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Z-[]\_^a`cb�d4\ecfgb�bihYjlkUe4mnjQ^a\
o7p fnq_dc^rTs9Z]tus_v>wxzy|{~}�mn^�kUfgjlmg���>jYkU�gd p \�k�^_[�fn��Z-k�jl�Fmn�'f p d

u>mn�Y�'f p ^>�]d p d4eA�Yd p eA�Yd�ji���-�-�-����r��Oe�d4bi� p di�n�F�g�����g�L�lmn�Fd4\

�)�I�4�c�� Y¡g�g¢ o7p fg�'d p ^�kUd4\�fn�\�ecdcjlm p kUf£�UmgjY�ghlmg�gdO\L¤NyPd4\a\amn�gd�Z-dO¥QhYdcjlecd�wV�lm p ^a\4¦�§�k��Fd)Z-d4¥QhYd4jle�d
wV�,m p ^a\4¦���yC§~¨ \�\�d4¥QhYd4jle�d��]k©mn� p mnb�\Aª�lm«�Fd<�'dcd4j¬k©�]d4��[*\9^�h,�]k�dO�*kUj^��Yd��©mg\9^��Yd4ecmF�]dg®�Z]e�d4jlm p kUf
�©mnjl�ghlmg�gd4\<dcb<�,dO�¯^a�YdPd��]� p d4\a\9kU�gd��,f�¬�d p fn��yCmn°4h pa± kUdc¬k©e�°)^ p mgecd4\4¦~mnjl�²e�fFjl\�d4¥QhYdcjQ^a��[F¦~\9d4�gd p mg�
� p fF�Y��d4b�\L\�hleA�²mg\Lb�f-�Ydc�>eA�YdOe ± kUjY�
m p d�hljl�]d4eckU�lmn�Y�Ud��³f p ^��YdO\9d£�©mnjY�Fhlmn�Fd4\4®´r�dO\9�lkµ^ad£^��Yd4k p d��-{
� p dO\�\�k��Fd>�'f�¬Vd p ¦FbLfQ\_^�fn��\ae�d4jlm p kUf��UmgjY�ghlmg�gdO\~ecmgj�fgjl��[�b�f]�]dc�,¶ljYk�^�d4��[��FdcjYd p mn^�d4���'dc�,m«�QkUf p \�^a�lm�^
e4mnj�,d��]dO\�e p kU�'d4�*mF\z^��Yd�ecfgjle4m�^�d4jlm�^ak�fFj*fg�V�lmn^9^�d p j,\�� p fgb|m�¶ljlkµ^ad�\9dc^4®�·>f�¬�dc�gd p ¦#jYfFj]{2¶ljYk�^�dc�U[
�FdcjYd p mn^�dO�C�'dc�lm«�-kUf p \T\�hleA�
mg\�\���k©�]kUjY�£¬k�jl�Yf�¬>\�� p d4¥QhYd4jQ^��U[Cf]ece�h p kUj¯mg\�[-jleA� p fgjYfFhl\T�YkU\9^ p k��lh]^�dO�
\�[]\_^adcb�\4®%Z-dc�Fd p mn��d��-^�d4jl\�k�fFjl\ifg�zyPdO\�\amn�Fd�Z-dO¥QhYdcjlecdPwV�,m p ^a\L�lm«�gd��,d4dcj²� p fg�'fF\�d4�
^af
e4mn�]^ah p d
jlfgj]{2¶ljYk�^�d4��[��gd4jYd p m�^ad4���'dc�,m«�QkUf p \4¦F�YhY^V^a�Yd4\�dT��m p k©mnjQ^a\~dcb<�,dO��^��ldzdc�]� p dO\�\�kU�gd>�'f�¬Vd p fg��mnh]^afgb�m�{
^Amecfgb�bihljYkUe4m�^ak�jY�;�-kUmhYj-�'fghYjl�Yd4�²eA�lmnjYjldc�©\�¤Nmnjl�¸^��-hl\�fg�Tt�h p kUjY�¯yCmFeA�Yk�jld4\Aª¹¦7b�m ± kUjY�^��Yd4k p
mgjlmn�U[]\9k©\zdc�Fdcj;bLf p dLkUjF^ p mFe¹^Amn�Y�Udg®�º;d�� p fF�,fQ\9d�m�jYdc¬»d��-^�d4jl\�k�fFjfg�¼yPdO\�\amn�Fd�Z]d4¥QhYdcj,e�d)wV�lm p ^a\
^a�lm�^�ecmgj¸b�f]�]dc�¼jYfFj]{2¶ljYk�^�dc�U[´�FdcjYd p mn^�d4�¸y*Zlw½�©mnjY�Fhlmn�Fd4\i¬kµ^a�Yfgh]^�d4bi�'d4�Y�]kUjY�^��Yd£dc�-� p dO\�\�k��Fd
�'f�¬�d p fn��e�fFbLb<hYjYk©ecmn^�kUjY�Lmgh]^�fFb�m�^aml¦Ymnjl��\9^�hl�][�kµ^A\� p fg�'d p ^�kUd4\4®
¾P¿QÀ#ÁaÂiÃ ��ÄI�g¢ ZYe�dcj,m p k�f��©mnjY�Fhlmn�Fd4\4¦F�lm p ^akUmg�Wf p �]d p \4¦-�YkU\9^ p k��lh]^�dO��\�[]\_^adcb�\4¦]bLf]�]d4��kUjY�
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��� ����� � ¢ §�dO\z� p fF� p k��c^��4\z�]dO\��UmgjY�Fmg�gd4\T�]d�\�ec�cjlm p kUfF\<¤ yPdO\�\amn�FdLZ-dO¥QhYdcjlecd)wV�lm p ^a\4¦W§�kU�gd�Z-d�{
¥QhYd4jle�d*wV�lm p ^A\c¦�fgh �]k©mn� p mgbLb�dO\L�Yd£\��4¥QhYd4jle�dO\��W¨ ��yC§Iª�fgjQ^���^a�P�Um p �Fdcb�dcjQ^���^�h,�]k��4d4\�ecd4\��]k��
�Yd p jYk�` p dO\�mnjYjl�cd4\4®£§�d4\i�UmgjY�Fmg�gdO\z�Yd)\�ec�cjlm p kUfF\�m«[QmnjQ^��UmC�YhYk©\�\amnjlecd��W¨ d��]� p d4\a\9kUfgj
�]d4\�^ p mgecd4\��]d
y*mn°ch p�± kUdc¬k©e�°g¦��Yd�jYfgb<� p d4h]�*� p fg�l��`4bLdO\z� p mn^�k©¥QhYd4\4¦�ecfgb�b�dL�Ud�b�f]�]dc��{MeA�ld4e ± k�jl�l¦�\�fgjQ^�k�jl�Y�4e�k©�-{
mg�Y�Ud4\>�'fgh p e�dO\��©mnjl�Fmn�Fd4\4®r�d<�Y��h,\c¦'b�mn�U� p ����d4h p �lhYkU\a\amnjlecdi�W¨ d��]� p d4\a\9kUfgjP�4��d4�g�cdF¦l�©m��Y�UhY�lm p ^z�]d4\
�©mnjl�Fmn�Fd4\��]d�\�ec�cjlm p kUfF\VjYd��'d p bLdc^>�]d��g�cjl� p d p ¥Fhld��Yd4\¼e�fFbL�'f p ^�d4b�dcjQ^a\�¶ljlk�b�dcjQ^dcjl�gdcj,� p �O\c¦]¥QhYk
jld��'dchY�FdcjQ^
	�^ p d�d��]� p k�b��4\L¥QhYd£e�fgb�b�d£�]d4\�e�fFjlecmn^��4jlm�^ak�fFjl\i\��4¥QhYd4jF^ak�d4���Ud4\��]d£e�fFb��,f p ^adcb�dcjQ^a\
eA�lfgk©\9k©\<�lmnjl\<hYj¸d4jl\�dcbi�l��d�¶ljYk�]d�b�fn^�k�� \4®²wVdc�'dcjl�lmnjQ^4¦7fFj p dcjlecfgjQ^ p d)ecfgh p mnb�b�dcjQ^L�Yd4\�e�fFb<{
�'f p ^�d4b�dcjQ^a\VjYfgjY{N¶ljlk�b�dcjQ^¼dcjY�Fdcjl� p �O\7�Uf p \�¥QhYdT�N¨ fgj)eA�ld p eA�Yd��<bLf]�]�4��k©\�d p �]d4\�\9[]\9^�`4bLdO\V�YkU\9^ p k��lhY�4\
dc^�mF\9[-jleA� p fFjYd4\4¦7e�d£¥QhYkd4\9^L�UdPecmF\<�]h²b��4e4mnjYk©\9b�d£�]d��³dcj	c^ p d4\��g�Uk©\�\amnjQ^�dO\<�Yh¸� p fn^af-ecfg�Ud�t�w o ®
o ��hl\�kUdch p \�d��-^�d4jl\�k�fFjl\��]d4\�yPdO\�\amn�Fd�Z-dO¥QhYdcjlecd*wV�lm p ^a\LfgjQ^���^a�£� p fF�,fQ\9�4d4\L�'fgh p�p dcb��4�]kUd p �
e�d
� p fF�Y��`4b�dg¦gb�mgkU\Ve�d4\~��m p kUmgjF^ad4\7�YfgjYjYd4jQ^Vmnh]��\ae��cj,m p k�fQ\!�Um��lhYkU\a\amnjlecd��W¨ d��]� p d4\a\9kUfgj��]dO\~mnhY^�fgb�mn^�d4\
ecfgb�bihljYkUe4mnjQ^a\���e4mnjlmgh]�)�]d�e�fFb�bihYjYk©ecmn^�kUfgj�jYfgjY{2�'f p jY�4\�¤ d�^>�lm p e�fgj,\9�O¥FhldcjQ^>�]d4\yCmFeA�YkUjYd4\�]d
t�h p k�jl�Qª¹¦ p d4jl�YmnjQ^�2¨ mgjlmn�U[]\9d��]d�ecd4\¼�©mnjY�Qmn�gdO\�dcjlecf p dz�l��hl\��]k���eck��Udg®wVd p mg�Y�,f p ^� p fg�'fF\�dzhYjYd�d��-{
^adcjl\�kUfgj��]d4\7yCd4\a\�mg�gdZ-d4¥QhYd4jle�dTwV�lm p ^A\�¥QhYkY�'d p bLdc^~�]d>�]�c¶ljYk p �]d4\~e�fgb��'f p ^�d4bLd4jQ^a\!jYfFji¶ljlk�b�dcjQ^
d4jY�gd4jl� p �4\!\amnjl\!�'fgh p mnh]^AmnjQ^7�]fgjYjld p mnhY�<\�ec�cjlm p kUfF\I�©m��YhYk©\�\amnj,e�d¼�]d4\7mgh]^�fFb�m�^�dO\�e�fFbLb<hYjYk©ecmgjF^A\c¦
dc^>��^ahl�]kUd�\9dO\¼� p fF� p k��c^��4\4®
��Ã �O� Á ¡�� � ¢ \ae�d4jlm p kUfF\4¦Qf p � p dO\V�,m p ^�kUdc�©\c¦]\�[-\9^�`4b�d4\�]k©\_^ p kU�YhY�O\c¦lbLf]�]�4��k©\am�^�kUfgj
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ZYe�dcj,m p k�f��©mnjY�Fhlmn�Fd4\�,m«�gd�b�d�^�m)e�fFjl\�kU�]d p mg�Y�Ud�k�jQ^�d p dO\_^Tk�jP^a�Ydi�©mg\9^z�Yd4ecmF�]dg®>t¼�ldidcjQ^a�Qh,\9k©mg\�b fg�
^a�Yd p d4\�d4m p eA�£mnj,�PdcjY�Fk�jldcd p kUjY��e�fFbLb<hYjYk�^_[)�³f p ^a�YkU\ ± k�j,�Pfn�7jYfg^amn^�kUfgjCecmgjP�,d<d��]�Y�©mnkUjYd4�£�-[�^_¬�f
b�mnq_f p eA�lm p mge�^�d p k©\_^akUe4\~fg��^a�Yd4\�d��UmgjY�gh,mn�gdO\c®

% k p \9^��U[g¦F� p fFb ^a�Yd>dcjl�gkUjYdcd p kUjY���,fFk�jQ^~fg�W�QkUdc¬�¦Q\�ecdcjlm p kUf��UmgjY�gh,mn�gdO\!�lm«�gdm�\�k�b��Y�Ud�mgjl��mn�Y�'d4mg�µ{
kUjY��� p mg�Y�Yk©ecmg� p d4� p d4\�dcjQ^amn^�kUfgj�®t¼�Yd<� p mn�Y�Yk©ecmg�WjYfn^Am�^ak�fFjC�]dc�Yk©e¹^A\Tec��dOm p ��[�^��ldikUjF^ad p mge�^�kUfgjPmnb�fgjl�
� p f]e�dO\�\�d4\T¬k�^��
fgjY�U[Cm��³dc¬½e�fgj,e�dc�Y^a\�&T� p f]e�dO\�\�d4\4¦Wb�d4\a\�mg�gd4\4¦#k�jQ^ad p jlmn�7mFe¹^�kUfgj,\c® % kU�gh p d('�\9�Yf�¬>\
mgj¸dc�]mgb��Y��d£fg�Tm
\9kUb��Y��d£� p fn^af]e�fg�¼�]dO\�e p kU�,dO�¸¬k�^�� ·>kU�g�Y{2�Udc�Fdc�yPd4\a\amn�gd£Z-d4¥QhYd4jle�d*wV�lm p ^A\£¤³f p
·Ty*Zlw�\Aª�&�^_¬�f�� p f]ecd4\a\9dO\

p
mgjl�

q
dc�YeA�lmnjY�Fd�b�d4\a\�mg�gd4\

m
mnj,�

n
¦,mgjl�£^��ldcj£^�d p b�kUjlm�^ad�^a�Ydck p kUj]{

^ad p mge�^�kUfgj)¬k�^��PmLb�d4\a\�mg�gd
o
®*)�è^ad p \�dcjl�Yk�jY�

m
¦]� p f]ecd4\a\

p
\�[]\_^adcb�m�^akUe4mn�U��[��'d p �³f p b�\mnj�k�jQ^ad p jlmn�

mFe¹^ak�fFj
a
®�Z]ecdcjlm p kUf��UmgjY�gh,mn�gdO\!�lm«�gd�'dcd4j�kUjF^adc� p mn^�d4�LkUjQ^�f<�TyC§,+Ô�-'�.M¦]mnjl���,m«�gd�'d4e�fFb�d�/ �10�� �� ��

m�\9^amgjl�Ym p ��jlfn^amn^�kUfgj�®
Z-dOe�fFjl�]�U[g¦�� p fgb ^a�Yd p dO\9dOm p eA�ie�fFb�bihYjYk�^_[��'fgkUjQ^!fg�,�-kUdc¬�¦g\ae�d4jlm p k�fT�UmgjY�gh,mn�gdO\�m p d�¬�dc�U�-�³f p b�mg�µ{

kU°cdO��&~hl��^af)\�fgb�d���m p kUmn^�kUfgj�¦Y\ae�d4jlm p k�f��©mnjY�Fhlmn�Fd4\¼ecmgjP�,d��Yd�¶ljYdO�Pmg\¼¶,jYkµ^adi\9^am�^ad�mnh]^afgb�m�^Am�f��gd p
mgj�mg���l�lmn�'d�^fn�!�©mn�'dc�Ud4���lm p ^�k©mn�Wf p �]d p \4®!t¼�Yd�·�y*Zlw fn� % k��Fh p d2'�ecmgj��'d�\�dcdcj£mg\mgj�mgh]^�fFb�m�^�fFj
�©mn�'dc�Ud4�)�-[�y*Zlw�\

M1
mgjl�

M2
®!t¼�YdO\9d�mnh]^afgb�m�^Amie4mnj)�'d�e�fFjl\9k©�]d p dO��mg\V�gd4jYd p m�^af p \7fn��¤³hl\�hlmn�U�U[

kUj]¶ljlkµ^adOª�� mgb�k��Uk�dO\ifg�>�Umg�,d4��dO�
�lm p ^�k©mn�Vf p �]d p \�mgjl�¯�lm«�Fd�mnj´kUjQ^�d p d4\9^�kUjY�Pdc�-� p dO\�\�k��Fd��,f�¬�d p ® % h p {
^a�Yd p b�f p dg¦g^��Yd4[�m p d>m�^ p hYdTecfgjlech p�p dcj,e�[ib�f]�]d4�N¦-mnjl��mF\~m�ecfgjl\�d4¥QhYd4jle�dF¦FfFjYd�e4mnj�d��]�'d4e�^~^�f<\9fF���Fd
\�fgb�dz� p fg�Y�Udcb�\�b�f p dTd ��eck�d4jQ^��U[�¬kµ^a��\ae�d4jlm p kUfi�©mnjY�Fhlmn�Fd4\~^��lmgj)¬k�^��Pmnj�d4¥QhYkU�«mg��d4jQ^¼kUjQ^�d p �Ud4m«�Fd4�
b�f]�]d4�N®Is j�^��Yk©\ p dc�'f p ^4¦n¬�d¬kU���YfFjY�U[<e�fFjl\�kU�]d p ·>kU�g�]{M�Udc�gd4�YyPd4\a\amn�gd>Z-dO¥QhYdcjlecdTwV�lm p ^a\¤ f p ·Ty*Zlw�\
�³f p \��Yf p ^Aª�¦�¬�Yk©eA�¸m p d�mgh]^�fFb�mn^amPf��Fd p mgj¸mn�U�Y�lmg�,dc^<fg��yPd4\a\�mg�gd�Z]d4¥QhYdcj,e�d£wV�,m p ^a\�¤ y*Zlw�\Aª¹¦7m
�,m p ^�k©e�hY�©m p�± kUjl��fn�W�©mn�'dc�Ud4���lm p ^akUmg�Yf p �]d p \I^��,m�^Vm p d>ec��fQ\9dO�i�³f p e�fFb�bihYjYk©ecmn^�kUfgjP¤³k2® d>d4mFeA�Lb�dO\�\amn�Fd
\�dcjQ^¼k�jPmLy*Zlw

M
k©\�mg�U\�f p dOe�dckU�gdO��kUj

M
ª�®7·>f�¬�dc�gd p ¦Qb�fF\9^�fg� p d4\�hY��^a\�fgj£·�y*Z,w�\ecmnj��'dzdOmg\�k��U[

mF�Ymn�Y^�d4�^afPfn^��ld p ec�UmF\�\�kUe4mn�7\ae�d4jlm p k�f£�©mnjY�Fhlmn�Fd4\�¤ §�k��Fd)Z-d4¥QhYd4jle�d�eA�lm p ^a\2+3'O�4.M¦!��yC§~¨ \<\9dO¥Fhldcjlecd
�YkUmg� p mnb�\+ �5'�.2¦W®U®U® ª�®

a

M1

M2

p p qq

n

MSC M1 MSC M2

om

HMSC H

% kU�gh p d2'6&1) \�k�b��Y�Ud��]k©\_^ p kU�Yh]^ad4��� p fn^af-ecfg�W�]dO\�e p kU�,dO�)¬k�^��C�Ly*Zlw�\�mnjl��m�·�y*Z,w

·�f�¬Vd4�gd p ¦�e��©mg\a\9k©ecmg�]\�ecdcjlm p kUf��©mnjY�Fhlmn�Fd4\Imn�©\9fz�lm«�Fd�\�fgb�d�b�mnq_f p � p m«¬�lmge ± \4® % k p \9^4¦nk�^��lmg\!�'dcd4j
\��Yf�¬ji^��lmn^�·Ty*Zlw�\I�lm«�Fdg¦nm�^��Ud4mF\_^O¦«^��Yd¼d��]� p d4\a\�k��Fd~�'f�¬Vd p fg�'\�dcb�kµ{2^ p mgecd4\7+ �g�8.lmnj,�iyCmg°ch pa± k�d4¬kUec°

å³æIç�åèâ
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^ p mFe�dO\ +3'�� .M® t¼�Yd4\�d p dO\9hY��^a\�kUjl�]k©ecm�^ad*^a�lm�^£b�fF\9^�fg�ihl\�hlmn��� p fg�Y�Udcb�\ p d4�Umn^�dO� ^�f²\9�'d4eckµ¶,e4m�^ak�fFj
�©mnjl�ghlmg�gd4\m p dihYjl�]dOe�k©�Ymn�Y�Ud��³f p \ae�dcj,m p k�f��©mnjY�Fhlmn�Fd4\4® % f p kUjl\9^amgjle�dF¦,k��7¬Vd<e�fgj,\9k©�]d p ^_¬Vf)·Ty*Zlw�\
H1

mnj,�
H2
¦gmgjl�ie4mn�U�

F1
mnj,�

F2
^��Yd\�d�^a\Ifg�l�lm p ^�k©mn�-f p �]d p \��gd4jYd p m�^ad4���-[

H1
mnjl�

H2
fFjYd¼ecmnj<jYfn^

�Yd4e�k©�]d>¬�ld�^��ld p
H1

mnjl�
H2

�]d�¶ljldTm�ecfgb�b�fgj��'dc�lm«�-kUf p ¤ kN® dg®
F1 ∩F2 = ∅

ª¹®~xTjYd�e4mnj�jYfg^~dck�^��ld p
b�f]�]d4�µ{ eA�Yd4e ± mgj)·�y*Z,w mn�QmnkUjl\9^�m�� p fF�,d p ^_[�d��]� p d4\a\�d4��kUj�mi^�d4bL�'f p mn�'�Ufg�gk©e�\�hleA��mg\w�t§7®]t¼�lm�^
ecfghY�©�C�,m«�gdib�dOmnjQ^T^a�lm�^�\ae�d4jlm p k�f�m p d<hYj-hl\amn�l��dF¦#mn^���dOmg\9^zmg\�m�\9�'d4eckµ¶'ecm�^ak�fFj*�©mnjY�Fhlmn�Fdg¦'�,dOecmghl\9d
^a�Ydc[�m p dTjlfn^�mnb�d4jlmn�Y�Udz^�f��gd p k�¶,e4m�^�kUfgj�®

t�f¼^amFe ± �Ud!^��lkU\�¶ p \9^�� p m«¬�lmge ± ¦c\�dc�Fd p mn�n\�hY�#e��©mg\a\9dO\#fn�]\�ecdcjlm p kUf¼�UmgjY�ghlmg�gdO\,�,m«�gd��'dcdcj�k©�]dcjQ^akµ¶ldO��&
p dc�FhY�©m p ·>kU�g�]{M�Udc�gd4��y*Zlw�\ + �	.2¦l�³f p ¬�Yk©eA�£^��Yd�\�d�^Tfn��mn�U����kUjYdOm p k�°Om�^�kUfgj,\��³f p b m p dc�ghl�Um p �UmgjY�ghlmg�gdF¦
�F��fF�lmn�U�U[<e�f-fF�,d p mn^�kU�gdy*Zlw�\ +�'��]¦��	.2¦F�³f p ¬�Yk©eA��^��Ydze�fgb�b�fgj��'dc�,m«�QkUf p � p fF�Y�Udcb»�Yd4\ae p k��'d4��mg�,f��Fd
�'d4ecfgb�d4\��]dOe�k©�Ymn�l��dF®LudOe�d4jF^a��[F¦*+3' � .7�lmF\�\9�Yf�¬j*^��lmn^��]kUmg�gjYfQ\9k©\�¤è¶lj,�]k�jl�£m£ecfgb��Y�Ud�^�dLd��]dOe�h]^ak�fFj
fg�ImLb�f]�]dc�W� p fgb m��lm p ^�k©mn�#fg�,\9d p ��m�^ak�fFj,ªVkU\�Yd4e�k©�Ymg�Y��dz�³f p ·�y*Zlw�\4®

t¼�Yd<\9dOe�fgj,�P� p m«¬�,mge ± fn�7ec�UmF\�\�kUe4mn��\ae�d4jlm p kUfL�©mnjl�ghlmg�gd4\¼k©\^a�Yd��³fF���Uf�¬k�jl��&7¬�Yd4jP¬Vd<e�fgj,\9k©�]d p
^a�Yd£\9dc^Lfg��y*Zlw�\L�gd4jYd p m�^ad4�
�-[´m*·Ty*ZlwT¦I^��YdO\9d£y*Zlw �UmgjY�ghlmg�gdO\im p d�hYj,\9h p � p kU\�kUjY�g�U[;¶ljYk�^�dc�U[
�FdcjYd p mn^�dO�W¦7k2® dPmn�U�>y*Zlw�\�k�j%^��YdP�©mnjl�ghlmg�gd�e4mnj²�,dP�]dc¶ljYdO�²mF\<^��YdC\�d4¥QhYd4jF^akUmg�e�fgb��'fF\�kµ^ak�fFj%fg�
yZlw�\�eA�YfF\�dcj*� p fFb m�¶ljYk�^�d�\�d�^�fn�¼y*Zlw�\2+3'��8.M®�·>f�¬�dc�Fd p ¦'b�fQ\_^�� p fn^af-ecfg�©\zhl\9dO�*jlf�¬�mF�Ym«[]\>d��-{
�lk��Yk�^<�'dc�,m«�QkUf p \�^a�lm�^<m p d)jYfn^�¶,jYkµ^adc�U[
�gdcjld p m�^�dO�W¦��³f p dc�Ymnb��Y�Udg¦!\9�UkU�Yk�jY�*¬k�jl�Yf�¬>\i\ae�dcj,m p k�fQ\ &im
� p fg^�f]e�fF�7b�m«[kUj-�gfg�U�gd�m*\9dO¥Fhldcjlecd�fn��¥QhYdO\_^ak�fFjl\imgjl�´mnj,\9¬�d p \z� p fFb mP� p f-ecd4\a\

A
^afmP� p f]e�dO\�\

B
®

A
�]f-dO\�jYfg^<�lm«�Fd�^�f*¬¼mnk�^��³f p ^��ld�mnj,\9¬�d p ^afmC¥QhYdO\_^ak�fFj¯�,dc�³f p d�\�dcjl�Yk�jY�*hY�¯^�f

n
\9d4�gd p mn�

fg^��Yd p jldc¬ ¥QhYdO\_^ak�fFjl\4®´t¼�Yd£�«mg��hld
n
k©\<^��Yd4j²e4mn�U��dO�¯^a�YdP\9kU°cd�fn�>^a�YdP\9�Uk©�]k�jl�¬kUjl�]f�¬�®´v�dc�,m«�F{

kUf p \�fn�¼^a�YkU\ ± kUjl�
fg�¼� p fg^�f]e�fF�U\�fg�è^�dcj;¶l�Fh p d�bLdO\�\amn�Fd4\z� p fgb
A
^�f

