimates for the convergence rates of the quantities M(λ) and e(λ) are not available in general. The difficulty here can be illustrated as follows. Observe, in particular, that

e(λ) = ‖P_H2 χ_I (f − g_0)‖^2_L2_{(T)} + ‖P¯_H2_0 χ_I (f − g_0)‖^2_L2_{(J)} + ‖P¯_H2_0 χ_I (f − g_0)‖^2_L2_{(I)} ,

and, although it is known [2] that the two first terms of the right hand side behave as o(1/M^3), this does not provide any upper bound for the last term without additional assumptions. This is to be connected with the fact that it is possible for a general H^2 (or H̄^2_0 ) function to converge to 0 on T with some precise rate on J while going arbitrarily slowly on I, in general. Hence, the particular form of e(λ) and of g_0 has to be taken into account.

When f belongs to some Sobolev class on I, upper estimates of the corresponding convergence rates were obtained in [2]. However, these rates are rather pessimistic, as we will show. Indeed, our aim here is to compute much better upper bounds for these rates by using a constructive diagonalization procedure for Toeplitz operators [9] as applied to the following formulae obtained in [1]:

M(λ)^2 = (ϕ(1 + λϕ)^{−2}P_H2 f̃, P_H2f̃)_L2_{(T)}, (3) and d e d λ = −(λ + 1) d M^2 d λ , (4)

where the differentiability is understood in the strong sense: using the spectral theorem and differentiability under the integral sign, it is easily seen that e(λ) is a C^∞ function of λ.

It will turn out that, as will be explained in Remark 3.3, the estimates we obtain are sharp in the sense that no stronger estimates can be valid in general.

2 Concrete spectral theory

The cornerstone of this work is that formula (3) can be re-expressed using the spectral measure for ϕ, which is a self-adjoint operator with spectrum contained in [0, 1]. More precisely, following the concrete spectral theory and the diagonalization procedure for self–adjoint Toeplitz operators of multiplicity 1 [9, ch.3], we see that ϕ is unitarily equivalent to multiplication M_x by the independent variable x on L^2([0, 1], dρ), where dρ(x) =^{sin a}_π dx (in the following, we put C =^{sin a}_π ). In fact, there exists a unitary transformation V : H^2 → L^2([0, 1], dρ) such that

V ϕ V^{−1} = M_x ,

which acts on Cauchy kernels k_α(z) = 1/(1 − ᾱz) as

(V k_α)(x) = [ψ_x(α)(1 − ᾱe^{ia})^{1/2}(1 − ᾱe^{−ia})^{1/2}]^{−1}, (5)

where, for 0 < x < 1, we let ψ_x be the unique outer function such that

|ψ_x|^2 = { x on I, 1 − x on J,

and ψ_x(0) > 0, and where the principal branch of the square root is used in (5). It follows easily by a continuity argument that, for any h ∈ C([0, 1]), one has

(h(ϕ)P_H2 f̃, P_H2 f̃)_L2_{(T)} = C

∫_1 0 h(t)|v(t)|^2 dt. where v = V P_H2 f̃. To obtain a representation of v, we now establish the following result that generalizes formula (5) from [9, ch.3] to a wide class of H^2 functions:

Theorem 2.1 For every h ∈ L^2(T) such that (1 − e^{−iθ}e^{ia})^{−1/2}(1 − e^{−iθ}e^{−ia})^{−1/2} h(e^{iθ}) ∈ L^1(T) , (6) and ∀x ∈ [0, 1], we have:

(V (P_H2 h)) (x) = 1 2π ∫ T h(e^{iθ}) dθ ψ_x(e^{iθ}) (1 − e^{−iθ}e^{ia})^{1/2}(1 − e^{−iθ}e^{−ia})^{1/2} . (Here, and elsewhere, for Γ ⊂ T, the notation ∫ Γ indicates that we integrate over those θ with e^{iθ} ∈ Γ.)

