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Abstract. Charge transport in semiconductor superlattices can be described through a discrete
drift-diffusion model. In this model, we identify some small parameter h > 0, related to the ratio
between the length of a superlattice period and the observation length scale. Specifically, we inves-
tigate a regime where the length of the superlattice period is small while the doping profile is low.
In the limit h → 0, we are led to a nonlinear drift-diffusion model, coupled to the Poisson equation.
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1. Introduction. A semiconductor superlattice (SL) is a periodic array of layers
of two different semiconductors whose lateral dimension is much larger than the length
of one period. These devices exhibit nonlinear charge transport phenomena due to
the existence of electric field domains. Depending on the charge density (produced
by doping or irradiating the SL) and on the applied voltage, different qualitative
responses of the current can be obtained, as shown, e.g., by Bonilla [6]. In experiments
at intermediate values of the charge density, stationary responses and self-sustained
oscillations are observed depending on the values of the voltage. There exist solutions
corresponding to low voltages which are stationary and typically develop low electric
fields. It is very important to understand the time evolution of the solutions toward
these stationary profiles (see [5] where relocation experiments are studied).

Electronic transport in such semiconductor devices can be described by a discrete
drift-diffusion model. Details on the modeling will be given in section 2, following
the works by Aguado, Platero, Moscoso, and Bonilla [1] and Bonilla, Platero, and
Sánchez [4] and review papers by Bonilla [6] and Wacker [15]. The model consists of
the Poisson equation coupled to charge continuity equations for the electron density n
and average electric field F at each SL period. Tunneling currents across barriers are
approximated by a discrete drift-diffusion (DDD) law, whose coefficients are them-
selves field dependent. We aim at investigating asymptotics regimes for this model.
To this end, we shall write the equations in dimensionless form. Hence, we are able to
identify some small parameter—denoted h > 0 in what follows—by means of physi-
cally relevant dimensionless parameters of the DDD system. Having set up this DDD
system, we prove that the solutions converge, in an appropriate weak setting, to solu-
tions of a continuous drift-diffusion-Poisson problem with field-dependent mobilities,
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leneuve d’Ascq cedex, France (thierry.goudon@univ-lille1.fr).
‡Departamento de Matematica Aplicada, Facultad de Ciencias, Universidad de Granada, 18071

Granada, Spain (ossanche@ugr.es, jsoler@ugr.es).
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as the parameter h tends to 0. The limit equation reads⎧⎨
⎩

∂tn + ∂xJ(F, n) = 0 in (0, T ) × [−X,X],
J(F, n) = v(F )n−D(F )∂xn ,
∂xF = n−ND in (0, T ) × [−X,X].

(1.1)

These equations are completed by bias, boundary, and initial conditions⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∫ X

−X

F dx = V on (0, T ),

J(F, n)(X) = W (f)(F )n(X) on (0, T ),
J(F, n)(−X) = (j(e)(F ) −W (b)(F )n)(−X) on (0, T ),
n(t = 0, x) = n0(x) on [−X,X].

The techniques employed to prove the convergence are based on a priori estimates and
compactness properties. At this point, we have to remark that the solutions to the
DDD model are stepwise constant functions, which forces us to consider the solutions
in the framework of the bounded variation (BV) spaces.

Our main result admits a reversal lecture. Since the dimensionless system of
the DDD model coincides with a finite difference discretization of (1.1), the analysis
proposed can be read as a convergence analysis for numerical approximations of that
drift-diffusion continuous equation. In this direction our problem is related with other
works on approximation of field-dependent mobilities. System (1.1) is a monopolar
one-dimensional version of the drift-diffusion system analyzed by Gajewski and Gröger
[8] and Jerome [10]. Our DDD system is simpler than the general version studied
in those works, where different boundary conditions are considered. Here, we deal
with the time-dependent problem, while, to the best of our knowledge, the previous
analyses are devoted to approximate steady state solutions.

This paper is organized as follows. In section 2 we present in detail the DDD
model, recalling some aspects of its derivation. We also justify its well-posedness.
In section 3 we perform the dimension analysis of the system. Then, we derive the
dimensionless equations for which the analysis is actually performed and we state
precisely our main convergence result for the DDD model. Actually, our analysis
applies either when considering a Dirichlet boundary condition for the electric field or
with the bias condition. Section 4 is devoted to the crucial a priori estimates satisfied
by the solution. For the sake of simplicity, we start with the Dirichlet boundary
condition. Then, in section 5 we use these estimates to show the convergence to
the continuous model, through compactness arguments. Finally, section 6 sketches
the slight adaptation of the proof to treat the DDD system endowed with the bias
condition. The paper ends with two appendices: in the first one we deal with a
technical auxiliary result, and the latter investigates uniqueness of the limit system.

2. Discrete drift-diffusion model. Since the two semiconductors constituting
the SL have different energy gaps, the conduction band of an SL can be viewed as a
periodic array of potential wells and barriers, of widths w and d, respectively, with
� = d+w the length of one period. We assume that scattering times are shorter than
escape times from quantum wells, the latter being shorter than dielectric relaxation
times. In such a weakly coupled semiconductor SL, the dominant mechanism of charge
transport is sequential resonant tunneling. In the simplest situation, the center of each
quantum well is n-doped and the thermal energy is large compared to the energy of
the lowest miniband. Then, a description of charge transport in such devices has been
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proposed through a DDD model; see [1, 4, 6, 15]. This model has been extended by
taking into account stochastic effects by Bonilla, Sánchez, and Soler [5], in comparison
with the experimental results of Rogozia et al. [12].

In such a modeling, we consider an array of 2N + 1 consecutive cells, which are
well-barrier pairs, labeled by the index i ∈ {−N, . . . ,+N}. The barrier separating
the injecting contact from the first well of the SL is considered as the (−N − 1)th
barrier, while the barrier of the Nth SL period separates the Nth well from the
collector. The model assumes that the electrons are singularly concentrated on a
two-dimensional region located in the center of the quantum well. The unknowns
are the two-dimensional electron density ni (number of electrons per unit area of the
SL cross section at the center of the ith well) and the average electric field Fi in
each cell. These quantities are related through the following discrete Poisson equa-
tion:

Fi − Fi−1 =
e

ε
(ni −Nw

D), i ∈ {−N, . . . , N}.(2.1)

In (2.1), Nw
D stands for the two-dimensional doping in the wells, assumed to be con-

stant, while ε is the average permittivity in the SL and (−e) stands for the electron
charge. Notice that the set of relations (2.1) involves as an additional unknown
the electric field F−N−1 at the injecting contact. On the other hand, denoting by
eJi→i+1 the tunneling current density through the barrier separating the cells #i and
#(i + 1), the density in the ith cell satisfies the following charge continuity equa-
tion:

dni

dt
= Ji−1→i − Ji→i+1, i ∈ {−N, . . . , N}.(2.2)

Consequently, differentiating (2.1) and using (2.2), we notice that the quantity

ε

e

dFi

dt
+ Ji→i+1 = J(t), i ∈ {−N − 1, . . . , N}(2.3)

does not depend on the considered cell. This is the so-called Ampère’s law, where
eJ(t) stands for the total current density through the SL which does not depend on
the index i.

Then, the model is completed by a constitutive law which defines the current
density eJi→i+1 by means of the (nk, Fk)’s. The tunneling current density depends
on the electrochemical potentials at cells #i and #(i+ 1) and on the average electric
field Fi; see [6, 15]. The electrochemical potentials that “drive” the tunneling current
(a nonzero current is a consequence of unequal electrochemical potentials at cells #i
and #(i+1)) are functions of the electron densities and therefore, according to [6, 15],
we may consider that the tunneling current eJi→i+1 depends on ni, ni+1 and Fi. First-
principles calculations of eJi→i+1 are at best sketchy. In the literature, formulas have
been derived from quantum kinetic equations for Green’s functions (see [15], assuming
constant electric field across the SL, simplified hopping Hamiltonians, and scattering)
and from the transfer Hamiltonian formalism as in [1, 4, 6] (a many-body version of
the WKB method originally proposed by Bardeen [3]). At high (room) temperature,
all these formulas imply that the tunneling current is given by the difference of a drift
term and a diffusion term as follows:

Ji→i+1 =
niv(Fi)

�
− D(Fi)(ni+1 − ni)

�2
, i ∈ {−N, . . . , N − 1}.(2.4)
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The drift velocity and the diffusion coefficient are defined through functions v and D
of the electric field, which depend on the physical properties of the material used in
the SL; see [6] for more details. The special nature of the three-dimensional emitter
and collector layers (different from the essentially two-dimensional quantum wells that
form the SL) is considered in the calculation of the boundary tunneling current. By
using the transfer Hamiltonian formalism, the following approximate formulas can be
derived [4]:

J−N−1→−N = j(e)(F−N−1) −
n−NW (b)(F−N−1)

�
,(2.5)

JN→N+1 =
nNW (f)(FN )

�
.(2.6)

These equations involve the emitter current density ej(e), the emitter backward ve-
locity W (b), and the collector forward velocity W (f), which are given functions of the
electric field. All the coefficients v,D,W (b),W (f), j(e) are supposed to be nonnega-
tive and satisfy some regularity properties. Typical graphs for these functions can be
found in [5].

