Parabolic equations involving 0^{th} and 1^{st} order terms with L^1 data

Thierry Goudon^{1,2} and Mazen Saad^1

1Mathématiques Appliquées de Bordeaux CNRS-Université Bordeaux I 351, cours de la Libération, F-33405 Talence Cedex

2Laboratoire J. A. Dieudonné UMR 6621 Université Nice-Sophia Antipolis Parc Valrose, 06108 Nice cedex 02

Abstract This paper is devoted to general parabolic equations involving 0^{th} and 1^{st} order terms, in linear and nonlinear expressions, while the data only belong to L^1. Existence and entropic-uniqueness of solutions are proved.

1 Introduction

In this paper, we are concerned with the following general parabolic equation ∂_tu − ∇ · (A(t, x)∇u) + B(t, x, u, ∇u) = f in (0, T ) × Ω, u_{|t=0} = u_0 in Ω, u = 0 on (0, T ) × ∂Ω, (1.1)

where Ω is a regular open bounded set in IR^N and B involves the unknown u and its first derivatives. Precisely, B splits into terms which are linear with respect to u and ∇u and a nonlinear term as follows B(t, x, u, ∇u) = b(t, x) · ∇u + d(t, x)u + g(t, x, u, ∇u). (1.2)

Here, A, b and d are given functions defined on Q = (0, T ) × Ω with values in IR^N × IR^N , IR^N and IR, respectively. Our basic requirement on A, b, d is A ∈ (L^∞(Q))^{N×N} , d ∈ L^∞(Q), (1.3) b ∈ (L^∞(Q))^N , ∇ · b ∈ L^∞(Q). (1.4) As usual, we also assume that there exists a > 0 such that the matrix A satisfies A(t, x)ξ · ξ ≥ a|ξ|^2, (1.5)

for a.e. (t, x) ∈ Q and for all ξ ∈ IR^N . The function g : Q × IR × IR^N −→ IR is measurable on Q for all λ ∈ IR, ξ ∈ IR^N , continuous with respect to λ ∈ IR, ξ ∈ IR^N , a.e. in Q. Furthermore, g is required to satisfy both a sign condition and a growth condition with respect to the gradient variable since we suppose that λg(t, x, λ, ξ) ≥ 0, (1.6)

∃0 ≤ σ < 2; |g(t, x, λ, ξ)| ≤ h(|λ|)(γ(t, x) + |ξ|^σ ) (1.7)

holds for all λ ∈ IR, ξ ∈ IR^N , and a.e. in Q, with γ ∈ L^1(Q) ; h being a non decreasing function on IR^+. Main difficulties in this work arise from the fact that we consider data which only belong to L^1, namely

u_0 ∈ L^1(Ω), f ∈ L^1(Q).

(1.8)

Assuming B = 0, existence results for such parabolic problems with non regular data are established in [4] (see also [3], [10]) while uniqueness questions, in the sense of entropic or renormalized formulations, are considered in [15], [1]. Existence-uniqueness of renormalized solution for a linear parabolic equation involving a first order term with a free divergence coefficient is discussed in [14]. Taking into account the g term, the corresponding elliptic problem, with an integrable source term, is treated in [9] when σ < 2 and the critical case σ = 2 is dealt with in [5]. In [6], the g term appears in (1.1), still neglecting the linear terms involving b and d, with the restriction that g does not vanish for large value of u, which induces some regularizing effects in the equation. Note that in view of the quoted papers, our results extend to more general Leray-Lions operators ; however, to avoid technical complications and to emphasize the influence of the term B we restrict our attention on a simple operator satisfying (1.2). Let us now introduce some definitions and give the statement of our main results.

Definition 1 By weak solution of (1.1), we shall mean any function u ∈ L^q(0, T ; W^{1,q}_0 (Ω))∩ C^0(0, T ; L^1(Ω)) such that g(u, ∇u) belongs to L^1(Q) and satisfying ∫ Ω uϕ(T, x)dx − ∫ Ω u_0ϕ(0, x)dx − ∫ Q u∂_tϕ(t, x)dxdt + ∫ Q A∇u · ∇ϕdxdt + ∫ Q (g(u, ∇u) + b · ∇u + du)ϕdxdt = ∫ Q fϕdxdt (1.9)

for all T > 0 and ϕ ∈ C^0(0, T ; W^{1,q′} (Ω))∩C^1(0, T ; L^{q′} (Ω)) where 1 ≤ q <^{N +2}_{N +1} and^1_q +^1_{q′} = 1.

Theorem 1 Assume that (1.3)-(1.8) hold. Then, there exists a weak solution of (1.1), in the sense of Definition 1.