3 Approximation

It follows from Theorem 2.1 that, if f̃ satisfies (6), with h = f̃, then v(x) = 1 2π ∫ I f(e^{iθ})ψ_x(e^{iθ}) dθ x(1 − e^{−iθ}e^{ia})^{1/2}(1 − e^{−iθ}e^{−ia})^{1/2} . (7)

Therefore M(λ)^2 = C

∫_1 0 t (1 + λt)^2 |v(t)|^2 dt , (8) and, using (4), d e d λ = 2C(λ + 1)

∫_1 0 t^2 (1 + λt)^3 |v(t)|^2 dt. (9) Let χ be the outer function such that χ(0) > 0 and |χ(e^{iθ})| = { 1 on I, 1/2 on J, and let ω(e^{iθ}) be the argument of χ(e^{iθ}). Also let γ(x) = log x − log(1 − x)

2 log 2

. (10)

Then we have v(x) = 1 2π ∫ I F (e^{iθ}) exp[iγ(x)ω(e^{iθ})] dθ √ x (11) where F is defined on I by F (e^{iθ}) = f(e^{iθ}) (1 − e^{−iθ}e^{ia})^{1/2}(1 − e^{−iθ}e^{−ia})^{1/2} . (12)

Clearly, this implies that v(x) = O(1/ √ x), if F ∈ L^1, which is ensured by (6).

By means of the Riemann–Lebesgue Lemma, we obtain the following more precise estimate as x → 1. Lemma 3.1 If f^′ ∈ L^1(I), then |v(x)| = o ( 1 log(1 − x) ) as x → 1. (13)

This leads to the following result.

Theorem 3.2 If f ∈ L^2(I) satisfies f^′ ∈ L^1(I), then as λ ↘ −1, M_Ψ(λ)^2 = o((λ + 1)^{−1} log^{−2}(λ + 1)) , while e_Ψ(λ) = o(log^{−1}(1 + λ)).

Hence, we can find an approximation of L^2-error e_Ψ(λ) on I, at the expense of an L^2-error of size M_Ψ(λ)^2 on J that are linked by:

e_Ψ(λ) log M_Ψ(λ) = o(1) .

Remark 3.3 The Riemann-Lebesgue lemma is known to be sharp, in that every continuous even function on R, convex on (0, ∞) and decreasing monotonically to zero, is the Fourier transform of a function in L^1(R) (see, for example, [10, Thm. 124]). Thus the estimate in (13) cannot be improved further. This observation can be used to establish the sharpness of the estimates for M and e.

4 Interpolation

When f ∈ H^2_{|I} , the solution g_λ = g_0(λ) given by (2) coincides with Patil’s sequence of interpolants [3, 7, 8] that was built for recovery purposes rather than those of approximation. In this case, if we still denote by f the H^2 function on the whole of T (unique whenever I is of positive Lebesgue measure), then ‖f − g_λ‖_L2_{(T)} goes to zero while λ → −1. We now establish some estimates of this decay rate together with pointwise convergence results as corollaries.

In fact, the key point here is that P_H2 f̃ = (1 − ϕ) f so that, on using the identity

1 − ϕ = (1 + λ ϕ) − (λ + 1) ϕ , (14)

formula (2) becomes g_0 = f − (λ + 1) (1 + λ ϕ)^{−1} ϕ f . (15)

Proposition 4.1 If f ∈ H^2_{|I} then, as λ ↘ −1,

e(λ) = O(1 + λ).

Proposition 4.2 If f ∈ H^2_{|I} verifies f^′ ∈ L^1(T), then as λ ↘ −1,

e_J (λ) = ‖f − g_λ‖^2_L2_{(J)} = o(log^{−1}(λ + 1)) ,

while e(λ) = o((λ + 1) log^{−1}(λ + 1)) , Hence, e_J (λ) log e(λ) = o(1) .

The following result is now established as a consequence of Proposition 4.1.

