History ~Stratified spaces Fréchet means and log maps Tangent fields Radial transport Collapse Gaussians CLT Escape vectors Future directions

What is a Gaussian on a singular space?

Ezra Miller

Duke University, Department of Mathematics
and Department of Statistical Science

ezra@math.duke.edu

joint with Jonathan Mattingly (Duke)
Do Tran (Deutsche Bank (was: Gottingen))

Geometric Sciences in Action:
from geometric statistics to shape analysis

CIRM Luminy
30 May 2024



History ~Stratified spaces Fréchet means and log maps Tangent fields Radial transport Collapse Gaussians CLT Escape vectors Future directions

Qutline

1.
2.
3.
4.
5.
6.
7.
8.
9.

10. Future directions

History

Stratified spaces

Fréchet means and log maps
Random tangent fields
Radial transport

Tangential collapse
Stratified Gaussians

Central limit theorems

Escape vectors



History Stratified spaces Fréchet means and log maps Tangent fields Radial transport Collapse Gaussians CLT Escape vectors Future directions

Motivation and history

Mimic ordinary statistics: assume nonlinear M given; want
® averages: measure pon M ~» mean 1€ M
® variance, PCA
® Law of Large Numbers (LLN), confidence regions
® Central Limit Theorem (CLT)
+ smooth M [Bhattacharya and Patrangenaru 2003, 2005]
+ singular M
- open books [SAMSI Working Group 2013]
- isolated planar singularity [Huckemann, Mattingly, M-, Nolen 2015]
- phylogenetic tree spaces [Barden, Le 2018, w/Owen 2013, 2014]
MCMC methods to draw from M, building on
stochastic analysis on manifolds
Brownian motion in manifolds
diffusion on metric spaces

Gaussians on singular spaces
~ stratified CLT
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Motivation and history

A

3-spider open book

R? x spider isolated hyperbolic planar singularity
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from [BHV 2001]
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Motivation and history

Mimic ordinary statistics: assume nonlinear M given; want
® averages: measure p on M ~» mean 1€ M
® variance, PCA
® Law of Large Numbers (LLN), confidence regions
e Central Limit Theorem (CLT)
+ smooth M [Bhattacharya and Patrangenaru 2003, 2005]
+ singular M
- open books [SAMSI Working Group 2013]
- isolated planar singularity [Huckemann, Mattingly, M-, Nolen 2015]
- phylogenetic tree spaces [Barden, Le 2018, w/Owen 2013, 2014]
® MCMC methods to draw from M, building on
+ stochastic analysis on manifolds e.g., [Malliavin 1978]
+ Brownian motion in manifolds e.g., [Kendall 1984], [Hsu 1988]
+ diffusion on metric spaces [Sturm 1998]

Goals for today

® Gaussians on singular spaces
® ~ stratified CLT
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Stratified spaces

Def [Mattingly, M-, Tran 2023]. M is smoothly stratified with distance d if
° Misa complete locally compact, geodesic space
= |_|J o M has disjoint locally closed Mi
each M
is a manifold with geodesic distance d|,y
has closure MJ = Ui, M
locally well defined exponent|a| maps that are local homeomorphisms
essential for bringing asymptotics of sampling to T, /M and back to
curvature bounded above by x: M is CAT(k)
only really needed at /i, which
morally won't be infinitely curved anyway: Fréchet means would flee
=EIES
® graph (or network): strata are vertices and edges
® polyhedron: strata are (relatively open) faces
® real (semi)algebraic variety: strata <> equisingular loci
Actual examples
® fruit fly wings
® tree spaces
® shape spaces N
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Fréchet means

Def. Probability distribution j on any metric space M has Fréchet function

00 =3 [ i)

square measure
distance |nguced

and Fréchet mean i = argmin F,(y). v
yem
M is CAT (k)
= M has tangent spaces (cones)
The logarithm map is
log, : M — T, M

x = d(i,x)V,
where V' = unit tangent to geodesic from /i to x.
M singular at ji < T, M 2% R?

M smoothly stratified
= T,M is a smoothly stratified CAT(0) cone.
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Random tangent fields

Def. A random tangent field on T, M is a stochastic process  : Q x S, M — R,
so f(V):Q — R foreach V€5, M.
* Gaussian if (f(V4),...,f(V,)) is multivariate Gaussian V¥ V4,...,V, € S;M
® covariance (U, V) = E[f(U)f(V)]
Def. S, M = unit sphere in T, M has metric ds. Vectors U, V € S, M have
dy(U, V) if <7
0 otherwise
® angular pairing (U, V), = [[U||[|V| cos(£(U, V)).
Def. An M-valued random variable x = x(w) : Q — M with law g yields
¢ random tangent field g(V) = g(x,V) = (V, log . x)
® covariance L(U,V; ) = E[(g(x, U) — Eg(V)) (g(x,V) — Eg(V))], where
B(-+) = [y du
Thm [Mattingly, M-, Tran & Lammers, Huckemann]. Fix a localized measure p on M. Let
° G = Gaussian random tangent field with E[G(U)G(V)] = Z(U,V; p)
® x1,Xp,... 0i.d. M-valued variables ~ p
° g, (V) =137, g(V), the average of the fields g;(V) = g(x;,V).