We remark that one equation is still missing since we have one more unknown
than we have equations. There are several ways to close the system. The simplest
way is to assume that the electric field at the emitter is prescribed as

F−N−1(t) = F−(t),(2.7)

the right-hand side being a given function F− : R
+ → R. This Dirichlet boundary

condition has been proposed when the number of periods considered in the SL is high
enough (infinite supperlattice). Therefore, this condition is well adapted to our work
since we shall deal with an asympotic problem where the number of cells goes to
infinity.

However, from a physical viewpoint, it is certainly more realistic to complete the
system by using the so-called voltage bias condition: the total voltage across the SL,

�

N∑
i=−N

Fi = V,(2.8)

remains equal to a given quantity V . In what follows we essentially deal with the
Dirichlet-like boundary condition (2.7) for the electric field. We will come back to the
voltage bias condition (2.8) at the end of the paper.

Relations (2.1), (2.2), and (2.7) form a closed system of equations for ni and Fi

with i ∈ {−N, . . . , N}, referred to in what follows as the DDD model. We remark
that the electric field in the cell #i can be expressed as a function of the incoming
field F− and the density in the previous cells as follows:

Fi(t) = F−(t) +
e

ε

i∑
j=−N

(nj(t) −Nw
D), i ∈ {−N, . . . , N} ∀t ∈ [0, T ].(2.9)

Consequently, we can rewrite the initial value problem associated to the DDD model
in terms of the densities

d�n

dt
= g(t, �n(t)) , �n(0) = �n0 ,(2.10)
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where �n(t) = (n−N , . . . , nN )T ∈ R
2N+1, g : R

2N+1 → R
2N+1 is a smooth function,

and �n0 ∈ R
2N+1 is the initial condition.

Theorem 2.1. Let n0
i ≥ 0 for i ∈ {−N, . . . , N} be the initial data for the DDD

system. Let F− be a C1 function of time. Also let v,D,W (b,f), j(e) be C1 nonnegative
functions. Then, there exists a unique global solution associated with the initial value
problem (2.10). The solution verifies ni(t) ≥ 0 for all i ∈ {−N, . . . , N}, t ≥ 0.

Proof. Local existence and uniqueness follow by a direct application of the
Cauchy–Lipschitz theorem for ODE, since the function g inherits the regularity prop-
erties of the coefficients. The estimates proved in section 4, especially in Lemma 4.1,
also provide a uniform bound on the solution which prevents a finite time blowup.
Consequently, the solution is globally defined. There remains only to justify the
nonnegativeness of the solution. To this end, it is convenient to rewrite (2.2) as a
difference between a gain term and a loss term as follows:

dni

dt
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

v(Fi−1)
� ni−1 + D(Fi)

�2 ni+1 + D(Fi−1)
�2 ni−1 −

(
v(Fi)

� + D(Fi)
�2 + D(Fi−1)

�2

)
ni

for i ∈ {−N + 1, . . . , N − 1},
D(F−N )

�2 n−N+1 + j(e)(F−N−1)−
(

v(F−N )
� + D(F−N )

�2 + W (b)(F−N−1)
�

)
n−N

for i = −N,
v(FN−1)

� nN−1 + D(FN−1)
�2 nN−1 −

(
D(FN−1)

�2 + W (f)(FN )
�

)
nN

for i = N.

Let t ≥ 0 such that ni(t) ≥ 0 for any i ∈ {−N, . . . , N}. Suppose nj(t) = 0 for

some j ∈ {−N, . . . , N}. Thus, we notice that its time derivative
dnj

dt (t) is nonnegative
and, hence, we deduce the nonnegative character of the solution along the time evolu-
tion.

3. Dimensionless equations. The aim of this section is to write the system in
dimensionless form. Hence, we will identify some dimensionless physical parameters.
Next, we appropriately order these parameters in terms of a quantity h > 0 intended
to tend to 0. Studying the limit h → 0 we obtain a nonlinear continuous drift-diffusion
model, as described in the introduction. This approach relating discrete to continuous
models is reminiscent of hydrodynamic limits in kinetic theory (see [9]). Actually, it
has been used for models of phase transition, for example, in [7].

Let us introduce time and length units, respectively, denoted by T and L. They
correspond to observation scales. We also need characteristic values for the electron
density and for the electric field, respectively, denoted by N and F . For instance, it
is quite natural to define N from the doping profile Nw

D and F from the emitter field
F−. Then, using the convention that overlined quantities are dimensionless, we set⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

N ni(t) = ni(T t), N ND = Nw
D ,

F Fi(t) = Fi(T t), F F−(t) = F−(T t),

L
T v(F ) = v(FF ),

L
T W (b,f)(F ) = W (b,f)(FF ),

L2

T D(F ) = D(FF ),
εF
e

1

T j(e)(F ) = j(e)(FF ).

Note that the emitter current density has been scaled with respect to the density
ε
eF instead of with respect to N (the other choice is also possible; the proof adapts
immediately and the emitter current density disappears as h → 0 in that case).
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Therefore, we are led to the continuity equations in the following dimensionless form:

dni

dt
=

L
�

(
v(F i−1)ni−1 − v(F i)ni −

L
�
D(F i−1)(ni−1 − ni) +

L
�
D(F i)(ni − ni+1)

)
for i ∈ {−N + 1, . . . , N − 1} and

dn−N

dt
=

L
�

( �

L
εF
εN j

(e)
(F−N−1) − n−NW

(b)
(F−N−1)

−v(F−N )n−N − L
�
D(F−N )(n−N − n−N+1)

)
,

dnN

dt
=

L
�

(
v(FN−1)nN−1 +

L
�
D(FN−1)(nN−1 − nN ) − n−NW

(f)
(FN )

)
.

On the other hand, the Poisson equation reads

εF
eN (F i − F i−1) = (ni −ND)

for i ∈ {−N, . . . , N}.
In these expressions, we identify two dimensionless parameters

α =
εF
eN , β =

L
�
.

Roughly speaking, we go from the discrete equations to a continuous description by
interpreting the difference between consecutive cells as differential quotients. It means
that we shall consider the situation

α = β =
1

h
� 1,

where h is a positive quantity intended to tend to 0. (Actually, we might suppose,
with some obvious adaptations in the proofs, that α = 1

h � 1, and α
β has a finite

positive limit.) Coming back to the physical meaning, the ordering for β means that
the size of the cells is small compared to the observation length scale � � L, while
the ordering for α is an assumption about the data; the doping profile Nw

D is small
compared to the density ε

eF− associated with the electric field at the injecting contact

(N � ε
eF). Furthermore, we shall assume that the total length of the SL is given

and is equal to 2X, so that the number of cells in the SL also should be appropriately
rescaled. Namely, the number of cells is defined in terms of the parameter h > 0 by

Nh = X/h.

The limit performed in this paper is motivated by the comparison between the
profiles of the drift velocity and of the diffusion coefficient. Figure 3.1 shows these
profiles for a 9nm/4nm GaAs/AlAs SL at 5K, while the inset picture enlarges these co-
efficients in the low-field range. In this region the diffusion coefficient is larger than the
drift velocity, which is close to zero; i.e., v(F ) � D(F )/� holds. This implies that the
diffusion coefficient is large (order h−2) in comparison to the drift velocity (order h−1).
Accordingly, we call this asymptotic approach low-field limit. A continuum limit also
can be performed in a regime in which v(F ) ≈ D(F )/�; this high-field regime will be
investigated in a forthcoming work. A complementary interpretation of our asymp-
totic analysis can be given in terms of a parameter (the so-called Lorentzian half-
width) defining the Lorentzian functions involved in the expression of the coefficients
of the DDD model; see [4]. The smaller the Lorentzian half-width, the lower the field.