B
mgjl�;bLdO\�\amn�Fd4\z� p fgb

B
^�f

A
e p fF\a\�k�jY�Pf��Fd p ^��Yd�jYd�^_¬�f pa± ®;t¼�ldc[
b�m«[;d4�gd4j p dO\9d4bi�Y�Ud�mgj´kUj]¶ljYk�^�d�� p mnk©�´mg\<k�j¸^��Yd�d��Ymgb<{

�l��dLfn� % kU�gh p d��]¦W¬�Yd p d�m)b�dO\�\amn�Fd�� p fgb
A
^�f

B
\�[]\_^adcb�m�^akUe4mn�U��[Pe p fF\a\�d4\�mn^���dOmg\9^zfFjYdib�d4\a\amn�gd

� p fgb
B
^af

A
¦,mnjl��e�fgj-�Fd p \9d4��[F®�wV�Ud4m p �U[g¦-m�\9dc^�fg���'dc�lm«�-kUf p \VecfgjQ^amgk�jYkUjY�L\9hleA��� p mnk©�Y\Vfn�Im p �lkµ^ p m p [

\�kU°cd4\�e4mnjLjYfn^7�'d>�]dc¶ljYd4�L�-[iecfgjle4m�^�d4jlm�^ak�fFj<fg�,d4��d4bLd4jQ^a\7eA�YfQ\9d4ji� p fgb»m�¶,jYkµ^ad>\9dc^7fn�'¶ljYk�^�d>y*Z,w�\c®

t�f�^amFe ± ��d�^a�lm�^�\9dOe�fgj,��� p m«¬�lmFe ± ¦lmnj£kUbLb�dO�]kUmn^�dL\9fF��h]^ak�fFj£kU\>^�f�dc�Q^adcjl�*\�ecdcjlm p kUf��UmgjY�ghlmg�gdO\
�-[£mn�U��f�¬kUjY��m)�lm p ^�k�^�kUfgjPfg�7bLdO\�\amn�Fd�dcb�k©\�\�k�fFjl\�mgjl� p d4e�d4�]^�kUfgj,\>kUj*y*Zlw�\zmnjl�£b�mn^aeA�Cd4bLk©\a\9kUfgjl\
mgjl� p d4ecdc�]^ak�fFjl\�m�^¼^��YdT^�kUb�d�fn�Iecfgb��'fF\�kµ^ak�fFj�®It¼�lkU\\�fg�Uh]^�kUfgj�¬�mF\~� p fF�,fQ\9dO��k�j +3'6'�.M¦Ymnjl�)kU\¼e4mn�U��dO�
wVfFb��,fQ\9k�^�kUfgjlmg�'yCd4\a\�mg�gd�Z-d4¥QhYd4jle�d�wV�lm p ^a\�¤ f p w�y*Zlw�\��³f p \��Yf p ^¹ª¹®�·>f�¬�dc�Fd p ¦]w�y*Z,w�\¼�lm«�gdT^��Yd
dc�]� p dO\�\�kU�gd��'f�¬Vd p fg�Ve�fFbLb<hYjYk©ecmn^�kUjY��mgh]^�fFb�mn^am¤³¬�Yk©eA�m p d ± jYf�¬jC^�f��,d�mg\T�,f�¬�d p �³hY�!mg\�t�h p {
kUjY�CyCmFeA�YkUjYd4\"+��8.³ª¹®CwVfgj,\9dO¥FhldcjQ^��U[g¦I\9d4�gd p mn��� p fF�Y��d4b�\�^��lmn^<m p d��]dOe�k©�Ymn�Y�Ud��³f p ·�y*Zlw�\i�,dOe�fFbLd
hljl�]d4eckU�lmn�Y�Ud��³f p w�y*Zlw�\4® % f p k�j,\_^Amnjlecdg¦!kµ�>¬�d)ecfgjl\�kU�Yd p mC·Ty*Zlw

H
¦!k�^<k©\�^ p kU�Qk©mn�~^�f ± jYf�¬½k��

^a�Yd p d>dc�-k©\9^a\~mgj�y*Zlw¸�gd4jYd p m�^ad4�L�-[
H
^a�lm�^¼e�fFjF^AmnkUjl\7m��Fk��Fdcj�b�d4\a\�mg�gd

m
®It¼�lkU\~^ p k��-k©mn�Y� p fF�,d p ^_[

�'d4ecfgb�d4\�hYjl�]dOe�k©�Ymn�Y�Ud��³f p w�y*Zlw�\4®£s j¯f p �]d p ^af p d4\�fg�U�gd�\9kUbihl�µ^AmnjYd4fghl\���[;�]d4eckU�lmn�YkU��k�^_[
mnjl�;d��-{
� p dO\�\�k��FdcjYdO\�\�� p m«¬�lmge ± \4¦]\9d4�gd p mn�Wec�UmF\�\�d4\�fn�~w�y*Zlw�\ +3'��-¦ � ¦ ' '�.2¦,\9fFbLdc^�kUb�d4\ecmg���Ud4� p d4mg��kU°4mg�Y��dzf p
\am��³diw�y*Z,wT¦]¬Vd p d��]d�¶,jYd4��^�f�d4jl\9h p d��]dOe�k©�Ymn�YkU�Ukµ^_[ +3'4� .2®~Z]mn�³diw�y*Zlw�\¼�gd4jYd p m�^adTfFjY�U[

∃
{M�,fFhYjl�]dO�

yZlw�\c¦]k2® dg®!�,d4�lm«�-k�f p \V^a�lm�^�lm«�FdTm�^�Ud4mF\_^¼fgjYd��Uk�jld4m p kU°4m�^ak�fFj�¬�Yd p d�e�fFbLb<hYjYk©ecmn^�kUfgj�eA�,mnjYjYd4�U\¼�]f
jlfn^d��Ye�d4d4��m�e�d p ^AmnkUj��'fghYj,�

B
®

ç�çONQP?R)SUTV�W�XY�Z�[\
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A B

Question

Question
Answer

Question

Answer

Question

% k��Fh p d��5&*)>j£kUj]¶ljYk�^�d�� p mnk©�

t¼�Yk©\��lmg�,d p � p fg�'fF\�d4\!mnjYfg^��Yd p mn�Y� p fFmFeA��^�f�dc�-^�dcj,�<·Ty*Zlw´d��]� p d4\a\9kU�gd4jYd4\a\�¬�lk��Ud ± d4dc�YkUjY�z^��Yd
�³f p b�mg��k©\9b ^ p mge�^amg�Y��dF®�sM^!e�fgj,\9k©\_^A\�kUjim��gdcjld p mn�Uk�°Om�^�kUfgj�fg�]^��Yd¼\�d4¥QhYdcjQ^akUmg�Fe�fFb��,fQ\9k�^�kUfgj�b�dOeA�lmnjYk©\�b�\
^a�lm�^�mg���Uf�¬>\¼\9fFb�d�ecfgb�bihY^am�^ak�fFj�mgb�fgjY��e�fFbL�'fF\�d4��y*Zlw�\4®7t¼�Yd p d4\�hY�µ^ak�jl�L�FdcjYd p mg��kU°cdO��b�f]�]dc��kU\
e4mn�U��dO� ����������� � 	 �;� �¹®;sM^<k©\ihljle�fFbL�,m p mn�Y�Ud�¬k�^��¸\am��³dPw�y*Zlw�\4¦!^��Yd�b�mnkUj p dOmg\�fgj
�'dckUjY�*^a�lm�^
% s % x ecmgjYjYfg^��'d�dcj,\9h p d4�;kUj¯\9hleA�
\ae�dcj,m p k�fQ\c®LsM^imn�©\9f£kUb��Y��kUd4\�^��lmn^�^��Yd�b�mnkUj;bLdc^��Yf]�;hl\�d4�^�f
\�fg�U�gd��]dOe�k©�Ymn�YkU�Ukµ^_[��³f p \�mn�³d�w�yZlw�\�{!^��Yd���hl\ ± dF¨ \¼mg���Y�,mn�'d�^¼^�fLdcjlecf]�]dz^��Yd�� p fg�l��d4b k�jQ^�fL^ p mFe�d4\
{�ecmgjYjYfg^<�'d�mn�l�Y��kUd4�%\9kUjlecd�^��ld

n
{2^��¸b�dO\�\amn�Fd�\9d4jF^�fgj%mCeA�lmnjljYdc��kU\<jYfg^LjYdOe�dO\�\am p k��U[C^a�Yd

n
{N^a�

b�dO\�\amn�Fd p dOe�d4k��Fd4��fFj�^��lmn^¼eA�,mnjYjYd4�N®!s jl\9^�dOmg�W¦-¬�dT�FdcjYd p mg��kU°cd>^��Ydzb�d�^��lf-�)fn� + � .W�lmF\9dO��fgj�m�^afgb�\c¦
k2® dg®��lm p ^A\¼fn�IyZlw�\¼^��,m�^>ecmgj�jlfn^�,d�fF�]^amgk�jld4��mg\m�e�fFjlecmn^�dcj,m�^�kUfgj�fn�!\9b�mg���Ud p �lm p ^A\c®

t¼�Yk©\VjYdc¬ b�f]�]dc�'k©\V�]dc¶ljYdO��k�j�\9dOe¹^�kUfgj��]®!t¼�Yd>�³fF���Uf�¬k�jl�i\9dOe¹^ak�fFjl\~\9^�hl�Y[L� p fF�,d p ^ak�dO\7fn��e4mnhl\amn�
·Ty*Zlw�\�&�\9dOe¹^�kUfgj��<\��Yf�¬>\~^��Yd�dc�-k©\9^�dcj,e�dzfn��mL�]d4eckU�lmn�Y�Udz\�hY�#e��©mg\a\~fg��ecmghl\amn�W·�y*Z,w�\�e4mn�U��dO��^ak��F�F^
e4mnhl\amn�>·Ty*Zlw�\4¦¼¬�Yd p d£^��Yd*��kUjYd4m p kU°4mn^�kUfgjl\�fg�T^a�YdCf p �]d p \L�FdcjYd p mn^�d4�¸�³f p b p dc�FhY�©m p �©mnjY�Fhlmn�Fd4\4®
Z]d4e¹^ak�fFj � \��Yf�¬>\�^��ld*d��]k©\_^adcjlecdCfn��m´�Yd4e�k©�Ymg�Y��d\9hY�#e��©mg\a\�e4mn�U��dO� �g�Ufg�lmg���U[Q{MecfQfF�,d p mn^�kU�gdCw�mnhl\amn�
·Ty*Zlw�\4¦F¬�ld p d^��Ydzdcb��]^ak�jld4\a\7fn�W^a�Yd�kUjQ^�d p \�d4e�^�kUfgj�fn�#^_¬�fi\�d�^a\Vfn�Wf p �]d p \~kU\V�]d4eckU�lmn�Y�Udg®7Z-dOe¹^�kUfgj �

\��Yf�¬>\�^a�Yd�dc�-k©\9^�dcj,e�d�fg��mP�]d4eckU�Ymg�Y�Ud)\9hl�'ec�UmF\�\<ecmn�U�Ud4�
�'fghYjl�Yd4�
¬kUjl�]f�¬ ecmghl\�mg�~·�yZlw�\i¬�ld p d
dOmgeA��b�d4\a\�mg�gdfg��m��gd4jYd p m�^ad4�Lf p �]d p kU\Ve p fF\a\9dO�<�-[�m��'fghYjl�Yd4��j-hYb<�,d p fn��b�dO\�\amn�Fd4\4®IZ-dOe¹^�kUfgj���kU\
m<ecmF\9d�\9^�h,�][g®1) �lm p ^Vfg�W^��Yd�t�w o � p fn^af-ecfg�l^��lmn^¼e4mnj�jYfg^V�'dTb�f]�]d4��dO��¬kµ^a��·Ty*Zlw�\VkU\��]d4\�kU�gjYdO�
¬k�^��Pe4mnhl\amn�W·�yZlw�\c®~Z]d4e¹^ak�fFj �iecfgjlec��h,�]d4\�^a�YkU\>¬Vf p�± ®

å³æIç�åèâ
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t¼� p fFhY�g��^a�Yd p d4\9^�fg�]^��YdV�lmn�'d p ¦«¬Vd~¶Y��m¼¶ljYk�^�d�jYfgjldcb��]^_[�\9dc^
P
fn�Y� p f]e�dO\�\�jlmnb�dO\�¬�Yd p d

|P| > 1
¦

m)¶ljYk�^�d�jYfFjYdcb��]^_[C\�d�^
Msg

fn�~b�dO\�\amn�FdijlmgbLdO\c¦
Act

m�¶ljlkµ^adLjlfgjYd4bL�Y^_[C\9dc^�fg�~kUjF^ad p jlmn��mFe¹^�kUfgj
j,mnb�d4\4®¼ºdL�]d�¶ljld�^��Yd<mn�U�Y�lmn�'d�^A\

Σ! = {p!q(m) | p, q ∈ P , p 6= q, m ∈ Msg}
¦
Σ? = {p?q(m) |

p, q ∈ P , p 6= q, m ∈ Msg}
¦�mgjl�

Σact = {p(a) | p ∈ P , a ∈ Act}
®Lt¼�Yd���dc^9^�d p

p!q(m)
b�d4mgjl\

^a�Yd�\�dcjl�]kUjY��fn�Ib�d4\a\�mg�gd
m
� p fFb

p
^�f

q � p?q(m)
^��Yd p d4ecdc�]^ak�fFj�fg�Ib�d4\a\amn�gd

m
m�^

p
� p fgb

q � mgjl�
p(a)

^��Yd�dc�-dOe�h]^ak�fFj�fg��kUjQ^�d p jlmg��mge¹^ak�fFj
a
�-[�� p f]e�dO\�\

p
®~Z]d�^

Σ = Σ! ∪ Σ? ∪ Σact

®�º;d��]d�¶,jYd�^��Yd
�3�?���� �����¯fg�Vm���dc^9^�d p

α
k�j

Σ
¦��YdcjYfg^�d4�

loc(α)
¦��-[

loc(p!q(m)) = p = loc(p?q(m)) = loc(p(a))
®

% f p dOmgeA�)� p f]e�dO\�\
p
kUj

P
¦]¬�d�\�d�^

Σp = {α ∈ Σ | loc(α) = p}
®

��¿�� ' (³�)( Ã ' $�� ecmnh,\�mg��y*Zlw �
	����
(P , Σ)

� � � � !����� !�>���
B = (E, λ, {vp}p∈P ,�) � ����� �

• E
� ������ �  ��� ���@����� �� ���� � 	������������ � 0

E
��� � ����� � � /Cdc�gd4jQ^a\ �

• λ : E → Σ
� � �I� ������� � ��� 0��>���� ����� � � ��� � � ������� � ��� 0��>�@�� ������ ��� ��� � ��0 ��� ������� ��  ����� � 0

E� �� ��  ��� ��� �������� � 

E! = λ−1(Σ!)



E? = λ−1(Σ?)

��� /
Eact = λ−1(Σact )

• � ��� ��� �����@� �)������
p
� �

P


vp ⊆ Ep ×Ep

� � ������� � ���$��� / ��� ���
Ep


 � ����� � Ep = {e ∈ E |
loc(λ(e)) = p}

�

• � ⊆ E! × E?
��/ ���= �� � ���� ���������� ��� � ����������� � �������� ���������� � ��� � � ����� 


�
���� �� � � ��  ��� 0 ���!�

��� � � ��� � ��� /	�  ���������"

# � ��� ��� ��� e ∈ E!

  ����� � � � �� $�"�7� �����

e′ ∈ E?
�������  ���� 

(e, e′) ∈ �
� � ��� ��� ���

e ∈ E?

� ������� � ���� %�"�7� ����@�

e′ ∈ E!
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. . .
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�³f p � p f]e�dO\�\

p
¦Ymnjl�

f1
mgjl�

f2
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(Σp, Ip)

¦-¬�d��]dc¶ljYd>^a�Yd�mF\�\�f]e�k©m�^�dO�
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p dc�©m�^ak�fFjl\

{Ip}p∈P
®�·�dcjlecd�¬Vd�ecmgj��]dc¶ljYd�mLecmghl\�mg�Wy*Zlw \9hleA��^��,m�^
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mgj�mg���l�lmn�'d�^>fg�Iecmghl\amn��y*Zlw�\4¦Yecmg���Ud4��ecmghl\amn��·>kU�g�Y{2�Udc�Fdc�Wy*ZlwT®
��¿�� ' (³�)( Ã ' * � ecmghl\amn��·>kU�g�]{M��d4�gd4�zy*Z,w����!����������� � 	 � ��� 0 ��� � �5��� 	� � � � � ����� �>� �

H =
(N, Nin ,B, Nfi ,−→) � ����� � "

• N
� ���� ���  � � ���@����� �� ���� � 	�������������� 0

N
�����K����� � � /PjYf]�]d4\ �

• Nin ⊆ N
� �  ��� ���� � 0 � ���  � ��� � �4/ ��� �

• B
� ���� ���  � � ���@���$�@ �K���� � 0 �����������
	 �;� � �

• Nfi ⊆ N
� �  ��� ���� �� 0 ������� � ��/ �� �
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• −→ ⊆ N × B × N
� �  ���� !���������  ����� � ��� �� ����� �

§�d�^
H = (N, Nin ,B,−→, Nfi )

�,d�m�e4mnhl\amn��·Ty*ZlwT®�) ���� �£kUj
H
k©\mL\�d4¥QhYd4jle�d

ρ = n0
B1−→

n1
B2−→ n2 · · ·n`−1

B`−→ n`

®;ºd p d��³d p ^�f
n0

mF\�^a�Yd�\9^am p ^ak�jl�CjYf]�]d£mnjl�
^af
n`

mg\�^��Yd�dcjl�Yk�jY�
jlf-�Yd�fg�>�lm�^a�

ρ
®´t¼�Yd��,m�^��

ρ
k©\ � �������� �� ���¯k*)

n0 ∈ Nin

mgjl�
n` ∈ Nfi

® ) ��� ��� �£k�j
H
k©\<m

�,m�^��£¬�YfQ\9d�\9^am p ^ak�jY��mgjl�)d4jl�]kUjY��jYf]�]dO\>m p dTdO¥Qhlmn�2®7t¼�Yd�ecmghl\amn��y*Zlw �gd4jYd p m�^ad4���-[
ρ
¦l�YdcjYfg^�d4�

�-[
}(ρ)

¦kU\
B1 } B2 } · · · } B`

® )|ecmnh,\�mg�>y*Zlw
B
k©\)\amnk©�%^�f´�'dC�gd4jYd p m�^ad4�²�-[

H
k*)

Bk©\z�gd4jYd p m�^ad4�£�-[Cmnj;mgececdc�]^ak�jl�)�lmn^��*fg�
H
®�º;d<�Ud�^

cMSC (H)
�YdcjYfg^�d<^��Yd�\9dc^zfg�Vecmghl\amn�!y*Zlw�\

�FdcjYd p mn^�dO���-[
H
®!Z]k�b�kU�Um p �U[g¦�¬�dV¬kU�U�Y�]dcjYfg^�d��-[

Vis(H)
mgjl�

Lin(H)
^��Yd\�d�^!fn�'�Qk©\�hlmn�-d��-^adcjl\�k�fFjl\

mgjl�£�Uk�jYdOm p k�°Om�^ak�fFjl\¼fn�7mn�U��e4mnhl\amn��y*Zlw�\Tk�j
cMSC (H)

®º;diecmgjP�Yd p d�kUb�bLdO�]k©m�^�d4��[ p dcb�m pa± ^a�lm�^
Lin(H) = {Lin(v) | v ∈ Vis(H)}

¦,kN® dg®�^��ld<\�d�^>fn���Uk�jld4m p kU°4m�^ak�fFjl\�FdcjYd p mn^�d4���-[
H
k©\^a�Ydi\�d�^�fg�

�UkUjYd4m p kU°4mn^�kUfgjl\T�gd4jYd p m�^ad4�P�-[Ck�^a\��-k©\9hlmg�!d��-^�d4jl\9kUfgj,\c® % kUjlmn�U�U[g¦�jYfg^�dL^��,m�^�¬Vd��]f�jYfn^ p d4¥QhYk p d�mnj-[
f p �Yd p k�jY�Tmnb�fgjY� p dOe�d4�]^�kUfgjl\�fn�'b�d4\a\�mg�gd4\4¦Odc�gd4j��³f p b�dO\�\amn�Fd4\�fg�Y^��ld¼\amnb�d ± kUjl�W®!·>d4jle�dF¦nb�d4\a\�mg�gdO\
dc�YeA�lmnjY�Fd4���,dc^_¬Vd4dcj�^_¬�fL� p f]e�dO\�\�d4\¼kUj�^��Yd<\�mgbLd��]k p d4e¹^ak�fFjPm p dzjlfn^�jYdOe�dO\�\am p k��U[��]d4��kU�gd p dO��mn^>^��Yd
\amnb�d�\��,d4d4�£mnjl�£e4mnj£e p fF\a\¼d4mgeA��fn^a�Yd p ®7t¼�Yk©\k©\>mLb�mnq_f p �]k*)#d p dcjlecd�¬kµ^a�£ecfgb��'fF\�kµ^ak�fFjlmn��y*Z,w�\c¦
¬�ld p dzk�^>k©\e p hle�k©mn�#^afL�,m«�gd�m % s % x f p �]d p kUjY��mnb�fgjl�<b�d4\a\amn�gdO\�fn�I^��Yd�\amnb�dz^_[-�,dF®
��¿�� ' (³�)( Ã ' B � 	 � �#� ���������?� �

L
� ��¶,jYkµ^adc�U[´�gd4jYd p m�^ad4��������� � �O ������� � � � � � �'� ���  � ���� � 0

	 �;� �
X
�������  ���� ��� � 	 �;�

B
� �

L
����� ��� / � � �@� /I���K ��� � ���
	 ������������ � ����� �
�$�5�����  ������ � 0

��� ��� ���� !� � 0
X

1� � � �

B = B1 ◦B2 · · · ◦ Bt

0 ��� � �
� �
B1, . . . , Bt

� �
X
�

v�[
�]d�¶ljlkµ^ak�fFj�¦7·>kU�g�]{M�Udc�gd4�~yPdO\�\amn�Fd)Z-d4¥QhYd4jle�d�wV�,m p ^a\i�Yd�¶ljYd�¶ljYk�^�dc�U[
�gd4jYd p m�^ad4�
y*Zlw»�©mnj]{
�Fhlmn�Fd4\4®~}>fg^�d��lf�¬Vd4�gd p ^a�lm�^Tmg����¶ljYk�^�d4��[��gd4jYd p m�^ad4��y*Zlw �UmgjY�gh,mn�gdO\m p d�jYfn^T·Ty*Zlw �©mnjY�Fhlmn�Fd4\�&
Bn

1 .Bn
2

kU\¼¶,jYkµ^adc�U[)�FdcjYd p mn^�d4���Yh]^>k©\jYfg^�mnjP·�yZlw �UmgjY�ghlmg�gdF® % f p m�e4mnhl\amn��·Ty*Zlw
H
¦
Vis(H)k©\�jYfn^jYdOe�dO\�\am p k��U[L¶ljYk�^�d4��[��FdcjYd p mn^�dO�W®�wVfFjl\�kU�]d p �³f p k�j,\_^Amnjlecd�^a�Yd�ecmnh,\�mg�'·Ty*Zlw

H
fn� % kU�gh p d��Y¦

¬k�^��^��ldi�³fF���Uf�¬k�jl���]d4�,d4jl�]dcj,e�d p d4�Umn^�kUfgj
D = {(p!q(m), p!q(m)); (p?q(n), p?q(n))}

®<t¼�ldL�©mnjY{
�Fhlmn�Fd�fg���-kU\�hlmn�#dc�Q^adcjl\�kUfgjl\�fn�

H
e�fFjQ^amnkUjl\�� p mnk©�Y\Vk�jQ^�d p �Ud4m«�-kUjY�ib�dO\�\amn�Fd4\

m
mgjl�

n
mnj�m p �Ykµ^ p m p [

j-hYb<�,d p fn�~^ak�b�dO\c¦I\9hleA�;mg\T^��ld�fgjYd p d4� p d4\�dcjQ^�dO�Cfgj*^��Yd p kU�g�Q^z�,m p ^zfg�~^��ld<¶,�gh p dg®�wV��dOm p ��[F¦#^��Yd
yZlw �©mnjl�ghlmg�gd

Vis(H)
k©\jYfg^¼¶ljYk�^�dc�U[)�FdcjYd p mn^�dO�W®

§�d�^)hl\)e�fgb��lm p d£^a�YdPd��]� p d4\a\�k��Fd��'f�¬�d p \�fn�z^��Yd*�Yk!)#d p dcjQ^�\ae�d4jlm p k�f
b�f]�]dc�©\4® % k p \9^��U[g¦¼kµ^�kU\
fF�-�QkUfgh,\#^��lmn^!e4mnhl\amn�Q·�y*Z,w�\�d4bi�'d4��^a�Yd~dc�-� p dO\�\�k��Fd7�'f�¬Vd p fn�l·Ty*Zlw�\�&�kµ�,¬Vd�eA�Yf-fF\�d7mg\I�]d�¶ljlkµ^ak�fFj
fg��^��Yd��]d4�,d4jl�]dcj,e�[ p dc�©m�^�kUfgj£^a�Yd�\9dc^Tfn��mn�U���lmgk p \>fg�7dc�FdcjQ^a\T��f]e4m�^�dO�Pfgj\9kUb�k��©m p � p f-ecd4\a\9dO\i¤

∀p ∈
P , Dp = Σp ×Σp

ª¹¦-^a�Ydcj�^��Yd�\�d�^¼fn�I�Qk©\�hlmn�#d��-^adcjl\�k�fFjl\V�gdcjld p m�^�dO���-[�m<e4mnhl\amn�W·Ty*Zlw²¬k�^��£\9h,eA�
�Ydc�'dcjl�]d4jle�[ p d4�Umn^�kUfgj�kU\¼^a�Yd�\�d�^fn��y*Zlw�\¼�FdcjYd p mn^�d4���-[)m�·�y*Z,wT®