Then Vn(g,-Eg) > G

® angle Z(U,V) =
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Random tangent fields

Def. A random tangent field on T, M is a stochastic process f : Q x S; M — R,
so f(V):Q —Rforeach V€S, M.

* Gaussian if (f(V1),...,f(V,)) is multivariate Gaussian V Vi,...,V, € S;M

® covariance (U, V) = E[f(U)f(V)]
Def. S, M = unit sphere in T; M has metric d. Vectors U,V € S, M have
d,(U,V) if <= U
m otherwise
® angular pairing (U, V); = ||U|||| V| cos(£(U, V)).

An M-valued random variable x = x(w) : Q — M with law p yields
(V) = g(x,V) = (V. log, x)
T(U,V;pn) =E[(g(x, U) — Eg(U)) (g(x,V) — Eg(V))], where
B(-) = Jy-dn

® angle Z(U,V) =
shadow(U)

Fix a localized measure p on M. Let
Gaussian random tangent field with E[G(U)G(V)] = (U, V; )
X1, X2, ... i.i.d. M-valued variables ~ p
(V) =130 1 &(V), the average of the fields g;(V) = g(x;,V).

Then Vg, —Eg) >
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Random tangent fields

Def. A random tangent field on T, M is a stochastic process f : Q x S; M — R,
so f(V):Q — R for each V € 5; M.

* Gaussian if (f(V1),...,f(V,)) is multivariate Gaussian V Vi,...,V, € S;M

® covariance (U, V) = E[f(U)f(V)]
Def. S, M = unit sphere in T; M has metric d. Vectors U,V € S, M have
d,(U,V) if <= U
0 otherwise

® angular pairing (U, V); = ||U|||| V| cos(£(U, V)).
Def. An M-valued random variable x = x(w) : Q — M with law p yields

® random tangent field g(V) = g(x,V) = (V,log;x);

T(U,V;pn) =E[(g(x, U) — Eg(U)) (g(x,V) — Eg(V))], where
B(-) = Jyy

® angle Z(U,V) =
shadow(U)

Fix a localized measure 1 on M. Let
Gaussian random tangent field with E[G(U)G(V)] = (U, V; )
X1, X2, ... 1.i.d. M-valued variables ~ p
(V) =130 1 &(V), the average of the fields g;(V) = g(x;,V).

Then Vn(g, —Eg) >
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Random tangent fields

Def. A random tangent field on T, M is a stochastic process f : Q x S; M — R,
so f(V):Q — R for each V € 5; M.

* Gaussian if (f(V1),...,f(V,)) is multivariate Gaussian V Vi,...,V, € S;M

® covariance (U, V) = E[f(U)f(V)]
Def. S, M = unit sphere in T; M has metric d. Vectors U,V € S, M have
d,(U,V) if <= U
0 otherwise

® angular pairing (U, V); = ||U|||| V| cos(£(U, V)).
Def. An M-valued random variable x = x(w) : Q — M with law p yields

® random tangent field g(V) = g(x,V) = (V,log;x);

® covariance L(U,V; u) = E[(g(x, U) — Eg(V)) (g(x,V) — Eg(V))], where

E(--)= [, du

® angle Z(U,V) =
shadow(U)

Fix a localized measure p on M. Let
Gaussian random tangent field with E[G(U)G(V)] = (U, V; )
X1, X2, ... 1.i.d. M-valued variables ~ p
(V) =130 1 &(V), the average of the fields g;(V) = g(x;,V).

Then Vn(g, —Eg) >
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Random tangent fields

Def. A random tangent field on T, M is a stochastic process f : Q x S; M — R,
so f(V):Q — R for each V € 5; M.

* Gaussian if (f(V1),...,f(V,)) is multivariate Gaussian V Vi,...,V, € S;M

® covariance (U, V) = E[f(U)f(V)]
Def. S, M = unit sphere in T; M has metric d. Vectors U,V € S, M have
d,(U,V) if <= U
s otherwise

® angular pairing (U, V); = ||U|||| V| cos(£(U, V)).
Def. An M-valued random variable x = x(w) : Q — M with law p yields

® random tangent field g(V) = g(x,V) = (V,log;x);

® covariance L(U,V; u) = E[(g(x, U) — Eg(V)) (g(x,V) — Eg(V))], where

E(---) = [, dp

® angle Z(U,V) =
shadow(U)

Fix a localized measure p on M. Let
Gaussian random tangent field with E[G(U)G(V)] = (U, V; )
X1, X2, ... 1.i.d. M-valued variables ~ p
(V) =137 1 g(V), the average of the fields g;(V) = g(x;,V).