A stationary solution for the DDD model can be obtained in the low-field range
as shown by the dotted line in Figure 3.1 (right). In this experiment, we have applied
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Fig. 3.1. Left: Drift velocity versus diffusion coefficient for a 9nm/4nm GaAs/AlAs SL. Inset:
Detailed low-field range. Right: Electric field distribution for a stationary solution of 40 periods
9nm/4nm GaAs/AlAs SL (dots) and numerical approach to the continuum drift-diffusion model
(dashed line) with bias constraint V = 0.52 V.

voltage 0.52 V, Nw
D = 0.05 × 1011 cm−2 and contact doping ND = 0.2 × 1018 cm−3.

The Lorentzian half-width involved in the computation of the coefficients of the DDD
model is 1 eV and the other parameters are equal to those used in [5]. Thus, N = Nw

D ,
F ≈ 0.3 104 V/cm, v ≈ 0.001 103 cm/s, and D/� ≈ 0.076 103 cm/s. This leads to the
values α = 3.29 and β = 7.67; a sequence of values of the same order can be obtained
(low-field limit) by modifying V.

Let us summarize the low-field problem we are interested in as follows. We drop
the overlines and emphasize the dependence of the solution (n, F ) with respect to the
parameter h by a superscript. Hence, we consider the system

dnh
i

dt
=

1

h
(Jh

i−1→i − Jh
i→i+1), i ∈ {−Nh, . . . , Nh},(3.1)

coupled to

Fh
i − Fh

i−1 = h(nh
i −ND), i ∈ {−Nh, . . . , Nh},(3.2)

with Fh
−Nh−1 = F− given. Note that, coming back to (2.9), we also have

Fh
i (t) = F−(t) + h

i∑
j=−Nh

(nh
j (t) −ND) , i ∈ {−Nh, . . . , Nh}.(3.3)

Here, we used the following definition for the tunneling currents:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Jh
i→i+1 = nh

i v
h
i − 1

h
D(Fh

i )(nh
i+1 − nh

i ), i ∈ {−Nh, . . . , Nh − 1},

Jh
−Nh−1→−Nh = j(e)(F−) − nh

−NhW
(b)(F−),

Jh
Nh→Nh+1 = nNhW (f)(Fh

Nh).

The idea is to investigate the limit as h → 0.
To this end, we set I = (−X,+X) = (−Nhh,Nhh) and we associate to the

unknowns (nh
−Nh , . . . , n

h
Nh−1) ∈ R

2Nh

and (Fh
−Nh , . . . , F

h
Nh−1) ∈ R

2Nh

, the stepwise
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constant functions nh(t, x) and Fh(t, x) defined almost everywhere on [0,∞) × I by
saying

nh(t, x) = nh
i (t), Fh(t, x) = Fh

i (t), ih < x < (i + 1)h, i ∈ {−Nh, . . . , Nh − 1}.

Note that it is not relevant to define these functions on the negligible set of points
{ih, i ∈ {−Nh, . . . , Nh}}; note also that F−, n

h
Nh , F

h
Nh

seem to play no role in these
definitions. However, they will be used in the definition of traces in the limit h → 0.
As a consequence of these definitions, we shall use that sums of nh

i or Fh
i can be

considered as integrals: for example, for any function ψ : R → R we have

∫ +X

−X

ψ(nh) dx = h

Nh−1∑
i=−Nh

ψ(nh
i ) ,

because nh
i is constant on ih < x < (i + 1)h. Then, passing to a continuous variable,

it is tempting to interpret finite differences as differential quotients. Following this
rough idea, we formally guess that the limiting problem corresponding to h → 0
consists of the following nonlinear drift-diffusion equation:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tn + ∂xJ(F, n) = 0 in (0, T ) × I,
J(F, n) = v(F )n−D(F )∂xn,
∂xF = n−ND in (0, T ) × I,
F (−X) = F− on (0, T ),
J(F, n)(X) = W (f)(F )n(X) on (0, T ),
J(F, n)(−X) = (j(e)(F ) −W (b)(F )n)(−X) on (0, T ),
n(t = 0, x) = n0(x) on I.

(3.4)

Thus, the main result of the paper is the following.
Theorem 3.1. Let v,D,W (b,f), j(e) : R → R be continuous and nonnegative

functions. Suppose that D(F ) > 0 and W (b,f)(F ) > 0 for any F ∈ R. Let F− ∈
C1(R+). Let nh,0 = (nh,0

−Nh , . . . , n
h,0
Nh) ∈ R

2Nh+1 be the initial data for the rescaled

problem. We suppose that nh,0
i ≥ 0 satisfy

sup
h>0

(
h

Nh∑
i=−Nh

|nh,0
i |2

)
≤ C0 < ∞.(3.5)

Let (nh, Fh) be the associated solution of (3.1), (3.2). Then, up to a subsequence, we
have {

nh → n strongly in L2((0, T ) × I) and in C0([0, T ]; L2(I) − weak),
Fh → F uniformly in [0, T ] × I.

Furthermore, the limits satisfy n ∈ L2(0, T ; H1(I)), F ∈ C0([0, T ] × I) and solve the
nonlinear problem (3.4) in the sense that

d

dt

∫ X

−X

nφdx =

∫ X

−X

J(F, n)φ′ dx + W (f)(F )nφ(X) + (j(e)(F ) −W (b)(F )n)φ(−X)

holds in D′(0, T ) for any test function φ ∈ C∞(I), coupled to the Poisson equation

∂xF = n−ND, F (−X) = F−
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also considered in the sense of the distributions.

This kind of nonlinear parabolic equation, coupled to the Poisson equation, has
been investigated by Liang [11]. Actually, in [11] the diffusion coefficient is constant
and the boundary conditions are slightly different. In the convergence proof, we need
only to assume the continuity of the coefficients; however, using locally Lipschitz
properties of the coefficients, we can prove the uniqueness of solution for (3.4); see
Appendix B. Consequently, assuming the convergence of the initial data, in Theo-
rem 3.1 the entire sequence converges.

A stationary solution (continuous line) for the continuous drift-diffusion model
(CDD) has been obtained in Figure 3.1 (right). The corresponding stationary solution
for the DDD model, with the same voltage, can be seen now as a numerical approach
to that of the CDD model with h ∈ [ 1

7.67 ,
1

3.29 ]. We can observe that the agreement
between the solutions to the discrete model and the continuous one is better at the
inner periods, where the low-field hypothesis plays a determinant role. The difference
between both profiles in the emitter region comes from the fact that the simulations
have been done under bias constraint.

4. A priori estimates. This section is devoted to the derivation of the crucial
estimates on the solutions (nh, Fh) that will lead us to rigorously perform the limit

h → 0. We assume that the initial data nh,0
i ≥ 0 satisfies (3.5). This implies that the

L1[−X,X]-norm is bounded as follows:

h

Nh∑
i=−Nh

nh,0
i ≤

(
h

Nh∑
i=−Nh

|nh,0
i |2

)1/2 √
(2Nh + 1)h

is bounded independently of h ∈ (0, 1). We recall that

⎧⎨
⎩

D,W (b,f), j(e), v ∈ C0(R),
v(F ) ≥ 0, j(e) ≥ 0,
W (b,f)(F ) > 0, D(F ) > 0.

(4.1)

We split our argument into several steps. We shall use the convention that CT stands
for a constant possibly depending on T and on the data F−, j

(e),W (b,f), or on the
estimates (3.5), but not on h. Also, we denote as usual by M(I) the set of Radon
measures on the open interval I. Elements of M(I) identify with distributions Φ on I
satisfying |〈Φ, ϕ〉| ≤ C‖ϕ‖L∞(I) for all ϕ ∈ C∞

c (I) for some C > 0 being independent
of the support of the test function (see, e.g., [13]). As usual we denote by BV(I) the
set of bounded variation functions, i.e., functions which are in L1(I) and such that
their distributional derivative belongs to M(I).

