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Abstract We introduce the concept of (α ,δ )-sleeves as a variation on the well-
known α-shapes. The concept is used to develop a simple algorithm for constructing
a rectilinear polygon inside a plane; such an algorithm can be used to delineate a
building facet inside a single plane in 3D from a set of points obtained from LiDAR
scanning. We explain the algorithm, analyse different parameter settings on artificial
data, and show some results on LiDAR data.

1 Introduction

In recent years, public interest in the use of virtual cityscapes has drastically in-
creased. Applications in a variety of fields like navigation, urban planning, and
serious games, increasingly use building models for visualization and simulation
purposes. Simultaneously, the quality, complexity, and availability of urban datasets
are increasing. Smart-phones are becoming ubiquitous, making photo and video im-
ages very easy to obtain, while modern LiDAR devices can capture hundreds of data
points per square meter (John Chance Land Surveys and Fugro, 2009).

This wide interest requires efficient automation of urban scene reconstruction to
process the vast datasets. The general goal of urban reconstruction is recreating the
geometry and visual likeness of the buildings in the scene. Whether applying struc-
ture from motion and dense stereo reconstruction to image data (Furukawa et al,
2009; Seitz et al, 2006), or directly using LiDAR data, urban geometry reconstruc-
tion is usually aimed at identifying the shapes of buildings from a point cloud.

Earlier methods in photogrammetry would use a predefined collection of para-
metric models of complete buildings and either try to determine the model that best
fits the data (Brenner, 2005; Schwalbe et al, 2005), or only model roofs supported
by vertical walls (Rottensteiner, 2003; You et al, 2003; Zhou and Neumann, 2008).
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While these methods are able to construct scenes from very sparse data sets, they
are inherently limited by the versatility of the building models in their collection.

Other methods reconstruct free-form triangular meshes that interpolate the data
points (Carlberg et al, 2009; Marton et al, 2009; Tseng et al, 2007). While these
methods can reconstruct buildings of any shape, most have difficulty dealing with
the artifacts inherent in the point data like measurement error and outliers. Addi-
tionally, most mesh-based reconstruction methods reconstruct smooth surfaces, re-
moving the sharp edges and simple shapes widely present in urban scenes.

We present a method that is partially parametric and partially free-form to deal
specifically with the shapes of urban scenes. While most parametric methods recon-
struct the scene per building, we assume that these buildings are composed of planar
surfaces and reconstruct these individual surfaces.

Most point clouds measured in an urban scene have inliers and outliers, points
measured from a planar surface and the remaining points respectively. The data
also contains noise, a small displacement in the point locations. We use Efficient
RANSAC (Schnabel et al, 2007) to cluster the points per individual surface, al-
though methods based on region growing (Tseng et al, 2007) could also be used.

Both dense stereo and LiDAR produce point sets densely covering the viewed
surfaces. Our method estimates the shape that the points were measured from per
individual surface. A surface can be reconstructed by computing a polygon that
contains all its points while not containing large empty regions. A popular method
for computing such a polygon is the α-shape (Edelsbrunner et al, 1983).

Another prevalent feature of the surfaces in urban data sets is rectilinearity,
caused by the predominant use of right angles. In recent work (van Lankveld et al,
2011), we showed that roughly a third of the surfaces in many city scenes are rectan-
gles and we presented a method for reconstructing these surfaces. Here, we broaden
this to general rectilinear shapes that tightly bound a point set. To determine these
shapes, we present a simple variation of the α-shape, called the (α ,δ )-sleeve. This
structure creates a buffer around the shape and we search for a rectilinear shape
within this buffer. Figure 1 shows an overview of our method.