Theorem 4.3 If f ∈ H^2_{|I} , then there exists a subset E ⊂ I of zero Lebesgue measure which verifies: ∀e^{iθ} ∈ I \ E , ∀ε > 0 , ∃λ_ε ∈ (−1, 0) such that −1 < λ < λ_ε ⇒ |f(e^{iθ}) − g_λ(e^{iθ})| < ε . The following equivalent expression ĝ_α of g_λ in terms of Carleman-type integral formula, that links our family of approximants to the sequences of interpolants given in [8], is also of interest. Indeed, we get from [3] that:

g_λ(z) = ĝ_α(z) = 1 2 i π ∫ T ( φ(ξ) φ(z) )_α (χ_I f)(ξ) dξ ξ − z , ∀z ∈ D , or equivalently that: g_λ = ĝ_α = 1 φ^α P_H2 (φ^α (χ_I f)) ,

where φ is the outer H^∞ “quenching” function of modulus equal to ϱ > 1 on I and to 1 on J defined by

φ(z) = exp { log ϱ 2 π ∫ I e^{it} + z e^{it} − z dt } , z ∈ D , and where α = − log(λ + 1) 2 log ϱ

, or λ = −1 + ϱ^{−2α} . (16)

Taking ϱ = e^{1/2}, Proposition 4.1 can then be rephrased as

Corollary 4.4 If f ∈ H^2_{|I} then, as α → ∞,

‖f − ĝ_α‖^2_L2_{(I)} = O(exp(−α)) .

Pointwise convergence also holds almost everywhere on J under some sufficient conditions: Theorem 4.5 If f ∈ H^2_{|I} verifies f^{′′} ∈ L^1(T), then there exists a subset E ⊂ J of zero Lebesgue measure which verifies: ∀e^{iθ} ∈ J \ E , ∀ε > 0 , ∃λ_ε ∈ (−1, 0) such that −1 < λ < λ_ε ⇒ |f(e^{iθ}) − g_λ(e^{iθ})| < ε . Finally, one can deduce the following pointwise convergence result of the approximants on I. Corollary 4.6 If f ∈ L^2(I) verifies f^{′′} ∈ L^1(I), then the conclusion of Theorem 4.3 remains true.

References

[1] D. Alpay, L. Baratchart, and J. Leblond. Some extremal problems linked with identification from partial frequency data. In J.L. Lions, R.F. Curtain, A. Bensoussan, editors, 10th conference on analysis and optimization of systems, Sophia–Antipolis 1992, Lect. Notes in Control and Information Sci. (185), 563–573, Springer-Verlag, 1993.

[2] L. Baratchart and J. Leblond. Identification harmonique et trace des classes de Hardy sur un arc de cercle.

In Actes du Colloque en l’honneur du 60^e anniversaire du professeur Jean Céa, Sophia–Antipolis, avril 1992, pages 17–29. Cépaduès–Editions, 1993.

[3] L. Baratchart and J. Leblond. Hardy approximation to L^p functions on subsets of the circle with 1 ≤ p < ∞.

Constructive Approximation, 14:41–56, 1998.

[4] L. Baratchart, J. Leblond, F. Mandréa and E.B. Saff. How can meromorphic approximation help to solve some 2D inverse problems for the Laplacian? Inverse Problems, 15:79–90, 1999.

[5] M.G. Krein and P.Y. Nudel’man. Approximation of L^2(ω_1, ω_2) functions by minimum– energy transfer functions of linear systems. Problemy Peredachi Informatsii, 11(2):37–60, 1975. English translation.

[6] J. Leblond and J.R. Partington. Constrained approximation and interpolation in Hilbert function spaces. J.

Math. Anal. Appl., 234:500–513, 1999.

[7] J.R. Partington. Interpolation, identification and sampling. Oxford University Press, 1997. [8] D.J. Patil. Representation of H^p functions. Bull. A.M.S., 78(4):617–620, 1972. [9] M. Rosenblum and J. Rovnyak. Hardy classes and operator theory. Oxford University Press, 1985. [10] E.C. Titchmarsh. Introduction to the theory of Fourier integrals. Oxford University Press, 1937.