Z-dOe�fFjl�W¦�e4mnhl\amn�!·�y*Z,w�\�mnjl�
w�y*Zlw�\�m p d<hljle�fFbL�,m p mn�Y�Udg®<wVfFjl\9k©�]d p ¦#�³f p dc�]mgb��Y��dL^a�YdL\am��³d
w�yZlw
fg� % k��Fh p d �]®�s j�w�y*Zlw�\4¦gmTbLdO\�\amn�Fd4\�jYdcdO�LjYfn^!�,d>ecfgb��Y�Ud�^ad�kUj<^��Ydmn�U�Y�lmg�,dc^��Umg�,d4��kUjY�z^��Yd
�,m p ^�k©mn�-f p �]d p mnhY^�fgb�mn^�fgj�® o dcjl�Yk�jY�zdcb�k©\�\�kUfgjl\!mnj,� p d4ecdc�]^ak�fFjl\�m p d¼mg\a\�f-eckUmn^�dO���]h p k�jl��ecfgjle4m�^adcjlmn{
^ak�fFj�^afi�³f p b b�d4\a\�mg�gdO\c¦-mnjl��^��Ydz�©mnjY�Fhlmn�Fd>�gd4jYd p m�^ad4���-[�mLw�yZlw²k©\~^a�Yd�\9dc^�fg��y*Zlw�\�fg�Y^amnkUjYdO�
^a�Yk©\~¬¼m«[g®!t�fi�lmnk p b�d4\a\amn�gd�dcb�kU\a\�k�fFjl\~mgjl� p d4e�d4�]^�kUfgj,\c¦g^��Yd

ith
dcb�k©\�\�kUfgj�fn��mib�d4\a\�mg�gdfn�W^_[-�'d

mk©\>mF\�\�f]e�k©m�^�dO��^af�^��Yd
ith

p dOe�dc�Y^�kUfgj�fn�!^��Yd�\amnb�d�^_[-�'d�fn�!b�d4\a\�mg�gdg®7·�dcjlecdg¦l^_¬Vf�f]ecech p�p dcj,e�d4\¼fg�!m
�Fk��Fdcj<bLdO\�\amn�Fd7^_[-�'d>ecmnj<jYfn^�f��Fd p ^am ± dg®�t¼�ld>w�yZlw¯�]d4�Yk©e¹^�dO�ikUjL^��Yd¼�Ud��è^7�lm p ^!fn� % k��Fh p d �T�]d�¶,jYd4\
m�\�d�^�fn��d��]d4ech]^�kUfgj,\T¬�ld p d�mgjm p �Yk�^ p m p [£j-hYbi�'d p fg�Vf]ecech p�p dcj,e�d4\zfg�Vb�d4\a\�mg�gd

m
e p fF\a\zm£\�k�jl�g�Ud
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p q

m

nm

m n

n

p q
M

p q
M’

m n

% kU�gh p d<��&�)>jd��Ymnb��Y�UdLfn�¼w�mghl\�mg��·Ty*Zlw
H
¦'¬k�^��

D = {(p!q(m), p!q(m)); (p?q(n), p?q(n))}
¦

mgjl��m<�'dc�,m«�QkUf p kUj
V is(H)

f]e4e�h pap d4jle�d�fg�~b�d4\a\�mg�gd
n
®�t¼�Yk©\T\�d�^zfn�7�'dc�lm«�-kUf p \>ecmgjCjYfn^z�,d p d4� p d4\�dcjQ^�dO�Pmg\zm�ecmghl\�mg��·Ty*Zlw &

^afLmg���Uf�¬ d��]dOe�h]^ak�fFjl\~¬�ld p d�b�d4\a\�mg�gd
n
e p fF\a\9dO\~mgj�m p �Yk�^ p m p [ij-hYb<�,d p fg��f]ecech p�p dcj,e�d4\~fn��b�dO\�\amn�Fd

m
¦]ecmghl\�mg�'yZlw�\¼\9�YfFhY�©�)mn�U�Uf�¬ e�fgb�b<h]^amn^�kUfgjl\V�,dc^_¬Vd4dcj

m
mnjl�

n
¦-mgjl���ldcjlecdT¬�fghY�©�)mg�U\�f<�Yd�¶ljYd

�'dc�,m«�QkUf p \�¬�Yd p d
m
k©\i\�dcjQ^Lm p �lkµ^ p m p kU��[fn�è^adcj´�'d��³f p d

n
®t¼�Yd�e4mnhl\amn��·�y*Zlw½�Ydc�Yk©e¹^ad4�¯fFj¯^��Yd

p kU�g�Q^�fn��^a�Yd<¶l�gh p di�]dc¶ljYdO\Tm�\9hY�'d p \�d�^�fg��^��YdO\9d<d��]d4ech]^�kUfgjl\4®�wVfFj-�gd p \�dc�U[g¦ldc�]d4e�hY^�kUfgjl\��gdcjld p m�^�dO�
�-[)m)w�yZlw jldcd4��^af p dO\9�'d4e�^^��Yd % s % x f p �]d p kUjY��mnb�fgjY��b�d4\a\amn�gdO\�fn�I^��Yd�\amnb�d ± k�j,�W¦Y¬�Yk©eA�£kU\
jlfn^ p dO¥QhYk p d4��kUj£e4mnhl\amn�W·Ty*Zlw�\4®7·>dcj,e�d<w�mnh,\�mg�#yZlw�\>mnj,�£w�y*Z,w�\>m p dThljle�fFbL�,m p mn�Y�Udg®

}�fn^�d�mn�©\�f�^��,m�^�ecmghl\�mg�I·Ty*Zlw�\�mn�U�Uf�¬ ^�f£mnjl\�¬Vd p \�fgb�d�¥Fhld4\9^�kUfgjl\�^��lmn^�m p d<hYjl�]dOe�k©�Ymn�l��d<�³f p
wVfFb�bihYjYk©ecmn^�kUjY�*mgh]^�fFb�mn^am¯¤ f p d4¥QhYkU�«mg��d4jQ^��U[¯w�y*Z,w�\aª &L�Ud�^Lhl\Le�fgj,\9k©�]d p mPb�d4\a\�mg�gd

m
� p fFb m

� p f]e�dO\�\
p
^af¸m
� p f]e�d4\a\

q
® §�d�^)hl\�^ p [¸^af´mnjl\�¬Vd p ^��YdC�³fg�U��f�¬kUjY�¯¥QhYd4\9^�kUfgj &*kU\�^a�Yd p d*m¯y*Z,w

�FdcjYd p mn^�dO�*�-[
H
¬�Yd p d�b�d4\a\amn�gd

m
k©\�\�dcjQ^imnjl� p d4ecdckU�gd4��� sM�

H = (N, Nin,B,−→, Nfi)
kU\�m

·Ty*Zlw f p m�e4mnhl\amn�!·�y*Z,wT¦�mnjl\�¬Vd p kUjY�)^��Yk©\�¥Fhld4\9^�kUfgj*k©\T^ p k��-k©mn�2¦�mnjl��q_hl\9^�ecfgjl\�k©\_^A\TkUjeA�ld4e ± k�jl�
¬�ld�^��ld p ^a�Yd p dPd��]k©\_^A\�mnj y*Zlw f p m¯e4mnhl\amn�>y*Z,w kUj

B
^��lmn^)e�fFjF^AmnkUjl\L^��ldCb�d4\a\�mg�gd

m
® % f p

ecfgb�bihljYkUe4m�^ak�jY��mnhY^�fgb�mn^amY¦-^a�Yk©\>¥QhYd4\9^�kUfgj�kU\ ± jlf�¬j�^�f��'d�hYjl�Yd4e�k©�Ymg�Y��d2+3'6'�.M®

� � #��������#������$#�"�� � �������������� "�� ���������i� � 	 �����

)�jd4bi�'d4�Y�Yk�jY�£fg��yCmg°ch pa± k�d4¬kUec°�^ p mgecd4\zkUjF^afP·�y*Zlw�\�k©\��]d4\ae p kU�,dO�*kUj +Ô�n�Y¦1'��8.M® % fg�U��f�¬kUjY���lm�{
\�k©e p dO\9hl�µ^A\�k�j%yCmn°4h p�± kUdc¬k©e�°�^ p mFe�d�^��ldcf p [ + �4.M¦I^��Yk©\�d4bi�'d4�Y�Yk�jY�*bLdOmnjl\�^��lmn^ik�^<k©\�hYjl�Yd4e�k©�Ymg�Y��d
^af;�Yd�^�d p b�kUjYd�¬�Yd�^a�Yd p ^��ld��UkUjYd4m p kU°4mn^�kUfgj¯�©mnjY�Fhlmn�Fd)fn�zm*�Fk��Fdcj¸·Ty*Zlw k©\ p d4�ghY�©m p ®
s j + �]¦ '�� .2¦
m;\�hY�'ec�UmF\�\Lfg�T·�y*Z,w�\c¦�ecmn�U�Ud4�%�,fFhYjl�]dO�%·Ty*Zlw�\4¦~¬¼mg\<kU�]d4jQ^�k�¶ld4�²\9h,eA�¸^a�lm�^L^��Yd£�Uk�jld4m p kU°4m�^ak�fFj
�©mnjl�ghlmg�gdzfn�!dc�gd p [)�,fFhYjl�]dO��·Ty*Zlw k©\ p d4�ghY�©m p ®1)�\Tmn� p dOmg�][�b�dcjQ^ak�fFjYd4�W¦,ecmnh,\�mg��·�y*Zlw�\�dcb<�,dO�

å³æIç�åèâ
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m

p q

q

p

n

n

m

p q

m

p q

n

m

m

m
n

p q

I={ ( q!p(n), q?p(m)) }

% kU�gh p d ��&VwVfFbL�,m p k�jY��w�y*Zlw�\mgjl�Cw�mnhl\amn�W·Ty*Zlw�\
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^a�Ydidc�]� p dO\�\�kU�gd��'f�¬Vd p fn�~·Ty*Zlw�\4®�t¼�-hl\c¦#�]hYdi^�f + �]¦�'�� .Ik�^Tk©\�hljl�]d4eckU�lmn�Y�Ud�^�f)^�dO\_^z¬�Yd�^a�Yd p ^��Yd
�UkUjYd4m p kU°4mn^�kUfgj
�UmgjY�gh,mn�gd�fg�mC�gkU�gdcj¯e4mnhl\amn�~·Ty*Zlw»k©\ p dc�FhY�Um p ®�º;d�\��Yf�¬»�ld p d4m��è^ad p m*\9h ��eck�d4jF^
ecfgjl�Ykµ^ak�fFj)�³f p mLe4mnhl\amn��·Ty*Zlw ^�f��lm«�Fd�m p dc�FhY�Um p ��kUjYd4m p kU°4mn^�kUfgj��UmgjY�ghlmg�gdF®

º;d p d4ecmg���#^a�Yd�jYfg^�kUfgj£fn��e�fFjYjYd4e�^�dO�]jYd4\a\�� p fgb y*mn°ch p�± kUdc¬k©e�°z^ p mgecdT^a�Ydcf p [¤ + �4.³ª¹®V§�d�^
p ∈ P

®
º;dV\am«[

Γ ⊆ Σp

k©\
Dp

{MecfgjYjYdOe¹^ad4��k*)�^��Ydz¤³hYjl�Yk p d4e�^�d4�,ª�� p mg�Y�
(Γ, Dp∩(Γ×Γ))

k©\Ie�fgjljYd4e�^�d4��®�}>f�¬
¬�d�\�m«[�^��ldLe4mnhl\amn��y*Zlw

B
k©\  �� �7�� Tk!)´k�^a\�ecfgb�bihYjlkUe4m�^�kUfgj� p mn�Y�

CGB

k©\�\_^ p fFjY�g�U[Pe�fFjYjYd4e�^�dO�
mgjl�bLf p d4f��gd p �³f p dc�gd p [

p ∈ P
¦
Alphp(B)

k©\
Dp

{ e�fFjYjYdOe¹^�dO�W®�sM���lf�¬Vd4�gd p ^��ld�e�fgb�b<hYjYk©ecm�^ak�fFj
� p mg�Y�

CGB

k©\¬VdOm ± �U[�e�fFjYjYdOe¹^�dO�£mnjl�£b�f p dcf��Fd p �³f p dc�gd p [
p ∈ P

¦
Alphp(B)

k©\
Dp

{MecfgjYjYdOe¹^ad4�W¦
^a�Ydcj£¬�d�¬k��U��\am«[�^��lmn^

B
kU\ � ��� 	�� �� � �7�� 2®§�d�^

H = (N, Nin ,B, Nfi ,−→)
�,d�mPecmnh,\�mg�7·�y*ZlwT®�ºd�\�m«[P^a�lm�^

H
k©\  � �)�> �k!)¸�³f p d4�gd p [

ec[]e��Ud
ρ
k�j

H
¦'^��Yd�e4mnhl\amn�!y*Zlw

}(ρ)
kU\T^ak��F�F^O® �~¥QhYkU�«mg��d4jQ^��U[g¦

H
k©\T^�kU�g�Q^�k!)
�³f p d4�gd p [£\_^ p fFjY�g�U[

ecfgjYjld4e¹^ad4��\9hl�Y� p mn�Y�
G
fg�

H
\9h,eA��^a�lm�^

{B1, . . . , B`}
k©\�^��ld�\9dc^>fn�Ie4mnhl\amn��yZlw�\mn�Y�'d4m p kUjY��kUj

G
¦
B1} . . .}B`

kU\V^�kU�g�Q^O®!}�fn^ad>^��,m�^�^�kU�g�Q^�jYdO\�\Vfn�
B1} . . .}B`

�]f-d4\VjYfn^�]d4�,d4jl��fFj�^��YdTf p �]d p
kUj£¬�Yk©eA�

B1, . . . , B`

m p d��UkU\9^�dO�W®
% fg�U��f�¬kUjY�L^��YdO\9d��]dc¶ljYk�^�kUfgjl\4¦Y¬�d�ecmnj�jYf�¬ d4\9^amn�l��k©\9��^��ld�b�mgk�j p d4\�hY��^¼fg��^a�Yk©\\9dOe¹^�kUfgj &

H G ¿-Ã � ¿ � $ � �� 
H = (N, Nin ,B, Nfi ,−→)

��� �  �� �7�� ����������� � 	 � � � � �����
Lin(H)

� � �
��� � �>� ��� ���������� � 0

Σ?
� � � � � � ����� ���-� ��/ ��� ���> ��
� �� ���� �&	7���

Σ
������  ���� ��  � ��� ����� ���?���

Lin(H)
�

}�fn^�k©e�d¼^a�lm�^~m�¬�d4m ± ��[�^a�Yk��F�Q^�¤ ecmghl\amn�èª!·�y*Zlw´b�m«[�jYfg^7�,d�'fghYj,�]d4�W¦F�Ydcj,e�d
Lin(H)

b�m«[ijYfn^
�'d p dc�FhY�Um p ® % f p k�j,\_^Amnjlecdg¦Fecfgjl\�k©�]d p miecmnh,\�mg�Y·�y*Zlw

H
^a�lm�^�kµ^ad p m�^�dO\7m�\�k�jY�F��db�dO\�\amn�Fdg¦gk2® dg®

H
kU\

m��Uf-fg���Umg�,d4��dO�£�-[�m�y*Zlw ^��,m�^TecfgjQ^amgk�jl\m�b�dO\�\amn�Fd
(a, b)

¦l¬kµ^a�
a = p!q

mgjl�
b = q?p

®
Lin(H)k©\�m)r�[]e ± f p �,m p dcjQ^��YdO\9k©\>�©mnjl�ghlmg�gdg¦l¬�YkUeA�*kU\�¬Vd4��� ± jlf�¬jPjYfn^T^�f��'d p dc�FhY�Um p ®>Z-h p � p k©\9kUjY�g�U[g¦,¬Vd

�Yf�jYfg^zjldcd4�
Lin(H)

^af��'d p dc�FhY�©m p ^�f��,d�mn�Y�Ud<^�f£b�f-�Ydc��eA�Yd4e ± ·Ty*Zlw�\4¦�mg\z\9�lf�¬j*kUj + � .7mnjl�
mg�U\�fLk�j�^��ld�jYd��-^�\�d4e¹^ak�fFj�®

t¼�Yd p d4\�hY�µ^��³f p ¤³jYfFj e4mnhl\amn�èª�^ak��F�F^P·�yZlw ¬¼mg\�� p f��Fd4� �-[ +�'O�8.�hl\9kUjY� mnj d4jle�f]�]kUjY�%k�jQ^�f
ecfgjYjld4e¹^ad4�
^ p mFe�dO\<mgjl�´�Yhlk��©�]kUjY�;mgj¸mnhY^�fgb�mn^�fgj¸¬�YkUeA� p dOe�fF�gjYkU°cdO\�\9h,eA�%e�fFjYjYdOe¹^�dO�
^ p mgecd4\4®
s j
fFh p ecmF\9dF¦�¶ljl�]kUjY�´\�hleA� dcbi�'d4�l�]k�jl�´k�jQ^af´yCmn°4h p�± kUdc¬k©e�°�^ p mgecd4\�\�dcd4b�\�k�b��'fF\a\9kU�Y�Ud*�]hYd£^af¯^��Yd
jlfgj % k��³fgjYdO\�\4®;t¼�-hl\4¦7¬�d�mF�Ymn�]^<^��Yd�� p f-fn�>fn� p dc�FhY�©m p kµ^_[fn�>^ p mFe�d�ec��fQ\9h p dO\�fn�>�Uf-fg�]{ e�fFjYjYdOe¹^�dO�
mgh]^�fFb�m�^ami� p fgb + �-¦ '��8.M®

t¼�Yd p d4\9^fn��^a�Yk©\\9dOe¹^�kUfgj�k©\¼jYf�¬ �]d4�gfn^ad4�)^�fL^��ldz� p f-fn��fn�It¼�ldcf p dcb 'g®!ºdz¶Y��mi^ak��F�Q^e4mnhl\amn�
·Ty*Zlw

H
mF\¼k�j�^a�Yd�^��Yd4f p dcb£¦Ymnj,��\��Yf�¬ ^a�lm�^¬�d�ecmgj��Yhlk��©�£mi¶,jYkµ^ad�\_^Am�^ad�mgh]^�fFb�m�^�fFj

AH

f��gd p
Σ
¬�Yk©eA�£mFececdc�]^A\

Lin(H)
®

% k p \9^4¦Y¬�d�d4\9^amg�Y��k©\���\�fgb�dz^�dOeA�YjYk©ecmn� p d4\�hY��^a\4®

J � Ã L Ã �?( �?( Ã ' $ � �� 
ρ = θ1 . . . θ2 . . . θ|Σ|

��� � ���� � � 0
H

 � ������� 0 ������� ��� i = 1, . . . , |Σ|


  ���
���� ���� �

θi = ni,0
Bi,1

−→ ni,1 . . . ni,`i−1

Bi,`i−→ ni,0
� � � ��� ��� � �  ������ ��� ��� ��� �@��� / � �� ��� � ���= �� � ������� � �

�@� �����7��� 0��>� �����  ����  ��� ���� �
B̂i = {Bi,1, . . . , Bi,`i

}


i = 1, . . . , |Σ|
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e

��� ���
��	����= � �

}(θ1)
��� /

e′
��� ��	����� �� �

}(θ|Σ|)
� ���� 

}(ρ) = (E, λ, {vp},�,≤)
� � ����� � � ���
	��

e ≤ e′
�

J � Ã�Ã@< & ºd�ecfgjl\�k©�]d p ^_¬�f�ecmg\�d4\4®
� ,  Y� ¿ ¤³kèª�&

loc(λ(e)) = loc(λ(e′))
®

å³æIç�åèâ



�����������
	����������������������������������� !� '��

§�d�^
p = loc(λ(e))

®�§�dc^!h,\ p dOecmn�U�Q^��lmn^
H
k©\�^�kU�g�Q^4¦�^a�-hl\

Alphp(}(θ1)) = . . . = Alphp(}(θK))k©\
Dp

{ e�fFjYjYdOe¹^�dO�W®VwVfgj,\9dO¥FhldcjQ^��U[g¦]¬�d�ecmnj�¶ljl�£m�\�d�^>fn�Idc�FdcjQ^a\
{ej}j=1,... ,t

¦l¬�Yd p d
t ≤ |Σp| − 2

¦
dOmgeA�

ej

kU\¼kUj
}(θj+1)

¦lmgjl��\9hleA��^��,m�^
λ(e) Dp λ(e1) Dp . . . Dp λ(et) Dp λ(e′)

®7t¼�-hl\
e ≤ e1 ≤

. . . ≤ et ≤ e′
®

� ,  Y� ¿ ¤ k�kèª�&
loc(λ(e)) 6= loc(λ(e′))

®7§�d�^
p1p2 . . . pt

�,d�mi�,m�^��)� p fFb
loc(λ(e))

^�f
loc(λ(e′))kUjP^a�Yd<ecfgb�bihYjlkUe4m�^�kUfgjP� p mg�Y�Pfn�

}(ρ)
¦,¬�Yd p d

p1 = loc(λ(e))
¦
pt = loc(λ(e′))

®�s j*�QkUdc¬ fg��^��Yd
m p �FhYb�dcjQ^a\�k�j�w�mg\�d�¤³kèª¹¦�k�^�k©\�dOmg\�[�^afT\�dcd~^��lmn^�¬�dVecmgj��Yk©e ± d4�gd4jF^A\

ei, fi

kUj
}(θui

)
¦
i = 1, . . . , t−1

¦
¬�ld p d��³f p d4mFeA�

i
¦
ui = |Σp1

| + |Σp2
| + . . . + |Σpi

|
¦
loc(ei) = pi

¦
loc(fi) = pi+1

mnjl�
ei � fi

®
t¼�-hl\

e ≤ e1 � f1 ≤ e2 � f2 ≤ . . . ≤ et−1 � ft−1 ≤ e′
®

�

§�d�^
ρ = n0

B1−→ · · ·
B`−→ n`

�,d�m��,m�^���kUj
H
¦g¬�ld p d

Bi = (Ei, λi, {vi
p},�i)

�³f p
i = 1, . . . , `

®
§�d�^
}(ρ) = (E, λ, {vp},�,≤)

® )M� ��� � � �>� �� �����;fn�
ρ
k©\�m

≤
{Mec��fQ\9dO��\�hY�l\�d�^Tfn�

E
®>§�dc^

C
�'dim

ecfgj]¶,�gh p m�^ak�fFjPfn�
ρ
® )

C
{ ���� ���� �fg�

ρ
kU\�m�b�m��]k�b�mg�!\�hY�Y�,m�^��

% = nu

Bu+1

−→ . . .
Bu′

−→ nu′

¦�\9h,eA�
^a�lm�^

C ∩ Ei 6= ∅
�³f p d4mFeA�

i = u, . . . , u′ ® % f p \�hleA�Cm C
{���������� �

%
¦'¬VdL�]d�¶ljld�kµ^A\

C
{�� ������/����i^�f

�'dL^��Yd�\�d�^
(Eu+1 ∪ Eu+2 ∪ · · · ∪ Eu′) − C

® % k��Fh p d �)kU�U��hl\9^ p m�^ad4\T^��ld4\�d<jYfg^�kUfgjl\4® �~mFeA�e4mnhl\amn�
yZlw k©\ p dc� p d4\�dcjQ^ad4��Q[;m p dOe¹^AmnjY�F��dF® �7�gd4jQ^a\�kUj;^��Yd)ecfgj]¶,�gh p m�^ak�fFj

C
m p d�k�jl�YkUe4m�^�dO�;�Q[;\9b�mg���

¶,���Ud4��eck p e��Ud4\4¦Q¬�Yk��Ud�d4�gd4jF^A\7jYfg^VkUj
C
m p dkUjl�]k©ecmn^�d4�)�-[L\�b�mn�U�,�Y�©mnj ± eck p e��Ud4\4®�t¼�Yd>^_¬�f

C
{ ���� ���� ���

k©�]d4jF^akµ¶,d4��fgj % k��Fh p d ��m p dT^a�Ydi\�d4¥QhYd4jle�dO\¼fn�!^ p mnjl\�k�^�kUfgjl\�^a�lm�^>� p f��-kU�Yd�^��Yd�d4�gdcjQ^A\>mn�Y�'d4m p kUjY��kUj
C
®

C−subpath C−subpath

Configuration C

% kU�gh p d �5& �7�gd4jF^A\zk�j
C
{M\�hY�Y�,m�^��,\�m p d<kUjl�]k©ecmn^�d4��-[C\9b�mg���!¶l�U�Ud4�;e�k p ec��dO\c® �~�gdcjQ^A\�k�j

C
{ p d4\�kU�YhYd4\

m p dzkUjl�]k©ecm�^ad4���-[)\�b�mg���W�l�Umgj ± eck p e��Ud4\4®

5 ¿ � �´  $ ���� 
ρ

���K� ���� � � �
H
��� /

C
��� � � ��� � � �>� �� ����� � 0

ρ
�"� ������


� � � � ���K��� ������� � 0
C

� ���� ���� ��� � 0
ρ
� � �� �"�7� 

Ksubpath = |N | · |Σ| · 2|B| �
� � � � ���� 

%
��� �

C
� ��������� � � 0

ρ
� � �����I ��� �=� �������� 0 ��	����= �� �  ���

C
� � �����/���� � 0

%
� � �� �"�7� 

Kresidue = |N | · |Σ| · 2|B| · max{|B| | B ∈ B}

 � ������� |B|

/ ��� �� ��� ���K�=� ������� � 0K��	����= �
� �� ��� �����������
	 �;�

B
�
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¤³kèª£Z-hY�Y�'fF\�d>^a�Yd�ecfgjQ^ p m p [g®I§�d�^
K = |Σ| ·2|B| ®Iºdzecmnj�¶,jl� K +1 C

{ \9hY�l�lm�^a�l\7¬�YfQ\9d�dcjl�]kUjY�
jYf]�]d4\m p dTd4¥Qhlmg�N®�§�dc^¼^��Yd�kUjl�]k©e�d4\�fg��^��ld4\�d

K + 1
d4jl�]kUjY�LjYf]�]d4\¼�'d

i1 < i2 < . . . < iK+1
®

% f p
h = 1, . . . , K

¦g�Ud�^
θh

�'d¼^��ld�\9hl�Y�lm�^a��fn�
ρ
� p fFb

nih

^�f
nih+1

� mgjl�L��dc^ B̂h

�'d¼^��Yd�\�d�^7fg�
ecmghl\�mg�gy*Zlw�\Imn�l�,dOm p k�jY�kUj

θh

®I·>d4jle�dV¬Vd~e4mnj�¶lj,�
θj1

¦
θj2

¦
. . .

¦
θj|Σ|

¦
j1 < j2 < . . . < j|Σ|

¦
\9h,eA�£^��lmn^

B̂j1 = B̂j2 = . . . = B̂j|Σ|

® o kUe ± mnjPd4�gd4jF^
e
� p fgb

}(θj1)
¬k�^��

e /∈ C
®TZ]hleA�Cmnj

e
d��]k©\_^A\c¦�\�kUjle�dF¦W�³f p d��YmgbL�l��dF¦�jYfgjld<fg�~^��ldLd4�gd4jF^A\�k�j^��ld<¶ p \9^�e4mnhl\amn��y*Z,w mn�l�,dOm p k�jY��kUj

θj1

kU\¼kUj
C
® o kUe ± mnj)d4�gd4jF^

e′
� p fFb

}(θj|Σ|
)
¬kµ^a�

e′ ∈ C
®*)>�Y�l��[-kUjY� o7p fF�,fQ\9k�^�kUfgj 'T[-kUdc�©�Y\

^��lmn^
e < e′

®7t¼�Yk©\�Ud4mg�l\�^�f�m�e�fFjF^ p mF�]k©e¹^�kUfgj�¦-\�kUjle�d
C
kU\
≤
{ e��UfF\�d4�W®

¤ k�kèª�§�dc^
% = ni

Bi+1

−→ . . .
Bi′−→ ni′

®I§�d�^
Êj = Ej−C

�³f p
j = i+1, . . . , i′

®Iv�[�\�k�b�kU�Um p m p �FhYb�dcjQ^a\
mg\kUj´¤³kèª¹¦'k�^�kU\>d4mg\�[�^af)\��Yf�¬ ^a�lm�^Tmgb�fgjY�

Êi+1
¦
. . .