Then Vn(g, —Eg) >
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Random tangent fields

Def. A random tangent field on T, M is a stochastic process f : Q x S;M — R,
so f(V):Q — R for each V € 5; M.
* Gaussian if (f(V1),...,f(V,)) is multivariate Gaussian V Vi,...,V, € S;M
® covariance (U, V) = E[f(U)f(V)]
Def. S, M = unit sphere in T; M has metric d. Vectors U,V € S, M have
d,(U,V) if <= U
s otherwise shadow(U)
® angular pairing (U, V); = ||U|||| V| cos(£(U, V)).
Def. An M-valued random variable x = x(w) : Q — M with law p yields
® random tangent field g(V) = g(x,V) = (V,log;x);
® covariance L(U,V; u) = E[(g(x, U) — Eg(V)) (g(x,V) — Eg(V))], where
E(---) = [, dp
Thm [Mattingly, M—, Tran & Lammers, Huckemann]. Fix a localized measure y on M. Let
® G = Gaussian random tangent field with E[G(U)G(V)] = Z(U,V; )
X1, X2, ... 1.i.d. M-valued variables ~ p

(V) =137 1 g(V), the average of the fields g;(V) = g(x;,V).
D,

Then Vn( Eg)

® angle Z(U,V) =



History ~Stratified spaces Fréchet means and log maps Tangent fields Radial transport Collapse Gaussians CLT Escape vectors Future directions

Random tangent fields

Def. A random tangent field on T, M is a stochastic process f : Q x S; M — R,
so f(V):Q — R for each V € 5; M.
* Gaussian if (f(V1),...,f(V,)) is multivariate Gaussian V Vi,...,V, € S;M
® covariance (U, V) = E[f(U)f(V)]
Def. S, M = unit sphere in T; M has metric d. Vectors U,V € S, M have
d,(U,V) if <= U
0 otherwise shadow(U)
® angular pairing (U, V); = ||U|||| V| cos(£(U, V)).
Def. An M-valued random variable x = x(w) : Q — M with law p yields
® random tangent field g(V) = g(x,V) = (V,log;x);
® covariance L(U,V; u) = E[(g(x, U) — Eg(V)) (g(x,V) — Eg(V))], where
E(---) = [, dp
Thm [Mattingly, M—, Tran & Lammers, Huckemann]. Fix a localized measure y on M. Let
® G = Gaussian random tangent field with E[G(U)G(V)] = Z(U,V; )
® x1,X2,...1.i.d. M-valued variables ~ p

(V) =137 1 g(V), the average of the fields g;(V) = g(x;,V).
D,

Then vn( Eg)

® angle Z(U,V) =
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Random tangent fields

Def. A random tangent field on T, M is a stochastic process f : Q x S; M — R,
so f(V):Q — R for each V € 5; M.
* Gaussian if (f(V1),...,f(V,)) is multivariate Gaussian V Vi,...,V, € S;M
® covariance (U, V) = E[f(U)f(V)]
Def. S, M = unit sphere in T; M has metric d. Vectors U,V € S, M have
d,(U,V) if <= U
0 otherwise shadow(U)
® angular pairing (U, V); = ||U|||| V| cos(£(U, V)).
Def. An M-valued random variable x = x(w) : Q — M with law p yields
® random tangent field g(V) = g(x,V) = (V,log;x);
® covariance L(U,V; u) = E[(g(x, U) — Eg(V)) (g(x,V) — Eg(V))], where
E(---)= [, dp
Thm [Mattingly, M-, Tran & Lammers, Huckemann]. Fix a localized measure M on M. Let
® G = Gaussian random tangent field with E[G(U)G(V)] = Z(U,V; )
® x1,X2,...1.i.d. M-valued variables ~ p
° g, (V)=1%7_1g(V), the average of the fields g;(V) = g(x;,V).

Then Vn(z, —Eg) >

® angle Z(U,V) =
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Random tangent fields

Def. A random tangent field on T, M is a stochastic process f : Q x S; M — R,
so f(V):Q — R for each V € 5; M.
* Gaussian if (f(V1),...,f(V,)) is multivariate Gaussian V Vi,...,V, € S;M
® covariance (U, V) = E[f(U)f(V)]
Def. S, M = unit sphere in T; M has metric d. Vectors U,V € S, M have
d,(U,V) if <= U
0 otherwise shadow(U)
® angular pairing (U, V); = ||U|||| V| cos(£(U, V)).
Def. An M-valued random variable x = x(w) : Q — M with law p yields
® random tangent field g(V) = g(x,V) = (V,log;x);
® covariance L(U,V; u) = E[(g(x, U) — Eg(V)) (g(x,V) — Eg(V))], where
E(---)= [, dp
Thm [Mattingly, M-, Tran & Lammers, Huckemann]. Fix a localized measure M on M. Let
® G = Gaussian random tangent field with E[G(U)G(V)] = Z(U,V; )
® x1,X2,...1.i.d. M-valued variables ~ p
° g, (V)=1%7_1g(V), the average of the fields g;(V) = g(x;,V).