Lemma 4.1 (L1 estimate on the density). The sequence nh is bounded in L∞(0, T ;
L1(I)).

Proof. Summing up the equations in (3.1), we obtain

h
d

dt

Nh∑
i=−Nh

nh
i =

Nh∑
i=−Nh

(Jh
i−1→i − Jh

i→i+1) = Jh
−Nh−1→−Nh − Jh

Nh→Nh+1

= j(e)(F−) − nh
−NhW

(b)(F−) − nh
NhW

(f)(Fh
Nh).
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Therefore, integrating with respect to time and using nh
i ≥ 0 and W (b,f) ≥ 0, we find

h
Nh∑

i=−Nh

nh
i (t) +

∫ t

0

nh
−NhW

(b)(F−(s)) ds +

∫ t

0

nh
NhW

(f)(Fh
Nh)(s) ds

= h
Nh∑

i=−Nh

nh,0
i +

∫ t

0

j(e)(F−(s)) ds ≤ C0 + ‖j(e)(F−)‖L1(0,T ) ≤ CT ,

(4.2)

which concludes the proof.

Lemma 4.2 (estimates on the electric field). The sequence Fh is bounded in
L∞((0, T ) × I) and in L∞(0, T ; BV(I)), while Fh

Nh
is bounded in L∞(0, T ).

Proof. We combine the estimate in Lemma 4.1 with the identity (3.3) to yield

|Fh
i (t)| =

∣∣∣∣∣F−(t) + h

i∑
j=−Nh

(nh
j (t) −ND)

∣∣∣∣∣
≤ |F−(t)| + h

i∑
j=−Nh

nh
j (t) + h(i + Nh + 1)ND

≤ |F−(t)| + h

Nh∑
j=−Nh

nh
j (t) + (2X + h)ND ≤ CT ,

which proves that Fh is bounded in L∞((0, T )× I) and implies the estimate on Fh
Nh .

Next, let φ ∈ C∞
0 (I) be a test function. We have

〈∂xFh, φ〉 = −
∫ X

−X

Fh(t, x)φ′(x) dx = −
Nh−1∑
i=−Nh

Fh
i

∫ (i+1)h

ih

φ′(x) dx

=

Nh−1∑
i=−Nh

Fh
i (φ(ih) − φ((i + 1)h))

=

Nh∑
i=−Nh

(
(Fh

i − Fh
i−1) φ(ih)

)
+ Fh

−Nh−1φ(−Nhh) − Fh
Nhφ(Nhh)

= h

Nh∑
i=−Nh

(
(nh

i −ND) φ(ih)
)

+ F−φ(−X) − Fh
Nhφ(X),

where we have used (3.2). Hence, by using the above bounds we deduce that the
following estimate,

|〈∂xFh, φ〉| ≤ ‖φ‖L∞(I)

⎛
⎝h

Nh∑
i=−Nh

nh
i + (2X + h)ND

⎞
⎠ ≤ ‖φ‖L∞(I) CT ,

holds. This proves that ∂xF
h is bounded in L∞(0, T ;M(I)).
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Remark 4.3. Since the functions W (b,f) and D are continuous and positive in R,
the uniform bound on Fh

i guarantees that

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

inf
h>0,i∈{−Nh,...,Nh},0≤t≤T

D(Fh
i (t)) ≥ δ > 0,

inf
h>0,0≤t≤T

W (f)(Fh
Nh(t)) ≥ δ > 0,

inf
0≤t≤T

W (b)(F−(t)) ≥ δ > 0

for some δ > 0. Coming back to (4.2), we deduce that the boundary terms n±Nh are
bounded in L1(0, T ). Similarly, there exists 0 < M < ∞ such that

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

sup
h>0,i∈{−Nh,...,Nh},0≤t≤T

|D(Fh
i )| ≤ M,

sup
h>0,i∈{−Nh,...,Nh},0≤t≤T

|v(Fh
i )| ≤ M,

sup
h>0,0≤t≤T

|W (f)(Fh
Nh

)| ≤ M,

sup
h>0,0≤t≤T

|W (b)(Fh
−)| ≤ M,

sup
0≤t≤T

|j(e)(F−)| ≤ M.

Lemma 4.4 (L2 estimate on the density). The sequence nh is bounded in L∞(0, T ;
L2(I)). The “boundary terms” nh

±Nh are bounded in L2(0, T ). Moreover, we have

∫ T

0

Nh−1∑
i=−Nh

|nh
i+1 − nh

i |2
h

ds ≤ CT .

Proof. Multiplying (3.1) by nh
i and summing over i, we obtain

h

2

d

dt

Nh∑
i=−Nh

|nh
i |2 =

Nh∑
i=−Nh

(Jh
i−1→i − Jh

i→i+1)n
h
i

=

Nh−1∑
i=−Nh

Jh
i→i+1(n

h
i+1 − nh

i ) + Jh
−Nh−1→−Nhn

h
−Nh − Jh

Nh→Nh+1n
h
Nh

=

Nh−1∑
i=−Nh

(
nh
i v(F

h
i ) − 1

h
D(Fh

i )(nh
i+1 − nh

i )

)
(nh

i+1 − nh
i )

+j(e)(F−)nh
−Nh − |nh

−Nh |2W (b)(F−) − |nNh |2W (f)(Fh
Nh).
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By using Remark 4.3, we deduce the inequality

h

2

Nh∑
i=−Nh

|nh
i (t)|2 + δ

∫ t

0

⎛
⎝ Nh−1∑

i=−Nh

|nh
i+1 − nh

i |2
h

+ |nh
−Nh |2 + |nNh |2

⎞
⎠ ds

≤ h

2

Nh∑
i=−Nh

|nh
i (0)|2 + M

∫ t

0

⎛
⎝ Nh−1∑

i=−Nh

nh
i |nh

i+1 − nh
i | + nh

−Nh

⎞
⎠ ds .

Now, by using the Young inequality we estimate

∫ t

0

Nh−1∑
i=−Nh

nh
i |nh

i+1 − nh
i | ds ≤

2Mh

δ

∫ t

0

Nh∑
i=−Nh

|nh
i |2 ds +

δ

2M

∫ t

0

Nh−1∑
i=−Nh

|nh
i+1 − nh

i |2
h

ds.

It follows that

h

2

Nh∑
i=−Nh

|nh
i (t)|2 +

δ

2

∫ t

0

Nh−1∑
i=−Nh

|nh
i+1 − nh

i |2
h

ds + δ

∫ t

0

(|nh
−Nh |2 + |nNh |2) ds

≤ h

2

Nh∑
i=−Nh

|nh
i (0)|2 +

2M2

δ

∫ t

0

⎛
⎝h

Nh∑
i=−Nh

|nh
i |2

⎞
⎠ ds + M

∫ t

0

nh
−Nh ds.

We conclude the proof by applying the Gronwall inequality and by taking into account
that nh

−Nh is bounded in L1(0, T ) (see Remark 4.3).

In order to study the limit in boundary terms we consider the next statement.

Lemma 4.5 (H1 estimate of the electric field at the boundary). The sequence
Fh
Nh is bounded in H1(0, T ).

Proof. We have proved that Fh
Nh is bounded in L∞(0, T ). There remains to

bound its time derivative in L2(0, T ). This is a consequence of (3.3) together with
the estimates in Lemma 4.2 and 4.4. Indeed, we get (see the argument given in
Lemma 4.1)

∣∣∣∣ ddtFh
Nh(t)

∣∣∣∣ =

∣∣∣∣∣∣
d

dt
F− +

d

dt

⎛
⎝h

Nh∑
i=−Nh

(nh
i −ND)

⎞
⎠
∣∣∣∣∣∣

=

∣∣∣∣ ddtF− + j(e)(F−) − nh
−NhW

(b)(F−) − nh
NhW

(f)(Fh
Nh)

∣∣∣∣
≤

∥∥∥∥ d

dt
F−

∥∥∥∥
L∞(0,T )

+ M(1 + nh
−Nh + nh

Nh).

By Lemma 4.4 the right-hand side is bounded in L2(0, T ), which ends the proof.