Finding a rectilinear shape that is close to a given shape is a problem that has been
studied in different contexts. For example, restricted-orientation line simplification
has been studied for the purpose of schematized map computation (Buchin et al,
2011; Swan et al, 2007; Wolff, 2007). Another example is squarifying, an operation
that occurs in ground plan generalization (Mayer, 2005; Regnauld et al, 1999; Ruas,
1999). In these cases, the starting point is a polygonal line or planar subdivision,
whereas (initially) we start with a set of points. Furthermore, since sampled points
are assumed to be inside the rectilinear polygon to be found, we wish to find an outer
approximation of the boundary of the point set. Hence, an area-preserving method
like in (Buchin et al, 2011) does not appear suitable. Our method guarantees that the
rectilinear polygon is within a specified distance of the α-shape but still outside it;
other methods do not have this feature.
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Fig. 1 An overview of our method. From top left to bottom right: the surface, a point sample of
the surface, the α-shape, the (α,δ )-sleeve, three rectilinear minimum-link paths within the (α,δ )-
sleeve for different rotations, and the path with the fewest links over all rotations

2 (α ,δ )-Sleeves and Minimum-Link Paths

In this section we describe the approach for computing a rectilinear polygon that
corresponds to the shape of a set of points well. We first define the α-shape (Edels-
brunner et al, 1983), then we introduce a new structure called the (α,δ )-sleeve.
We show properties of this new structure and give an efficient algorithm for its con-
struction. Finally, we show how we can use the (α,δ )-sleeve to determine a suitable
rectilinear polygon, and give an algorithm to compute it.

Our objective is to bound the point set by a rectilinear shape with few edges.
This shape must have all points to the inside or on it, but we must allow the shape to
cover some area outside of the α-shape to accomodate a rectilinear shape with few
edges.

Like was done for finding rectangles to fit a set S of points in (van Lankveld et al,
2011), we will use the δ -coverage concept. There we defined the δ -coverage region
to be the union of the radius-δ disks centered on the points of S. Any point in the
plane not in the δ -coverage region is at least at distance δ from all sample points.
We required the approximating rectangle to contain all points of the sample, but not
be outside the δ -coverage region. The value of δ should be chosen small enough
so that the rectangle cannot be too far away from the sampled points and therefore
from the likely shape. On the other hand, δ should be chosen large enough so that
the irregularities in the sampling do not exclude the existence of a rectangle in the
δ -coverage region that encloses the points as well.
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α δ

Fig. 2 Left, values of α and δ shown by disks, and the (α ,δ )-sleeve of the points shown. Right, a
minimum-link rectilinear path in the sleeve

2.1 Definition and Properties of (α,δ )-Sleeves

We adopt these ideas from rectangles to rectilinear shapes. Let S be a set of sampled
points in a plane, and let P denote a desired rectilinear polygon. Let α > 0 be a
real parameter related to the sampling density, typically between 20 and 50 cm. Let
δ > 0 be another such parameter, also related to the sampling density.

Definition 1. (Edelsbrunner et al, 1983) Given a point set S, a point p ∈ S is α-
extreme if there exists an empty open disk (i.e., not containing any point from S) of
radius α with p on its boundary. Two points p,q ∈ S are called α-neighbors if they
share such an empty disk. The α-shape of S is the straight-line graph whose vertices
are the α-extreme points and whose edges connect the respective α-neighbors.

We will compute the α-shape A of S and require that P contains A completely. If
P was a rectangle, there is no difference between requiring P inside or A inside, but
for other rectilinear shapes it can make a difference. Our main reason for using the
α-shape is the guarantee that P is not self-intersecting if the α-shape consists of one
connected component. Under regular sampling conditions of an individual surface,
we can make sure that the α-shape has only one component by carefully choosing
α based on the sampling density.

From the α-shape A of S we will compute the (α,δ )-sleeve, defined as follows.

Definition 2. For set S of points in the plane, the (α,δ )-sleeve is the Minkowski
sum of the α-shape of S with a disk of radius δ , where only the part outside the
α-shape is taken.

The Minkowski sum with a disk creates a buffer region around the shape. The
(α,δ )-sleeve is an outer proximity region of the α-shape.

