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Fréchet (1948) Means
Ingredients:
• metric space (X,d), ρ : X× X → R continuous,
• Borel m’ble random variables X1, . . . ,Xn

i.i.d.∼ X ∼ P on X

⇝ Fréchet ρ-mean sets

population M(P) := argminx∈X E[ρ(x ,X )] ,

sample Mn := argminx∈X

1
n

n∑
j=1

ρ(x ,Xi) .

Existence for ρ = d2:
• Mn ̸= ∅ a.s. if (X,d) complete,
• M(P) ̸= ∅ if additionally, ∃x ∈ X with E[d(x ,X )] <∞.

Uniqueness:
• |M(P)| = 1 if additionally supp(X ) in ball, smaller than a

goedesic half ball (Karcher, 1977; Kendall, 1990; Le, 2001;
Groisser, 2005; Afsari, 2011).

• |Mn | = 1 a.s. if additionally X is a Riemannain manifold and
X is absolutely continuous w.r.t. Riemannian volume
(Arnaudon and Miclo, 2014).
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Strong Law of Large Numbers
Kuratowski (1948) convergence of sets Cn ⊆ X, n ∈ N:

Ls
n→∞

Cn := {x ∈ Q : lim inf
n→∞

d(x ,Cn) = 0} =
∞⋂

n=1

∞⋃
k=n

Ck

Li
n→∞

Cn := {x ∈ Q : lim sup
n→∞

d(x ,Cn) = 0}

superior (or outer) limit and inner limit, Lin→∞ Cn ⊆ Lsn→∞ Cn

Theorem (Ziezold (1977); Bhattacharya and
Patrangenaru (2003))
If ∃ ∈ X with E[d(x ,X )] <∞, X separable, then

(ZC) Lsn→∞ Mn ⊆ M(P) a.s.,
(BPC) if X is Heine-Borel and M(P) ̸= ∅ then M(P) = Lin→∞ Mn a.s.

Extensions to generalized Fréchet means by H. (2011); e.g.

argminγ∈Γ

1
n

n∑
j=1

d(γ,Xj)
2 → argminγ∈Γ E[d(γ,X )2]

Recent extensions by Schötz (2022); Wiechers et al. (2023);
Evans and Jaffe (2024): (ZC) inclusion can be strict.
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On Complete CAT(0) (Hadamard) Spaces

1 |M(P)| = 1 = |Mn | a.s. (Sturm, 2003)

2 ∃ involved CLT by Mattingly et al. (2023),
• see Ezra’s talk (Thu afternoon)

3 ∃ phenomenon of stickiness,
• is a curse for statistics, e.g. of phylogenetic trees (e.g. Billera

et al. (2001), Barden et al. (2018)),
• that can be alleviated in wald space (Lueg et al., 2024)?
• see Mahshid’s poster,
• that comes in different flavors (Lammers et al., 2023).
• Can it be turned into a blessing?
• See Lars’ poster,
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Nonuniqueness

Consider x , y ∈ X = S2 with
• dE(x , y) = ∥x − y∥ = extrinsic metric
• dI(x , y) = arccos yT x = intrinsic (spherical) metric
• dR(x , y) = ∥x − yyT x∥ = residual quasi metric

and X ∼ uniform on equator:

How, and how good is the estimation of random variables “near”
X?
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Honesty

Definition
A Fréchet ρ-mean M is honest if M(δx) = {x} for all x ∈ X.

Lemma 1 (Instability of Nonuniqueness)
For all honest M on X, all t ∈ (0,1] and all x ∈ M(P) we have

M(Px,t) = {x}

with the perturbed measure Px,t := (1 − t)P+tδx .

Fréchet d2-means based on a metric d are honest,
however, not if based on the residual quasi metric.
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Lower Bound

Theorem 1
Let the Fréchet ρ-mean M be honest,

• |M(P)| > 1,
• n ∈ N fixed, whereas x ∈ M(P), 0 < t ≤ 1 arbitrary

• X1, . . . ,Xn
i.i.d.∼ Px,t ,

• µ̂n any estimator of M, e.g. µ̂n = Mn,
then for all η > 0,

sup
x ∈ M(P)
0 < t ≤ 1

P⊗n
x,t

{
d(µ̂n,M(Px,t)) ≥

diamM(P)− η

2

}
≥ 1

2
.
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Proof

Apply argument chain of Tsybakov (2009, p. 79 ff.):
1 y , z ∈ M(P),d(y , z) ≥ diam(M(P)− η,

2 two hypotheses Py,t ,Pz,t ,

3 d(M(Py,t),M(Pz,t))
honesty

≥ diam(M(P))− η =: 2s,
4 maxx∈{y,z} P⊗n

x,t {d(µ̂n,M(Px,t)) ≥ s}
(2.9), p.80

∆ ineq

≥ infψn maxx∈{y,z} P⊗n
x,t {ψn ̸= x} =: pe,1

over all tests ψn : Xn → {y , z};
a candidate for ψn is the test to reject if distance to µ̂n is ≥ s,
and to do a coin flip (reject less often) if both are ≥ s (both
cannot be < s),