¦
Êi′

¦,mn^�b�fF\9^
|N | · |Σ| · 2|B|

fn�I^��Yd4b
m p d�jYfgjYd4b��]^_[g®7t¼�Yd�ec�Umgk�b ^��Yd4j��³fF���Uf�¬>\4®

�

º;d<m p d�jYf�¬ p d4mF�][)^af)�]dc¶ljYd�^a�Yd�¶ljlkµ^ad<\9^am�^adimnhY^�fgb�mn^�fgj
AH = (S, Sin , Σ, Sfi , =⇒)

¬�YkUeA�
mFececdc�]^A\

Lin(H)
® )T\ih,\9hlmg�N¦

S
¬kU�U�V�'d�^a�Yd�\�d�^Lfn��\9^am�^ad4\4¦

Sin ⊆ S
^��Yd�k�jlkµ^akUmg��\9^amn^�d4\4¦

=⇒ ⊆
S × Σ × S

^a�Yd�^ p mnj,\9k�^�kUfgj p d4�Umn^�kUfgj�¦]mgjl�
Sfi ⊆ S

^��Yd�¶lj,mn��\9^am�^ad4\4® % k��
Ksubpath

¦
Kresidue

^af��,d
^a�Yd�e�fFjl\_^AmnjQ^a\��]dc¶ljYd4�)k�j£§�d4b�b�m 'g®!sM�

B = (E, λ, {vp},�)
k©\�mLecmghl\amn�#y*Zlw mgjl�

E′ m<\�hY�l\�d�^fg�
E
¦g^a�Ydcj)¬Vd��Yd�¶ljYd�^��Yd p dO\_^ p k©e¹^ak�fFj�fn�

B
^�f

E′ ^�fi�'d^a�YdTe4mnhl\amn�lyZlw B′ = (E′, λ′, {v′
p},�

′)mF\�³fF���Uf�¬>\c® )T\�dc�]�,dOe¹^�dO�W¦
λ′ kU\�^��ld p d4\9^ p kUe�^�kUfgjPfn� λ

^�f
E′ � �³f p d4mFeA� p

¦
v′

p

k©\^a�Yd p d4\9^ p k©e¹^�kUfgjPfg�
vp

^af
(E′ ∩ Ep) × (E′ ∩ Ep) � mnjl� �′ kU\¼^a�Yd p d4\9^ p kUe�^�kUfgj)fg� � ^af

E′ ®s jQ^�hlkµ^ak��Fdc�U[g¦F�³f p m�¬�f p �
σ
k�j

Σ?
¦
AH

�ghld4\a\9dO\7mnj�mge4e�d4�]^�kUjY���lmn^��
ρ
fg�

H
mgjl��eA�Yd4e ± \�¬�ld�^��ld p

σ
k©\�kUj

Lin(}(ρ))
® )�è^�d pip d4mF�]k�jl�CmP� p d�¶Y�

σ′
fn�

σ
¦
AH

b�dcb�f p kU°cdO\�mP\9dO¥QhYdcjlecd�fn�>\�hY�Y�lmn^��l\
� p fgb ¬�Yk©eA�

σ′
¬¼mg\��_�Uk�jld4m p kU°cd4����¤ kN® d>^a�Yd

C
{M\�hY�Y�lmn^���fn��m��,m�^��

ρ
\�hleA��^a�lm�^

C
kU\¼m<e�fgjY¶l�gh p m�^ak�fFj

p d4mFeA�Yd4�*m��è^�d p �Y�Um«[-kUjY�
σ′
mnjl�
}(ρ)

ecfgjQ^amgk�jl\
C
ª¹®Lº kµ^a�;§�dcb�b�m 'F¦Wkµ^�¬kU�����'d4ecfgb�d�e��Ud4m p �©m�^ad p

^a�lm�^�mn^�mnj-[�^ak�b�dg¦l¬Vd�\��Yfghl�U� p d4b�dcbi�'d p m�^b�fF\9^
Ksubpath

\�hleA�P\�hY�Y�lmn^��l\4®7yPf p dcf��Fd p ¦g�³f p d4mFeA�
\�hY�Y�,m�^���¦]¬Vd�jYd4d4�)^�f ± jYf�¬ fgjl��[)m � ���>� / � /�mnb�fghYjQ^¼fn�Ik�j]�³f p b�mn^�kUfgj�¦]¬�Yk©eA��¬k��U�W�,d�\9^�f p dO��kUj�m
�lm�^am�\9^ p hle¹^ah p d�e4mn�U��dO����\�dc�gb�d4jF^��A®

) e4mnhl\amn�7yZlw
Bi = (Ei, λ, {vp},�)

k©\
K
{M�,fFhYjl�]dO�*k��

|E| ≤ K
® ) ��� ��� ���� zkU\im)^ahY�Y�Ud

(n, Γ, W, n′)
¦W¬�Yd p d

n, n′ ∈ N
¦
Γ
kU\�m�jYfgjldcb��]^_[C\�hY�l\�d�^�fn�

Σ
¦�mnj,�

W
k©\zdck�^��Yd p m)jYfFj]{Mdcb��]^_[

Kresidue

{M�,fFhYjl�]dO� ecmghl\amn�TyZlwT¦Vf p ^a�Yd\��,dOe�k©mn�z\9[-bi�'fg�
⊥
®�t¼�Yd;\_^Am�^ad*\9dc^

S
fg�

AH

kU\)^��Yd
ecfg�U��dOe¹^ak�fFj fn��¶ljYk�^�d;\9dO¥Fhldcjlecd4\

θ1θ2 . . . θ`

¦
0 ≤ ` ≤ Ksubpath

¦¬�Yd p dCdOmgeA�
θi

k©\)m%\9d4�gb�dcjQ^4®
s jQ^ahYkµ^ak��Fdc�U[g¦�m£\�dc�FbLd4jQ^

(n, Γ, W, n′)
± d4dc�l\z^ p mFe ± fn�¼m�\�hY�Y�,m�^��

%
fn�

H
¬�lkUeA�
\_^Am p ^a\�mn^

n
mnjl�

d4jl�Y\�mn^
n′ ® Γ

kU\I^a�Yd>e�fF���Ud4e�^�kUfgjifg�,�Ud�^�^�d p \!fn�#dc�FdcjQ^a\IkUj
}(%)

^��,m�^7�lm«�FdV�'dcd4j��9��kUjYdOm p k�°4d4���¹® % kUjlmn�U��[F¦
W

kU\�^a�Yd p d4\9^ p kUe�^�kUfgj)fg�
}(%)

^�fL^��Yd�\�d�^fg��dc�FdcjQ^a\�kUj
}(%)

^a�lm�^>m p d�jYfn^[Fd�^��kUjYdOm p k�°4d4�W®!s j£ecmg\�d
mg����dc�FdcjQ^a\ik�j

}(%)
�lm«�gd)�,d4dcj¸�UkUjYd4m p kU°cdO�W¦!¬Vd�\9dc^

W = ⊥
® % f p ecfgj-�gd4jYkUdcjlecdg¦!¬Vd)d��-^�d4jl�¯^a�Yd

fF�,d p mn^�f p
}
�-[ &

W }⊥ = ⊥}W = W
�³f p mnj-[)e4mnhl\amn��yZlw

W � mgjl� ⊥}⊥ = ⊥
®

º;d��]d�¶,jYd
AH = (S, Sin , Σ, Sfi , =⇒)

mF\��³fg�U��f�¬>\�&

•
)�\Ib�dcjQ^�kUfgjld4�img�,f��Fdg¦

S
k©\�^��Yd¼e�fF���Ud4e�^�kUfgj�fg�Y¶ljYk�^�d\�d4¥QhYdcj,e�d~fg�,m�^!b�fF\9^

Ksubpath

\�dc�gb�d4jF^A\c®

•
t¼�Yd�kUjYkµ^akUmg��\9^am�^ad�\9dc^>kU\

Sin = {ε}
¦Q¬�ld p d

ε
kU\�^a�Yd�j-hY�U��\9dO¥QhYdcjlecdg®

å³æIç�åèâ



�����������
	����������������������������������� !� ' �

•
) \_^Am�^�d�k©\z¶ljlmg�Ik*)¸k�^�e�fgj,\9k©\_^A\zfn�Vm£\�k�jY�F��d�\�dc�gb�d4jF^

θ = (n, Γ,⊥, n′)
\�hleA�^��lmn^

n ∈ Ninmnjl�
n′ ∈ Nfi

¤ mgjl�
Γ
k©\mnj-[�jlfgjYd4bL�Y^_[)\9hl�l\9dc^>fn�

Σ
ª¹®

•
t¼�Yd�^ p mnj,\9k�^�kUfgj p d4�Umn^�kUfgj

=⇒
fn�

AH

k©\¼^��ld���dOmg\9^\�d�^>\am�^akU\9�³[-k�jY�L^a�Yd��³fg�U��f�¬kUjY��e�fFjl�]k�^�kUfgjl\4®
� , Ã ' Ä;(³�)( Ã ' ¤³kèª�&
Z-hY�Y�'fF\�d

n
B
−→ n′ ¬�Yd p d B = (E, λ, {vp},�,≤)

® §�d�^
e
�'d*m;b�k�jlk�b�mn��dc�gd4jQ^�k�j

B¤³¬k�^�� p d4\��,dOe¹^�^�f
≤
ª�mgjl�%��dc^

a = λ(e)
® §�d�^

θ = (n, Γ, W, n′)
¬�Yd p d

Γ = {a}
® §�d�^

R = E − {e}
®�sM�

R
kU\�jlfgjYd4bL�Y^_[g¦�^a�Ydcj

W
kU\�^a�Yd p d4\9^ p kUe�^�kUfgj*fg�

B
^af

R � fn^a�Yd p ¬k©\9dL¬Vd\9dc^
W = ⊥

®>Z-hY�Y�'fF\�d
s = θ1 . . . θkθk+1 . . . θ`

k©\�m�\9^amn^�d�kUj
S
¬�Yd p d

θi = (ni, Γi, Wi, n
′
i)�³f p dOmgeA�

i
®VZ-hY�Y�'fF\�dg¦Y�³f p dc�Fd p [

e′ ∈ E
¬kµ^a�

e ≤ e′
¦Yk�^�k©\¼^��ld�ecmg\�dz^��lmn^

λ(e′) Ip γ
�³f p mnj-[

γ ∈ Σp ∩ (
⋃

k+1≤i≤` Γi)
¦Y¬�ld p d

p = loc(e′)
®

# ¤ �9e p dOm�^adim�jYd4¬ \9d4�gb�dcjQ^ �9ª§�d�^
ŝ = θ1 . . . θkθθk+1 . . . θ`

®�sM�
ŝ
k©\>kUj

S
¦,^��Yd4j

s
a

=⇒ ŝ
®

s j£�lm p ^akUechY�©m p ¦F�³f p ^��Yd�kUjYk�^�k©mn��\9^amn^�d
ε
¦Y¬�dz�,m«�gd

ε
a

=⇒ θ
®

# ¤ �9mF�Y� ^af¯^��Yd�,d4�gkUjYjYkUjY�¸fg�im´\�dc�gb�d4jF^��_ª)Z-hY�Y�'fF\�d
n′ = nk+1

®�§�d�^
θ̂ = (n, Γ ∪

Γk+1, Ŵ , n′
k+1)

¦]¬�Yd p d
Ŵ = W }Wk+1

®!§�d�^
ŝ = θ1 . . . θk θ̂θk+2 . . . θ`

®!sM�
ŝ
kU\Vk�j

S
¦

^a�Ydcj
s

a
=⇒ ŝ

®
# ¤ �9mg�Y�'dcjl�)^�fL^��ldzd4jl��fn��m�\�dc�FbLd4jQ^ �9ªVZ-hl�Y�,fQ\9d

n = n′
k

®7§�d�^
θ̂ = (nk, Γk ∪ Γ, Ŵ , n′)

¦
¬�ld p d

Ŵ = Wk }W
®7§�d�^

ŝ = θ1 . . . θk−1θ̂θk+1 . . . θ`

®�sM�
ŝ
k©\kUj

S
¦-^��Yd4j

s
a

=⇒ ŝ
®

# ¤ �_�F��hld�^_¬Vf\9d4�gb�dcjQ^a\ �9ª�Z-hY�Y�'fF\�d
n = n′

k

mgjl�
n′ = nk+1

®§�d�^
θ̂ = (nk, Γk ∪ Γ ∪

Γk+1, Ŵ , n′
k+1)

¦,¬�ld p d
Ŵ = Wk }W }Wk+1

®§�dc^
ŝ = θ1 . . . θk−1θ̂θk+2 . . . θ`

®¼sM�
ŝ
kU\¼kUj

S
¦-^��Yd4j

s
a

=⇒ ŝ
®

� , Ã ' Ä;(³�)( Ã ' ¤³kUk©ª &
Z-hY�Y�'fF\�d

s = θ1 . . . θkθk+1 . . . θ`

k©\)m´\9^amn^�dCkUj
S
¬�Yd p d

θi = (ni, Γi, Wi, n
′
i)
�³f p

i =
1, 2, . . . , `

®zZ-hY�Y�'fF\�d
Wk 6= ⊥

®T§�d�^
Wk = (Rk, λk, {vk

p},�k,≤k)
®z§�d�^

e
�'d<m)bLkUjYkUb�mn�

dc�FdcjQ^�kUj
Wk

mnjl�
a = ηk(e)

® Z-hY�l�,fQ\9dF¦��³f p d4�gd p [
e′ ∈ Rk

¬k�^��
e ≤ e′

¦zkµ^Pk©\�^��Yd
ecmF\9d�^��lmn^

ηk(e′) Ip γ
�³f p mgj-[

γ ∈ Σp ∩ (
⋃

k+1≤i≤` Γi)
¦~¬�Yd p d

p = loc(e′)
®²§�d�^

θ̂ =

(nk, Γk ∪ {a}, Ŵ , n′
k)
¦�¬�Yd p d

Ŵ
kU\�mF\z�³fg�U��f�¬>\�&�§�d�^

R̂ = Rk − {e}
®�sM�

R̂
k©\�jYfgjYd4b��]^_[g¦

^��Yd4j
Ŵ
kU\7^��Yd p d4\9^ p k©e¹^�kUfgj�fg�

W
^�f

R̂ � fn^a�Yd p ¬k©\9d Ŵ = ⊥
®!§�dc^

ŝ = θ1 . . . θk−1θ̂θk+1 . . . θ`

®
t¼�Ydcj£¬�d��lm«�gd

s
a

=⇒ ŝ
®>¤ }�fn^ad�^��lmn^

ŝ
k©\¼�ghlm p mgjF^adcdO��^�f��'d�k�j

S
®Ôª

º;d¼�lm«�gdVjYf�¬¸e�fFb��Y��dc^�dO��^a�Yd�ecfgjl\9^ p hle�^�kUfgjifg�
AH

®IsM^ p dcb�mnkUjl\�^�fz� p f��gd~^��Yd��³fg�U�Uf�¬k�jY�T��d4b�b�m
^af�e�fgb��Y�Ud�^ad�^��Yd�� p f-fn�Ifn��^��Yd4f p dcb ' &

5 ¿ � �´  + ���� 
σ ∈ Σ? � � ����� σ

� � � ����� �@ � / ���
AH

� �
σ
� � � �

Lin(H)
�

J � Ã�Ã@< &�§�dc^
σ = a1a2 . . . ak

®)Z-hY�Y�'fF\�d
σ
k©\�kUj

Lin(H)
®)§�d�^

ρ = n0
B1−→ . . .

B`−→ n`

�,d�mgj
mFececdc�]^ak�jY�*�lm�^a�´k�j

H
\9h,eA�
^��lmn^

σ
k©\<mC��kUjYd4m p kU°4mn^�kUfgj¯fg�

}(ρ)
®·>d4jle�d�¬Vd)b�m«[
\�hY�Y�'fF\�d�^��,m�^

ç�çONQP?R)SUTV�W�XY�Z�[\
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}(ρ) = (E, λ, {vp},�,≤)
¬�Yd p d

E = {e1, e2, . . . , ek}
mnj,�

λ(ei) = ai

�³f p
i = 1, . . . , k

®
)�jl�

ei ≤ ej

k�b��Y�UkUd4\
i ≤ j

�³f p mnj-[
i, j

k�j
{1, . . . , k}

® wVfFjl\9k©�]d p ^a�YdCe�fFj]¶l�Fh p mn^�kUfgjl\
Ci =

{e1, e2, . . . , ei}
�³f p

i = 1, . . . , k
® % f p d4mFeA�

Ci

¦#¬�diecmgj*mg\a\�f-eckUmn^�d�m�\9^amn^�d
si

k�j
AH

mF\�³fF���Uf�¬>\c®
wVfFjl\�kU�]d p mi¶Y�]d4�

Ci

®�§�d�^
ρ = . . . %1 . . . %2 . . . %h . . .

¬�Yd p d
%1
¦
%2
¦
. . .

¦
%h

m p dT^��Yd
Ci

{ \�hY�Y�lmn^��l\
fg�

ρ
®7t¼�Yd4j�¬�d�\�d�^

si = θ1 . . . θh

¬�Yd p d
θj = (nj , Γj , Wj , n

′
j)
¬k�^��

nj

�,d4k�jl��^��Yd�\9^am p ^ak�jY��jYf]�]d
fg�

%j

¦�mgjl�
Γj

^��Yd�ecfg�U��dOe¹^�kUfgj*fn�~mn�U�
λ(e)

�³f p mg���Idc�FdcjQ^a\
e
^��lmn^�m p d<k�j�,fg^��

}(%j)
mgjl�

Ci

®�§�d�^
Rj

�'d�^a�Yd
Ci

{ p dO\9k©�]hYdTfn�
%j

®�sM�
Rj

kU\�jYfFjYdcb��]^_[F¦
Wj

kU\~^��Yd�e4mnhl\amn�#y*Zlw
(Rj , λj , {vj

p},�j ,≤j)¬�ld p d
λj

k©\�^��Yd p d4\9^ p k©e¹^�kUfgj)fn�
λ
^�f

Rj � vj
p

k©\V^��Yd p d4\9^ p k©e¹^�kUfgj)fn�
vp

^afL^��YfQ\9dzdc�FdcjQ^a\¼kUj
Rj

^a�lm�^
�'dc�Ufgjl�i^afL� p f]e�dO\�\

p
¦-�³f p d4mgeA��� � mnj,� �j

^��ld p d4\9^ p k©e¹^�kUfgj�fn�
�
^af

Rj

®!sM�
Rj

k©\¼dcb��]^_[F¦-^��Yd4j�\�d�^
Wj = ⊥

® % k�jlmg���U[g¦
n′

j

k©\¼^��ld�dcjl�]kUjY��jYf]�]d�fg�
%j

®
}�f�¬ kµ^k©\ p fFh]^�kUjYd�¤è^��lfghY�F��^�dO�]kUfghl\Aª~^�fL�gd p k��³[�^��lmn^

ε
a1=⇒ s1 . . . sk−1

ak=⇒ sk

k©\mnj�mgececdc�]^ak�jl�
p hYj£fn�

AH

®wVfFj-�gd p \�dc�U[g¦-�gkU�gd4j£mgjPmgececdc�]^ak�jl� p hYj£fn�
AH

f��gd p
σ
¦,kµ^TkU\>\9^ p mnkU�g�Q^��³f p ¬�m p ��^af��YhYkU�U�

m�ecf pap dO\9�'fgjl�Yk�jY�Lmge4e�dc�Y^�kUjY���lm�^a��fg�
H
®

�

º;d��lm«�Fd<^a�Ydcj´\��Yf�¬j^��lmn^�^�kU�g�Q^ajYd4\a\�mn�U�Uf�¬>\�^a�Yd)ecfgjl\9^ p hle¹^ak�fFjfg�>mnj¯mnh]^afgb�m�^afgj
AH

^a�lm�^
p d4ecfg�FjYk�°4d4\�mn�U���Uk�jYdOm p k�°Om�^ak�fFjl\�fn�

H
®
�)T\
�³f p ecfgb��Y�Ud��]kµ^_[F¦�kµ^¯k©\¯d4mF\9[ ^af \9d4d ^��lmn^;^a�Yd j-hYbi�'d p fg��\9^amn^�d4\
fg�

AH

kU\¯mn^¯bLfQ\_^
(
|N |2 · 2|Σ| · 2|N |·|Σ|·2|B|·m

)|N |·|Σ|·2|B| ¦Y¬�Yd p d
m = max{|B| | B ∈ B}

®

�  ���������$#�"�� ��� !  �i�I�¼�I����7�$#�"�� " � ���i������� �|	 �����

)T\~mg� p d4mF�][ib�dcjQ^ak�fFjYd4�W¦-�]hYd�^�f�^a�Yd�d4bi�'d4�Y�Yk�jY�<fn��yCmg°ch pa± k�d4¬kUec°^ p mgecd4\�kUjQ^�fiyPdO\�\amn�Fd�Z-d4¥QhYd4jle�d
wV�,m p ^a\4¦7¬VdPe4mnj¸jlfn^��]d4eckU�Yd�¬�ld�^��ld p ^��ld�kUjQ^�d p \�d4e�^�kUfgj¸fg��^_¬�f;yZlw �©mnjY�Fhlmn�Fd4\<�gd4jYd p m�^ad4�¯�-[
·Ty*Zlw�\¼k©\¼dcb��]^_[�f p jYfn^O¦]f p k��!mLy*Zlw �©mnjY�Fhlmn�Fd�k©\k�j,e��Uhl�]d4��kUj£mgj�fg^��Yd p fgjYdF® % f p ^�hljlm�^adc�U[g¦Q�³f p
m�\�hY�#e��©mg\a\¼fn��·�y*Zlw¼Z�e4mn�U��dO���F��fF�lmn�U�U[F{ e�f-fF�,d p mn^�kU�gd�·Ty*Zlw�\4¦lmnjl��¬�Yk©eA�£ecmn�Y^�h p d4\¼kUj£�lm p ^�k©e�hY�©m p
�'fghljl�]d4�%·�y*Z,w�\c¦�^a�Yk©\i� p fg�l��d4b �,dOe�fgb�dO\<�]dOe�k©�Ymn�l��d + �	.2®¯t¼�Yk©\<\�d4e�^�kUfgj¸\��Yf�¬>\i^��lmn^�m\9kUb�k��©m p
ec�UmF\�\�dc�-k©\9^a\¼�³f p w�mnhl\amn�W·�yZlw�\c®

t¼�Yk©\�e��©mg\a\�fg�~�g�Ufg�,mn�U��[£e�f-fg�'d p m�^ak��Fdiecmghl\amn�!·�y*Zlw�\z�YdOm«�-k��U[P�]dc�'dcjl�l\TfFjC�Yf�¬ e4mnhl\amn�!y*Zlw�\
�FdcjYd p mn^�dO�)�-[�^a�Yd�f p �]d p mnh]^afgb�m�^afgj£ecmnj£�'d��]d4ecfgb��'fF\�d4��k�jQ^af�dc�Udcb�dcjQ^am p [)�lm p ^a\4®~Z-hleA�C�]dOe�fFb<{
�'fF\�k�^�kUfgj�kUjF^af �� ��
� � � 	 � �;��¬�mF\�� p fg�'fF\�d4�<�³f p y*Zlw�\Vk�j +3'n¦ '4�8.M®1)�\��³f p y*ZlwT¦Q¬�d�ecmgjLkUjQ^ p f]�]hle�d
mLjYfg^�kUfgj�fn���]d4ecfgb��'fF\�kµ^ak�fFj�kUjQ^�f��lmg\�k©eT�,m p ^a\��³f p e4mnhl\amn�Wy*Z,w�\c®

��¿�� ' (³�)( Ã '9E � �����������Q	 � �
B

� �����lmF\9k©ei�,m p ^ � � � � �  � � / � ����� / �������I����� �� ������ D
�(� 02�  �����

� �� ���"/ ��� �
�$�5����� / � �= �  � � � � �����U���$�@ � � ����������� 	 � �;�
B1

��� /
B2

������  ���� 
B = B1 } B2

�
� �7��� � ����� !� ��� � �>���  !� � 0 � �
�$�5��� �  ������
� ����� � � � � ��� ������0��>�= ��%��� /K� ����� ��� � ������� ����� �������� �� ����� � 0
����� �����������
	 � � �

� ��� � ������������	 � � B
���]dOe�fFbL�'fF\�k�^�kUfgj � � � ���������������� 0$���7��� � ����� �

B1.B2 . . . Bk

������� ���� 

B = B1 }B2 } . . .}Bk

�

Z-�UkU�g�Q^��U[¯d��-^�d4jl�]kUjY�C^a�Yd�k�jl�Ydc�'dcjl�]d4jle�d p dc�©m�^�kUfgj
Ip

�]d�¶,jYd4�¸k�j²\9dOe¹^�kUfgj²�]¦�¬�d)¬kU���\am«[^a�lm�^
^_¬�f \9dc^a\

A
mnjl�

B
m p dkUjl�]d4�,d4jl�]dcjQ^O¦��]dcjYfg^�dO� �-[

A IpB
k��<�³f p mg���

ai

kUj
A
mgjl�

bi

kUj
B
¦
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ai Ip bi

®
Z]k�b�kU�Um p �U[g¦�¬�d�¬kU���\am«[*^a�lm�^<^_¬Vf�lmg\�kUe��lm p ^a\
B1

mnjl�
B2

m p d�kUjl�]dc�'dcj,�]dcjQ^4¦V�]dcjYfg^�dO�
�-[

B1 ‖ B2
¦#kµ��^a�Ydck p �Umg�,d4�U\zm p d�kUjl\_^Amnjlecd�{M¬kU\�d�bihY^�hlmg���U[£k�jl�Ydc�'dcjl�]d4jQ^4¦#kN® dg®��³f p mn�U��� p f]e�dO\�\

p
kUj

P
¦
Alphp(B1)IpAlphp(B2)

®7}�fn^ad�^��lmn^>¬�YdcjYd4�gd p
B1 ‖ B2

¦Y¬�d��lm«�gd
B1 }B2 = B2 }B1

®
t¼�Yk©\�� p fg�'d p ^_[�mg���Uf�¬>\7h,\~^af<�]dc¶ljYd�mnj�mg\a\9f]e�k©m�^ad4�  � � ��� �����-� 	7��� ���@���¼mg\~^��Ydz�Ud4mg\9^�ecfgjY� p hldcjlecd

∼
f��Fd p

B?������� �
¦V¬�Yd p d

B ������� � k©\Lm*�gkU�gd4j¸e�fF���Ud4e�^�kUfgj¸fg���lmF\9k©e��lm p ^A\c¦7\�hleA�¸^��lmn^ ∀a, b ∈ B �����	� � ¦
a ‖ b =⇒ ab ∼ ba

®Vt¼�-hl\4¦Y¬�d�ecmnjPecfgjl\�kU�Yd p ^ p mFe�d
[u]

f��Fd p �lmF\9k©e��lm p ^a\mF\¼^��ld�d4¥QhYkU��mn�Udcjlecd�e��©mg\a\
fg�ImgjQ[)¬Vf p ��fn�I�lmg\�kUez�lm p ^A\

u ∈ B?�����	� �
®

yPf p d4f��gd p ¦'�gkU�gd4j*m�e4mnhl\amn��·Ty*Zlw
H
¦�¬VdL¬k��U���]dcjlfn^�d��-[

B ������� � (H)
^��YdL¶ljlkµ^ad�\�d�^�fn���lmg\�kUe

�,m p ^a\Wf]ecech pap kUjY�¼k�j�^��Yd~�Yd4e�fFb��,fQ\9k�^�kUfgj�fn�Ymg���Qecmnh,\�mg�gy*Zlw�\�¬�YkUeA���©mn�'dc�g^ p mnjl\�k�^�kUfgjl\Wfg�
H
®�º;d~mn�©\�f

�Yd�¶ljYd
H �����	� � mF\�m�jldc¬ ecmghl\amn��·Ty*Zlw kUjC¬�Yk©eA�C¬�d p d4�Y�©mge�did4mgeA�£^ p mgjl\�kµ^ak�fFj

(nsrc, B, ndst)
�-[

jlf-�Yd4\Imnjl��^ p mgjl\�kµ^ak�fFjl\
(nsrc, B1, n1) . . . (nk−1, Bk, ndst)

¬�Yd p d
B1, . . . , Bk

k©\!m��]dOe�fgb��'fF\�kµ^ak�fFj
fg�

B
¦Ymnjl�

(ni)i∈{1..k}

m p dT� p d4\���\9^am�^ad4\4®
L(H �
����� � ) ⊆ B?�����	� �

(H)

kU\V^a�Yd��UmgjY�gh,mn�gdTf��gd p
B ������� � (H)�FdcjYd p mn^�dO���-[

H �
����� � ¦]k2® dF®�mi¬�f p � w = B1.B2. . . . Bk

�'dc�UfgjY�Q\7^af
L(H ������� � )

kµ�!mnjl�)fgjY�U[�kµ��^��Yd p d
dc�]kU\9^a\<mnj¸mFece�d4�]^�kUjY�C�,m�^��

ρ = n0
B1−→ n1 . . .