Lemma 4.6 (BV estimate on the density). The sequence nh is bounded in
L2(0, T ; BV(I)).

Proof. Once the L2 estimate on nh is known, we derive some bounds for ∂xn
h.
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Consider φ ∈ C∞
0 (I). We have

|〈∂xnh, φ〉| =

∣∣∣∣∣−
∫ X

−X

nhφ′ dx

∣∣∣∣∣ =

∣∣∣∣∣∣−
Nh−1∑
i=−Nh

nh
i

∫ (i+1)h

ih

φ′ dx

∣∣∣∣∣∣
=

∣∣∣∣∣∣−
Nh−1∑
i=−Nh

nh
i (φ((i + 1)h) − φ(ih))

∣∣∣∣∣∣
=

∣∣∣∣∣∣
Nh∑

i=−Nh+1

(nh
i − nh

i−1) φ(ih) + nh
−Nhφ(−Nhh) − nhNhφ(Nhh)

∣∣∣∣∣∣
≤

⎛
⎝h

Nh∑
i=−Nh+1

|φ(ih)|2
⎞
⎠

1/2 ⎛
⎝ 1

h

Nh∑
i=−Nh+1

|nh
i − nh

i−1|2
⎞
⎠

1/2

≤ ‖φ‖L∞(I) (2X)1/2

⎛
⎝ Nh−1∑

i=−Nh

|nh
i+1 − nh

i |2
h

⎞
⎠

1/2

.(4.3)

Lemma 4.4 implies that the L2(0, T )-norm of the right-hand side of (4.3) is bounded
uniformly with respect to h. Hence, we conclude that ∂xn

h is in L2(0, T ;M(I)).
Lemma 4.7 (estimate on the time derivative). The sequences ∂tn

h and ∂tF
h are

bounded in L2(0, T ;M(I)) + L2(0, T ; W−1,1(I)) and in L2(0, T ;M(I)), respectively.
Proof. Let φ ∈ C∞

0 (I) and denote

Γh
i =

∫ (i+1)h

ih

φ(x) dx

for i ∈ {−Nh, . . . , Nh − 1}. Since the support of φ is included in I, we can extend Γh
i

by 0 for i ≥ Nh. We shall use the following basic estimates:{
|Γh

i | ≤ h ‖φ‖L∞(I),

|Γh
i+1 − Γh

i | ≤ h2 C‖φ′‖L∞(I).

Now we estimate the time derivative of the electric field by using the Ampère equations
(2.3). We have

〈∂tFh, φ〉 =

Nh−1∑
i=−Nh

d

dt
Fh
i

∫ (i+1)h

ih

φ(x) dx

= Jh

Nh−1∑
i=−Nh

Γh
i −

Nh−1∑
i=−Nh

Jh
i→i+1Γ

h
i = I1 + I2,

(4.4)

where Jh(t) stands for the total current density, which is defined by the (−Nh − 1)th
Ampère equation,

Jh(t) =
d

dt
F− + Jh

−Nh−1→−Nh =
d

dt
F− + j(e)(F−) −W (b)(F−)nh

−Nh .
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By Lemma 4.4, this quantity is bounded in L2(0, T ). Therefore, the first term of the
right-hand side of (4.4) is bounded by

|I1| ≤ ‖ϕ‖L∞(I) 2hNh |Jh| = ‖ϕ‖L∞(I) 2X |Jh|,

which belongs to a bounded set in L2(0, T ). Next, I2 is estimated as follows:

|I2| ≤

∣∣∣∣∣∣
Nh−1∑
i=−Nh

nh
i v(F

h
i ) Γh

i

∣∣∣∣∣∣ +

∣∣∣∣∣∣
Nh−1∑
i=−Nh

1

h
D(Fh

i )(nh
i − nh

i+1) Γh
i

∣∣∣∣∣∣
≤ M ‖φ‖L∞(I) h

⎛
⎝ Nh−1∑

i=−Nh

nh
i +

Nh−1∑
i=−Nh

|nh
i − nh

i+1|
h

⎞
⎠

≤ M ‖φ‖L∞(I)

⎛
⎜⎝h

Nh−1∑
i=−Nh

nh
i +

√√√√√2hNh

Nh−1∑
i=−Nh

|nh
i − nh

i+1|2
h

⎞
⎟⎠ .

We conclude that ∂tF
h is bounded in L2(0, T ;M1(I)).

Similarly, we deal with the time derivative of nh. We have

|〈∂tnh, ϕ〉| =

∣∣∣∣∣∣
Nh−1∑
i=−Nh

dnh
i

dt

∫ (i+1)h

ih

φ(x) dx

∣∣∣∣∣∣ =

∣∣∣∣∣∣
1

h

Nh−1∑
i=−Nh

(Jh
i−1→i − Jh

i→i+1) Γh
i

∣∣∣∣∣∣
=

1

h

∣∣∣∣∣∣
Nh−1∑
i=−Nh

Jh
i→i+1 (Γh

i+1 − Γh
i ) + Jh

−Nh−1→−NhΓh
−Nh − Jh

Nh−1→NhΓh
Nh

∣∣∣∣∣∣
≤ 1

h

∣∣∣∣∣∣
Nh−1∑
i=−Nh

v(Fh
i )nh

i (Γh
i+1 − Γh

i )

∣∣∣∣∣∣ +
1

h2

∣∣∣∣∣∣
Nh−1∑
i=−Nh

D(Fh
i )(nh

i − nh
i+1)(Γ

h
i+1 − Γh

i )

∣∣∣∣∣∣
+

1

h
|j(e)(F−) − nh

−NhW
(b)(F−)| |Γh

−Nh |

≤ C h2 ‖φ′‖L∞(I)

⎛
⎝M

h

Nh−1∑
i=−Nh

nh
i +

M

h2

Nh−1∑
i=−Nh

|nh
i − nh

i+1|

⎞
⎠

+h ‖φ‖L∞(I)
M

h
(1 + nh

−Nh)

≤ C ‖φ′‖L∞(I)

⎛
⎜⎝h

Nh−1∑
i=−Nh

nh
i +

√√√√√2hNh

Nh−1∑
i=−Nh

|nh
i − nh

i+1|2
h

⎞
⎟⎠

+‖φ‖L∞(I) M(1 + nh
−Nh) ,

which proves the estimate on ∂tn
h.

5. Continuous model. Let us combine the estimates discussed in the previous
section with the following classical compactness result (see, e.g., [2], [14]).
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Proposition 5.1. Consider Banach spaces B,X, and Y . We suppose that
X ⊂ B ⊂ Y , the first embedding being compact. Let C be a bounded set in Lp(0, T ;X),
1 ≤ p ≤ ∞. Assume that ∂tC = {∂tf, f ∈ C} is a bounded set in Lr(0, T ;Y ). Then,
C is relatively compact in Lp(0, T ;B) if 1 ≤ p < ∞ and r ≥ 1, or in C0([0, T ];B) if
p = ∞ and r > 1.

Hence, from the previous estimates we have, possibly at the cost of extracting
subsequences, that⎧⎪⎪⎨

⎪⎪⎩
nh → n strongly in L2((0, T ) × I) and in C0([0, T ];L2(I) − weak),

∂xn
h ⇀ ∂xn weakly−∗ in L2(0, T ;M(I)),

Fh → F strongly in C0([0, T ];Lp(I)) for any 1 ≤ p < ∞,

(5.1)

as h goes to 0. Notice in particular that the convergence of traces in time makes sense
and

nh(t, x)|t=0 = nh,0(x) ⇀ n0(x) = n(t, x)|t=0 weakly in L2(I)

holds, with nh,0(x) = nh
i for ih < x < (i+1)h, i ∈ {−Nh, . . . , Nh−1}. In other words,

we recover the initial condition in the limit h → 0. Finally, we can also guarantee
from Lemmas 4.4 and 4.5 the following properties:{

nh
±Nh ⇀ n± weakly in L2(0, T ),

Fh
Nh → F+ uniformly in C0([0, T ]).