5 TV (P⊗n
y,t ,P

⊗n
z,t )

next slide

≤
√

2
√

1 − (1 − t)n := α,

6
p. 90,Thm 2.2 (i)⇒ pe,1 ≥ 1−α

2 ,
7 t → 0 ⇒ α→ 0 ⇒ Theorem 1 (max above ≤ sup of theorem).
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Step 5: The Missing Inequality

Tsybakov (2009, p. 83, 86), two prob. distributions P,Q:
• squared Hellinger distance

H(P,Q)2 :=
∫ (√

dP
dν −

√
dQ
dν

)2

dν , ν = P + Q,

• total variation distance TV (P,Q) := supA m’ble |P(A)− Q(A)|,

• H(P⊗n,Q⊗n)2 = 2
(

1 −
(

1 − H(P,Q)2

2

)n
)

,

• Le Cam’s inequalities H2/2 ≤ TV ≤ H.

Application:

• H(Py,t ,Pz,t)
2/2 ≤ TV (Py,t ,Pz,t) = t ,

•
(

1 − H(Py,t ,Pz,t )
2

2

)n
≥ (1 − t)n,

• TV (P⊗n
y,t ,P

⊗n
z,t )

2 ≤ H(P⊗n
y,t ,P

⊗n
z,t )

2 ≤ 2 (1 − (1 − t)n).
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Remark 1

Given M(P) ∋ y ̸= z ∈ M(P), uniformly over

{Px,t : x ∈ {y , z}, t ∈ (0, ϵ)},∀0 < ϵ ≤ 1

no test ψn : X
n → {y , z} will perform better than a coin flip.
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Corollary 1

Markov inequality 1
2 ≤ P{Y ≥ s} ≤ E[Y ]

s and η → 0 gives

inf
µ̂n

sup
x ∈ M(P)
0 < t ≤ 1

EP⊗n
x,t

[d(µ̂n,M(Px,t))] ≥
diamM(P)

4
.

Example:
• P = δN+δS

2 on S2 with poles N,S, resp.,
• d : spherical distance,
• M(P) = equator, diam = π,
• pick x ∈ equator, zero meridian,
• as t → 0 (by symmetry)

• Mn of P⊗n
x,t tends to be on far side with 50%,

• in these cases d(Mn, x) ≥ π/2,
• in the mean, d(Mn, x) ≥ π/4.
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The Wasserstein World

For an invitation, see, e.g. Panaretos and Zemel (2020):
• P(Rm) := all probability measures on Rm,

• P2(Rm) :=
{
µ ∈ P(Rm) : ∃x ∈ X with E[d(x ,X )2] <∞

}
• W(µ, ν) :=

(
infπ∈Π(µ,ν)

∫
∥x − y∥2 dπ(x , y)

)1/2,

Π(µ, ν) :=

{
π ∈ P(Rm ×Rm)

∣∣∣∣ π(A × Rm) = µ(A) ∀A ∈ B(Rm)
π(Rm ×B) = ν(B) ∀B ∈ B(Rm)

}
.

• (X,d) := (P2(Rm),W) = the 2-Wasserstein space over Rm,
• it’s metric, hence its Fréchet means are honest.
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Nonuniqueness in the
Wasserstein World

A = (0,1)

−A

B−B

E

−E

F

−F

In R2, let
µ := 1

2 (δA + δ−A) ,

ν := 1
2 (δB + δ−B) ,

P := 1
2 (δµ + δν),

yielding,
M(P) =

{
α
2 (δE + δ−E) +

1−α
2 (δF + δ−F ) :

0 ≤ α ≤ 1
}

.

By Corollary 1, for Mn of µ1, . . . , µn
i.i.d.∼ Pµ,t = (1 − t)P+tδµ,

0 < t ≤ 1 (by symmetry):

sup
t>0

EP⊗n
µ,t
[W(Mn, µ)] ≥

diamM(P)
4

=
1
4
,

as ∥F − E∥ = 1 = ∥F + E∥.
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Parametric Rates (1/n)

Theorem (Le Gouic et al. (2022), Cor. 1.2)
Let/assume:
• 0 < α ≤ β, Φα,β :=

{
ϕ ∈ C1(Rm → R) :

ϕ(y) ≥ ϕ(x) +∇ϕ(x)T (y − x) + α
2 ∥x − y∥2

ϕ(y) ≤ ϕ(x) +∇ϕ(x)T (y − x) + β
2 ∥x − y∥2 for all x , y ∈ Rm

}
,

• M(P) = {τ}.
• supp(P) ⊆ {(∇ϕ)♯τ : ϕ ∈ Φα,β},

Then, if β < α+ 1,

EP⊗n [W(Mn, τ)
2] ≤ 1

n
4EP∼P[W(P, τ)2]

(β − α− 1)2 .