Let us recall the definition of the truncated function T_k. Let k ∈ IR^+. We set

T_k(z) = z if |z| ≤ k k if z > k −k if z < −k (1.10)

and we denote S_k(z) = ∫ z 0 T_k(τ)dτ . Definition 2 Let g = 0. We say that u is a entropic solution of (1.1) if u ∈ C^0(0, T ; L^1(Ω)) satisfies T_k(u) ∈ L^2(0, T ; H^1_0 (Ω)) for all k > 0, ∇u ∈ L^1(Q) and ∫ Ω S_k(u − ψ)(t)dx − ∫ Ω S_k(u_0 − ψ(0, ·))dx + ∫ t 0 ⟨∂_tψ, T_k(u − ψ)⟩_{H−1,H10} dt + ∫ Q A∇u · ∇(T_k(u − ψ))dxdt + ∫ Q (du + b∇u)T_k(u − ψ)dxdt ≤ ∫ Q fT_k(u − ψ)dxdt (1.11)

for all t ∈ (0, T ), k > 0 and ψ ∈ L^2(0, T ; H^1_0 (Ω)) ∩ L^∞(Q) ∩ C^0(0, T ; L^1(Ω)) with ∂_tψ ∈ L^2(0, T ; H^{−1}(Ω)).

Theorem 2 Let g = 0. Assume that (1.3)-(1.8) hold. Then, there exists a unique entropic solution of (1.1).

The strategy we adopt is rather close to those introduced in [4]. However, new difficulties arise essentially related to the influence of the linear 0^{th} and 1^{st} order terms. Then, this paper is organized as follows. First, Section 2 is devoted to an independent preliminary result which will be used to derive a bound in L^q on the gradient of the solutions, in despite of the perturbation induced by the additional terms of lower order. In Section 3, we deal with sequences u_ε of approximate solutions. We establish some a priori estimates on these solutions and we translate the obtained bounds in terms of compactness properties. Then, we explain how we can pass to the limit as ε → 0 in the weak formulation satisfied by u_ε. In Section 4, we are concerned with the uniqueness of entropic solution. Finally, in Section 5, we slightly weaken the regularity assumption concerning the coefficient b.

2 A preliminary result

The main idea in the proof of Theorem 1 consists in deriving a L^q(0, T ; W^{1,q}_0 (Ω)) estimate on the solutions depending only on the L^1 norm of the data f and u_0. Such an estimate will appear as a consequence of the following lemma.

Lemma 1 Let u ∈ L^2(0, T ; H^1_0 (Ω)) satisfy sup t∈(0,T ) ∫ Ω |u|dx ≤ β, (2.1)

and ∫ B_n |∇u|^2dxdt ≤ C_0 + C_1 ∫ E_n |∇u|dxdt, (2.2)

where B_n = {(t, x) ∈ Q, n ≤ |u(t, x)| ≤ n + 1}, and E_n = {(t, x) ∈ Q, |u(t, x)| > n + 1}. Let 1 ≤ q <^{N +2}_{N +1} . Then, there exists C > 0, depending on β, C_0, C_1, |Ω|, T , and q such that ‖u‖_{Lq(0,T ;W 1,q0 (Ω))} ≤ C. (2.3)

Proof. In [4], [10] inequality (2.2) appears with C_1 = 0 and is used to derive (2.3). Here, the additional term is related to the influence of the first order term b · ∇u in the equation as we shall see in next section (see Proposition 1). However, exploiting carefully the fact that the integral in the right hand side is only taken over the large values of the unknow, we can obtain (2.3) as a consequence of (2.2).

Let 1 ≤ q < 2. From (2.2), we first notice that ∫ B_n |∇u|^2dxdt ≤ C_0 + C_1 (∫ E_n |∇u|^qdx ) 1_q |E_n|^{q−1q} ≤ C_0 + C_1‖∇u‖_{Lq(Q)} |E_n|^{q−1q} (2.4) holds by using Holder’s inequality. Thus, applying again Holder’s inequality, we obtain ∫ B_n |∇u|^q dxdt ≤ |B_n|^{2−q}2 (∫ B_n |∇u|^2dxdt ) q_2

≤ |B_n|^{2−q}2 ( C^{q2}_0 + C^{q2}_1 ‖∇u‖^{q2}_Lq_{(Q)} |E_n|^{q−1}2 ) (2.5)

by (2.4) and the elementary inequality (a + b)^q2 ≤ a^q2 + b^q2 . Let r ≥ 0 to be chosen later. Clearly, one has |B_n| ≤ 1 n^r ∫ B_n |u|^rdxdt, |E_n| ≤ 1 n^r ∫ E_n |u|^rdxdt ≤ 1 n^r ‖u‖^r_{Lr (Q)} . (2.6)