Then Vn(g, - Eg) % G

® angle Z(U,V) =
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Random tangent fields

Def. A random tangent field on T, M is a stochastic process f : Q x S; M — R,
so f(V):Q — R for each V € 5; M.
* Gaussian if (f(V1),...,f(V,)) is multivariate Gaussian V Vi,...,V, € S;M
® covariance (U, V) = E[f(U)f(V)]
Def. S, M = unit sphere in T; M has metric d. Vectors U,V € S, M have
d,(U,V) if <= U
0 otherwise shadow(U)
® angular pairing (U, V); = ||U|||| V| cos(£(U, V)).
Def. An M-valued random variable x = x(w) : Q — M with law p yields
® random tangent field g(V) = g(x,V) = (V,log;x);
® covariance L(U,V; u) = E[(g(x, U) — Eg(V)) (g(x,V) — Eg(V))], where
E(---)= [, dp
Thm [Mattingly, M-, Tran & Lammers, Huckemann]. Fix a localized measure M on M. Let
® G = Gaussian random tangent field with E[G(U)G(V)] = Z(U,V; )
® x1,X2,...1.i.d. M-valued variables ~ p
° g, (V)=1%7_1g(V), the average of the fields g;(V) = g(x;,V).

Then Vi(g, —Eg) > G =(7.,V)

® angle Z(U,V) =

5
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Radial transport

Prop. Set X = T; M with apex O. Fix
e Z=logpze ToX
° gel0,Z]
° q €(0,7]
Then radial transport TqX' — Ty X is isometry if g # O.

Z points out of stratum containing O
= q € (O, z] is strictly less singular than O
= TzX is strictly less singular than X

The limit tangent cone along Z is
TzX = IL“ TqX
qe(0,z]
The limit log map along Z is induced by ToX — T,X for any g € (O, z]:
ﬁz . ToX — sz
to get T, M — R™ = tangent space to some smooth stratum
choose resolving vectors Z appropriately

to ensure p pushes forward appropriately, assume p is
unique /1, locally convex F,, and p(cut locus) =0
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Radial transport

Prop. Set X = T, M with apex O. Fix
e Z=logpze ToX
® q€[0,7]
° q €(0,7]

Then radial transport TqX' — T X is isometry if g # O.

V4

Z points out of stratum containing O
= q € (0O, z] is strictly less singular than O
= TzX is strictly less singular than X

The limit tangent cone along Z is
T, X = lim  ToX
qe(0,z2]
The limit log map along Z is induced by ToX — ToX for any g € (O, z|:
ﬁz . T@X — fz/Y
to get T, M — R™ = tangent space to some smooth stratum
choose resolving vectors Z appropriately

to ensure p pushes forward appropriately, assume p is
unique /1, locally convex F,,, and p(cut locus) =0
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Radial transport

Prop. Set X = T, M with apex O. Fix 7
e Z=logpze ToX
® q€[0,7]
° q €(0,7]
Then radial transport TqX' — T X is isometry if g # O.
Idea. Z points out of stratum containing O
= q € (0, z] is strictly less singular than O
= Tz X is strictly less singular than X

The limit tangent cone along Z is
T X = ||_n; TqX
qe(0,z]
The limit log map along Z is induced by ToX — ToX for any g € (O, z|:
ﬁz . T@/’t’ — sz
to get T, M — R™ = tangent space to some smooth stratum
choose resolving vectors Z appropriately

to ensure p pushes forward appropriately, assume p is
unique /i, locally convex F,, and p(cut locus) =0



History ~Stratified spaces Fréchet means and log maps Tangent fields Radial transport Collapse Gaussians CLT Escape vectors Future directions

Radial transport

Prop. Set X = T, M with apex O. Fix
e Z=logpze ToX
® q€[0,7]
° q €(0,7]

Then radial transport TqX' — T X is isometry if g # O.

Idea. Z points out of stratum containing O
= q € (0, 2] is strictly less singular than O
= TzX is strictly less singular than &

Def [Mattingly, M-, Tran & Barden, Le]. The limit tangent cone along Z is
TzX = I|_rn> TqX
q€(0,7]
The limit log map along Z is induced by ToX — ToX for any q € (O, z|:
,CZ : T@(Y — 7;2(1)
to get T, M — R™ = tangent space to some smooth stratum
choose resolving vectors Z appropriately

to ensure p pushes forward appropriately, assume p is
unique /i, locally convex F,, and p(cut locus) =0
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Radial transport

Prop. Set X = T, M with apex O. Fix
e Z=logpze ToX
® q€[0,7]
° q €(0,7]

Then radial transport Ty X' — T X is isometry if g ;é 0.

Idea. Z points out of stratum containing O
= q € (0, z] is strictly less singular than O
= TzX is strictly less singular than &

Def [Mattingly, M-, Tran & Barden, Le]. The limit tangent cone along Z is
TX = lim TeX
q€(0,7]
The limit log map along Z is induced by ToX — T,X for any q € (O, z|:
L7: ToX — T2X
to get T, M — R™ = tangent space to some smooth stratum

choose resolving vectors Z appropriately
to ensure p pushes forward appropriately, assume p is
unique /i, locally convex F,, and p(cut locus) =0
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Radial transport

Prop. Set X = T, M with apex O. Fix
e Z=logpze ToX
* q € [0, z]
° q €(0,7]

Then radial transport Ty X' — T X is isometry if g ;é 0.