Not all values of α and δ , or combinations of values, give nice properties to
the (α ,δ )-sleeve. Let us assume that α is such that the α-shape is in principle a
good approximation of the underlying shape. In particular, let us assume that it is
connected and has no holes. This implies that the inner boundary of the (α,δ )-sleeve
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Fig. 3 If the α-shape is the grey interior shown left, and δ corresponds to the radius of the disks
shown left, then the (α ,δ )-sleeve (shown in grey on the right) has more than one inner boundary

is the boundary of a simple polygon. If δ is sufficiently small, the outer boundary of
the (α,δ )-sleeve will be the boundary of a simple polygon as well, but with circular
arcs. For some shapes and larger values of δ , the (α,δ )-sleeve can have several
inner boundaries: not just those created by subtracting the interior of the α-shape,
but also ones where opposite sides on the outside of the α-shape are close. Figure 3
shows an example.

It turns out that if we set δ < 4
5 α , then the (α,δ )-sleeve will have the desired

topology with one outer and one inner boundary. We prove this after proving some
more properties of the α-shape.

Lemma 1. For a given α > 0, let A be an α-shape of a set S of points in the plane.
Any two points p,q ∈ S that share the boundary of an empty open disk d of radius
≤ α are connected by a line segment inside A.

Proof. According to Edelsbrunner et al (1983), the interior of the α-shape is the
union of all Delaunay triangles with a circumcircle of radius ≤ α .

The Delaunay triangulation on S must contain the edge p,q as witnessed by d.
Now consider the Delaunay triangle t incident to p,q on the side of the center of d;
we distinguish two cases. Either (i) this triangle has a circumcircle of radius ≤ α
and is part of the interior of A, or (ii) there is an empty radius-α disk with p,q on its
boundary and p,q are α-neighbors. In both cases, p,q must be either in the interior
or on the boundary of A. ⊓⊔

Lemma 2. For a given α > 0, let A be an α-shape of a set S of points in the plane.
Any two points p,q ∈ S at distance at most 2α are connected by a path that lies both
inside A and inside the disk with p,q as its diameter

Proof. In this proof, we use a property of α-shapes that is easily inferred from
Lem. 1: for two points p,q ∈ S at distance at most 2α , either (1) they are α-
neighbors, or (2) the connecting line segment is interior to the α-shape, or (3) the
disk with p,q as its diameter contains another point of S.

In cases (1) and (2), it is clear there is a connecting path within A and within the
disk with p,q as its parameter. In case (3), we consider the collection of empty disks
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Fig. 4 Illustration of the proof of Lem. 2

with their center on p,q and touching two points of S, as shown in Fig. 4. These
disks impose an ordering (p,s1,s2 . . .q) on a subset of the points inside the disk. For
any two subsequent points x,y in this ordering, the line segment connecting x,y is
contained in A, according to Lem. 1. ⊓⊔

Lemma 3. For a given α > 0, let A be an α-shape of a set S of points in the plane,
and assume that A is the boundary of a simple polygon. Then for 0 < δ ≤ 4

5 α , the
(α,δ )-sleeve has the topology of an annulus.

Proof. Since for very small δ , the topology of the (α,δ )-sleeve is an annulus, we
can imagine growing δ to the first (smallest) value δ ′ where the topology is no
longer an annulus. This happens only when there are two points p,q, not necessarily
in S, on the α-shape at distance 2δ ′. Let m be the midpoint of p,q. Then m is at
distance δ ′ from p and q, and no point of the α-shape is closer to m. Hence, the disk
∆ centered at m with radius δ ′ does not intersect the α-shape in points other than p
and q.

Assume first that the two points are two vertices p,q ∈ S. According to Lem. 2, ∆
contains an edge inside the α-shape. This contradicts the assumption that no point
of the α-shape is closer to m than p or q.