Hence, (2.5) becomes ∫ B_n |∇u|^qdxdt ≤ C^{q2}_0 (_1 n )r 2−q_2 (∫ B_n |u|^rdxdt ) 2−q_2

+ C^{q2}_1 ‖∇u‖^{q2}_Lq_{(Q)} ‖u‖^{r(q−1)2}_Lr_{(Q)}

(_1 n ) r_2 (∫ B_n |u|^rdxdt ) 2−q_2 . (2.7)

Let K ∈ IN to be determined. We split ‖∇u‖^q_{Lq (Q)} as follows ∫ Q |∇u|^qdxdt = K∑ n=0 ∫ B_n |∇u|^qdxdt + ∞∑ n=K+1 ∫ B_n |∇u|^q dxdt. (2.8)

Since |B_n| ≤ T |Ω| and |E_n| ≤ T |Ω|, we simply evaluate the first term in the right hand side of (2.8) as follows_K ∑ n=0 ∫ B_n |∇u|^q dxdt ≤ KC_2 ( 1 + ‖∇u‖^{q2}_{Lq (Q)} ) , (2.9)

by (2.5), where C_2 = max(C^{q2}_0 (T |Ω|)^{2−q}2 , C^{q2}_1 (T |Ω|)^12 ). Thus, by using Young’s inequality in (2.8)-(2.9), we get ‖∇u‖^q_{Lq (Q)} ≤ C(K) + ∞∑ n=K+1 ∫ B_n |∇u|^qdxdt (2.10)

where C(K) tends to infinity as K becomes large. It remains to proceed to the study of the serie which appears in the right hand side.

Applying Holder’s inequality on the series with exponents^2_{2−q} and^2_q and using (2.7), we have ∞∑ n=K+1 ∫ B_n |∇u|^q dxdt ≤ C^{q2}_0 ∞∑ n=K+1 1 n^{r 2−qq} q 2 ∞∑ n=K+1 ∫ B_n |u|^rdxdt 2−q 2

+ C^{q2}_1 ‖∇u‖^{q2}_Lq_{(Q)} ‖u‖^{r(q−1)2}_Lr_{(Q)} ∞∑ n=K+1 1 n^{rq} q 2 ∞∑ n=K+1 ∫ B_n |u|^rdxdt 2−q 2

≤ C^{q2}_0 ∞∑ n=K+1 1 n^{r 2−qq} q 2 ‖u‖^{r(2−q)2}_Lr_{(Q)}

+ C^{q2}_1 ‖∇u‖^{q2}_Lq_{(Q)} ‖u‖^{r2}_Lr_{(Q)} ∞∑ n=K+1 1 n^{rq} q 2

(2.11)

Note that the conditions r 2 − q q > 1, and r q > 1 (2.12)

ensure the convergence of the series which appear in the right hand side of (2.11). Consequently, these terms become arbitrarily small when choosing K large enough as soon as (2.12) is fulfilled.

With the convention that δ(K) denotes quantities which tend to 0 as K goes to ∞, by combining (2.10) with (2.11), we get ‖∇u‖^q_{Lq(Q)} ≤ C(K) + δ(K) ( ‖u‖^{r(2−q)2}_{Lr (Q)} + ‖∇u‖^{q2}_{Lq(Q)} ‖u‖^{r2}_{Lr (Q)} ) . (2.13)

Therefore, by using Young’s inequality on the last term in the right side, it follows that ‖∇u‖^q_{Lq (Q)} ≤ C(K) + δ(K) ( ‖u‖^{r(2−q)2}_{Lr(Q)} + ‖u‖^r_{Lr (Q)} ) (2.14)

where we keep the notation C(K), δ(K) while the value of these terms may have changed, still with the meaning that C(K) → ∞, δ(K) → 0 when K becomes large. We denote by q_⋆ =^{Nq}_{N−q} the Sobolev conjugate of q. The Sobolev imbedding theorem implies that ∫_T 0 (∫ Ω |u|^{q⋆} dx ) q_{q⋆} dt ≤ C ∫ Q |∇u|^qdxdt. (2.15)

Assume now 1 < r < q_⋆ and set^1_r = θ +^{1−θ}_{q⋆} with 0 < θ < 1. For almost everywere t ∈ (0, T ), one has ‖u(t, .)‖^r_{Lr (Ω)} ≤ ‖u(t, .)‖^{rθ}_{L1(Ω)} ‖u(t, .)‖^{r(1−θ)}_{Lq⋆ (Ω)} . (2.16)