Idea. Z points out of stratum containing O
= q € (0, z] is strictly less singular than O
= TzX is strictly less singular than X

Def [Mattingly, M-, Tran & Barden, Le]. The limit tangent cone along Z is
TzX = I|_m> TqX
q€(0,7]
The limit log map along Z is induced by ToX — T,X for any q € (O, z|:
EZ . ToX — ?ZX
to get T, M — R™ = tangent space to some smooth stratum
choose resolving vectors Z appropriately

to ensure u pushes forward appropriately, assume p is
unique /i, locally convex F,, and p(cut locus) =0
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Radial transport

Prop. Set X = T, M with apex O. Fix
e Z=logpze ToX
* q € [0, z]
° q €(0,7]

Then radial transport Ty X' — T X is isometry if g ;é 0.

Idea. Z points out of stratum containing O
= q € (0, z] is strictly less singular than O
= TzX is strictly less singular than X

Def [Mattingly, M-, Tran & Barden, Le]. The limit tangent cone along Z is
TzX = I|_m> TqX
q€(0,7]
The limit log map along Z is induced by ToX — T,X for any q € (O, z|:
EZ . ToX — ?ZX
to get T, M — R™ = tangent space to some smooth stratum
choose resolving vectors Z appropriately

to ensure u pushes forward appropriately, assume p is
unique /i, locally convex F,, and p(cut locus) =0
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Radial transport

Prop. Set X = T, M with apex O. Fix
e Z=logpze ToX
* q € [0, z]
° q €(0,7]

Then radial transport Ty X' — T X is isometry if g ;é 0.

Idea. Z points out of stratum containing O
= q € (0, z] is strictly less singular than O
= TzX is strictly less singular than X

Def [Mattingly, M-, Tran & Barden, Le]. The limit tangent cone along Z is
TzX = I|_m> TqX
q€(0,7]
The limit log map along Z is induced by ToX — T,X for any q € (O, z|:
EZ . ToX — ?ZX
to get T, M — R™ = tangent space to some smooth stratum
choose resolving vectors Z appropriately

to ensure u pushes forward appropriately, assume p is
unique /i, locally convex F,, and p(cut locus) =0
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Radial transport

Prop. Set X = T, M with apex O. Fix
e Z=logpze ToX
* q € [0, z]
° q €(0,7]

Then radial transport Ty X' — T X is isometry if g ;é 0.

Idea. Z points out of stratum containing O
= q € (0, z] is strictly less singular than O
= TzX is strictly less singular than X

Def [Mattingly, M-, Tran & Barden, Le]. The limit tangent cone along Z is
TzX = I|_m> TqX
q€(0,7]
The limit log map along Z is induced by ToX — T,X for any q € (O, z|:
EZ . ToX — ?ZX
to get T, M — R™ = tangent space to some smooth stratum
choose resolving vectors Z appropriately

to ensure u pushes forward appropriately, assume p is
unique /i, locally convex F,, and p(cut locus) =0
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Radial transport

Prop. Set X = T, M with apex O. Fix
e Z=logpze ToX
* q € [0, z]
° q €(0,7]

Then radial transport Ty X' — T X is isometry if g ;é 0.

Idea. Z points out of stratum containing O
= q € (0, z] is strictly less singular than O
= TzX is strictly less singular than X

Def [Mattingly, M-, Tran & Barden, Le]. The limit tangent cone along Z is
TzX = I|_m> TqX
q€(0,7]
The limit log map along Z is induced by ToX — T,X for any q € (O, z|:
EZ . ToX — ?ZX
to get T, M — R™ = tangent space to some smooth stratum
choose resolving vectors Z appropriately

to ensure u pushes forward appropriately, assume p is
unique /i, locally convex F,, and p(cut locus) =0
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Radial transport

Prop. Set X = T, M with apex O. Fix
e Z=logpze ToX
* q € [0, z]
° q €(0,7]

Then radial transport Ty X' — T X is isometry if g ;é 0.

Idea. Z points out of stratum containing O
= q € (0, z] is strictly less singular than O
= TzX is strictly less singular than X

Def [Mattingly, M-, Tran & Barden, Le]. The limit tangent cone along Z is
TzX = I|_m> TqX
q€(0,7]
The limit log map along Z is induced by ToX — T,X for any q € (O, z|:
EZ . ToX — ?ZX
to get T, M — R™ = tangent space to some smooth stratum
choose resolving vectors Z appropriately

to ensure u pushes forward appropriately, assume p is
unique /i, locally convex F,, and p(cut locus) =0
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Radial transport

Prop. Set X = T, M with apex O. Fix
e Z=logpze ToX
* q € [0, z]
° q €(0,7]

Then radial transport Ty X' — T X is isometry if g ;é 0.

Idea. Z points out of stratum containing O
= q € (0, z] is strictly less singular than O
= TzX is strictly less singular than X

Def [Mattingly, M-, Tran & Barden, Le]. The limit tangent cone along Z is
TzX = I|_m> TqX
q€(0,7]
The limit log map along Z is induced by ToX — T,X for any q € (O, z|:
EZ . ToX — ?ZX
to get T, M — R™ = tangent space to some smooth stratum
choose resolving vectors Z appropriately

to ensure u pushes forward appropriately, assume p is
unique /i, locally convex F,, and p(cut locus) =0



History ~Stratified spaces Fréchet means and log maps Tangent fields Radial transport Collapse Gaussians CLT Escape vectors Future directions

Radial transport

Prop. Set X = T, M with apex O. Fix
e Z=logpze ToX
. q €10,z]
° q €(0,7]

Then radial transport Ty X' — T X is isometry if g ;é 0.