Assume next that p,q ̸∈ S. Then they lie in the interior of two different α-shape
edges. If they are not parallel, it is impossible that the first topological change occurs
at m. If they are parallel, then the topological change will occur simultaneously
along a stretch of the two edges, and we can choose p and q such that at least one of
them is an endpoint and therefore in S. So this case is treated together with the final
case.

Assume finally that only one point is in S, say, p ∈ S and q ̸∈ S. Let q1 and q2 be
the endpoints of the α-shape edge that q lies on, so q1,q2 ∈ S. The diametral disk ∆
of p and q is tangent to the edge q1,q2 at q. Assume without loss of generality that
q1q2 is vertical, that q1 is the lower endpoint of q1q2, that q1 is closer to p than q2,
and that p is to the right of q1q2, see Fig. 5.

Since the topology of the (α,δ )-sleeve changes for the first time (smallest δ ′)
due to the contact at m, the α-neighbors of p cannot lie to the left of the vertical
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Fig. 5 Illustration of the proof of Lem. 3

line through p. Let p′ be the α-neighbor of p that makes the smallest angle with the
vertical upward direction. Since p and p′ are α-neighbors, an empty α-disk D exists
that has p and p′ on its boundary and its center to the left of the directed edge from
p to p′.

We now rotate D in contact with p in counterclockwise direction, see Fig. 5.
Initially D does not contain any point of S inside. Let r be the first point of S that
is reached by the boundary of D, such that r would be inside if we were to rotate D
further. We distinguish several cases.

If r = q2, then pq2 are α-neighbors (as witnessed by the emptiness and current
position of D). The implied α-shape edge will intersect ∆ because q2 lies left of p,
a contradiction. The same contradiction is obtained when r = q1, or when r is any
point that lies left of the vertical line through p. Hence, r lies to the right of this
vertical line or on it. This implies that the disk D has rotated beyond the situation
where it has a vertical tangent. This is equivalent to stating that the center c of D
lies below the horizontal line through p. Also, this center must lie right of the line
through q1 and q2, because q1,q2 is an α-shape edge with the interior to its left.

Because q1,q2 are α-neighbors, ∥q1q2∥ ≤ 2α . We argue that ∥pq2∥ > 2α . Ac-
cording to Lem. 2, if ∥pq2∥ ≤ 2α , there is a path connecting p,q2 inside their di-
ametral disk. Because ∥pq1∥ ≤ ∥pq2∥, the same holds for p,q1. This means that if
∥pq2∥ ≤ 2α , then either there is a point in A closer to m than p, or A is not a simple
polygon; both cases contradict an assumtion.

We are interested in the threshold case, where ∥pq∥= 2δ ′ is as small as possible,
and the (α,δ )-sleeve is an annulus for δ ≤ δ ′, but not if δ is infinitesimally larger
than δ ′. Because ∥q1q2∥ ≤ 2α , ∥pq2∥ > 2α , and ∥pq1∥ ≤ ∥pq2∥ and ̸ pqq2 =

π
2 ,

the smallest ∥pq∥ occurs when the angle ̸ q1q2 p is as small as possible. At the
same time, the radius-α disk D touching p,r cannot contain q1 and cannot have its
center above pq. Finally, because r was the first point encounterd by D during its
rotation, either ∥pq1∥ ≥ 2α or c is above pq1. If ∥pq1∥ ≥ 2α , then ∥pq∥ ≥

√
3α so

δ ′ ≥ 1
2

√
3α > 4

5 α . We continue to show that the other case can give a smaller lower
bound for δ . Here ∥pq1∥< 2α and c is above pq1. By Lem. 2, A has a sequence of
edges connecting p with q1 via r inside the disk that has pq1 as its diameter.



8 Marc van Kreveld, Thijs van Lankveld, and Maarten de Rie

The threshold case is shown in Fig. 5(right). If D stays empty while rotating
beyond the point where c lies on p,q, it is possible for the boundary of A to connect
q1 to r and p through a series of edges strictly outside ∆ . This would result in a hole
in the (α,δ )-sleeve just below m, meaning that the topology of the (α ,δ )-sleeve is
not an annulus.