Question
Is β < α+ 1 sharp for parametric rates?
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Partial Answer

A = (0,1)

−A

B−B

E

−E

F

−F

Let
µ := 1

2 (δA + δ−A) ,

ν := 1
2 (δB + δ−B) ,

τ := 1
2 (δE + δ−E) ,

Theorem 2
Let 0 < α < β. Then

(i) µ = (∇ϕ)♯τ with ϕ ∈ Φα,β
⇒ β > α+ 2

(ii) ∀δ > 0 ∃β ≤ α+ 2 + δ such that
∀ζ ∈ {µ, ν, τ}
ζ = (∇ϕ)♯τ for some ϕ ∈ Φα,β .

Hence β ≤ α+ 2 is a realistic upper bound.

Conjecture
Under Le Gouic et al. (2022) hypotheses, with C indep. of P,
EP⊗n [W(Mn, τ)

2] ≤ 1
n

C EP∼P[W(P,τ)2]
(β−α−2)2 for all 0 < α < β < α+ 2.
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The Shape World

E.g. Gower (1975), H. (2010, 2012), Dryden and Mardia (2016),
2 ≤ m < k :
• landmark configurations z = (z1, . . . , zk ) ∈ Rm×k ,

• removing translation and scaling z 7→ x ∈ Sm×(k−1)−1,
• removing rotation:
Σk

m := {[x ] : x ∈ Sm×(k−1)−1}, [x ] := {gx : g ∈ SO(m)},
• Procrustes metric (quotient of residual quasi metric)

dP([x ], [y ]) := ming∈SO(m) ∥gx − yyT gx∥,
• for m ≥ 3, Σk

m is a stratified space with open and dense
top-dimensional manifold stratum Σ∗,

• ∀ξ ∈ Sm×(k−1)−1 with [ξ] ∈ Σ∗ ∃ Σ∗∗
[ξ] ⊆ Σ∗ open and a smooth

lift ψξ : Σ∗∗
[ξ] → Sm×(k−1)−1 in optimal position to ξ, i.e.

dP([x ], [ξ]) = ∥ψξ([x ])− ξξTψξ([x ])∥,

• chart at ξ ∈ Sm×(k−1)−1 for tr(xT ξ) > 0: ϕξ : x 7→ x−tr(xT ξ)ξ
tr(xT ξ)

.
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A CLT for Procrustes Means
Theorem 3
Let Z1, . . . ,Zn,Z

i.i.d.∼ P ∈ P(Σk
m) be random shapes, that a.s.

assume Σ∗∗
[ξ], M(P) = {[ξ]}, µ̂n ∈ Mn m’ble selection. Then

√
n vec (ϕξ ◦ ψξ(µ̂n))

D−→ N
(
0, H−DH−)

with
D = cov[vec(ψξ(Z ))vec(ψξ(Z ))T ] =

N∑
j=1

λjvjvT
j ,

H− =
1
2

N+1∑
j=2

(λ1 − λj)
−1vjvT

j

where N = m(k − 1), λ1 > λ2 ≥ . . . ≥ λN , vec(ξ) = v1,
(v1, . . . , vN) ∈ SO(N).

Remark
The v2, . . . , vN span the tangent space of SN−1 at vec(ξ).
If λ1 − λ2 → 0 we loose uniqueness, H− explodes, i.e. the
constants deteriorate.
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Outlook
• Research on nonparametric rates: stickiness (faster), smeariness (slower) is

still in its beginnings, cf. also Eltzner (2022) for geometrical vs. topological
smeariness and Eltzner (2020) how to test for nonuniqueness,

• Alleviated for diffusion means (Eltzner et al., 2023).
• Only rather well understood (McKilliam et al. (2012), Hotz and H. (2015),

Hundrieser et al. (2020)) on the circle X = S1, d = arc length, with new
example (for all r > 0, µ = 0):

• µ̂n
a.s.−−→ 0

• (
log

√
n
)1/r

µ̂n
D−−−→ 1

2 (δ−1 + δ1)

• r
(
log

√
n
)(1+r)/r

(
µ̂n − sign(µ̂n)

(log
√

n)1/r

)
D−−−→ sign(Z ) · log |Z |

with Z ∼ N (0, σ2).

• Kroshnin (2021, Theorem 4.6.1) has a logarithmic rate Wasserstein example.
• In addition to deteriorating constants (near nonuniqeness)

∃ finite sample (stickiness/smeariness) phenomena.
• Smeariness begets finite sample smeariness, detect by bootstrapping

variance modulation (Pennec, 2019):
mn :=

nE[d2(µ̂n, µ)]

E[d2(X , µ)]

• That the bootstrap is valid has only been shown on the circle (Hundrieser
et al., 2020) ...

• All of the nonreferenced and new results are from Hundrieser et al. (2024).
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