Idea. Z points out of stratum containing O
= q € (0, z] is strictly less singular than O
= TzX is strictly less singular than X

Def [Mattingly, M-, Tran & Barden, Le]. The limit tangent cone along Z is
TzX = I|_m> TqX
q€(0,7]
The limit log map along Z is induced by ToX — T,X for any q € (O, z|:
EZ . ToX — ?ZX
Iterate to get T, M — R™ = tangent space to some smooth stratum
choose resolving vectors Z appropriately

to ensure u pushes forward appropriately, assume p is
unique /i, locally convex F,, and p(cut locus) =0
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Radial transport

Prop. Set X = T, M with apex O. Fix
e Z=logpze ToX
° q€0,7]
° q €(0,7]

Then radial transport Ty X' — T X is isometry if g ;é 0.

Idea. Z points out of stratum containing O
= q € (O, z] is strictly less singular than O
= TzX is strictly less singular than X

Def [Mattingly, M-, Tran & Barden, Le]. The limit tangent cone along Z is
TX = lim TeX
q€(0,7]
The limit log map along Z is induced by ToX — T,X for any g € (O, z]:
EZ : ToX — sz
Iterate to get T, M — R™ = tangent space to some smooth stratum
® choose resolving vectors Z appropriately

® to ensure p pushes forward appropriately, assume p is localized:
unique /i, locally convex F,, and p(cut locus) =0
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Tangential collapse

Def. Localized 1 on smoothly stratified M has fluctuating cone
C.={XeT:M|VzF(X)=0 and
X € convex cone generated by supp(u o log 1)}
Lemma. Adding mass to x can only cause i to move into

smoothly stratified = some sequence of limit log
maps, followed by convex projection to the relevant smooth stratum, is a
tangential collapse: a continuous map £: T, M — R™ that is

injective on and
preserves angles with vectors in
Examples

® kale: 4

® nonconvex quadrants:
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Tangential collapse

Def. Localized 1 on smoothly stratified M has fluctuating cone

C.={XeT:M|VzF(X)=0 and
X € convex cone generated by supp(u o IogEl)}

Lemma. Adding mass to x can only cause /i to move into C,

smoothly stratified = some sequence of limit log
maps, followed by convex projection to the relevant smooth stratum, is a
tangential collapse: a continuous map £: T, M — R™ that is
injective on and
preserves angles with vectors in

eI ES

® kale: 4

® nonconvex quadrants:
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Tangential collapse

Def. Localized 1 on smoothly stratified M has fluctuating cone

C.={X € T:M|VaF(X)=0and pushforward of 1
X € convex cone generated by supp(u o IogEl)}

Lemma. Adding mass to x can only cause /i to move into C,

smoothly stratified = some sequence of limit log
maps, followed by convex projection to the relevant smooth stratum, is a
tangential collapse: a continuous map £: T, M — R™ that is
injective on and
preserves angles with vectors in

eI ES

® kale: 4

® nonconvex quadrants:



Stratified spaces Fréchet means and log maps Tangent fields Radial transport Collapse Gaussians CLT Escape vectors Future directions

History

Tangential collapse

Def. Localized 1 on smoothly stratified M has fluctuating cone
C.={XeT:M|VzF(X)=0 and pushforward of
X € convex cone generated by supp(u o Iog;l)}
Lemma. Adding mass to x can only cause /i to move into C,

Thm [Mattingly, M—, Tran 2023]. M smoothly stratified = some sequence of limit log
maps, followed by convex projection to the relevant smooth stratum, is a
tangential collapse: a continuous map £ : T;M — R™ that is

injective on and

preserves angles with vectors in

eI ES

® kale: 4

® nonconvex quadrants:



Stratified spaces Fréchet means and log maps Tangent fields Radial transport Collapse Gaussians CLT Escape vectors Future directions

History

Tangential collapse

Def. Localized 1 on smoothly stratified M has fluctuating cone
C.={XeT:M|VzF(X)=0 and pushforward of
X € convex cone generated by supp(u o Iog;l)}
Lemma. Adding mass to x can only cause /i to move into C,

Thm [Mattingly, M—, Tran 2023]. M smoothly stratified = some sequence of limit log
maps, followed by convex projection to the relevant smooth stratum, is a
tangential collapse: a continuous map £ : T;M — R™ that is
® injective on C, and
preserves angles with vectors in

eI ES

® kale: 4

® nonconvex quadrants:



Stratified spaces Fréchet means and log maps Tangent fields Radial transport Collapse Gaussians CLT Escape vectors Future directions

History

Tangential collapse

Def. Localized 1 on smoothly stratified M has fluctuating cone
C.={XeT:M|VzF(X)=0 and pushforward of
X € convex cone generated by supp(u o Iog;l)}
Lemma. Adding mass to x can only cause /i to move into C,

Thm [Mattingly, M—, Tran 2023]. M smoothly stratified = some sequence of limit log
maps, followed by convex projection to the relevant smooth stratum, is a
tangential collapse: a continuous map £ : T;M — R™ that is