Bk−→ nk

k�j
H ������� � ® % kUjlmn�U��[F¦!¬Vd�¬k��U���YdcjYfg^�d��-[

BP (H) = {B1 . . . Bk ∈ B?�����	� �
(H) | B1 } . . . } Bk ∈ cMSC (H)}

^��Yd<�UmgjY�ghlmg�gd�fg�!�,mg\�kUe��,m p ^a\
�FdcjYd p mn^�dO���-[

H
®

º;d�e4mnj<jYf�¬¯e�fgj,\9k©�]d p ^��ld~^ p mFe�d~�©mnjl�ghlmg�gd7�FdcjYd p mn^�d4���-[�mzecmnh,\�mg�F·�yZlw
H
®Iºd�¬kU���QkU�YdcjQ^�k��³[

m�\�hY�#e��©mg\a\�fn�Wecmghl\�mg�Y·�y*Z,w�\c¦Qecmn�U�Ud4�L�g�Ufg�lmg���U[Q{Mecf-fg�'d p m�^�kU�gd�ecmghl\�mg�Y·�y*Z,w�\c¦g�³f p ¬�Yk©eA��d4mgeA��fg�'k�^a\
b�d4bi�'d p

H
ecf pap dO\9�'fgjl�l\7^afLmLe�fFjYjYd4e�^�dO� p m�^�kUfgj,mn�,^ p mge�dT�UmgjY�gh,mn�gdTf��gd p ^a�YdT�,mg\�kUeT�lm p ^mn�U�Y�lmn�'d�^

B �
����� � (H)
®

) � p h]^�dT�³f p e�dz\9fF��h]^ak�fFj�^�f<¶ljl��m<�Yd4e�fFb��,fQ\9k�^�kUfgj�fg��m<e4mnhl\amn�'y*Zlw
B = (E, λ, {@p}p∈P ,�)k©\�^�f�eA�Yd4e ± �³f p mg���-�'fF\a\9kU�Y�UdV�,m p ^�k�^�kUfgjl\Ifn�

E
¦n¬�Ydc^��Yd p ^a�Yd p dOe�fFjl\_^ p h,e¹^�kUfgj�fg�l^a�Yd��Yd4e�fFb��,fQ\9k�^�kUfgj<kU\

dc�Ymge¹^a��[
B
®!t¼�Yd��³fg�U��f�¬kUjY��� p fg�'fF\�kµ^ak�fFj<\��Yf�¬>\�^��lmn^~�]d4ecfgb��,fQ\9k�^�kUfgj�e�fFjl\9^ p hle¹^ak�fFj<ecmgj<�'d� p fghY�F�Q^

�,mge ± ^�fP^a�Yd��]dc^�dOe¹^�kUfgj¸fn��\9^ p fgjY�F��[;e�fgjljYd4e�^�d4�¸e�fgb��'fgjYd4jQ^a\�kUj¸mC�Yk p d4e�^�d4�´� p mn�Y�´�]dc¶ljYdO�¯f��gd p
d4�gd4jF^A\¼fn�

E
®�t¼�YkU\�e�fgj,\_^ p hle�^�kUfgj�kU\Tmnjlmg��fF�gfFhl\7^af�^��ld�^�d4eA�ljYkU¥QhYd�kUj,+3'4�8.M¦,mgjl�£ecmnj£�'d��'d p �³f p bLdO�

kUj
O(|E|2)

®
J � Ã L Ã �?( �?( Ã '9+ � �� ��� � �� �

4p

 ��� � �
	����K� ��� �� ����� � 0
vp


7� � � �
e 4p e′

� �
e vp e′

��� / � �
ei� � ������  ���� 

e vp ei vp e′
�"� ������K � � �@� ����� ���K����� � �����-� 	���� ���= �"

� �
B = (E, λ,vp,�)

��������� / ��� �&����7��� / � �� ��
B1 . . . Bk


 � ������� Bi = (Ei, λi,v
i
p,�i)

� �K�
���7��� ������ �

� � � ����� � �(���
GB = (E, R)

���7�
{EBi

}i∈[1..k]

�7� � � ������� � � ���=�@���� � / � �&����������= � ��� /
∀i <

j, EBj
× EBi

∩ R = ∅
� � ��� � � � 0���	7���� !�

(e, e′) ∈ E
�������������  ��

R
� 0���� / ����� �"� 0�"

•
 ����� ����� ���)����� � � � ��� �� � /"� �

B

*� � � �

∃p ∈ P | e 4p e′



•
���  ����� ��� ��� ����� �@ ����� ��� / ����� ��������� � 0  ��� ���
� � � �������?� � 
 � � � �

e � e′
��� 


e′ � e

•
���  ����� ��� ��� �� 1� �
�$���� � ��� � � �  � �3�?����� � � / � ����� / ���@��� � ��� �� ������
 � � � � ∃p ∈ P | e′ 4p e��� /

λ(e)Ipλ(e′)



•
���� ����� ��� � � �� � �
�$���� �� ��� � � �  � ���)�����*/ � ����� / ������� � ��� �� ������
 � � � � ∃p ∈ P | e′ 6vp e



e 6vp e′


 ��� /
λ(e)Dpλ(e′)

�

ç�çONQP?R)SUTV�W�XY�Z�[\



�g� ����� ���)��� �@�	� � ��
 � �� �����	
�� ����� �������� �
�� ��� ���@��� �
�� � � ��� ��� �?� ��� �������

J � Ã�Ã@< & §�d�^�hl\LjYfg^�d
R−1 = {(e, e′) | (e′, e) ∈ R}

¦
RIp

= {(e′, e) ∈ E × E | e 4p e′ ∧
λ(e)Ipλ(e′)}

mnjl�
RDp

= {(e, e′) ∈ E × E | e 6vp e′ ∧ e′ 6vp e ∧ λ(e)Dpλ(e′)}
®Tt¼�Qh,\c¦'¬Vd<ecmnj

p dc¬ p k�^�d
R
mg\

R =� ∪ �−1 ∪(4p ∪RIp
∪ RDp

)p∈P
®

% k p \9^4¦F��dc^7hl\!^am ± d�^_¬�f�e4mnhl\amn�]y*Z,w�\
X1 = (E1, λ1,v1

p,�1)
mgjl�

X2 = (E2, λ2,v2
p,�2)

mnj,�
ecfgjl\�k©�]d p ^a�Yd�ecmghl\�mg��y*Zlw

X = X1 }X2
®7º;d�ecmgj p d4b�m p�± ^��lmn^>¬Vd��lm«�Fd

RIp
∩ (E2 × E1) = ∅mgjl�

RDp
∩ (E2 ×E1) = ∅

®�t¼�-hl\c¦
R ∩ (E2 ×E1) = ∅

¦-mgjl�)ecfgjl\�d4¥QhYd4jQ^��U[
EX

kU\�jYfg^¼mL\9^ p fgjY�F��[
ecfgjYjld4e¹^ad4��e�fFbL�'fgjldcjQ^4®

Z-dOe�fFjl�W¦I��dc^ihl\�� p f��gd<^��,m�^ik��
EX

k©\�jYfg^imP\_^ p fFjY�g�U[*e�fFjYjYdOe¹^�dO�
e�fgb��'fgjYd4jQ^�fn�
GB

^��Yd4j
Xk©\zjYfn^�m��,mg\�kUe<�lm p ^Tfg�

B
®isM�

EX

k©\Tjlfn^�\_^ p fFjY�g�U[Pe�fgjljYd4e�^�d4�*e�fgb��'fgjYd4jQ^4¦#^��,m�^�bLdOmnjl\T^a�lm�^�¬Vd
e4mnj;�]d4ecfgb��,fQ\9dLk�^zkUjQ^�f

n
\9^ p fgjY�F��[Pe�fFb��,fFjYdcjQ^a\

E1 . . . En

¦W¬k�^��
n > 1

®�º;d�e4mnj*^��Yd4jdc�Q^adcjl�
R
^afC^��ld4\�d�\�hY�l\�d�^a\

(Ei, Ej) ∈ R
k��
∃ei ∈ Ei, ej ∈ Ej

\�hleA�¯^a�lm�^
(ei, ej) ∈ R

®*º;d£ecmnj¸�,d
b�f p dP� p d4eckU\�d6&

(Ei, Ej) ∈ R
k!)

∃ei ∈ Ei, ej ∈ Ej

\9h,eA�%^a�lm�^
(ei, ej) ∈ R\R−1 ® s jl�]d4d4�W¦

k���¤
ei, ej)

k©\�k�j
R−1 ^a�Ydcj

Ei

kU\�\_^ p fFjY�g�U[ e�fgjljYd4e�^�d4� ^�f
Ej

¬�Yk©eA� kU\�jYfg^)^a�Yd;e4mg\�d*mg\)^��ldc[
m p dP�]k©\9^�kUjle¹^�\�d�^A\c® yPf p dcf��Fd p ¦VmF\

�
mnj,�

RDp

m p d p d��ldc�]k��Fdg¦¼mnjl�
RIp

∩ (RDp
∪ R−1

Dp
) = ∅

¦
RIp

∩ (� ∪ �−1) = ∅
¦
4p ∩(RDp

∪ R−1
Dp

) = ∅
mgjl�

RIp
⊆4−1

p

¦'¬Vd��,m«�gd
R\R−1 = ∪p∈P (4p

\R−1
Ip

) = {(e, e′) | ∃p ∈ P , e 4p e′ ∧ λ(e)Dpλ(e′)}
®Lt¼�-hl\c¦

(Ei, Ej) ∈ R
k*)´�³f p mn�U�

ei ∈ Ei

¦
ej ∈ Ej

¦
ei 4p ej ⇒ λ(ei)Dpλ(ej)

® % kUjlmn�U�U[g¦�¬�d��]d4�Yhle�dL� p fgb ^a�Yd��Umn^�d p ^a�Yd��³fg�U�Uf�¬k�jY� p d4\�hY�µ^
&

R ∩ (∪p∈P 4p) ∩ (Ei × Ej) = {(ei, ej) ∈ Ei × Ej | λ(ei)Dpλ(ej)}
¦V¬�Yk©eA�¸b�dOmnjl\L^a�lm�^

XEi
}XEj

= XEi∪Ej

¤
XE

k©\^a�Ydie4mnhl\amn��yZlw p dO\9hY��^�kUjY��fg��^a�Ydi� p fnq_dOe¹^ak�fFj�fg��e4mnhl\amn��y*Zlw
X^afPdc�FdcjQ^a\�fg�

E
ª¹®£t�fCecfgjlec��hl�Yd�^��Yd�� p f-fn�_¦I¬�d��lm«�gdL^�fCecfgjl\�k©�]d p m£�UkUjYd4m p kU°4mn^�kUfgj

Ei1 . . . Ein

fg�
^a�Yd

n
\9^ p fgjl�g�U[�e�fFb��,fFjYdcjQ^a\4¦#mnjl�£^a�YdcjC^��YdLe�fgb��'fF\�kµ^ak�fFj

XEi1
}XEi2

∪...∪Ein

¬�Yk©eA�CkU\Td4¥Qhlmg�U\
^af

X
¦]¬�Yk©eA��b�dOmnj�^��lmn^

X
k©\¼jYfn^�mL�lmF\9k©ez�lm p ^4®

�

t¼�Yk©\� p fg�'fF\�k�^�kUfgj)�Fk��Fd4\¼hl\�mnj£mn�U�gf p k�^��Yb ^af�e�fgb��YhY^�d�mL�,fQ\�\�kU�Y��d��]dOe�fFbL�'fF\�k�^�kUfgj�fn��mLe4mnhl\amn�
yZlw

B
&�¬VdV¶ p \_^�e�fFb��Yh]^�dV^��ld¼\9^ p fgjl�g�U[�ecfgjYjld4e¹^ad4�<e�fgb��'fgjYd4jQ^a\

B1, . . . Bk

fg�Y^��ld�� p mg�Y�i�]dc¶ljYdO�
mg�,f��Fdg¦'mnjl�£^a�Ydcj*¶ljl�Cm)��kUjYdOm p k�°Om�^�kUfgj

Bi1. . . . Bik

¦'^��lmn^Tk©\TeA�lfF\�dcjCmge4e�f p �]kUjY��^af�^��ld p d4\��,dOe¹^ak��Fd
�Ydc�'dcjl�]d4jle�kUd4\�mgbLfFjY���lmg\�kUe<�lm p ^A\�kUj

B
®iº;d�jYf�¬ � p f��gdi^��lmn^�mg���7�]dOe�fFbL�'fF\�k�^�kUfgjCfg�~^��ldLkUjYk�^�k©mn�

e4mnhl\amn�Wy*Z,w m p d�d4¥QhYkU��mn�UdcjQ^hY�]{2^�f��'d p bih]^Am�^�kUfgj,\mn�U��f�¬�d4�)�Q[
||
®

J � Ã L Ã �?( �?( Ã ' 4 � �� 
B

��� � �����������;	 � ��
1��� /
B1. . . . .Bk

��� � �5����� � ��� � / ��� �&����7���  ����� � 0
B
�

� ����� ����� �� ����� / ��� �
�$�5��� �  �����,� 0
B

�������������  �
[B1 . . . Bk]

�

J � Ã�Ã@< & §�d�^hl\\�hY�Y�'fF\�dT^��lmn^�^a�Yd p dzd��]kU\9^a\¼m<¬Vf p �)fn���,mg\�kUeT�lm p ^a\
W = w1.w2 . . . wq

\�hleA�)^a�lm�^
B = w1}w2}. . .}wq

�Yh]^
W 6∈ [B1 . . . Bk]

®�ºd ± jYf�¬
^��,m�^
{B1, . . .Bk}

kU\�^��YdV¶ljYdO\_^!�lm p ^akµ^ak�fFj
¬�® p ® ^O® p d4�Umn^�kUfgj

R
�]d�¶,jYd4��kUj�� p fF�,fQ\9k�^�kUfgjP�]®7t¼�lmn^kU\4¦

{w1, wq} = {B1, . . .Bk}
®7·�dcjlecdg¦Y¬�d�ecmgj

¶,jl�¯m£b�mn�Y�YkUjY�
f : {w1, wq} −→ {B1, . . . Bk}

^a�lm�^Lmg\a\9f]e�k©m�^ad4\�mnj
k©\9fFb�f p �Y�Yk©e<�,mg\�kUe��lm p ^�fg�
{B1, . . . Bk}

^af�dOmgeA�
wi

® % h p ^a�Yd p b�f p dg¦'^_¬�f�k©\9fFb�f p �Y�Yk©e��lmF\9k©ei�,m p ^a\zm p d<jYdOe�dO\�\am p k��U[�f p �]d p d4�W®
sM�

W 6∈ [B1 . . . Bk]
¦�^��Yd4j
^��Yd p d�m p dL^_¬�fP�lmg\�k©e��lm p ^a\�fg�¼º ¦

wi wj

\�hleA�;^��,m�^
wi

� p d4ecd4�]dO\
wjkUj

W
¦�mgjl�P�³f p mgj-[�b�mg�Y�YkUjY�

f
¦
f(wj)

� p d4ecd4�]dO\
f(wi)

kUj
B1 . . . Bk

mnj,�
f(wj)

mnjl�
f(wi)

�]f
jlfn^�e�fgb�b<h]^�d<k�j

B1 . . . Bk

®�t¼�lkU\�ecmgjCfgjl��[P�lmg�Y�'dcj*k��7^a�Yd p d<dc�]kU\9^a\�^_¬Vf�dc�FdcjQ^a\
e ∈ f(wj)

mnj,�
e′ ∈ f(wi)

\9h,eA�C^��,m�^
loc(e) = loc(e′)

mgjl�
e ≤ e′

kUj
B
®i·>d4jle�dF¦W¬VdLecmnjjYfn^��lm«�Fd

wi||wj

jYf p
wi ≤ wj

kUj
W
®VwVfgjQ^ p mg�]k©e¹^ak�fFj�®

å³æIç�åèâ



�����������
	����������������������������������� !� �5'

�
º;dzm p dTjYf�¬ p d4mg�Y[i^af<� p f��gd>^��Ydzb�mnkUj p dO\9hl�µ^¼fn�W^a�YkU\¼\�d4e�^�kUfgj�®�t¼�YdT�³fg�U��f�¬kUjY��^a�Ydcf p d4b \9�Yf�¬>\

^a�lm�^�m�e4mnhl\amn�W·�yZlw �Yd�¶ljYdO\>m p mn^�kUfgjlmg��¤ yCmg°ch pa± k�d4¬kUec°Oª~^ p mgecdz�©mnjl�ghlmg�gdzf��gd p �lmF\9k©ez�lm p ^a\4®
H G ¿-Ã � ¿ � + � �� 

H
��� � ����������� � 	 � ��
 ��� / � �� 

[L]
���  �������������>��� � 0 � ��� /7� � 0 L ⊆ B?

Basic(H)���  ��� � � / � ����� / ���@���K� ��� �� �����
‖
� � �����

BP (H) = [L(HBasic)]
�

J � Ã�Ã@< & % k p \_^O¦,�Ud�^zhl\>^Am ± dim�¬�f p �
w
k�j

[L(HBasic]
®Tt¼�-hl\

w = B1 . . . Bk ∼ Bi1 . . . Bik

\9h,eA�
^a�lm�^

Bi1 . . . Bik
∈ L(HBasic)

®*)T\
L(HBasic) ⊆ BP (H)

mnj,�
B1 } . . .}Bk = Bi1 } . . .}Bik¬�d�e�fFjle��Uhl�]dz^��,m�^

[L(HBasic)] ⊆ BP (H)
®

Z-dOe�fFjl�W¦]�Ud�^hl\�^am ± d�m<¬Vf p �
w
kUj

BP (H)
®7§�dc^¼h,\¼jYfn^ad

Bw

k�^a\ecf pap dO\9�'fgj,�]k�jl�<ecmghl\amn�Wy*ZlwT¦
k2® dg®L�³f p

w = P1 . . . Pk

¦
Bw = P1 } . . . } Pk

®�t¼�Ydcj;^��lkU\�¬�f p �Ck©\��gd4jYd p m�^ad4�*�Q[mnj
mgececdc�]^ak�jl�
�,m�^��

ρ = n0
B1−→ n1 . . .

Bl−→ nl

fn�
H
\�hleA��^a�lm�^

w = B1 } . . .}Bl

mnjl�
Bi

ecmgj)�'d��]d4ecfgb��,fQ\9dO�
kUjQ^�f

Pji
. . . Pji+1−1

¦I�³f p
i
k�j

{1 . . . l − 1}
mnj,�

Bl

ecmnj
�'d)�]dOe�fgb��'fF\�d4�
kUjQ^�f
Pjl

. . . Pk

¦I¬�ld p d
1 = j1 < . . . jl < k

®7v�[)� p fg�'fF\�kµ^ak�fFj��l¦Y¬Vd ± jYf�¬ ^��lmn^�mnj-[�fn^a�Yd p �Yd4e�fFb��,fQ\9k�^�kUfgj�fn�
Bi

�,d4��fFjY�F\
^af

[Pji
. . . Pji+1−1]

¦�mgjl�PkUj�lm p ^akUechY�©m p ¦l^a�Yd�fgjYd<¬Vd�eA�Yf-fF\�d�^af)�YhYkU�©�
HBasic

® )�\
[u][v] = [uv]

¦
¬�d�ecmgj�ecfgjlec��hl�YdT^af�fg�]^AmnkUj

BP (H) ⊆ [L(HBasic)]
®

�
º;d��lm«�gd�\9�lf�¬jCk�j
\�d4e¹^ak�fFj�)^��lmn^�^��Yd�e��©mg\a\zfn�~�'fghljl�]d4�;·�yZlw�\��lmg�mnj;d4¥QhYkU��mn�UdcjQ^�ec�UmF\�\

¬k�^��²\9kUb�k��©m p � p fg�'d p ^�kUd4\<k�j²w�mghl\amn�¼·�y*Zlw�\4®
ºd�jYf�¬ kUjF^ p f]�]h,e�d�m*hl\�d��³hY�\�hY�'ec�UmF\�\<fn��e4mnhl\amn�
·Ty*Zlw�\4¦Qe4mn�U��dO�L�g�Ufg�lmg���U[ie�f-fF�,d p mn^�kU�gd>ecmghl\amn�Y·�yZlw�\c¦F^��,m�^~k©\�^a�Yd�ecmghl\amn�l·Ty*Zlw¸�,d4jl�YmgjF^Vfn�#^��Yd
ec�UmF\�\�fg�I�F��fF�lmn�U��[�ecf-fg�'d p m�^�kU�gd�·�yZlw�\c®
��¿�� ' (³�)( Ã ' 3 � �����������
	 � �

B
� �e�fFjYjYd4e�^�dO� � 0  ������� ���������� � 0 �  !� ����� � � ����� !�

({B1, . . . Bk}



� � � � ���������� � / ��� ���������� � � � � �  �  ��� � � / � ����� / ���@��� � ��� �� ����� ‖
� � � ����������� � 	 � � � ���g�Ufg�lmg���U[Q{

ecf-fg�'d p m�^�kU�gd6
 � 0 0 ��� ��� ��� ��� ��� �
θ = n

B1−→ n1
B2−→ . . .