In the threshold case, c lies on p,q, and then △q2cq1 and △q2cp are mirrored
triangles, so the angles ̸ q2q1c = ̸ q2 pc, and △q2qp and △cqq1 are similar trian-
gles. This implies that 2α

α = ∥q2q∥
∥cq∥ or ∥q2q∥ = 2∥cq∥. If we combine this with the

Pythagorean theorem on △q2qp we can derive that 2δ ′ = ∥pq∥= 8
5 α:

(2α)2 = ∥q2q∥2 +(∥cq∥+α)2

4α2 = 4∥cq∥2 +∥cq∥2 +2∥cq∥α +α2

3α2 −2∥cq∥α −5∥cq∥2 = 0
(α +∥cq∥)(3α −5∥cq∥) = 0
∥cq∥=−α or ∥cq∥= 3

5 α

The first option leads to a degenerate triangle △q1q2 p. The second option leads
to ∥pq∥= ∥cq∥+α = 8

5 α .
The threshold case presented results in an (α ,δ ′)-sleeve with the topology of an

annulus: the value of δ ′ does not allow D to rotate beyond a vertical tangency at p
when it reaches r but before it reaches q1. Hence, r is not right of p. If r is vertically
below p (a degenerate situation), then we can repeat the whole construction with r
instead of p, which means we can ignore this case. Hence, in order to get a different
topology, r must be strictly right of p, and c must be strictly below p,q. Because D
cannot contain q1, ∥q1q2∥ ≤ 2α , and ∥pq2∥ > 2α , this implies that ∥pq∥ = 2δ ′ >
8
5 α . ⊓⊔

We can use known algorithms to compute the (α,δ )-sleeve for given values of
α and δ . For a set S of n points in the plane, the α-shape can be computed directly
from the Delaunay triangulation of S (Edelsbrunner et al, 1983). Then we use a
buffer computation algorithm on the α-shape. Such an algorithm can be based on
computing the Voronoi diagram of the line segments of the α-shape first (de Berg
et al, 2008; Yap, 1987). Then the buffer boundary can be found in each Voronoi
cell, and these can be merged into the boundaries of the δ -buffer of the α-shape.
Converting this to the (α ,δ )-sleeve is then straightforward. This procedure takes
O(n logn) time in total.

2.2 Minimum-Link Paths in (α ,δ )-Sleeves

The (α,δ )-sleeve gives a region in which we want to determine a rectilinear shape.
The rectilinear shape should separate the inner boundary from the outer boundary.
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We will show how to use a minimum-link path algorithm to find the shape. We will
assume that the (α,δ )-sleeve has the topology of an annulus.

For any simple polygon and start- and endpoints s and t inside, we can find a
minimum-link path that uses only horizontal and vertical edges. This problem has
been well-studied in computational geometry, and a linear-time algorithm exists
that finds such a path (Hershberger and Snoeyink, 1994). Our problem is different
in three aspects: (i) We do not have a simple polygon but a shape with the topology
of an annulus. (ii) We do not have a start- and endpoint but we want a rectilinear
cycle. (iii) We do not know the orientation of the edges beforehand, we only know
that the angles on the path are 90 degrees.

Lemma 4. In an (α,δ )-sleeve, there exists a minimum-link axis-parallel cycle that
passes through the lowest point of the inner boundary of the sleeve (the α-shape).

Proof. Consider any minimum-link cycle in the sleeve, and let e be its lowest hor-
izontal edge. If e contains a vertex of the α-shape the lemma is true, otherwise we
can move e upwards while shortening the two adjacent edges of the cycle. During
this move two things can happen: (i) An adjacent edge reduces to length 0, but then
a cycle with two fewer links is found. (ii) Edge e is stopped by a vertex of the α-
shape, which must be its lowest vertex because all vertices of the α-shape have a
y-coordinate at least as high as the lowest edge of the cycle. This proves the lemma.