® injective on C, and

® preserves angles with vectors in C,

eI ES

® kale: 4

® nonconvex quadrants:



Stratified spaces Fréchet means and log maps Tangent fields Radial transport Collapse Gaussians CLT Escape vectors Future directions

History

Tangential collapse

Def. Localized 1 on smoothly stratified M has fluctuating cone
C.={XeT:M|VzF(X)=0 and pushforward of
X € convex cone generated by supp(u o Iog;l)}
Lemma. Adding mass to x can only cause /i to move into C,

Thm [Mattingly, M—, Tran 2023]. M smoothly stratified = some sequence of limit log
maps, followed by convex projection to the relevant smooth stratum, is a
tangential collapse: a continuous map £ : T;M — R™ that is

® injective on C, and

® preserves angles with vectors in C,

eI ES

® kale: 4

® nonconvex quadrants:



History ~Stratified spaces Fréchet means and log maps Tangent fields Radial transport Collapse Gaussians CLT Escape vectors Future directions

Stratified Gaussians

Smooth M: T, M = R™ already
use tangential collapse T, Ly Rm
The map £ has a measurable over R® = conv(image £),

: R® — discrete measures on R supp(polog !) C T

With L‘, @] = i(ll_;;/, vvhere L‘,(Aldyl 4+ 4 Ajdyj) = Alﬁ( Yl) + -+ Ajﬁ(yj)

L

—
Example. A
(_

A is any measurable section
of any R*-valued random variable N ~ N(0, X):

= A(N).
continuous variation in Gaussians can come from
redistributing weights on unmoving points rather than from spatial variation

(X) = (I, X)p forall X €
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Def [mattingly, M-, Tran 2023]. A Gaussian tangent mass [, is any measurable section
of any Rf-valued random variable A" ~ N(0, X):

M= AWN).

continuous variation in Gaussians can come from
redistributing weights on unmoving points rather than from spatial variation

(X) = (I, X)p forall X e
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Def [mattingly, M-, Tran 2023]. A Gaussian tangent mass [, is any measurable section
of any Rf-valued random variable A" ~ N(0, X):

M, = AWN).

Perspective shift: continuous variation in Gaussians can come from
redistributing weights on unmoving points rather than from spatial variation

(X) = ([, X) forall X €
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Stratified Gaussians

Smooth M: T, M = R™ already
Singular M: use tangential collapse T, M LLRm
Lemma. The map £ has a measurable section over RY = conv(image L),
A : R® — discrete measures on R supp(p o Iog;l) cT M
with £ o A = idge, where L(A1dy1 + -+ 4+ Nidys) = ML(Y?) + - + NL(YY).
c

—

JAN
—

Example.

Def [mattingly, M-, Tran 2023]. A Gaussian tangent mass [, is any measurable section
of any Rf-valued random variable A" ~ N(0, X):

M, = AWN).

Perspective shift: continuous variation in Gaussians can come from
redistributing weights on unmoving points rather than from spatial variation

Thm mattingly, M-, Tran 2023]. G(X) = ([, X); for all X € C,.
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Central limit theorems

Perturbative CLT

CLT 2 [Mattingly, M-, Tran 2023]. lim,—eo \/ﬁ |0gﬁ n i) @@(FM)

Variational CLT in a space of measures

CLT 3 [mattingly, M-, Tran 2023].  lim +/nlog, fin = V,,b(T,,),
n—oo

* the directional derivative, in the space P> M of L? measures on M,
® of the barycenter map b : P,M — M sending p —

® at u

® along any Gaussian tangent mass [,

Variational CLT in a space of functions

CLT 4 [Mattingly, M—, Tran 2023]. lim \/Elog ,EL,, g Vpuoexp %(G),
n—o00

e the directional derivative, in the space of continuous maps C(T,M,R),

of the minimizer map B : C(T,M,R) — T, M that sends f — argmin f(X)
at F, oexp xe

along the Gaussian tangent field G = G(-) = (I',, - )5 induced by p
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Variational CLT in a space of functions

CLT 4 [Mattingly, M—, Tran 2023]. lim \/E'Og/7 [in g Vpuoexp, %(G),
n—oo a

the directional derivative, in the space of continuous maps C(Tp M, R),

of the minimizer map B : C(T;M,R) — T;M that sends f — argmin f(X)
® at Foexp;, X€G

along the Gaussian tangent field G = G(-) = (I',, - )5 induced by
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Escape vectors

Def. Fix A = Mby1 4+ -+ + Ajdyi, a disc'rete measure on T.M. If
§ =M1 + -+ b, with Y' =log,y’ then A has escape vector

1 [
E(Y) = lim —log;
(Y) = lim —log; (1 +t9)
[, is a random discrete measure of the form A.

Isolated hyperbolic planar singularity: angle sum at
apex is a > 27 (that is, circumference at radius 1 is «)

is convex projection to the
={V € hull(supp ) | VaF(V) =0}
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Escape vectors

Def. Fix A = Mby1 4+ -+ + Ajdyi, a disc'rete measure on T.M. If
§ =M1 + -+ b, with Y' =log,y’ then A has escape vector

oY) = log (1 + t9)
[, is a random discrete measure of the form A.