Bk−→ n

  ��� ����������� 	 � �

}(θ)
� �

� �����@���� � / �
, Ã � Ã � �  ]� À $ � �� 

H
��� /

H ′
���  � � ����������� � 	 �;� � � 0 H ′

� �1� ��������� �!�
�U� �4� ����� �� � 	7� 
  ����� � � ��������-� ��/ ��� ���> �&� �� ���
A′
������  ���� 

L(A′) = [L(H ′
Basic)] � �  � |A′| = O(2|H

′||BBasic(H
′)|)

�
� ������"

• H ⊆ H ′
� � � �-� � ���%�U� �&���� �� � �

• H ∩ H ′ = ∅
� ������ �-� � ���%�U� �&���� �� � �

J � Ã�Ã@< & ��\�k�jY��t¼�Ydcf p d4b �L¬Vd ± jYf�¬ ^��,m�^�¬�d�ecmgj�d4bi�'d4�£�lmF\9k©e��lm p ^A\>mnh]^afgb�m�^AmLk�jQ^�f p m�^ak�fFjlmn�
^ p mFe�dO\c®LyPf p dcf��Fd p ¦,^a�Yd��lmg\�k©e<�,m p ^a\�mnh]^afgb�m�^afgj

HBasic

fF�]^amgk�jld4�*� p fFb m)�F��fF�lmn�U�U[F{ e�f-fF�,d p mn^�kU�gd
e4mnhl\amn�#·�yZlw

H
k©\¼\_^ak��U�#�g�Ufg�lmg���U[�e�f-fg�'d p m�^ak��Fdg®!t¼�-hl\c¦-�F��fF�lmn�U��[Q{ e�f-fg�'d p m�^ak��Fdecmnh,\�mg�'·Ty*Zlw�\¼ecmgj

�'d�dcb<�,dO�Y�]dO��kUjQ^�f�e�fFjYjYdOe¹^�dO� p m�^ak�fFjlmn�#^ p mFe�dO\c®
t¼�Yd4j�¦Whl\�k�jl� + �4.�f p +3'��8.M¦W¬Vd ± jYf�¬ ^��,m�^�k�jlec��h,\9kUfgj;mnjl�PkUjQ^�d p \�d4e�^�kUfgj*m p dL�]d4eckU�Ymg�Y�Ud<¬k�^��^��Yd

mF\�\�f]e�k©m�^ad4�)ecfgb��Y�Ud��]k�^_[ p dO\9hl�µ^A\¼fn�7+3'�� .2®
% kUjlmn�U��[F¦W�³f p mnj-[P�©mnjY�Fhlmn�Fd4\

L
mgjl�

L′ ¦W^ad4\9^�kUjY��¬�Yd�^a�Yd p [L] ⊆ [L′]
kU\�dO¥Fhlk���mn�UdcjQ^z^�f�^�dO\_^ak�jY�

k��
L ⊆ [L′]

® t¼�-hl\c¦�fgjY�U[
H ′ �,mg\)^�f¸�'d*�F��fF�lmn�U�U[F{ e�f-fF�,d p mn^�kU�gdg® t¼�ld\amnb�d p d4\�hY��^��YfF�U�Y\��³f p

kUjQ^�d p \�d4e�^�kUfgj�¦YmF\
[L] ∩ [L′] = ∅

k���mnjl��fgjl��[�k��
L ∩ [L′] = ∅

®
�

ç�çONQP?R)SUTV�W�XY�Z�[\



�F� ����� ���)��� �@�	� � ��
 � �� �����	
�� ����� �������� �
�� ��� ���@��� �
�� � � ��� ��� �?� ��� �������

t¼�Yk©\�ecf p fg�U�Um p [>e4mnj��'d7hl\�d4�T^�f>�'d p �³f p b b�f]�]d4�µ{ eA�Yd4e ± kUjY�¼fn�]ecmghl\�mg�n·�y*Z,w�\�mn�QmnkUjl\9^Wm>�g�Ufg�lmg���U[Q{
ecf-fg�'d p m�^�kU�gdVecmnh,\�mg�Q·Ty*Zlw
\��,dOe�k�¶,ecmn^�kUfgj�®I·>d4jle�dF¦nmg\�¬Vd¼ecmgjYjYfn^Ihl\�d�ecfgb��Y�Udcb�dcjQ^amn^�kUfgj��³f p e4mnhl\amn�
·Ty*Zlw �UmgjY�gh,mn�gdO\c¦W¬�d�¬kU���~ecfgjl\�k©�]d p ^_¬�fP�]k!)#d p dcjQ^ ± kUjl�Y\�fg��b�f]�]dc��{ eA�Yd4e ± kUjY��&��'fF\�kµ^ak��FdLb�f]�]d4�µ{
eA�ld4e ± k�jl�l¦!kN® dg®²¨ r�f-d4\i^��ld)b�f]�]dc�

H
�lm«�Fd�^��ld)� p fg�'d p ^�kUd4\

S
�F¨¬�lkUeA�¸ecf pap dO\9�'fgj,�Y\�^�f*^�dO\_^ak�jY�

¬�ld�^��ld p
cMSC (H) ⊆ cMSC (S)

f p jlfn^4¦nmgjl��jYd4�Fmn^�kU�gd7b�f]�]dc��{ eA�Yd4e ± kUjY�l¦OkN® dg®�¨ r�f-d4\�^��ldVb�f]�]dc�
H�'d p �³f p b�\�fgb�d¼�lmg�<�'dc�lm«�-kUf p \

S
�F¨U¦g¬�Yk©eA�Lecf pap dO\9�'fgj,�Y\�^�f�^�dO\_^�¬�d�^a�Yd p

cMSC (H)∩cMSC (S) 6=
∅
f p jYfn^O®

� � "i��� !�� !���� #�� ! "�� ���i������� �|	 �����

u>d4ecmg���Q^a�lm�^�^a�Yd¼b�mgk�jLfg�Yq_d4e¹^ak��FdVfg�'e4mnhl\amn�]y*Zlw�\!k©\I^�f�mg���Uf�¬¯^��ld¼�Yd�¶ljYk�^�kUfgj�fg�,�'dc�lm«�-kUf p \�ecfgjQ^amgk�j]{
kUjY��� p mgkU�l\�fg�Vm p �Yk�^ p m p [�\�k�°4d<\�hleA�mF\>^a�YfF\�di�FdcjYd p mn^�dO�P�-[£\��UkU�]kUjY��¬k�j,�]f�¬>\�� p fg^�f]e�fF�U\4®�wV�Ud4m p �U[g¦
w�mghl\amn��·Ty*Zlw�\zm p dib�f p d��'f�¬Vd p �³hl��^��,mnj·Ty*Zlw�\�&¼^��Yd4[Cmn�U��f�¬ �³f p ^��ldL�]dc¶ljYk�^�kUfgjCfg�~�'dc�lm«�-kUf p \
^a�lm�^�ecfgjQ^amgk�j�^a�YfF\�d�� p mnk©�Y\�¤ \�dcd��³f p k�j,\_^Amnjlecd�^��Yd�dc�Ymnb��Y�Ud4\fg� % kU�gh p d4\���mgjl�£�Fª�¦Y¬�YkU��di·Ty*Zlw�\
�YfLjlfn^4®

m

m

m

m

m

m

p q

n

% kU�gh p d �5&1)>j£hYj-�'fghYj,�]d4��¬kUjl�]f�¬ �FdcjYd p mn^�dO���-[)� p fn^af]e�fg�#fg� % k��Fh p d��

� d p [Pfg�è^�dcj�¦�\9�Uk©�]k�jl��¬kUjl�]f�¬>\z� p fn^af-ecfg�©\Tmg�Y�'d4m p kUj;m�\9k�^�h,m�^�kUfgj¬�Yd p d<^_¬Vf�� p f-ecd4\a\9dO\
p
mnj,�

q
dc�]eA�,mnjY�FdL�lkU�]k p d4e¹^ak�fFjlmn�V�Ym�^AmY®PyPd4\a\amn�gdO\z� p fFb

p
^af

q
m p d�fn�>e�fFh p \�d�hl\�d4�;^�fC^ p mnjl\9�³d p kUj]�³f p {

b�mn^�kUfgj�¦Y�lh]^�mn�©\9fL^af�mge ± jYf�¬�Ud4�]�FdTb�d4\a\amn�gdO\�� p fFb
q
^�f

p
®VsM�I¬�d�mn�l\9^ p mge�^¼^��Yd�^_[-�'d�fn�!b�d4\a\�mg�gd4\

dc�YeA�lmnjY�Fd4�W¦�^��YdO\9d)� p fg^�f]e�fF�U\iecmnj¯�'d)\�dcd4j´mg\i\�d p kUd4\�fg�¥QhYdO\_^ak�fFjl\�¤ bLdO\�\amn�Fd4\�� p fgb
p
^af

q
ª�mnjl�

mgjl\�¬Vd p \�¤³b�dO\�\amn�Fd4\�� p fgb
q
^�f

p
ª¹®�s bL�l��d4bLd4jQ^�kUjY��m�\9�Uk©�]k�jl��¬k�jl�Yf�¬ b�d4mgjl\¼^��,m�^Tm�� p f]e�dO\�\¼b�m«[

\�dcj,�<\�dc�Fd p mn�]¥QhYd4\9^�kUfgjl\!kUj�mg�]��mgjle�d¼¬k�^��YfFh]^7jYdcdO�<^�f�¬�mgkµ^!�³f p mnj�mnjl\�¬�d p ^�f�d4mFeA�L¥QhYdO\_^ak�fFj<�'d��³f p d

å³æIç�åèâ



�����������
	����������������������������������� !� �g�

\�dcj,�]k�jl��^��Yd>jld��-^~fgjldg® � d p [ifn�è^adcj�¦F^��ld4\�dbLdOeA�lmnjlkU\�b�\!^�fF��d p mn^�d�UfF\a\9dO\c¦nk2® dg®�^��Yd>kUj]�³f p b�m�^ak�fFj�\9d4jF^
k©\\9^�f p d4���Uf-e4mn�U��[F¦Ymnjl��ecmgj��'d p d�^ p mnj,\9b�k�^9^�dO�)k���jYdcdO�]d4��®

x��7e�fFh p \9dF¦Y^�f�m«�Ffgk©��bLd4b�f p [)�Ud4m ± \4¦Y^a�Yd�j-hYbi�'d p fn��b�d4\a\�mg�gdO\�^��lmn^TecmgjP�,dL\9d4jF^>kUj*mF�]��mnjlecd
k©\z�,fFhYjl�]dO�C�-[C\�fgb�d<kUjQ^�d4�gd p

k
¦#^a�lm�^�kU\�e4mn�U��dO�P^��ld�\�kU°cdifg�~^a�YdL\��UkU�]kUjY��¬k�jl�Yf�¬�®�}>fn^ad<�lf�¬Vd4�gd p

^a�lm�^T^��Yd�ecmghl\amn��·Ty*Zlw fg� % kU�gh p dL��mn�©\9f��]d�¶ljld4\T�Qk©\�hlmn�Id��-^�d4jl\�k�fFjl\^a�lm�^z�lm«�gd�^a�Yd<�³f p b fg��^��Yd
�'dc�,m«�QkUf p�p dc� p dO\9d4jF^ad4�k�j % kU�gh p d �Y®�s j
^��ld4\�d�d��]d4ech]^�kUfgjl\4¦!m£bLdO\�\amn�Fd�fn�¼^_[-�,d

n
b�m«[e p fQ\�\�mgj

hljQ�'fghljl�]d4�)j-hYbi�'d p fn��f-e4e�h pap dcjlecd4\Vfn��m<b�d4\a\�mg�gd>fg��^_[-�,d
m
® ) ¥QhYdO\_^ak�fFj�^��,m�^¼jlm�^ah p mg���U[�m p kU\�d4\

k©\^af ± jYf�¬ k��7k�j*mg����^��ldid��]dOe�h]^ak�fFjl\>fg�!� p fg^�f]e�fF���]dO\9kU�gjYdO�£¬kµ^a�*ecmghl\amn��·Ty*Zlw�\4¦l^a�YdLjQhlbi�'d p fg�
b�dO\�\amn�Fd4\ze p fF\a\9kUjY�F\Tk©\�jlm�^ah p mn�U��[P�'fghYj,�]d4��-[*\9fFb�d�ecfgjl\9^amgjQ^4®Ls j^a�Yd�\9dO¥QhYdc�2¦�¬�d�eA�,m p mge¹^ad p k�°4d
^a�Yd4\�d�e p fF\a\9kUjY�Q\c¦]mnj,��\��Yf�¬ ^a�lm�^^a�Ydck p �'fghYjl�Yd4�]jYdO\�\>kU\m��]dOe�k©�Ymn�Y�Ud�� p fg�Y�Udcb£®

��¿�� ' (³�)( Ã '9A � �� 
B = (E, λ, {vp},�,≤)

��� � 	�� ������ ���  ����������� � 0 � ����������� 	 � ��
�� � � �
B

� �
� 	 � � � � b�dO\�\amn�Fd�f-e4e�h pap dcjlecd

m̄
� � � � ��� �@� �

(em, fm)
������� ���� 

λ(em) = p!q(m)


λ(fm) =

q?p(m)
��� /

em � fm

� � ����e p fQ\�\�k�jl�<¬kUjl�]f�¬ 
���� ��� ���� �i¬kUjl�]f�¬ 
7� 0  ��� � �������?� �2�)�����>�� ���@���
m̄

� �  ��� ���� 
WM (m̄) = {(e′, f ′) ∈�| loc(e′) = q ∧ loc(f ′) = p ∧ e ≤ f ′ ∧ e′ ≤ f}

�

t¼�Yd�y*Z,w
B
fgjC^a�Yd�d��Ymnb��Y�UdLfn�7¶l�Fh p d '4��kU���Uhl\9^ p m�^�dO\>^a�Yd��]d�¶,jYkµ^ak�fFjfg�Ve p fF\a\�k�jY��¬k�j,�]f�¬>\c®

�VmgeA��b�d4\a\amn�gd>mg�Y�'d4m p \7dc�Ymge¹^a��[�fFjle�dF¦Q\�f��³f p \�k�b��Y�UkUeckµ^_[�¬�d>¬kU���W�]d4jYfn^ad�b�d4\a\amn�gd�f-e4e�h pap dcjlecd4\��-[
m, n, o, p, t, u

mnjl�
v
®7t¼�ldzd4��d4b�dcjQ^a\�^a�lm�^¬kU����mg�Y�,dOm p kUj)^a�Yd�¬k�jl�Yf�¬ fn��bLdO\�\amn�Fd

p = (e, f)
m p d

b�dO\�\amn�FdVf]ecech pap d4jle�dO\�� p fgb
P
^af

Q
¬�Yk©eA��dcb�k©\�\�k�fFjl\�m p d¼��f]e4m�^�dO�Lk�jL^��ld>\9dc^7fn�#� p dO�]d4ecd4\a\9f p \�fn�

f
¦

mgjl��¬�lkUeA� p dOe�dc�Y^�kUfgjl\Im p d~�Uf]ecm�^ad4�ik�j<^��Yd¼\�d�^!fn�'\�hle4e�d4\a\�f p \�fn�
e
®It¼�-hl\c¦�¬�d��lm«�gd

WB(p) = {n, o}
®

yCf p dcf��gd p ¦
WB(u) = {v}

®*s j´^a�Yd)dc�Ymnb��Y�Ud)fn� % kU�gh p d 'O�P¬kUjl�]f�¬>\Lm p d)\9[-b<�,fF��kU°cdO�¯�-[
m p dOmg\
�Ydc�Uk�b�k�^�d4���-[)�]fg^9^ad4����kUjYdO\c®

}�f�¬�¦�^��Yd¥QhYdO\_^ak�fFj�^��,m�^~m p k©\9dO\�k©\!¬�Yd�^a�Yd p ^a�Yd¼¬k�jl�Yf�¬¸fn�'mnj-[�b�d4\a\�mg�gd�f-e4e�h pap dcjlecd~k©\!�,fFhYjl�-{
dO�W¦-�³f p mnj-[�y*Zlw �gd4jYd p m�^ad4���-[�mLe4mnhl\amn�W·Ty*Zlw

H
®

��¿�� ' (³�)( Ã '�� � �� 
H = (N, Nin ,B, Nfi ,−→)

��� � ����������� � 	 � � �
H

� ��¬kUjl�]f�¬½�'fghYjl�Yd4� � 0
��� / ����� �"� 0  ����� �K� � � � � ��� � �= � �����

n
������  ���� 

∀M = (E, λ, {vp}p∈P ,�) ∈ Vis(H), ∀m̄ ∈�
� � ���&	7�

|WM (m̄)| ≤ n
�

s j;^��ld�\�d4¥QhYd4�N¦�¬Vd�\��Yf�¬ ^a�lm�^ ± jYf�¬kUjY�£¬�Yd�^a�Yd p m£ecmghl\amn��·�y*Z,w k©\�¬k�j,�]f�¬��'fghYj,�]d4�kU\�m
�Yd4e�k©�Ymg�Y��d)� p fF�Y�Udcb£®PsM^Le4mnj¯�'d�\�fg�U�gd4�
�-[
e�fFjl\_^ p h,e¹^�kUfgj
fg��mnj´mnhY^�fgb�mn^�fgj
^a�lm�^ p dOecmn�U�©\�dc�FdcjQ^a\
�©mn�'dc�©\z^��,m�^ib<hl\_^�mg�Y�,dOm p kUj
^��Yd��³hY^�h p d�fn�¼b�d4\a\�mg�gd4\�¤ p dO\9�'d4e�^�kU�gdc�U[CkUj;^��Yd��,mg\9^AªTk�j´mgj-[C�-kU\�hlmn�
dc�-^�dcj,\9kUfgjPfg�

CMSC(H)
®�§�d�^

B = (E, λ, {vp},�,≤)
�'d<m�e4mnhl\amn��y*ZlwT¦#mnjl�£�Ud�^

m̄ = (e, f)�'d�mL�gkU�gd4j�b�d4\a\amn�gdzf]ecech p�p dcj,e�dg®Iº;d�ecmnj£�]dc¶ljYd�^��ld�^_¬VfL�³fg�U�Uf�¬k�jY��\�d�^a\�&

FutureB(m̄) = {a ∈ Σ | ∃x ∈ E, f ≤ x ∧ λ(x) = a}

PastB(m̄) = {a ∈ Σ | ∃x ∈ E, x ≤ e ∧ λ(x) = a}
wV�Ud4m p �U[g¦Yb�dO\�\amn�Fd4\¬�Yk©eA�£dcb�k©\�\�k�fFjPmn�Y�'d4m p \kUj

FutureB(m̄)
f p ¬�Yk©eA� p dOe�d4�]^�kUfgjPmn�l�,dOm p \k�j

PastB(m̄)
�Yf�jlfn^��'dc�UfgjY�£^af£^��Yd�¬kUjl�]f�¬½fn�

m̄
®�xTj;^a�Yd�d��Ymnb��Y�Ud�fn� % k��Fh p d 'O�Y¦�¬Vd��lm«�Fdi�³f p

dc�Ymnb��Y�Ud
FutureB(n) = {Q?P (n); Q?P (o); Q!R(v); R?Q(v); Q?R(t); Q?R(u)}

ç�çONQP?R)SUTV�W�XY�Z�[\
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P Q R

m

n

o

p
Wp

t

uv

Wu

% kU�gh p d 'O�5&�miyZlw
B
mnjl��^_¬Vf<¬k�j,�]f�¬>\ &

Wp

mnjl�
Wu

�YdcjYfg^�dT^��Yd�\9dc^fn��b�d4\a\amn�gdO\�^a�lm�^e p fF\a\
pmgjl�

u
®
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J � Ã L Ã �?( �?( Ã ' * � �� 
B
��� /

B′ = (E′, λ′, {v′
p},�

′,≤′)

 ���� � � �����������Q	 � �;� 
 ��� /I� �� m̄ =

(e, f)
���K� � ����������� �)�����>������������ 0

B
�"� ����� � � ���
	�� "

FutureB}B′(m̄) =
FutureB(m̄)∪
{a′ ∈ Σ | ∃x, y ∈ E′, ∃a ∈ FutureB(m̄), λ(y) = a′ ∧ x ≤′ y ∧ a D λ(x)}

��� /

PastB′}B(m̄) =
PastB(m̄)∪
{a′ ∈ Σ | ∃x, y ∈ E′, ∃a ∈ PastB(m̄), λ(y) = a′ ∧ y ≤′ x ∧ a D λ(x)}

·�dcjlecdg¦]^a�Yd�\9dc^¼fg���©mn�'dc�©\¼�,d4��fFjY�gkUjY�<^�fL^��ld��³h]^�h p d�fn�!m<b�dO\�\amn�FdTf]ecech pap d4jle�d
m̄
mg��fFjY��m<�,m�^��

k©\¼mnj�k�jle p dOmg\�k�jl���³hYjle�^�kUfgj�® % kU�gh p d ' 'TkU�U��hl\9^ p m�^ad4\V^��lkU\�� p fg�'d p ^_[ &Iecfgjl\�kU�Yd p ^��Ydz^_¬�fLe4mnhl\amn�#y*Zlw�\
B
mnj,�

B′
¦�mgjl�m��]d4�,d4jl�]dcj,e�d p d4�Umn^�kUfgj\�hleA�*^��lmn^

Q?P (m) I Q!R(n)
mnj,�

Q?P (m) D Q!R(o)
®

§�d�^
m̄ = (e, f)

�'dmnj f-e4e�h pap dcjlecdCfn��b�d4\a\�mg�gd
m
®»t¼�ldcj

FutureB(m̄) = {Q?P (m)}
¦>mgjl�

FutureB}B′(m̄) = {Q?P (m); Q!R(o); R?Q(o)}
® % f p m��Fk��FdcjCb�d4\a\amn�gdif-e4e�h pap dcjlecd

m̄ = (e, f)� p fgb mi� p f]ecd4\a\
p
^af<mi� p f]ecd4\a\

q
mnj,��m��Fk��Fdcj�y*Zlw

B
¦-kµ�

q!p(m′)
mn�l�,dOm p \7kUj

FutureB(m)
¦Q^a�Ydcj

�³f p mnj-[
B′ ¦�mn�U�~f]ecech p�p dcj,e�d4\�fn�b�d4\a\�mg�gd m′ kUj M ′ �]f*jYfn^i�'dc�Ufgjl�P^�f WB}B′(m̄)

® ) \9kUb�k��©m p
� p fF�,d p ^_[��YfF�U�l\��³f p �©mn�'dc�©\¼^��lmn^>�,d4��fFjY�L^�fL^��ld��lmg\9^fn�!bLdO\�\amn�FdTf]e4e�h pap d4jle�d

m̄
®

m

P Q

e

f

Q

g

i h

j

R

B

B’

QP R

n

o

m

n

o

e

f

g

i
h

j

% k��Fh p d ' '6&~wVfgj,\_^ p hle�^�kUfgj�fn�
FutureB}B′(m̄)

��¿�� ' (³�)( Ã ' $�� ���� 
H

����� � 	 � � �
	���� ��� ��� ���������� 
B
� 0 ������������	 �;�;� � � �� 

m
������� ����������

�(����������� ��� � � � �
� � �����������Q	 � �
B ∈ B

� � ��� � � � /6� � �����?�
Wm(H)

� �  ��� � � � � � ��� �=� �������

ç�çONQP?R)SUTV�W�XY�Z�[\



�g� ����� ���)��� �@�	� � ��
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� 0 � ������������ � ����������� ��� � �  ��� � � � /6� � � 0 � � �������?� � �)�����>�� ���@���
m̄

� � � 	4� ������� ���  ����������� � 0
H
� � � � � � � ���
�  ���� 

Wm(H)
� � � ���>� / � / � 0 ��� / ���=� � � 0  ����� � � � � � � � �
� �

k ∈ N
�������  ���� 

∀B ∈ V is(H), ∀m̄
� ������������)�����>���������� � 0

B


|WB | ≤ k

�

H G ¿-Ã � ¿ � 4 � �� 
H

���K������������� � 	 � � � 0 �����)�
n

 ��� / � �� 

m
������� �������?� � � 0

H
�2� ����� ���>� /&�

� /��@����� � 0
Wm(H)

� � / ��� ��/ ����� � � �� � � �
O(n2.2|Σ|+1)

�

J � Ã�Ã@< &
% f p m;�gkU�gd4j ecmnh,\�mg�>·�y*Zlw

H = (N, Nin ,B, Nfi ,−→)
mnjl� m
b�d4\a\amn�gd

m
¦V¬�dP�YhYkU�©�²^��Yd

�³fF���Uf�¬kUjY�Lmgh]^�fFb�m�^�fFj &
Am = (Q, Qin ,B, Qfi , δ)

¬�Yd p d &

• Q = N × 2Σ ®

• Qin = {(n, ∅) | n ∈ Nin}
®

• (n, X) ∈ Qfi

k��!mgjl�)fFjY�U[�kµ�
n ∈ Nfi

®

• δ ⊆ Q × B × Q
k©\�^��Yd��Ud4mF\_^ p dc�©m�^ak�fFj�\�hleA��^��lmn^�&

# (
(n, ∅), B, (n′, ∅)

)
∈ δ

k��
n

B
−→ n′

# (
(n, ∅), B, (n′,FutureM (m̄))

)
∈ δ

k��
n

B
−→ n′

mnjl�
m̄
�,d4��fFjY�F\�^af

B
®

# (
(n, X), B, (n′, X ′)

)
∈ δ

¦#¬�Yd p d
B = (E, λ, {vp},�,≤)

¦lk��
n

B
−→ n′

¦#mnjl�
X 6= ∅

¦
mgjl�

X ′ = X∪{a′ ∈ Σ | ∃x, y ∈ E, ∃a ∈ FutureB(m̄), λ(y) = a′∧x ≤ y∧a D λ(x)}
®

º;dTmg�U\�f��YhYkU�U��mgj�mnh]^afgb�m�^afgjL^��,m�^Vecfgb��Yh]^ad4\
Past(m̄)

¦-�-[<m��lmFe ± ¬�m p �L\9dOm p eA�<kUj�^a�Yd�ecmghl\amn�
·Ty*Zlw

H
®7yPf p dz� p d4e�k©\�dc�U[g¦

A′
m̄ = (Q′, Q′

in ,B, Q′
fi , δ′)

¬�Yd p d

• Q′ = N × 2Σ

• Q′
in = Nfi × {∅}

• Q′
fi = Nin × 2Σ

• δ′ ⊆ Q × B × Q
kU\^��Yd��Ud4mF\_^ p dc�©m�^�kUfgj�\9h,eA��^a�lm�^4&

# (
(n, ∅), B, (n′, ∅)

)
∈ δ

k��
n′ B

−→ n

# (
(n, ∅), B, (n′,PastB(m̄))

)
∈ δ

k��
n′ B

−→ n
mnjl�

m̄
�'dc�UfgjY�Q\�^�f

B
®

# (
n, X), B, (n′, X ′)

)
∈ δ

¦W¬�Yd p d
B = (E, λ, {vp},�,≤)

¦#k��
n′ B

−→ n
¦�mgjl�

X 6= ∅
¦

mgjl�
X ′ = X ∪ {a′ ∈ Σ | ∃x, y ∈ E, ∃a ∈ PastB(m̄), λ(y) = a′ ∧ y ≤ x∧ a D λ(x)}

å³æIç�åèâ



�����������
	����������������������������������� !� � �

yPf p d
kUjQ^�hYk�^�kU�gd4��[F¦�m \9^amn^�d
q = (n, X)

k�j
Am

p d4� p d4\�dcjQ^a\£m²�,fQ\�\�kU�Y��d¯\�d�^
X

�L�©mn�'dc�©\PkUj
Future}(ρ)(m̄)

�³f p \�fgb�d*�,m�^��
ρ
^a�lm�^£dcj,�Y\£m�^�jlf-�Yd

n
kUj

H
¦Tmnj,� e�fFjF^AmnkUjl\�mnj f]ecech pap d4jle�d

fg�Lb�dO\�\amn�Fd
m
®|Z-�Uk��F�Q^��U[ mn�Yh,\9kUjY� ^��ld¯jYfn^Am�^�kUfgj�¦z¬�d¯¬kU���i�YdcjYfg^�d
�-[

Future(q)
^��ld¸\9dc^

X
®

t¼�ld)\9dOe�fFjl� p hl��d�kUj
^��ld�^ p mnj,\9k�^�kUfgj p dc�©m�^ak�fFj
δ
¤ p dO\9��®

δ′
ª�k©\<k�b��'f p ^amnjQ^O¦ImF\�k�^Lmn�U�Uf�¬>\�^�f*eA�lfF\�d

jlfgjl�]dc^�d p b�kUjYkU\9^�k©ecmg���U[ mnj f]ecech p�p dcj,e�d
m̄
fn�im¯b�d4\a\amn�gdF¦>mnjl�²^af%\9^am p ^)b�d4bLf p kU°ckUjY�¯^a�Yd*�©mn�'dc�©\

mg�Y�'d4m p kUjY�
k�j k�^a\��³hY^�h p d¸¤ p d4\���® k�j k�^a\��,mg\9^Aª¹® }>fg^�dP^a�lm�^)kUj mnj-[%\9^ p fgjl�g�U[¸e�fFjYjYd4e�^�dO�²\�hY�l\�d�^
C = {q1, . . . , qk}

fn�
Am

¤ p d4\��,dOe¹^�kU�gd4��[
A′

m

ª�¦
Future(q1) = Future(q2) = · · · = Future(qk)¤ p dO\9��®

Past(q1) = Past(q2) = · · · = Past(qk)
ª�®L·�dcjlecdg¦W¬�d�¬k��U���]dcjYfg^�d��-[