⊓⊔

Another property of the minimum-link rectilinear path is that it is non-selfinter-
secting. Otherwise, we could remove the extra loop and obtain a cycle with fewer
links.

Lemma 5. Any minimum-link rectilinear path in an (α,δ )-sleeve is non-selfinter-
secting.

v vl vr

Fig. 6 The bottom part of an (α,δ )-sleeve, the lowest vertex v of the α-shape (left), and the
conversion of the sleeve to a simple polygon (right)

Suppose that we know the orientation of the minimum-link path. Then we can
rotate the (α,δ )-sleeve so that this orientation becomes the axis-parallel orienta-
tion. By the lemma above, we now know a point that we can assume to lie on the
minimum-link cycle. To convert the (α ,δ )-sleeve to a polygonal region we do the
following. We find the lowest vertex v of the α-shape and insert a new edge ver-
tically down from v, until it reaches the outer boundary, see Fig. 6. This edge will
split the annulus into a shape with the same topology as a simple polygon. We du-
plicate the new edge including its endpoints, splitting v into a left copy vl and a right
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copy vr. Now our shape does not have doubly used edges, and it can be treated as
a normal simple polygon. We will find a minimum-link axis-parallel path from vr
to vl using the algorithm in (Hershberger and Snoeyink, 1994). The output path can
easily be converted back into a minimum-link cycle.

3 Experiments

In the previous section we presented a method to construct a rectilinear minimum-
link path that approximates the α-shape. Here, we evaluate this method on syn-
thetic and real data with the main goal of checking whether the method is suitable
for piecewise planar urban scene reconstruction. In particular, we wish to discover
whether for a given point density, values of α and δ exist that lead to a rectilinear
minimum-link path that is close to the true building facet shape.

This section describes both the setup of these experiments and the results. The
first two subsections describe our experiments on synthetic data to determine a value
for δ to get the correct number of edges or the best overlap with the ground truth,
respectively. The last subsection describes an experiment on urban LiDAR data.

3.1 Universal δ

For the evaluation on synthetic data, we have constructed fifteen test cases of vary-
ing shape and complexity. Each test case comprises a ground truth polygon T that
should represent a realistic urban surface shape with an area of between 30 and
60 m2, as shown in Fig. 7. To counter bias towards a certain initial orientation, T
is rotated by a random real-valued angle for each test. Each rotated T then yields a
point set of predetermined density by uniform sampling from its interior.

For each case, we compute the (α,δ )-sleeve using a fixed α based on the sam-
pling density ρ and a varying δ . We have chosen a fixed α such that the α-shape
is connected and without holes irrespective of test case. We vary δ to determine
whether there is a single value of δ at each ρ such that our method produces poly-
gons similar to the ground truth in all test cases. To measure the impact of ρ on the
results of our method, we have repeated the experiments for three different densities.
The chosen α for each density ρ is shown in Table 1. We vary δ using increments
of 1 cm.

ρ (points/m2) α (cm)
50 60

100 20
200 17

Table 1 The different densities used for the point sampling and the associated values of α
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Fig. 7 The different test cases used for the experiments on synthetic data

A rectilinear polygon P̂ is constructed inside the (α,δ )-sleeve, according to the
algorithm given in Sect. 2, such that P̂ has the minimum number of edges over all
rotation angles. We use an angular step size of 1 degree, meaning that we run the
minimum-link algorithm 90 times for each (α,δ )-sleeve. To get a canonical result
for each angle, we ‘shrink’ P̂ to a smaller polygon P by moving each edge inward
until it touches the α-shape. We move edges in descending order of edge length. If
there are multiple polygons with the minimum number of edges, created for different
rotation angles, P is chosen as the one with the smallest area.