(5.2)

We first get the continuous Poisson equation.
Proposition 5.2. The electric field limit F and the density limit n satisfy the

continuous Poisson equation

∂xF = n−ND, F|x=−X = F−

in a weak sense.
Remark 5.3. The Poisson relation with n ∈ L2((0, T )×I) implies, by the Sobolev

embedding, that F is in L2(0, T ; C0(I)) so that the traces of F are well defined.
Proof. Let φ ∈ C∞(I) and φh

i = φ(ih) for i ∈ {−Nh, . . . , Nh}. We denote by
φh the associated stepwise constant function. For the sake of simplicity it will be

convenient to also introduce the stepwise constant function ∇h(φ)(x) =
φh
i+1−φh

i

h for
x ∈ (ih, (i + 1)h). Multiplying (3.2) by φh

i , we get

h

Nh∑
i=−Nh

Fh
i − Fh

i−1

h
φh
i = h

Nh∑
i=−Nh

(nh
i −ND) φh

i

=

∫ X

−X

(nh −ND) φh dx + h (nh
Nh −ND) φ(X)

= h

Nh−1∑
i=−Nh

Fh
i

φh
i − φh

i+1

h
+ Fh

Nhφ(X) − F−φ(−X)

= −
∫ X

−X

Fh ∇h(φ) dx + Fh
Nhφ(X) − F−φ(−X).
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Since ∇h(φ) converges uniformly to φ′(x) on I, we have

∫ X

−X

(nh −ND) φh dx → −
∫ X

−X

F φ′(x) dx + F+φ(X) − F−φ(−X)

as h → 0.
We conclude that ∂xF = n − ND ∈ L2((0, T ) × I) and, by the Sobolev embed-

ding, F lies in L2(0, T ; C0(I)) and the traces of F are well defined and are given by
F (t,±X) = F±(t).

Let us now show that the limit n is more regular than nh is. In fact, we will
prove that n ∈ L2(0, T ; H1(I)), which guarantees that n ∈ L2(0, T ; C0(I)) due to the
Sobolev embedding, so that the traces of the limit n with respect to the space variable
are also well defined.

Proposition 5.4. The density limit n of nh belongs to L2(0, T ; H1(I)).
Proof. Let φ ∈ C∞

c (I). We have seen in the proof of Lemma 4.6 that the estimate

‖〈∂xnh, φ〉‖L2(0,T ) ≤ CT

⎛
⎝h

Nh∑
i=−Nh+1

|φ(ih)|2
⎞
⎠

1/2

= CT ‖φh‖L2(I)

holds. We also readily check that φh tends to φ in L2(I). Hence, letting h → 0 leads
to

‖〈∂xn, φ〉‖L2(0,T ) ≤ CT ‖φ‖L2(I).

By a density argument the estimate can be extended for any function φ ∈ L2(I). We
conclude that ∂xn ∈ L2((0, T ) × I).

Convergence properties stronger than (5.1) will be necessary due to the nonlinear
term. The idea is that the estimate in Lemma 4.4 is close to an L2(0, T ; H1(I))
estimate on nh. To this end we introduce the following P1 approximation: for x ∈
(ih, (i + 1)h), i ∈ {−Nh, . . . , Nh − 1}, we set⎧⎪⎪⎨

⎪⎪⎩
mh(t, x) =

nh
i+1 − nh

i

h
(x− ih) + nh

i ,

Gh(t, x) =
Fh
i+1 − Fh

i

h
(x− ih) + Fh

i .

(5.3)

Then, the sequences (mh, Gh) are close to the original quantities (nh, Fh) and enjoy
better compactness properties as shown in the following lemma.

Lemma 5.5. The following estimates are verified:{
‖nh −mh‖L2((0,T )×I) ≤ CT h,

‖Fh −Gh‖L∞((0,T )×I) ≤ CT

√
h.

Furthermore,
(
mh

)
h>0

is relatively compact in L2(0, T ; C0(I)) and
(
Gh

)
h>0

is rela-

tively compact in C0([0, T ] × I).
Proof. By taking into account the definition of the P1 approximations, we have

mh(t, x) − nh(t, x) =
nh
i+1 − nh

i

h
(x− ih)
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in the interval (ih, (i + 1)h), i ∈ {−Nh, . . . , Nh − 1}. Hence, by using Lemma 4.4 we
get

‖mh − nh‖2
L2((0,T )×I) =

∫ T

0

Nh−1∑
i=−Nh

∣∣∣nh
i+1 − nh

i

h

∣∣∣2 ∫ (i+1)h

ih

(x− ih)2 dx ds

=
h2

3

∫ T

0

Nh−1∑
i=−Nh

|nh
i+1 − nh

i |2
h

ds ≤ CT h2 .

On the other hand, (3.2) yields

|Gh(t, x) − Fh(t, x)| =

∣∣∣∣∣F
h
i+1 − Fh

i

h
(x− ih)

∣∣∣∣∣
= |nh

i+1 −ND| (x− ih) ≤ |nh
i+1 −ND| h

for x ∈ (ih, (i + 1)h), i ∈ {−Nh, . . . , Nh − 1}. Therefore, Lemma 4.4 allows us to
control this quantity as follows:

|Gh(t, x) − Fh(t, x)| ≤
√
h
√
h (nh

i+1 + ND)

≤
√
h

((
h|nh

i+1|2
)1/2

+
√
hND

)

≤
√
h

⎛
⎜⎝
⎛
⎝h

Nh∑
j=−Nh

|nh
j |2

⎞
⎠

1/2

+
√
hND

⎞
⎟⎠ ≤ CT

√
h.

This proves the first part of the result.
Note that mh and Gh are bounded in L2(0, T ; H1(I)) and L∞(0, T ; H1(I)), re-

spectively. Indeed, we have ∂xm
h = (nh

i+1 − nh
i )/h on (ih, (i + 1)h), and the bound

for ∂xm
h in L2 follows directly from Lemma 4.4. For the approximate electric field

we have ∂xG
h = (Fh

i+1 − Fh
i )/h = nh

i+1 −ND, so that

‖∂xGh‖2
L2(I) =

Nh∑
i=−Nh

|nh
i+1 −ND|2

∫ (i+1)h

ih

dx ≤ 2

Nh∑
i=−Nh

(
|nh

i+1|2 + N2
D

)
h

≤ 2

⎛
⎝h

Nh∑
i=−Nh

|nh
i+1|2 + (2X + h)N2

D

⎞
⎠ ≤ CT .

Hence, to justify the compactness properties there remains to obtain some estimates
on the time derivatives. We check that (see Appendix A)

∂t(G
h − Fh) is bounded in L2(0, T ;M(I)),

∂t(m
h − nh) is bounded in L2(0, T ;M(I)) + L2(0, T ; W−1,1(I)).

(5.4)

Then, combining this information with Lemma 4.7, we deduce the asserted compact-
ness by application of Proposition 5.1.

As a consequence of the compactness property, and by identifying limits, we can
assure that ⎧⎪⎨

⎪⎩
Gh → F uniformly on [0, T ] × I,

mh → n strongly in L2(0, T ;C0(I)),

∂xm
h ⇀ ∂xn weakly in L2((0, T ) × I).

(5.5)
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Since Gh is
√
h-close to Fh in the L∞-norm, we can improve the convergence in (5.1).

Actually, we have

Fh → F uniformly on [0, T ] × I.(5.6)

Notice also in (5.5) that the traces are well defined and the following convergences{
mh(±X) = nh

±Nh → n(±X) = n± strongly in L2(0, T ),

Gh(±X) = Fh
±Nh → F (±X) = F± strongly in L2(0, T ),

hold. In particular, the traces of n at ±X can be identified with the limits n±,
respectively, which were defined in (5.2).

In order to pass to the limit in the equation, we write a discrete weak formulation.
Let φ ∈ C∞(I). We denote φh

i = φ(ih), and φh stands for the associated piecewise
constant approximation. Then, we get

h

Nh∑
i=−Nh

d

dt
nh
i φh

i =

Nh∑
i=−Nh

(Jh
i−1→i − Jh

i→i+1) φh
i

=

Nh−1∑
i=−Nh

Jh
i→i+1 (φh

i+1 − φh
i ) − Jh

Nh→Nh+1φ
h
Nh + Jh

−Nh−1→−Nhφ
h
−Nh

=

Nh−1∑
i=−Nh

v(Fh
i )nh

i (φh
i+1 − φh

i ) −
Nh−1∑
i=−Nh

D(Fh
i )

1

h
(nh

i+1 − nh
i ) (φh

i+1 − φh
i )

−W (f)(Fh
Nh)nh

Nhφ
h
Nh + (j(e)(F−) −W (b)(F−)nh

−Nh)φh
−Nh .