Future(C)
¤ p d4\���®

Past(C)
ª^��Yd<\9dc^�fn��fg�,\9d p �Fd4���Umg�,d4�U\�fgjPmnj-[�\9^amn^�d�fg�

C
®¼t�f)ecfgb��Y�Ud�^�d�^a�Yd�� p f-fn�_¦,¬Vd�jldcd4��^a�Yd

�³fF���Uf�¬kUjY�<�Udcb�b�mY®
5 ¿ � �´  4 ���� 

H
��� � ����������� � 	 � � �&	7��� ��� ��� ���������� 1� 0 ����������� 	 �;� �

B
� ���� 

m
��� � � ����������

0�� �
� �@� �)������
p
 ��%�@� �?�������

q
� � �K�����������>	 �;�

B ∈ B

 ��� / � �� 

Am

��� /
A′

m

���  ���  � �����> �&� �� �
��� / �����@� / ��� �
	�� � � ������


Wm(H)
� � � ���>� / � / � � � �� � � 0  ��� 0 ��� ��� � � �����5����/7��"

• @C

�� !� ����� � � � ���=�@���� � / � �&����������= �� 0

Am

�������  ���� 
q!p(m′)

� �  ����� �������$� 0���� ��	����= 7� �
� ����������� 	 � � � ������� � ��� �� !���������  ����� � 0

C
���> � � � �� � �

Future(C)

 ��� /

• @C

Q� !� ����� � ��� ���������� � / � �&����������= �� 0

A′
m

������  ���� 
q?p(m′)

� �  ��� � �������$� 0 ��� ��	����� � �
� ����������� 	 � � � ������� � ��� �� !���������  ����� � 0

C
��� /"� � � �� 7� �

Past(C)
�

J � Ã�Ã@< & xTjYd��]k p dOe¹^�kUfgjkU\�\9^ p mnkU�g�Q^��³f p ¬�m p �W®zsM��mgj-[Pfn�~^a�Yd4\�d�\_^ p fFjY�g�U[Pe�fgjljYd4e�^�d4�;e�fFb��,fFjYdcjQ^a\
dc�]kU\9^a\<¤³dck�^��ld p �,dc�³f p dif p m��è^ad p

m̄
¦'^��YdLeA�YfF\�dcjPf]ecech pap d4jle�d�fg�

m
ª�¦,^a�Ydcj*^��Yd p dikU\zmnjChljQ�'fghljl�]d4�

j-hYb<�,d p fg�>�lm�^a�´�gd4jYd p m�^ak�jl�Cmnj´hYj-�'fghYj,�]d4�¯j-hYb<�,d p fg�>f]ece�h p�p dcjlecd4\ifn�
q!p(m′)

^a�lm�^�m p d�jYfn^
e4mnhl\amn�U�U[ p dc�©m�^ad4�C^�f

m̄
®<·�dcjlecdg¦W�³f p d4mgeA�fn�V^��YdO\9dL�lm�^a��¦W^a�Yd p d<k©\�m��Qk©\�hlmn�!d��-^adcjl\�k�fFj*¬�Yd p d�mn�U�

m̄′
�FdcjYd p mn^�d4�)�-[�f]ece�h p�p dcjlecd4\�fn�I^��ld�e�[]e��Ud�e p fF\a\

m̄
¦lmnj,�

Wm(H)
k©\jYfg^¼�'fghYj,�]d4�W®

}�f�¬�¦��dc^)hl\�� p f��Fd£^��YdCfg^��Yd p �]k p dOe¹^ak�fFj�® §�d�^�hl\)\�hY�Y�'fF\�d£^��,m�^)�³f p mn�U�
k
¦¼^a�Yd p dCdc�-k©\9^a\�m

V ⊆ V is(H)
¦�\9hleA�C^��lmn^

{Wv(m̄) | v ∈ V }
kU\zjYfg^zfg�

k
{2�'fghYj,�]d4�*¬k�jl�Yf�¬>\T\�k�°4di�³f p m)b�d4\a\�mg�gd

f]e4e�h pap d4jle�d
m̄
e�fFjQ^amnkUjYdO�*kUj´m£ecmnh,\�mg�7y*Zlw

B
¦!mnjl���dc^

ρ
�'d)m��lm�^a�;fg�

H
�©mn�'dc�Ud4�;�-[

v ∈ V
®

t¼�ldcj�^��Yd p d�k©\¼jYd4ecd4\a\�m p kU�U[�mLe4mnhl\amn�Wy*Z,w
B′

^��lmn^�e�fFjF^AmnkUjl\mLb�d4\a\�mg�gdzf-e4e�h pap dcjlecd
m̄′

^��,m�^>ecmgj
�'d p d4�,dOm�^ad4�

k/n
^�kUb�d4\�mg��fFjY�

ρ
mnj,�*¬�Yk©eA�

m
e p fQ\�\�d4\4®it¼�Yd4j

B′
k©\ p d4�,dOm�^�dO�mn^z�Ud4mF\_^

k/(2n)^ak�b�dO\dck�^��Yd p �,dc�³f p d�f p m��è^ad p ^a�Yd�f]ece�h p�p dcjlecdTfg�
B
®

§�d�^
k > 2n × (|Σ| + 1)

¦^��Yd4j
B′

kU\ p d4�,dOm�^ad4� m�^���dOmg\9^
|Σ| + 1

^�kUbLdO\)�Ud�^£\�m«[²m��è^ad p
B
¦

^a�lm�^�k©\
ρ = ρ1 ◦ (q1, B, q2) ◦ ρ2

¦7¬�Yd p d
ρ2 = ρ2,0 ◦ (q2,0, B, q,3, 1) ◦ ρ2,1 ◦ (q2,1, B, q,3, 2) ◦

. . . ◦ (q2,|Σ|+1, B, q3,(|Σ|+2) ◦ ρ2,(|Σ|+2)

®T·�dcjlecd
q2,i −→ q2,i+1

k©\�m)��f-fF�Pfn�
H
¦,^��lmn^zk©\>k�^z�³f p b<{

\)m¯\_^ p fFjY�g�U[¸e�fFjYjYdOe¹^�dO� e�fgb��'fgjYd4jQ^4® yCf p dcf��gd p ¦7^��Yd
|Σ| + 1

\�d�^A\
Future(q1 · · · q2,i)(m̄)

m p d
\9^ p k©e¹^��U[¯kUjle p d4mF\9kUjY�\�hY�l\�d�^A\Lfn�

Σ
¦V�Ydcjlecd£¬Vd��lm«�gd�\9fFb�d

i
�³f p ¬�Yk©eA�

Future(q1 · · · q2,i)(m̄) =
Future(q1 · · · q2,i+1)(m̄)

®�t¼�Yd p d7¬kU�U�F�Yd4jle�d~�,d�m>\_^ p fFjY�g�U[TecfgjYjld4e¹^ad4��ecfgb��'fgjYd4jF^
C
fg�

Am

¬�Yk©eA�
ecf pap dO\9�'fgj,�Y\,^�f¼^��lkU\�eA�Yfgk©e�d!fn�

m̄
mgjl�zfn�

q2,i −→ q2,i+1
®�yPf p d4f��gd p ¦

q!p(m′) 6∈ Futureq1···q2,i+1
(m̄)

®
t¼�-hl\4¦

q!p(m′)
kU\�jlfn^�k�j

FutureC(m̄)
®�t¼�Yd�� p f-fn�~¬�ldcj

B′ k©\��Y�©m«[gdO�Cfn�è^adcj;�,dc�³f p d B
k©\�\�[QbL{

b�dc^ p kUeg®
�

t¼�Yd�mnh]^afgb�m�^afgj
Am

�lmF\�m�^Ib�fF\9^
n×2|Σ| jYf]�]dO\c¦�mgjl��¬�d7�lm«�gd7^�f�mgjlmn�U[-°cd~\9^ p fgjY�F��[ze�fFjYjYd4e�^�dO�ecfgb��'fgjYd4jF^A\7fg�

Am

®�·�f�¬Vd4�gd p ¦gmF\7jYfg^�k©e�d4���,dc�³f p dg¦Qdc�gd p [L\_^ p fFjY�g�U[<ecfgjYjld4e¹^ad4��ecfgb��'fgjYd4jF^Vfn�
Am
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d4j�q_f�[]\¼^��ldi� p fg�'d p ^_[)^af��lm«�Fd�m�\9dOe�fFjl�Pe�fFbL�'fgjldcjQ^�¬�Yk©eA�Ck©\�e�fFjl\9^amnjQ^O®>·>dcj,e�di¬�d�jYd4d4��^af�^�dO\_^
^a�Yd�� p fg�'d p ^_[PfgjY�U[P�³f p � � �6� � ����\9^ p fgjl�g�U[Ce�fgjljYd4e�^�d4�;e�fFb��,fFjYdcjQ^a\4®�s jl�]d4d4�W¦�kµ�

C
kU\�m£\9^ p fgjY�F��[

ecfgjYjld4e¹^ad4�´ecfgb��'fgjYd4jF^�fn�
Am

\�hleA�¸^��lmn^
q!p(m′)

k©\<^��Yd��©mn�'dc�¼fn��mgj¸dc�FdcjQ^<kUj%mecmghl\�mg��yZlw
�©mn�'dc�UkUjY�)m�^ p mgjl\�kµ^ak�fFjPfn�

C
�YhY^�^��,m�^Tk©\TjYfn^zk�j

Future(C)
¦#^��Yd4jC¬�d<ecmgjCe�fFjl\9k©�]d p ^��ld<b�m��]kUb�mn�

\9^ p fgjl�g�U[)e�fFjYjYd4e�^�dO�Pe�fgb��'fgjYd4jQ^
D
fn�

Am

e�fgjQ^AmnkUjYk�jl�
C
¤³k�^�d��]k©\_^A\�\�k�jlecd�^��ld�hYjYkUfgjPfg�I^_¬�f�jYfFj

�YkU\ q_fgkUjQ^¼\9^ p fgjY�F��[�ecfgjYjYdOe¹^ad4�)ecfgb��'fgjYd4jF^A\�kU\¼mn�QmnkUj)mL\_^ p fFjY�g�U[�e�fgjljYd4e�^�d4��e�fFbL�'fgjldcjQ^Aª�®�Z]k�jlecd
Dk�^�k©\�m�\9^ p fgjl�g�U[Ce�fgjljYd4e�^�d4�;e�fFb��,fFjYdcjQ^4¦�kµ^A\�\9dOe�fFjl�ecfgb��'fgjYd4jF^

Future(D)
k©\�e�fFjl\9^amnjQ^O¦��Ydcj,e�d

Future(D) = Future(C)
®~Z-k�j,e�d

C ⊆ D
¦]¬Vdz�lm«�Fd>^��,m�^

q!p(m′)
k©\m��©mn�'dc�Wfn�Imnj)d4�gd4jF^¼fn�

D
mnj,�

k©\¼jYfg^>k�j
Future(C) = Future(D)

®
�T\9kUjY��t�m p q9mgj�¨ \�mg���Ff p kµ^a�Yb + � � .M¦n¬Vd¼ecmgj<ecfgb��Yh]^ad�kUj�¥Fh,mg� p m�^akUe7^�kUbLd�^a�Yd¼�lm p ^�k�^�kUfgjLfn�

Am

k�jQ^�f
b�mn�-kUb�mn��\9^ p fgjl�g�U[)e�fFjYjYd4e�^�dO��ecfgb��'fgjYd4jF^A\�¤è�³f p d4mFeA�P\9dc^

X ⊆ 2Σ ¦l¬�d��lm p ^akµ^ak�fFj�^a�Ydi\�hY�Y�lm p ^>fg�
Am

¬kµ^a�<mze�fgj,\_^AmnjQ^!\�d4ecfgjl�<e�fFbL�'fgjldcjQ^I�'dckUjY�
X
ª¹®!t¼�Yd4j��³f p dOmgeA�ib�mn�-kUb�mn�-\_^ p fFjY�g�U[�e�fFjYjYd4e�^�dO�

ecfgb��'fgjYd4jF^
(C, X)

¦]k�^¼\�h ��e�dO\7^afLecfgb��Yh]^ad
λ(C)

mnjl��^�f�e�fgb��lm p dTkµ^¼¬k�^��
X
¦F¬�Yk©eA�)k©\���kUjYdOm p k�j

n
®7·�dcjlecdg¦-^a�Yd�f��gd p mg���We�fFb��Y��dc�]kµ^_[�fg��^a�Yd�mn�U�gf p k�^��Yb k©\kUj

O(n2.2|Σ|+1)
®

�

§�d�^ihl\<e�fFjl\9k©�]d p mn�Fmgk�j;^a�Yd�d��YmgbL�l��d�fg� % kU�gh p d��Y®�t¼�Yd)mgh]^�fFb�mn^�fFj
Am̄

mg\a\�f-eckUmn^�dO�C^afP^��Yd
¬kUjl�]f�¬ fn��b�d4\a\amn�gd

m
kU\ p dc� p d4\�dcjQ^�dO��kUj % kU�gh p d�'«�]®7xTjYd�ecmnj�jYfn^akUecdz^��lmn^V^a�Yd�ecmnh,\�mg�'·Ty*Zlw fg�

% kU�gh p d���k©\ ± k�jl�£fg� ���]hY�l��k©ecmn^�d4�����-[
Am̄

®¼t¼�Yk©\k©\��]hYd�^af�^��ld�� mge�^^��lmn^�¬Vd�e4mnjC�]dOe�k©�]d�^�f�\_^Am p ^
fF�l\�d p �QkUjY��mL¬k�jl�Yf�¬ m��è^ad p mgjQ[)f-e4e�h pap dcjlecdTfg�Ib�d4\a\amn�gd

m̄
®

n0, ∅�
���

�

�

���
n0, {p!q(m)}

% kU�gh p d2'O�5&It¼�Yd�mgh]^�fFb�m�^�fFj
A
�³f p

Wm

� p fgb ^��Yd�dc�]mgb��Y��d�fg� % kU�gh p d��

, Ã � Ã � �  ]� À + � �� 
H

����������������� � 	 �;� 
 ��� /
m

������� ���������� � 0
H

Q ����� � 0  ��� � � � /6� � �����)�� 0

m
� � � ���>� / � /8
7�  � � ��� � ���  ����� 2n(|Σ| + 1)

�

� ������� �l����� !���� �����
	½��� ��;"�� "�� "i�

º;d>� p fg�'fF\�dm�ecmF\9d\9^�hl�Y[i^afi\9�lf�¬¸^a�Yd>hl\�d��³hY�UjYdO\�\7mgjl�L^��ld>d��]� p d4\a\9kU�gd¼�'f�¬Vd p fn��w�mnh,\�mg�l·�y*Z,w�\c®
t¼�ld � � ����� � � ��������� �*���= !� ����� � �� �)� ����¤ t�w o ª�kU\�fgjYd�fn��^��ld�e�f p d�� p fn^�f]ecfg�©\Tfg��s jQ^ad p jYd�^O®���\�k�jY�
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t�w o ¦-mn�Y�l��k©ecmn^�kUfgjl\~fgj�jYdc^_¬Vf p�± d4�L�YfF\9^a\Vecmgj�e p d4m�^ad>�'fgkUjF^�{N^afn{M�,fFk�jQ^~ecfgjYjYdOe¹^ak�fFjl\�^afifgjld�mnjYfg^��Yd p ¦
f��Fd p ¬�YkUeA�¸^��Yd4[´ecmgj¸d��YeA�lmgjY�gd��Ym�^AmCkUj%�,mge ± dc^a\4®¯t¼�Yd�� p fg^�f]e�fF�V�Fhlm p mnjQ^�d4d4\ p d4��k©mn�Y�Ud�mgjl�´kUj]{
f p �Yd p �Ydc�Uk��Fd p [;fg�T�Ymn^am*� p fFb \9d4jl�]d p ^�f p d4e�d4k��Fd p ®;t�w o mn�©\�f�]k©\_^ak�jl�ghYk©\9�ld4\L�Ym�^AmC�³f p b<hY�µ^ak��l��d
ecfgjYjld4e¹^ak�fFjl\�-[£e�fgj,e�h pap d4jQ^�mn�Y�Y�Uk©ecm�^ak�fFjl\�¤ dg® �l®º;dc�C\�d p �gd p mnjl�£dc{2b�mnkU��\�d p �gd p ª p hYjYjYkUjY��fFj£^��Yd
\amnb�d��YfQ\_^O®

º;d)¥QhYfn^ad��'dc�U��f�¬ \9fFb�d�� p mg�gb�dcjQ^a\�fg�>u % w � �g� + �g�8.M¦�^a�Yd p d��³d p d4jle�d��]f]e�hlbLd4jQ^<mn�'fgh]^it�w o
� p fg^�f]e�fF�N¦O^�fzd��]�Y�©mnkUji¬�,m�^�m�t�w o \�ecdcjlm p kUf>k©\c® % f p�p d4mF\9fFjl\�fg�,\�k�b��Y�UkUeckµ^_[�mgjl� p d4mF�Ymn�lk��Ukµ^_[F¦«¬Vd¼mn�]{
\9^ p mge�^�dO�i\�fgb�d�^�d4eA�ljYkUe4mn�]k©\�\�hYdO\�kUj�fgh p b�f]�]dc�2® ) e��©mg\a\9k©ecmg�Qt�w o \ae�dcj,m p k�fTkU\7�Yk��-k©�]d4�<k�jQ^af��z�lm p ^A\ &

t¼�YdL¶ p \9^zfFjYd<k©\�� ���=�@���� ����� ��� ����� � �U� � ���� 2®�t¼�Yd<� p f]e�dO�]h p di^af�dO\_^Amn�Y�Uk©\9�
e�fFjYjYd4e�^�kUfgjl\Thl\�d4\
m£\�[-jleA� p fgjYkU°cd�¤

syn
ªz�,mge ± dc^�mgjl�k�j-�gfF���Fd4\zmnj;d��YeA�lmgjY�gdLfn�V^�� p dcd�b�d4\a\�mg�gdO\c®Lt¼�YkU\�dc�YeA�lmnjY�Fd<k©\

e4mn�U��dO�Pm�^�� p d4d�{M¬�m«[��lmnjl�l\9�lm ± d + �8.M®�xTjlecdim�ecfgjYjYdOe¹^ak�fFjCkU\�d4\9^amg�Y��k©\��Yd4�Pk�^ze4mnjP�'dihl\�d4�P^�f�e4m pap [
�lm�^am�k�jC�'fn^a�*�]k p dOe¹^ak�fFjl\c¦l^��lmn^Tk©\c¦,^��ld<e�fFjYjYdOe¹^�kUfgjPk©\ �M�³hY�U�I�YhY�Y�Ud����A®Tt¼�YkU\Te�fFjYjYd4e�^�kUfgjP�Y�,mg\�diecmgj
�'dzbLf]�]d4��dO��hl\�k�jl�<y*Zlw�\4¦]mg\�\9�lf�¬j�k�j % kU�gh p d�'4�Y®Is j�^a�Yk©\Vdc�Ymnb��Y�Udg¦Q¬VdThl\9dT^��ldT\9^amnj,�Ym p ��jYfg^am�{
^ak�fFj,+�'��4.M®�t¼�YdikUjYk�^�k©mn�IjYf]�]d�fg�7fgh p mnh]^afgb�m�^afgj£kU\z�]d4�YkUe�^�dO�P�-[�m��'fgkUjQ^9{ �]f�¬j£^ p k©mnjY�F��dF¦,mnj,�£^��Yd
d4jl��jYf]�]d��Q[�m��'fgkUjQ^9{MhY��^ p k©mnjY�F��dF®It¼�ld>�Umg�,d4��kUjY�<fn�#^��Ydzmnh]^afgb�m�^afgj�¨ \�^ p mgjl\�kµ^ak�fFjl\��-[�y*Zlw�\~\��lmg���
�'d�e��Ud4m p � p fgb ^a�Yd�� p m«¬k�jY�Q\c®Is j�^��Yd�d��YmgbL�l��d�fn� % k��Fh p d '4�l¦Q^��Yd�y*Zlw fgj�^��Yd��Ud��è^>�]dO\�e p kU�,dO\�^��Yd
e4mg\�d>¬�Yd4j�� p f-ecd4\a\ 'Tk�jYk�^�k©m�^ad4\�m�e�fFjYjYdOe¹^�kUfgj�¦Qmgjl��^��ldzy*Z,w%fgj�^a�Yd p k��F�Q^7^��Yd�ecmF\9d�¬�Ydcj�� p f]e�dO\�\
��k�jlkµ^akUmn^�d4\~^��ldTe�fFjYjYdOe¹^�kUfgj�®Iº �ldcj)mi� p f]ecd4\a\7d��]dOe�h]^ad4\�mnj�d4�gdcjQ^~�©mn�'dc�Ud4���Q[

start
¦-k�^�k©\ p d4mF�][<^�f

�'dc�Fk�j�^��ld��Ym�^Ami^ p mgjl\9�³d p �Y�lmF\9d�fg�!t�w o ®

% k��Fh p d�'O�5&~wVfgjYjld4e¹^ak�fFj�dO\_^Amn�Y�Uk©\9�Yb�d4jF^>�'d�^_¬�dcd4j�� p f]e�dO\�\ '�mgjl�)� p f]e�dO\�\>�Y®

ç�çONQP?R)SUTV�W�XY�Z�[\
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t¼�Yd
\�d4e�fFjl� �Y�,mg\�dfg��^��Yd
t�w o � p fg^�f]e�fF�Tk©\,/ �� �  !������� 0����¹® t�w o k©\£mn�Y�Ud*^af´^ p mgjl\_�³d p m
ecfgjQ^�kUj-hYfgh,\T\9^ p d4mgb fn�V�-[Q^�dO\zk�j;d4mFeA�*�]k p dOe¹^�kUfgj�,dc^_¬Vd4dcj;kµ^A\�hl\�d p \��-[C�lmFe ± mn�gkUjY�)\�fgb�dLj-hYbi�'d p
fg��Q[Q^ad4\�kUjQ^�f*\�dc�Fb�dcjQ^a\��³f p ^ p mgjl\9b�k©\�\�kUfgj^�� p fghY�F�
^��Yd)k�jQ^�d p jld�^L\�[]\_^adcb£®Pt�w o hl\�d4\<\9dO¥Fhldcjlecd
j-hYb<�,d p kUjY�Lk�j�f p �]d p ^af p dOe�f��gd p � p fgb �Ymn^am<^��,m�^kU\�lmnb�mn�Fd4�W¦-�UfF\9^4¦Y�]hY�l��k©ecmn^�d4��¦]f p �]dc�UkU�gd p d4�)fgh]^
fg�Vf p �]d p �-[P^��Yd�kUjQ^�d p jYdc^�e�fgb�b<hYjYk©ecm�^ak�fFj;\�[]\_^adcb£®�t¼�Yk©\�kU\imgeA�YkUdc�Fd4�C�-[*mF\�\�kU�gjYkUjY�£mP\9dO¥Fhldcjlecd
j-hYb<�,d p ^af�d4mFeA�C\9d4�gb�dcjQ^^ p mnj,\9b�k�^9^�dO�W¦#mnjl� p d4¥QhYk p kUjY��m��'fF\�k�^�kU�gdimFe ± jlf�¬��dO�]�gb�dcjQ^i¤

ack
ª�� p fFb

^a�Yd p dOe�d4k��-kUjY�
tcp
®�)e¹^ahlmn�U�U[g¦W^a�Yd�\9dO¥Fhldcjlecd<j-hYb<�,d p fg�

ack
\�dcjQ^��-[P� p f-ecd4\a\

p
k©\z^��Yd�\�d4¥QhYdcj,e�d

j-hYb<�,d p fg�7^��ld<jYdc�-^
tcp

�lmge ± d�^>^a�lm�^
p
dc�]�,dOe¹^a\4® % k��Fh p d ' � � p fF�,fQ\9dO\>^_¬�f�¬¼m«[-\>^�f�b�f-�Ydc�I^��Yk©\

�lm�^amz^ p mgjl\9�³d p �Y�lmF\9d¬k�^���yZlw�\c®!t¼�Yd>y*Z,w´fFjL^��Yd>�Ud��è^Vfn�'^��Yd % kU�gh p db�f]�]dc�©\��UfF\a\9�Ud4\a\�eA�lmnjljYdc�©\c®
t¼�ld�y*Z,w½k�j%^��ld p k��F�Q^Lfg�>^��Yd�¶l�Fh p d)b�f]�]dc�©\�mC^_¬�f\9^amn^�d�� p fg^�f]e�fF�V¬�lkUeA�%kU\�mn�l��d�^�f;�lmnj,�]��d
�,mge ± dc^a\¼�UfF\a\9dO\�]h p k�jl��^��Yd��Ymn^am�dc�]eA�,mnjY�Fd6&�kUj�^a�Yd�¶ p \9^�\_^Am�^�d�¬�d�d��]dOe�h]^ad�^��Yd�jlf p b�mg�W�,d4�lm«�-k�f p ¦
mgjl�¬�Ydcj¯m���fQ\�\zf]ecech p \�^a�Yd�� p fn^af-ecfg�!�lmF\�\�d4\�kUj;m£\�d4ecfgjl�;\_^Am�^adL¬�ld p d

tcp
�lmFe ± dc^a\T^��lmn^�¬Vd p d

jlfn^imge ± jYf�¬�Ud4�Y�gd4�m p d p dO\9d4jF^�hYjQ^ak��~^��Yd�ecf pap dO\9�'fgjl�Yk�jY�
ack

kU\ p d4ecdckU�gdO�W®)t¼�Yd��Ud��è^i�,m p ^�fg�¼^��Yd
¶,�gh p d�e�f pap d4\��,fFjl�Y\~^�f��UfF\a\9�Ud4\a\¼eA�lmnjYjldc�©\c®

% k��Fh p d2' � &7�L�]k!)#d p dcjQ^>¬¼m«[]\~^af�b�f-�Ydc���Ymn^am<^ p mnjl\9�³d p �'d�^_¬�dcd4j�� p f]e�dO\�\ '�mgjl�)� p f]e�dO\�\>�Y®

t¼�Ydz�©mg\9^��Y�,mg\�d�fn��^��Yd�t�w o � p fn^af]e�fg�,kU\ � ���=�@���� ������  ��� ��� ���� �����,®7t¼�YdTecfgjYjYdOe¹^ak�fFj�^�d p b�kUjlm�{
^ak�fFj*�Y�,mg\�d<hl\�d4\�m��³fgh p {2¬¼m«[£�lmnj,�Y\9�,m ± dF® �~mgeA�;\9k©�]dLfn�7^a�Yd�e�fgjljYd4e�^�kUfgjC^ad p b�k�jlmn^�dO\>^a�Yd�\9dO\�\�k�fFj
kUjl�]d4�,d4jl�]d4jF^a��[F®�º �Ydcj;mnjCd4jl�]�'fgkUjQ^z¬k©\9�ld4\T^�f�\_^afg�*k�^a\T�lmg�µ�~fg�7^��ldLecfgjYjYdOe¹^ak�fFj�¦#kµ^z^ p mnjl\�b�kµ^A\Tm
fin