In urban reconstruction, the shape of a surface is not known a priori. For this
reason, we have analyzed whether our method reconstructs the correct shapes. We
measure the correctness of a shape by its number of edges and its angle of rotation,
by comparing them to the ground truth. In the optimal case, there is a value for δ
at which our method always produces the correct shape. However, it is very likely
that the optimal value of δ depends on ρ . Because we want our method to be shape-
invariant, we are looking for a δ for which our method performs well, irrespective
of ground truth case.

Our experiments showed that the chosen polygons P always have a rotation
within 1 degree of the rotation of the ground truth. Figure 8 shows the ranges of
δ values for which the constructed polygon has the same number of edges as the
ground truth. At the higher densities (100 and 200 points/m2), we can choose the
value of δ at 24 cm and 20 cm respectively to construct a shape with the same num-
ber of edges for most cases.

At the lowest density (50 points/m2), there is no δ value that consistently results
in a correct polygon. Additionally, Figure 8 shows that in half of the cases the range
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Fig. 8 The range of δ for which the constructed polygon has the same number of edges as the
ground truth at point densities 50 (dashed), 100 (solid), and 200 (dash-dotted) points/m2

of δ resulting in the correct number of edges is very small. These cases all have some
small features that add edges to the ground truth while being difficult to make out in
the rough point samples. Visual inspection showed that the openings of the “grip”
cases were closed off in their α-shape, explaining the problems with constructing
the correct shape. For the cases without a small feature, a value of δ between 50 and
85 results in the correct polygons.

Considering the values of α and δ together, we observe that we should choose δ
slightly larger than α . However, by Lem. 3, we are not guaranteed to get an (α,δ )-
sleeve with the topology of an annulus in this case. Especially in “grip” cases, find-
ing ways to correctly deal with (α ,δ )-sleeves that do not have an annulus topology
may yield better results.

3.2 Data-Dependent δ

The shapes encountered in urban scenes vary greatly. Small features of the shape
combined with insufficient sampling density may make it very difficult to correctly
estimate the number of edges of the shape, even for a human modeler. Additionally,
the sampling density may vary greatly between surfaces. For this reason, it may
be interesting to estimate the best value for δ from the point data itself instead of
choosing some fixed value.

One way to determine which δ is best is to analyze how P changes as δ increases.
At the smallest δ , P will approximate the α-shape and from some large δ onwards, P
is a rectangle. Recall that P is the shrunken version of P̂, so we can expect the largest
changes in P when its number of edges change. Additionally, given a fixed number
of edges, it is likely that the polygon that approximates T best is found immediately
after a jump to that number of edges. While growing δ , we use the polygon just after
each jump as representative for the polygons with the same number of edges. This
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leads to a succession of representative polygons {R0 . . .Rk}, where each consecutive
polygon has fewer edges, culminating in four edges at Rk.

The best R should strike a balance between complexity and approximation of the
shape of T . The complexity can again be measured in the number of edges, with a
preference for low complexity. How well R approximates T could be measured from
their area of symmetric difference. Unfortunately, for real-world data the ground
truth is not known, so the symmetric difference cannot be used to determine the
best δ . However, because the area of T is fixed, a simple approximation for the
symmetric difference is to use the area of R.

Because R always covers the α-shape, we can assume that the reason for large
jumps in the area of R is the removal of a large feature of T from R. The goal
then becomes to determine when the process of increasing δ stops reducing the
complexity of the shape and starts removing large features. If we denote by χi the
change in area between consecutive representative polygons Ri and Ri+1, we search
for a threshold value χ̄ for χx. The idea is that if the area of R makes a jump of χi > χ̄
due to a decrease in the number of edges, then the polygon loses a key feature of T
so Ri is the simplest polygon that contains all important features.