(5.7)

Let us rewrite the discrete sums as integrals as follows:

d

dt

∫ X

−X

nh φh dx + h
d

dt
nh
Nh φ(X)

=

∫ X

−X

v(Fh)nh ∇hφdx−
∫ X

−X

D(Fh)∂xm
h ∇hφdx

−W (f)(Fh
Nh)nh

Nhφ(X) + (j(e)(F−) −W (b)(F−)nh
−Nh)φ(−X),

(5.8)

following the notation ∇hφ(x) = (φh
i+1 − φh

i )/h, for x ∈ (ih, (i + 1)h). We can now
pass to the limit h → 0.

We check that φh → φ and ∇hφ → φ′ uniformly on I. Let us pass to the limit
in each term of (5.8). Taking into account that nh → n in C0([0, T ]; L2(I) − weak),

we have
∫X

−X
nhφh dx →

∫X

−X
nφdx in C0([0, T ]). Since nh

Nh is bounded in L2(0, T ),
the second term in the left-hand side of (5.8) vanishes as h → 0 in D′(0, T ). Next, by
using (5.6), v(Fh)∇hφ → v(F )φ′ and D(Fh)∇hφ → D(F )φ′ uniformly on [0, T ] × I.
To do that we combine the strong convergence nh → n and the weak convergence
∂xm

h → ∂xn in L2((0, T )×I) so that the integrals in the right-hand side of (5.8) tend
to ∫ X

X

v(F )n φ′, dx−
∫ X

X

D(F )∂xn φ′ dx

as h → 0 in D′(0, T ). Finally, for the boundary terms we combine the convergence
properties in (5.2) to find as the limit as h → 0 the expression

−W (f)(F )nφ(X) +
(
j(e)(F ) −W (b)(F )n

)
φ(−X) .
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Therefore, letting h → 0 in (5.8), we have

d

dt

∫ X

X

n φ, dx =

∫ X

X

v(F )n φ′, dx−
∫ X

X

D(F )∂xnφ
′ dx

+W (f)(F )nφ(X) +
(
j(e)(F ) −W (b)(F )n

)
φ(−X)

in D′(0, T ). This ends the proof of Theorem 3.1.

Remark 5.6. The proof adapts readily if instead of assuming a constant doping
density ND, we deal with a sequence {Nh

D,i, i ∈ {−Nh, . . . , Nh}} verifying

h

Nh∑
i=−Nh

|Nh
D,i|2 < ∞.

Accordingly, we obtain in the continuous limit a (possibly nonconstant) L2(−X,X)
doping density.

6. The bias constraint. In this section we reconsider the bias condition (2.8)
as an alternative to the prescription of the emitter electric field (2.7). The arguments
are exactly those of the previous section and we point out only the main differences
in the proof. In rescaled form the condition is

h
Nh∑

i=−Nh

Fh
i = V,(6.1)

which is added to the system (3.1), (3.2). This scaling means that the ratio LF
V

has order 1, V being a characteristic value for the total voltage. Of course, the L1

estimate in Lemma 4.1 still holds, provided that j(e) is a bounded function. Then,
the key point in the previous analysis is to establish a uniform estimate (with respect
to h) on the electric field Fh

−Nh−1.

Lemma 6.1. The quantity Fh
−Nh−1 is bounded in L∞((0, T )).

Proof. Let us sum the relations (3.3). We get

h

Nh∑
i=−Nh

Fh
i = V = h

Nh∑
i=−Nh

⎛
⎝Fh

−Nh−1 + h

i∑
j=−Nh

(nh
j −ND)

⎞
⎠

= (2Nh + 1)h Fh
−Nh−1 + h2

Nh∑
j=−Nh

⎛
⎝(nh

j −ND)

Nh∑
i=j

1

⎞
⎠

= (2Nh + 1)h Fh
−Nh−1 + h2

Nh∑
j=−Nh

(nh
j −ND)(Nh − j + 1).

Consequently, the electric field at the emitter is given by

Fh
−Nh−1 =

V

(2Nh + 1)h
− h

2Nh + 1

Nh∑
j=−Nh

(nh
j −ND)(Nh − j + 1).(6.2)
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It follows that

|Fh
−Nh−1| ≤ |V |

(2Nh + 1)h
+

h2

(2Nh + 1)h

Nh∑
j=−Nh

|nh
j −ND| |Nh − j + 1|

≤ |V |
2X

+
h

(2Nh + 1)h

⎛
⎝h

Nh∑
j=−Nh

nh
j + (2Nh + 1)hND

⎞
⎠ (2Nh + 1)

≤ |V |
2X

+ h

Nh∑
j=−Nh

nh
j + (2X + h)ND.

This leads to the estimate of Fh
−Nh−1 in L∞((0, T )).

Once we have this estimate, we can justify the bounds in Lemmas 4.2 and 4.4.
We also need some control on the time derivative of Fh

−Nh−1.

Lemma 6.2. The quantity Fh
−Nh−1 is bounded in H1((0, T )).

Proof. Differentiating (6.2), we find

d

dt
Fh
−Nh−1 =

h

2Nh + 1

Nh∑
i=−Nh

⎛
⎝ i∑

j=−Nh

d

dt
nh
j

⎞
⎠

=
1

2Nh + 1

Nh∑
i=−Nh

⎛
⎝ i∑

j=−Nh

(Jh
j−1→j − Jh

j→j+1)

⎞
⎠

=
1

2Nh + 1

Nh∑
i=−Nh

(Jh
−Nh−1→−Nh − Jh

i→i+1)

= Jh
−Nh−1→−Nh − 1

2Nh + 1
JNh→Nh+1

+
1

2Nh + 1

Nh−1∑
i=−Nh

(
v(Fh

i )nh
i −D(Fh

i )
nh
i+1 − nh

i

h

)
.

Using the bounds of Lemmas 6.1 and 4.2, we can bound v(Fh
i ), D(Fh

i ), j(e)(Fh
−Nh−1),

W (b)(Fh
−Nh−1), and W (f)(Fh

Nh) by some constant 0 < M < ∞. Hence, we deduce
that ∣∣∣ d

dt
Fh
−Nh−1

∣∣∣ ≤ M(1 + nh
−Nh + nh

Nh)

+
M

(2Nh + 1)h

⎛
⎝h

Nh∑
i=−Nh

nh
i +

Nh∑
i=−Nh

|nh
i+1 − nh

i |

⎞
⎠

≤ M(1 + nh
−Nh + nh

Nh) +
M

2X
h

Nh∑
i=−Nh

nh
i

+
M√
2X

⎛
⎝ Nh∑

i=−Nh

|nh
i+1 − nh

i |2
h

⎞
⎠

1/2

.

We conclude by applying the estimates of Lemma 4.4.
By using these estimates, we can reproduce mutatis mutandis the arguments of

the previous section. We conclude with the following result.
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Theorem 6.3. Assume that j(e) is a bounded function. Then, the conclusions
of Theorem 3.1 are still valid by replacing the condition (2.7) by (6.1). Accordingly,
in the limit problem the electric field satisfies the Poisson equation ∂xF = n − ND

coupled to the constraint
∫X

−X
F dx = V.

Appendix A. Proof of (5.4). We write mh = νh + nh, Gh = Φh + Fh. Recall
that νh,Φh are defined on (0, T ) × (ih, (i + 1)h), i ∈ {−Nh, . . . , Nh − 1}, by

νh(t, x) =
1

h
(nh

i+1 − nh
i ), Φh(t, x) =

1

h
(Fh

i+1 − Fh
i ) = nh

i+1 −ND ,

where we have used (3.2) in the second relation. As in the proof of Lemma 4.7, we

consider a test function φ ∈ C∞
0 (I) and set Γh

i =
∫ (i+1)h

ih
(x−ih)φ(x) dx, which verifies

|Γh
i | ≤ ‖φ‖L∞(I)h

2/2. We have

〈∂tΦh, φ〉 =

Nh−1∑
i=−Nh

dnh
i+1

dt

∫
ih

(i + 1)h(x− ih)φ(x) dx

=
Nh−1∑
i=−Nh

1

h
(Jh

i→i+1 − Jh
i+1→i+2) Γh

i

=

Nh−1∑
i=−Nh

Jh
i→i+1

1

h
(Γh

i − Γh
i−1) −

1

h
Jh
Nh→Nh+1Γ

h
Nh−1 .