Isolated hyperbolic planar singularity: angle sum at
apex is a > 27 (that is, circumference at radius 1 is «)

is convex projection to the
={V € hull(supp ) | VaF(V) =0}
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Escape vectors

Def. Fix A = Ady1 + -+ \jdys, a discrete measure on T, M. If
§ =M1 + -+ b, with Y' =log,y’ then A has escape vector

ORI pp—
¢(Y) = lim ~log; (i + )
Note. I, is a random discrete measure of the form A.

Isolated hyperbolic planar singularity: angle sum at
apex is a > 27 (that is, circumference at radius 1 is «)

is convex projection to the
= {V € hull(supp u) | VaF(V) =0}
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Escape vectors

Def. Fix A = A1dy1 + -+ + A\;ys, a discrete measure on T, M. If
§ = M0y + -+ Ny with Y/ = Iogﬂyi then A has escape vector

@ 0 1 L +8
¢(Y) = lim ~log; (i + )

Note. I, is a random discrete measure of the form A.

Example [Huckemann, Mattingly, M—, Nolen 2015]

® Isolated hyperbolic planar singularity: angle sum at
apex is @ > 27 (that is, circumference at radius 1 is a)

is convex projection to the
= {V € hull(supp u) | VaF(V) =0}
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Escape vectors

Def. Fix A = A1dy1 + -+ + A\;ys, a discrete measure on T, M. If
0= A1dy1 + -+ \jd,; with Yi= Iogﬂy" then A has escape vector

@ N 1 L +8
(YY) = tl|_r110 ?Iog/—,(pH- to)

Note. I, is a random discrete measure of the form A.

Example [Huckemann, Mattingly, M—, Nolen 2015] N > 27

® [solated hyperbolic planar singularity: angle sum at
apex is @ > 27 (that is, circumference at radius 1 is a)

embedded in R3: 4

is convex projection to the
={V € hull(supp 1) | VzF(V) = 0}
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Escape vectors

Def. Fix A = A1dy1 + -+ + A\;ys, a discrete measure on T, M. If
0= A1dy1 + -+ \jd,; with Yi= Iogﬂy" then A has escape vector

N 1 —
(YY) = tl|_r110 ;Iog/—,(uﬁ- to)

Note. I, is a random discrete measure of the form A.

Example [Huckemann, Mattingly, M—, Nolen 2015] N > 27

® Isolated hyperbolic planar singularity: angle sum at
apex is a > 27 (that is, circumference at radius 1 is «)

embedded in R3: 4

® £ is convex projection to the fluctuating cone
G, ={V €hull(supp p) | VzF (V) = 0} M
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Looking forward

Gaussian objects on singular spaces
® use G and [, to enable MCMC sampling
® heat dissipation and random walks: heat kernels
® infinite divisibility of probability distributions

convergence rates

confidence regions

geometric PCA, e.g., in the sense of [Marron, et al. since 2010s]
smoothness/singularity testing

learning stratified spaces

singular influence functions

persistence diagrams

spaces of measures
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Looking forward

Gaussian objects on singular spaces
® use G and I, to enable MCMC sampling
® heat dissipation and random walks: heat kernels
® infinite divisibility of probability distributions

Statistical developments
® convergence rates
® confidence regions
® geometric PCA, e.g., in the sense of [Marron, et al. since 2010s]
® smoothness/singularity testing
® learning stratified spaces

® singular influence functions

Infinite-dimensional singular settings
® persistence diagrams [Mileyko, Mukherjee, Harer 2011]

® spaces of measures [Lott 2006]
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Looking forward

Curvature invariants from distortion maps and tangential collapse

generalize 2D angle deficit

variation from point to point in M

integrate to reflect topology of singular spaces?

compare with singular homology or intersection cohomology
how to construct measures with given Fréchet mean?

distortion <+ how CLT transforms under morphism
proposal for real or complex variety X:
take resolution of singularities X — X
push CLT on X forward to X
correction terms should involve local sheaf-theoretic data around
conj: results in well defined CLT on X
e.g.: compare pushforward CLT with singular CLT in smoothly stratified case
analogy: multiplier ideals
asymptotics of sampling from moduli spaces
statistical invariants <> typical or expected variation of algebraic structures
in neighborhoods of a fixed degeneration
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4+ + A+t
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Looking forward

Curvature invariants from distortion maps and tangential collapse
® generalize 2D angle deficit

variation from point to point in M

integrate to reflect topology of singular spaces?

compare with singular homology or intersection cohomology

how to construct measures with given Fréchet mean?

Algebraic singularities: functoriality and moduli
e distortion <+ how CLT transforms under morphism
® proposal for real or complex variety X:
take resolution of singularities X = X
push CLT on X forward to X
correction terms should involve local sheaf-theoretic data around /i
conj: results in well defined CLT on X
e.g.. compare pushforward CLT with singular CLT in smoothly stratified case
analogy: multiplier ideals
® asymptotics of sampling from moduli spaces
+ statistical invariants <> typical or expected variation of algebraic structures
+ in neighborhoods of a fixed degeneration

+ 4+ + o+t
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