�,mge ± dc^4¦Y¬�lkUeA��^��ld�fn^��ld p d4jl�Pmge ± jYf�¬�Ud4�]�Fd4\V¬kµ^a�Cmnj
ack

®Vt¼�ld p d��³f p dg¦YmL^_[-�Yk©ecmg�W^�dOm p {M�Yf�¬j
p d4¥QhYk p d4\�m)�lmnk p fn�

fin
mnjl�

ack
\9d4�gb�dcjQ^a\�� p fgb d4mFeA�

tcp
d4jl�]�'fgkUjQ^4®�t¼�Yd<�³fgh p {2¬¼m«[)�,mnjl�Y\��lm ± d

k©\�b�f]�]dc�Ud4�;fgj¶l�Fh p d('�� &�mgj
end

dc�FdcjQ^�kU\�\�dcd4j
fgj;� p f]ecd4\a\
p
¬�ldcj;jYf£bLf p d

tcp
�lmFe ± d�^�m p d

\�dcjQ^�� p fgb
p
®�s j^��YdL^a�Yd�y*Zlw m�^�^��Yd��Ud��è^�fg�~^��ld�¶l�gh p dg¦W� p f]e�dO\�\ '�\9^�fg�,\z¶ p \9^4¦�mnjl�*� p f]ecd4\a\��

e4mnj�ecfgjQ^�kUj-hYd¼^�fi\�dcj,�
tcp

�lmge ± d�^A\c¦g^��Yd4j�� p f-ecd4\a\~��\9^�fF�l\c®Is j�^��ld�b�kU�l�]��d�fn�W^��ld¶l�gh p dF¦g� p f]e�d4\a\ '
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mgjl��� p f]e�dO\�\¼��\9^�fF�l\�k�j)^��Yd�\�mgb�d>^�kUb�dg®�s j)^��Yd�y*Zlw mn^V^a�Yd p kU�g�Q^Vfg��^��ld�¶l�Fh p dg¦Q� p f]ecd4\a\��i\_^afg�l\
¶ p \9^4¦-^a�Ydcj£� p f]e�d4\a\ 'g®

)½e�fFjYjYd4e�^�kUfgjCe4mnjC�'d����lmn���è{2fF�,d4j���¬�Yd4jCfgjldi\9k©�]d<�lmg\>^�d p b�k�j,m�^�dO�Pk�^a\ze�fgjljYd4e�^�kUfgj�¦'�Yh]^�jYfn^
^a�Yd�fn^a�Yd p ®�t¼�Yd�\9k©�]dT^��lmn^¼�,mg\�^�d p b�kUjlm�^ad4��ecmnj�jYfL��fFjY�gd p \9d4jl�)�Ymn^amLhl\�k�jl�i^a�YkU\ecfgjYjld4e¹^ak�fFj�¦-�Yh]^
^a�Yd�fn^a�Yd p \9k©�]d�ecmgj�® % k�j,mn�U��[F¦lk�^>kU\�'fF\a\�k��Y�Ud��³f p �'fn^a�P�YfF\9^a\�^af�\9d4jl�

fin
\9kUbihl�µ^AmnjYd4fghl\���[F®�s j£^��Yk©\

e4mg\�dg¦,�,fg^��*\�kU�Yd4\�q_h,\_^z�lm«�gd�^af)\9d4jl�
ack

�lmFe ± d�^A\¼^�f�^�d p b�k�j,m�^�d�^��YdLt�w o e�fFjYjYd4e�^�kUfgj�®>t¼�lkU\Tecmnj
�'diecfgjl\�kU�Yd p d4�£mg\>m��«{M¬�m«[��,mnjl�Y\��lm ± d�\9kUjlecd�^��Yd

fin/ack
\�d4¥QhYd4jle�d�k©\��]fFjYd�kUjC�lm p mn�U�Udc�WkUjC�,fg^��

�Yk p d4e�^�kUfgjl\4®

% k��Fh p d2'��-&�t¼�Yd�t�w o e�fFjYjYd4e�^�kUfgj�^�d p b�kUjlm�^ak�fFj�®

)�h]^�fFb�mn^am�fn� % kU�gh p d 'O�Y¦ % k��Fh p d ' � mnjl� % kU�gh p d '���b�f]�]d4��^a�Yd����Y�,mg\�d4\Tfn�Vt�w o � p fg^�f]e�fF�N®
rzm�^Amzd��YeA�lmnjl�gd7� p fgb�� p f]ecd4\a\!��^afz� p f]e�dO\�\�'¼ecmgj<�'dd4mF\9kU��[�fF�]^amgk�jld4�i� p fFb ^��Yd>y*Z,w
fn� % k��Fh p d ' �
�-[d��YeA�lmnjl�gkUjY�)^a�Yd p fg�Ud4\�fg��� p f]e�dO\�\2'�mgjl�;� p f]ecd4\a\���k�j;^��ld�b�f-�Ydc�2® ) e�fFb��Y��dc^�d)�Yd4\ae p k��]^ak�fFj
fg�^��Yd£t�w o � p fg^�f]e�fF�~¬k�^��%yZlw�\�ecmnj¸�,d�fg�]^AmnkUjYd4�¸mg\Lm*e�fFb��,fQ\9k�^�kUfgj´fg�^��YdO\9d�^ p dcd�b�f-�Ydc�©\c¦
q_h,\_^��-[´�'d p �³f p b�k�jY�¯m
e��©mg\a\�kUe4mn�\9dO¥QhYdcjQ^�k©mn�ecfgb��,fQ\9k�^�kUfgj²fn�z^��ldCmnh]^afgb�m�^AmY® t�f;� mgeck��Uk�^am�^ad£^��Yd
hljl�]d p \9^amnj,�]k�jl�l¦g¬�d¬kU���,fgjY�U[<\��Yf�¬ m�\9kUb��Y�Ukµ¶ldO���-k�d4¬²fg�,^a�YdTecfgb��Y�Ud�^ad� p fg^�f]e�fF�YkUj % kU�gh p d 'O�Y®Is j
^a�Yk©\�b�f]�]d4�N¦n¬�d�fgjY�U[�e�fFjl\9k©�]d p �UfF\a\9�Ud4\a\Ie�fgjljYd4e�^�kUfgjl\!mnj,���³f p �gdc^�^a�Yd¼\9kUbihY��^amgjYdcfFhl\!�]k©\�ecfgjYjYdOe¹^ak�fFjl\c®

Z-f�� m p ¦�¬Vd��lm«�Fd<� p fg�'fF\�d4�\�ecdcjlm p kUf£�]d4\ae p k��Y^�kUfgjl\zfn��^��ld�t�w o � p fg^�f]e�fF�N¦�mgjl�*� p f��-k©�]d4�*^��Yd
·Ty*Zlw�\��]dO\�e p kU�YkUjY��^a�YdL^_[-�YkUe4mn�!d��]dOe�h]^ak�fFjl\zfn�Vt�w o ¦W�Yh]^�¬�d��]kU�jYfg^��]dc¶ljYdL^��ld�ecfgb�bihY^am�^ak�fFj
p dc�©m�^ak�fFj¯f��gd p dc�FdcjQ^a\<fn�^a�Yd�� p fg^�f]e�fF�7^a�lm�^�mn�U��f�¬>\��³f p ^��Yd�kUjF^ad p ��dOm«�-k�jY�Pfg�T�]k*)'d p d4jQ^<�Y�lmF\9dO\ifg�
^a�Yd�� p fn^af]e�fg�2®V§�d�^�h,\��]dc¶ljYd�^a�Yd��Uf-e4mn�I�]dc�'dcjl�Ydcjlec[ p dc�©m�^ak�fFjl\

Dp

�³f p � p f-ecd4\a\
p
kUj

{1, 2}
®VsM�!¬�d
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% kU�gh p d 'O�5&") mgh]^�fFb�mn^�fFj¯¬�YkUeA�¸bLf]�]d4�U\Lt�w o � p fg^�f]e�fF�7¬kµ^a�¸�UfF\a\9�Ud4\a\ieA�,mnjYjYd4�U\<mnjl�´¬kµ^a�Yfgh]^
�'fghljl�Y\¼fn��\���k©�]kUjY��¬k�jl�Yf�¬ \�k�°4dg®
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eA�lfF\�d^��YdTjYf p b�mn�,¬VdOm ± e�fgj,ecm�^adcjlmn^�kUfgj�¦Qmg\V�]d�¶ljld4��kUj�·Ty*Zlw�\4¦Fk2® dF®
Dp = Σp ×Σp

¦F¬�d�fF�]^amgk�j�m
\�[-jleA� p fgjYkU°cdO��d��]d4ech]^�kUfgjPfg���lm�^am�^ p mnjl\9�³d p �l�lmg\�d6&�dc�Fd p [)� p f]e�d4\a\>\�dcjl�CfgjY�U[�fFjYd

tcp
�,mge ± dc^�mnjl�

¬¼mnk�^a\��³f p ^��Yd�e�f pap d4\��,fFjl�]kUjY�
ack

�lmge ± d�^O®�§�dc�è^��lm p ^Ifn�-¶l�gh p d ' �¼�]dO\�e p kU�,dO\W^a�YkU\ ± kUjl��fn�Ydc�-dOe�h]^ak�fFj�®
t¼�lkU\z�-kU\�hlmg��f p �]d p kU\��FdcjYd p mn^�dO�P�-[P^��Yd)w�mghl\�mg��·�y*Zlw fgj*¶l�gh p d '4��¬kµ^a�

Dp = Σp × Σp

¦�kN® dg®
^a�Yd�hl\9h,mn��¬VdOm ± e�fFjlecmn^�dcj,m�^�kUfgj¯fg�T·�yZlwT®�}>fn^ad��lf�¬Vd4�gd p ^��lmn^LkUj%mgj´kUbL�l��d4bLd4jQ^am�^ak�fFj¸fg�>^��Yd
t�w o � p fg^�f]e�fF�N¦!�Ym�^Am�^ p mnjl\9�³d p � p fFb ^��ld�^_¬�fC\9k�^�dO\iecmgj
�,d��,d p �³f p b�d4�;kUj¯�lm p mn�U�Udc�2®�·�dcjlecdg¦I^��Yd
ec�UmF\�\�k©ecmn�Y\�d4¥QhYd4jQ^�k©mn�,ecfgb��'fF\�kµ^ak�fFjLfg��·�y*Zlw�\V�]f-d4\~jYfn^V\�h ��e�d¼^af�b�f]�]dc�,k�jQ^�d p dO\_^ak�jl���,d4�lm«�-k�f p \!fg�
t�w o ®gyCf p dcf��gd p ¦O� p f]e�d4\a\�d4\!ecmgjL\�dcjl�

tcp
�lmFe ± d�^A\I¬kµ^a�Yfgh]^7¬¼mnk�^�kUjY�T�³f p mFe ± jlf�¬��dO�]�gb�dcjQ^A\c®�t¼�-hl\4¦

d4�gd4jF^A\¼f]ece�h p�p k�jl�L�'d�^_¬�dcd4j
p(start)

mnjl�
p(end)

ecmgj£f-e4e�h p k�jCmgjQ[)f p �]d p kUjCm��-kU\�hlmn�Wdc�-^�dcj,\9kUfgj�¦
k2® dg®

Ip = {p!q(tcp), p?q(ack), p?q(tcp), p!q(ack), p?q(fin)}2/{(a, a) ∈ Σ}
® )�j´d��]dOe�h]^ak�fFj´fn�

\�hleA�;m)ecmghl\amn��·�y*Z,w kU\�\��Yf�¬j*fFjC^a�Yd p kU�g�Q^z�,m p ^zfg�7¶l�gh p d '��-®�}�fn^adi^a�lm�^�^��ldLe4mnhl\amn�!·�y*Z,w
b�f]�]d4�Wfn�It�w o k©\¼jYfn^¼^ak��F�F^O¦Ymnjl�)^��,m�^^��ldz�©mnjl�ghlmg�gdzfn��k�^a\¼�UkUjYd4m p kU°4mn^�kUfgjl\Vfn�I^��Yd�� p fn^af]e�fg�#k©\¼jYfn^
p dc�FhY�©m p ®�t¼�Yk©\~b�f]�]d4�,k©\7jYf<b�f p d>¬k�j,�]f�¬ �,fFhYjl�]dO�W¦]mg\~mgj�kUj]¶ljYk�^�dTjQhlbi�'d p fn�

ack
b�d4\a\�mg�gd4\~ecmnj

e p fQ\�\
tcp

fgjld4\4®

� �#"����V����� #�"��

º;dL�lm«�gd��]d�¶,jYd4�mnj*dc�-^�dcj,\9kUfgjfn�V·Ty*Zlw e4mn�U��dO�;w�mghl\�mg�I·Ty*Zlw ^��lmn^�mg���Uf�¬>\�^��Yd��]d�¶,jYkµ^ak�fFjfg�
� p mgkU�Y\4¦�\�hleA�
mg\T^��YfQ\9d�mg�Y�,dOm p k�jl��kUj
\9fg{Me4mn�U��dO�*\���k©�]kUjY�£¬k�jl�Yf�¬>\�� p fg^�f]e�fF�U\4®�t¼�YkU\�jldc¬ \�ecdcjlm p kUf
�©mnjl�ghlmg�gd��]f-d4\jlfn^�d4bi�'d4��^��ldid��]� p d4\a\�k��Fdz�'f�¬�d p fn�7ecfgb�bihYjlkUe4m�^�kUjY��mgh]^�fFb�mn^aml®�·�dcjlecdi\9d4�gd p mg�
� p fF�Y��d4b�\ p dcb�mnkUj��]d4eckU�Ymg�Y�Udg¦-mnjl��b�mgjQ[�e��©mg\a\�d4\�fg��\�ecdcjlm p kUfF\I^a�lm�^�¬Vd p d��Yd�¶ljYdO���³f p ·�y*Z,w�\7¶lj,�
^a�Ydck p dO¥QhYk���mg��d4jF^Vk�j�w�mghl\�mg�l·�yZlw�\c®�yPf p d4f��gd p ¦«^a�Yd4\�d>jYd4¬ e��©mg\a\9dO\7m p dk�j,e�fgb��lm p mg�Y�Ud�¬k�^���^��Yd4k p
ecf pap dO\9�'fgj,�]dcjQ^ie��©mg\a\�d4\�kUj²wVfgb��'fF\�kµ^ak�fFjlmn�V·�y*Zlw»b�f]�]d4�U\4¦�b�mnkUjY��[;�'d4ecmghl\�d�w�y*Zlw�\Lmg\a\9hlbLd�m
% s % x \�dcb�mnjQ^akUe4\z{>^�f£^a�Yd�e�fFjF^ p m p [Pfg��fFh p mg�Y� p fFmgeA�*^��lmn^�b�m ± dO\�jYfC\��,dOe�k�¶,e�mg\a\9hlbL�Y^�kUfgjl\�fFj
b�dO\�\amn�Fdz�]d4��kU�gd p [��'fg�Uk©e�[g®

% h p ^a�Yd p b�f p dg¦�w�mnhl\amn��·�yZlw�\ p mgkU\�d
\9d4�gd p mn�zkUjF^ad p d4\9^�kUjY�²kU\a\9hld4\4® % f p d��Ymnb��Y�Udg¦��]d4eckU�Yk�jY�
¬�ld�^��ld p m\�d�^�fg�T�-kU\�hlmg��dc�-^�dcj,\9kUfgjl\<k©\L¶ljYk�^�dc�U[´�FdcjYd p mn^�d4�´kU\�\9^�kU���>mgj¸fF�,d4j%� p fg�l��d4b�® )>jYfg^��]{
d p kUjQ^�d p dO\_^ak�jY�*kU\a\9hld)k©\i^afecfgjl\�kU�Yd p ^a�Yd£e��©mg\a\ifg��ecmnh,\�mg�V·�yZlw�\<^��lmn^L�lm«�Fd��'fghYjl�Yd4�¸e p fQ\�\�kUjY�
¬kUjl�]f�¬>\�³f p mg����^��Yd4k p b�d4\a\�mg�gd4\4®¼t¼�Yd<\�d�^�fg���,d4�lm«�-k�f p \�FdcjYd p mn^�dO���-[�^��Yk©\ ± kUjl�Pfg��e4mnhl\amn��·�y£{
Z,w�\>\9d4dcb ^af�d��]�YkU�Yk�^�\9fFbLd ± kUjl��fn� p d4�ghY�©m p kµ^_[�^a�lm�^�ecfghY�©���,d�dc�]�Y��fFkµ^ad4��hl\�k�jl��� p mn�Y��� p mnb�b�m p \
^ad4eA�YjlkU¥QhYdO\c®
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% kU�gh p d '��-&�t�¬Vf�dc�]d4e�hY^�kUfgjl\�fg�#^��Yd�t�w o dc�Ymnb��Y�Udg¦Q¬kµ^a��^��Yd�·Ty*Zlw%\�dcb�mnjQ^�k©ec\�¤³fgj�^a�Yd>�Ud��è^¹ª7mnj,�
¬k�^���^a�Yd<w�mnhl\amn�W·Ty*Zlw \9d4b�mgjQ^�k©ec\�¤³fFj�^��Yd p k��F�Q^Aª å³æIç�åèâ
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+�' .�y )��Qhnq9mY¦6)i® r<® ��\��Ydcb ± mn�U[FmgjYk2¦nmnjl�Lt²w�m p �©\9fFj�®5)²�lmg\�k©eVhljYkµ^7fg�'ecfgb��Yh]^Am�^�kUfgjLkUj��YkU\9^ p k��lh]^9{
dO�£\9[Q^�d4b�\c®�s j � � �)� � � 0 � ��� ��� ����¦l�,mn�gdO\ 'O�	� '��l¦ '�� �F�Y®

+ � .�u�® )>�Uh p ¦�
L® �,®�·>fg�U°cb�mgjYj�¦�mnj,�*r<® o d4��dO�W®�)�jmgjlmn�U[-°cd p �³f p b�d4\a\amn�gdL\9dO¥QhYdcjlecdLeA�,m p ^a\4®�s j
�1� �?� � � 0 � � � � ��� ���¦Y�gfF��hlbLd2'O��� ��fn� ����� �'¦Y�lmg�gd4\¼� ��� � �Y¦ '����g�Y®

+ �	.�u�® )>�Uh p mnjl�y¯®��~mnjYjlm ± m ± kU\4®�yPf]�]dc��eA�YdOe ± k�jY��fn�~b�dO\�\amn�Fd<\�d4¥QhYdcj,e�d<eA�,m p ^a\4®zs j,� � �)� � � 0
����� ������� ���g¦l�gfF��hlbLd2'O�g� � fn� ����� �'¦]�lmn�Fd4\ ' ' � � 'O� �Y®QZ]� p kUjY�Fd p ¦�'�� ���Y®

+ � .�vz®�v�fg�U��kU�l¦�y¯®�§�dchle ± d p ¦Omgjl� o ®�§�hle4mg\4® �7�Q^adcjl�Yk�jY��e�fFb��,fQ\9k�^�kUfgjlmg�gb�d4\a\amn�gdV\9dO¥Fhldcjlecd~� p mn�l�l\c®
s j � � �?� � � 0��$� � ��� � � ¦,�gfg�UhYb�d�� �-' � fg�*��� �;�,¦]�,mn�gdO\� ��� ���Y®-Z]� p kUjY�Fd p ¦]�g�g�Q�]®

+ � .�r<®v p mgjl� mnjl� o ®��#mn¶ p fF�,fFhY�Ufl®�xTj e�fFb�bihYjYk©ecmn^�kUjY�¯¶ljlkµ^ad\9^am�^ad*b�mgeA�lk�jYdO\c®»t�dOeA�YjYk©ecmn�
u>dc�'f p ^�u���'4� �n�l¦Fs_v¼y��'h p kUeA�£udO\9dOm p eA��§�mg��¦�'����5'F®

+ �	.��L®,rzmn�©mn��mgjl�CwT®'Z-hljl\9�lk�jYdF®wVfFjYjYdOe¹^�kUfgj�b�mnjlmg�gd4bLd4jQ^>k�j�^ p mnj,\9�'f p ^>� p fn^�f]ecfg�©\c® �*�
�$�@�> ���
�K�� � ��� 	��¹¦,�Y¤N�Fª & � � � � � �n�Y¦�'�� � �Y®

+��8. � ®lrTk�d ± d p ^�mnj,� 
L®lu>fg°cd4j-�,d p �,¦QdO�]k�^�f p \4® � ����� �4� 	 � 0  � � �����¹®!ºf p �©�PZ]e�kUdcjQ^�k�¶,eg¦�'�� � �]®
+ �	.�vz®!
zd4jYd4\9^4®7�"� ��/&�7��� � �2/ ��� 	 � � ����� ������¹® o �lr ^a�Yd4\�kU\4¦l��jYk��Fd p \9k�^�� o m p k©\ �]¦,�n�F� � ®
+ �	.�vz®#
zdcjld4\9^4¦6)i®nyPhl\aeA�Yfg�U�N¦�·i®gZ-dck©�]�2¦gmnjl�<y¯®��'dck�^�fFhYj�®-s j]¶ljlkµ^ad�{ \_^Am�^�d��YkU�g�]{M�Udc�gd4�Fb�\aec\�&�yPf]�]d4�µ{

eA�ld4e ± k�jl�Tmnj,� p d4mn�UkU°4mn�lk��Ukµ^_[F®gs j"� � �)� � � 0 � � � � �$� � � ¦Fj-hYbi�'d p �n���F�¼kUj<§�}zw¼Z#¦��lmg�gdO\���� �%�]�g� �l®
Z]� p kUjY�Fd p ¦l�n�g�Q�]®

+3'4�	.�v��©mnk©\9d�
zd4jYd4\9^4¦Qr�kUd�^ p k©eA� ��hl\ ± dg¦Fmnjl�2)>j,ecm�yPhl\aeA�YfF���2®�) ± �Udcdcjld¼^��Yd4f p dcb�mgjl�LbLf]�]d4�leA�YdOe ± {
kUjY�z�³f p mze��©mg\a\Ifn�,ecfgb�bihYjlkUe4m�^�kUjY��mnh]^afgb�m�^AmY® � �40 ��� � �� ����� ��� /��*�
�$�@�> �� ����� � ¦-�n� � ¤ �Qª�& �F�g�	�
� �n�l¦l�n�g�F�Y®

+3'6' . ��®&
zhYjQ^�d p ¦ )i®7yPhl\aeA�Yfg�U�N¦7mgjl�¸r<® o dc�Ud4�W® wVfgb��,fQ\9k�^�kUfgj,mn��bLdO\�\amn�Fd)\�d4¥QhYdcj,e�d£eA�lm p ^a\4®
s j
�1� �?� � � 0 � � � � ��� ���n¦Y�gfF��hlbLd��g�g�5'Tfn� ����� �'®,Z-� p kUjY�gd p ¦Y�n�F�5'F®

+3'O� .�r<®#·�m p dc��mnjl�£º ®'rTmgbLb£®§�\aec\�&~� p dOm�^��lk�jY���Uk��³d�k�jQ^af�b�d4\a\�mg�gd�\9dO¥QhYdcjlecd�eA�lm p ^a\4®¼t�dOeA�YjYk©ecmn�
u>dc�'f p ^zw¼Z � �n{M���Y¦Qºd4k�°4b�mgjYj£s jl\9^�k�^�h]^adg¦�)�� p kU�*'���� �l®

+3'4�	.�§~®'·��c�Ufgh('c^�mgjl� o ®W§�d<y*mnkU�Fm�^O®�rTd4e�fFb��,fQ\9k�^�kUfgjCfg�7b�d4\a\�mg�gd�\�d4¥QhYdcj,e�d<eA�,m p ^a\4®>s j � � �)� � � 0
� � 	)� ���n¦'�g�g�g�l®

+3' � .�§~®>·>�4fgh('c^4¦�t�®�
�mn°Omn�gj,mnk p dF¦�mnjl� vz®�
zdcjYdO\_^O® rTkUmg�gjYfQ\9k©\�� p fFb \ae�dcj,m p k�fQ\c® s j � � �)� � � 0
� �*� � ��� �+«¦'�n�g�F�Y®

+3'�� .zs_t�>{Mt>ZW® � � � � � �,� ��� �&�'� ��� / �� ������.- � � � ��"�	I����������� ��������������� ������� � 	 � � ��®�s_t�{ t>Z#¦
'�� ���Y®

ç�çONQP?R)SUTV�W�XY�Z�[\



�F� ����� ���)��� �@�	� � ��
 � �� �����	
�� ����� �������� �
�� ��� ���@��� �
�� � � ��� ��� �?� ��� �������

+3'4�	.�r<® ��hl\ ± dg®Tudc�FhY�Um p \�d�^A\�fg�7k�j]¶,jYkµ^ad<b�dO\�\amn�Fdi\9dO¥QhYdcjlecd<eA�lm p ^A\c® � ��0 ��� � �� ������ ��� / �1�&���� �
 �� �����,¦ '�� �]¤ 'Oª�& �g��� 'O� �Y¦-�n�F�g�Y®

+3'��8. o ®yCmF�]�-hl\9h,�Ymnj mnj,� vT®¼yPd4dcjlm ± \��Yk2® vVd4[gfFjl� b�d4\a\�mg�gdP\9dO¥QhYdcjlecdC� p mn�l�l\c® s j �1� �?� � � 0
� � ��� �;��� � ��¦'j-hYbi�'d p �F� � �ikUj£§�}zw¼Z#¦l�lmn�Fd4\� �g�	�]�g� �]®QZ-� p kUjY�gd p ¦l�g�g�5'F®

+3'��	.�u�®FyPf p kUj�®,u>d4e�fF�gjYkU°4mg�Y�Ud�\�d�^A\�fn�#b�d4\a\�mg�gd\9dO¥QhYdcjlecdeA�lm p ^a\4®ls j � � �)� � � 0 � � � � ��� � � ¦F�Ffg�UhYb�d
�F� � ��fg�*��� �;�,¦]�lmg�gdO\ �g�n��� �g� � ®-Z-� p k�jl�gd p ¦Y�n�F�F�]®

+3'��	. )i®LyChl\�eA�lfg�U��mnj,� ri® o dc�Ud4�W® yPdO\�\amn�Fd \9dO¥QhYdcjlecd � p mn�l�l\´mnj,� �]d4eckU\�k�fFj � p fg�Y�Udcb�\¯fFj
y*mn°ch p�± kUdc¬k©e�°z^ p mgecd4\4®�s j � � �)� � � 0 	 � �;��� ���n¦'�gfF��hlbLd2'O� �n��fn� ����� �'®lZ-� p k�jl�gd p ¦�'���� �l®
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