We can bound this expression as follows:

|〈∂tΦh, φ〉| ≤ ‖φ‖L∞(I)h

⎛
⎝ Nh−1∑

i=−Nh

∣∣∣∣v(Fh
i )nh

i +
1

h
D(Fh

i )(nh
i+1 − nh

i )

∣∣∣∣
⎞
⎠

+‖φ‖L∞(I)h |W (f)(Fh
Nh)nh

Nh |

≤ ‖φ‖L∞(I) M

⎛
⎜⎝h

Nh−1∑
i=−Nh

nh
i +

⎛
⎝ Nh−1∑

i=−Nh

|nh
i+1 − nh

i |2
h

⎞
⎠

1/2

√
2X + nh

Nh

⎞
⎟⎠ .

Thus, from Lemma 4.4 we deduce that ∂tΦ
h is bounded in L2(0, T ;M(I)).

We proceed with νh in a similar way. Indeed, we can write

〈∂tνh, φ〉 =
1

h

Nh−1∑
i=−Nh

(
dnh

i+1

dt
− dnh

i

dt

) ∫
ih

(i + 1)h(x− ih)φ(x) dx

=
1

h2

Nh−1∑
i=−Nh

(−Jh
i+1→i+2 + 2Jh

i→i+1 − Jh
i−1→i) Γh

i

=
1

h2

Nh−1∑
i=−Nh

Jh
i→i+1 (−Γh

i+1 + 2Γh
i − Γh

i−1)

− 1

h2
Jh
Nh→Nh+1Γ

h
Nh−1 −

1

h2
Jh
−Nh−1→−NhΓh

−Nh .

(A.1)
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The boundary terms in (A.1) are bounded by

M(1 + nh
−Nh + nh

Nh)‖φ‖L∞(I),

which belongs to a bounded set of L2(0, T ). Next, we have the bound

1

h2
| − Γh

i+1 + 2Γh
i − Γh

i−1| ≤ C‖φ′‖L∞(I) h.

Therefore, the sum in the right-hand side of (A.1) can be estimated by

C‖φ′‖L∞(I) h

Nh−1∑
i=−Nh

|Jh
i→i+1| ≤ CM‖φ′‖L∞(I)

⎛
⎝h

Nh−1∑
i=−Nh

nh
i

+

⎛
⎝ Nh−1∑

i=−Nh

|nh
i+1 − nh

i |2
h

⎞
⎠

1/2

√
2X

⎞
⎟⎠ ,

as we did in the previous proof for Φh. We conclude that ∂tν
h is bounded in

L2(0, T ;M(I)) + L2(0, T ; W−1,1(I)). This ends the proof of (5.4).

Appendix B. Uniqueness for the limit problem. In this section, we show
the uniqueness of the solution of (3.4). Let us consider two solutions (n1, F1) and
(n2, F2) of (3.4) with ni ∈ C0([0, T ]; L2(I)) ∩ L2(0, T ; H1(I)). For the difference, we
have

∂t(n1−n2) + ∂xJ(F1, n1−n2) + ∂x

(
(v(F1)−v(F2))n2 − (D(F1)−D(F2))∂xn2

)
= 0,

where J(F, n) = v(F )n−D(F )∂xn. The boundary conditions read⎧⎨
⎩

J(F1, n1 − n2)(X) = W (f)(F1)(n1 − n2) + (W (f)(F1) −W (f)(F2))n2,
J(F1, n1 − n2)(X) = j(e)(F1) − j(e)(F2) −W (b)(F1)(n1 − n2)

−(W (b)(F1) −W (b)(F2))n2.

Thus, we are left with only the task of evaluating

d

dt

∫ X

−X

|n1 − n2|2
2

dx +

∫ X

−X

D(F1)|∂x(n1 − n2)|2 dx

=

∫ X

−X

v(F1)(n1 − n2)∂x(n1 − n2) dx +

∫ X

−X

(v(F1) − v(F2))n2∂x(n1 − n2) dx

−
∫ X

−X

(D(F1) −D(F2))∂xn2∂x(n1 − n2) dx(B.1)

+J(F1, n1 − n2)(n1 − n2)(−X) − J(F1, n1 − n2)(n1 − n2)(X).

Denote by A,B,C,D, and E the five terms in the right-hand side of (B.1). Recall
that Fi belongs to L∞, so that the coefficients are lying in a bounded set. Also denote
by Λ a Lipschitz constant for the functions v,D, j(e) and W (b,f) in the range of values
of F1 and F2. Let ν > 0 be a parameter to be specified later on. By using the
Cauchy–Schwarz and Young inequalities, we can estimate

|A| ≤ Cν

∫ X

−X

|n1 − n2|2 dx + ν

∫ X

−X

|∂x(n1 − n2)|2 dx.
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Next, we have

|B| ≤ Λ‖F1 − F2‖L∞(I)

∫ X

−X

|n2| |∂x(n1 − n2)| dx

≤ CνΛ
2

∫ X

−X

|n2|2 dx ‖F1 − F2‖2
L∞(I) + ν

∫ X

−X

|∂x(n1 − n2)|2 dx.

The Poisson equations yield to

(F1 − F2)(t, x) = F−,1 − F−,2 +

∫ x

−X

(n1 − n2)(t, y) dy,

which provides the bound

‖F1 − F2‖2
L∞(I) ≤ 2|F−,1 − F−,2|2 + 4X

∫ X

−X

|n1 − n2|2 dx.

Hence, we get (changing the value of Cν)

|B| ≤ Cν

∫ X

−X

|n2|2 dx
(
|F−,1 − F−,2|2 +

∫ X

−X

|n1 − n2|2 dx
)

+ ν

∫ X

−X

|∂x(n1 − n2)|2 dx.

A similar reasoning for C leads to

|C| ≤ Cν

∫ X

−X

|∂xn2|2dx
(
|F−,1 − F−,2|2 +

∫ X

−X

|n1 − n2|2dx
)

+ν

∫ X

−X

|∂x(n1 − n2)|2dx.

For the boundary terms, we get rid of the terms −W (b,f)(F1)|n1 − n2|2 which are
nonnegative and get

D + E ≤ Λ
(
(1 + n2) |F1 − F2| |n1 − n2|(−X) + n2 |F1 − F2| |n1 − n2|(+X)

)
.

Then, we use the Sobolev embedding to control the traces of n1−n2 with the H1-norm.
Finally, we obtain

D + E ≤ Cν(1 + |n2(−X)|2 + |n2(X)|2)
(
|F−,1 − F−,2|2 +

∫ X

−X

|n1 − n2|2
)

+ν

(∫ X

−X

|n1 − n2|2 dx +

∫ X

−X

|∂x(n1 − n2)|2 dx
)
.

Having disposed of these preliminaries, we recall that D(F1) is bounded from below by
some δ > 0. Then, we put all the pieces together and choose ν = ν(δ) appropriately
so that we finally find

d

dt

∫ X

−X

|n1 − n2|2 dx +
δ

2

∫ X

−X

|∂x(n1 − n2)|2 dx

≤ f(t)

∫ X

−X

|n1 − n2|2 dx + g(t)|F−,1 − F−,2|2,
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where the nonnegative functions f, g ∈ L1(0, T ) depend on Λ, δ and
∫X

−X
(n2

2 +

|∂xn2|2) dx. The Gronwall lemma provides the inequality

∫ X

−X

|n1 − n2|2(t, x) dx

≤ e

∫ t

0
f(s) ds

(∫ X

−X

|n1 − n2|2(0, x) dx +

∫ t

0

g(s)|F−,1 − F−,2|2(s) ds
)
.

This proves the continuity of the solution with respect to the data and, consequently,
the uniqueness of the solution. We skip the adaptation of the proof to the bias
condition.

REFERENCES

[1] R. Aguado, G. Platero, M. Moscoso, and L. L. Bonilla, Microscopic model for sequential
tunneling in semiconductor multiple quantum wells, Phys. Rev. B, 55 (1997), R 16053–
16056.
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