We determine χ̄ by selecting which reference polygon Ri best approximates T
by visual inspection and computing χi. Choosing χ̄ such that it is smaller than χi
but larger than χ j for all j < i would result in terminating the automatic search for δ
at the preferred polygon. Because we want the method to be shape-invariant, we are
looking for a value of χ̄ for which our method performs well, irrespective of ground
truth case.
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Fig. 9 The range of χ̄ for which the polygon selected by visual inspection is constructed at point
densities 50 (dashed), 100 (solid), and 200 (dash-dotted) points/m2

The ranges of χ̄ resulting in the polygon selected by visual inspection are shown
in Fig. 9. At the higher densities (100 and 200 points/m2), there are values for χ̄ that
result in the correct polygon in all the test cases. At a density of 50 points/m2, there
is no χ̄ that produces the correct polygon in all cases, although 0.8 m2 is a good
value for most cases.
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3.3 LiDAR Data

Apart from synthetic data, we have also applied our method to an airborne LiDAR
data set of a building, as shown in Fig. 10. The point density varies greatly between
surfaces, because of the scanning method. However, based on our earlier work on
the same data (van Lankveld et al, 2011), we set α to 125 cm for surfaces close to
vertical and 60 cm for the other surfaces.

Fig. 10 A LiDAR data set with points colored per surface and the rectilinear boundaries of those
surfaces

The building contains many rectilinear surfaces, which we have reconstructed
using δ = 60 cm. The surfaces near the edge of the scene were given jagged edges
because the buildings are not aligned with the scene. However, our results do favour
long straight edges for the remainder of the shape.

Figure 11 shows two interesting surfaces and their rectilinear boundaries. Note
how the rotation of the reconstructed polygons matches the neighboring surfaces. A
human modeler may construct a similar shape with fewer edges for these surfaces.
It seems that these faults in our results are caused by missing data in the input sets.

Fig. 11 Two interesting rectilinear surfaces
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4 Conclusions

We have presented a novel concept, the (α,δ )-sleeve, which contains a proximity
zone around a point set. When combined with a minimum-link path algorithm, this
structure can be used to reconstruct simple shapes that contain the point set. We
have presented a method aimed at reconstructing surfaces in urban scenes from a
point set by combining the (α,δ )-sleeve with a rectilinear minimum-link path. Our
experiments showed that when the surfaces are sampled sufficiently dense, there
are parameter settings for α and δ that lead to correct reconstructions for artificial
data. Finally, we have shown on an urban LiDAR data set that our method produces
plausible results.

A number of interesting possibilities for extensions and improvements remain.
In most urban scenes there are some surfaces that are not rectilinear. By changing
the rectilinear minimum-link path algorithm to allow a few edges that do not follow
one of the principal directions, the (α ,δ )-sleeve can be used to reconstruct such
surfaces as well. Alternatively, we could use a post-processing method that replaces
long stair-like parts in the rectilinear surface boundary by one line.

Fig. 12 An example α-shape where a concave corner is rounded off

Another recurring problem we encountered is the rounding of concave corners.
As Figure 12 shows, the α-shape can “round off” a concave corner, often going out-
side the original polygon. In such cases, constructing a polygon within the (α,δ )-
sleeve requires either more edges or a larger δ . This problem may be overcome
by using pieces of the α-hull (Edelsbrunner et al, 1983) as inner boundary of the
(α,δ )-sleeve, instead of the α-shape. The α-hull uses concave circular arcs be-
tween its boundary vertices, allowing the polygon to go deeper into concave cor-
ners. Unfortunately, using α-hull arcs everywhere may cause the inner boundary to
self-intersect, which in turn can result in a self-intersecting rectilinear path. Hence,
this solution would require additional steps to ensure that the constructed polygon
does not have self-intersections.
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Finally, for this work we have ignored holes in the α-shape. Reconstructing those
holes can be done in a fashion similar to the method described in this paper. The
(α,δ )-sleeve would consist of several components, each one with the topology of
an annulus. We can run minimum-link path algorithms in each annulus with the
same orientations in order to find an orientation that is best overall. This way we
can easily ensure that the rectilinear directions of the outside boundary and of the
hole boundaries are the same.
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