Integrating (2.16) with respect to time and recalling the bound (2.1) in L^∞(0, T, L^1(Ω)) yield ‖u‖^r_{Lr (Q)} ≤ β^{rθ} ∫ T 0 (∫ Ω |u|^{q⋆} dx )^{r(1−θ)}_{q⋆} dt. (2.17)

Choose now r =^{q(N +1)}_N , noting that the convergence condition (2.12) is fulfilled as soon as 1 ≤ q <^{N +2}_{N +1} . Combining (2.14)-(2.17) with Young’s inequality (since^{2−q}_2 < 1) leads to ∫ T 0 (∫ Ω |u|^{q⋆} dx ) q_{q⋆} dt ≤ C(K) + δ(K) (∫ T 0 (∫ Ω |u|^{q⋆} dx ) q_{q⋆} dt )^{2−q}_2 + ∫ T 0 (∫ Ω |u|^{q⋆} dx ) q_{q⋆} dt ≤ C(K) + δ(K) ∫ T 0 (∫ Ω |u|^{q⋆} dx ) q_{q⋆} dt. (2.18)

We fix K > 0 so that, for instance, 1 − δ(K) >^1_2 . Hence, we deduce from (2.18) that ‖u‖_{Lq(0,T,Lq⋆ (Ω))} ≤ C (2.19) holds, and the asserted estimate (2.3) follows easily from (2.17) and (2.14).

3 Proof of Theorem 1

The proof falls naturally into several steps and we detail each of them separetely.

3.1 Approximate solutions

We introduce the following smooth approximations of the data { u_{0,ε} ∈ C^∞_0 (Ω), f_ε ∈ C^∞_0 (Ω), u_{0,ε} → u_0 in L^1(Ω), f_ε → f in L^1(Q),

(3.1)

with ‖u_{0,ε}‖_{L1(Ω)} ≤ ‖u_0‖_{L1(Ω)} , ‖f_ε‖_{L1(Q)} ≤ ‖f‖_{L1(Q)} .

(3.2) Moreover, we regularize the function g as follows g_ε(u, ∇u) = g(u, ∇u) 1 + ε|g(u, ∇u)| . (3.3)

Note that g_ε belongs in L^∞(Q) and satisfy the sign condition (1.6) and the growth condition in (1.7). Then, classical results, see e.g. [13], [11], [7], (or, in the linear case, use a Galerkin method), provide the existence of a sequence u_ε ∈ C^0(0, T ; L^2(Ω)) ∩ L^2(0, T ; H^1_0 (Ω)), with ∂_tu_ε ∈ L^2(0, T ; H^{−1}(Ω)), of solutions of (1.1) where u_0, f and g are replaced by u_{0,ε}, f_ε and g_ε respectively. We have ⟨∂_tu_ε, ϕ⟩_{H−1(Ω),H10 (Ω)} + ∫ Ω A∇u_ε · ∇ϕdx + ∫ Ω (g_ε(u_ε, ∇u_ε) + b · ∇u_ε + du_ε)ϕdx = ∫ Ω f_εϕdx (3.4)

for all T > 0 and ϕ ∈ L^2(0, T ; H^1_0 (Ω)).

3.2 A priori estimates

In this section, we are concerned with a priori estimates satisfied by the sequence u_ε of solutions of (3.4) which lead to compactness properties essential to the proof. Proposition 1 Let A, b, d, g satisfy (1.3)-(1.7). Then, there exist β > 0, C_0 and C_1 depending only on ‖u_0‖_{L1(Ω)} , ‖f‖_{L1(Q)} , ‖b‖_{L∞(Q)} , ‖d‖_{L∞(Q)} , |Ω| and T such that the sequence u_ε of solutions of (3.4) satisfies sup ε>0, t∈(0,T ) ‖u_ε(t)‖_{L1(Ω)} ≤ β, (3.5)

and ∫ B_n |∇u_ε|^2dxdt ≤ C_0 + C_1 ∫ E_n |∇u_ε|dxdt. (3.6) In view of Lemma 1, we deduce immediately the following Corollary 1 Let A, b, d, g satisfy (1.3)-(1.7). Let 1 ≤ q <^{N +2}_{N +1} . Then, there exists C > 0 depending only on the data, such that sup_{ε>0} ‖u_ε‖_{Lq(0,T ;W 1,q0 (Ω))} ≤ C. (3.7)

Proof of Proposition 1. Since T_k is a Lipschitz function and u_ε ∈ L^2(0, T ; H^1_0 (Ω)), one has T_k(u_ε) ∈ L^2(0, T ; H^1_0 (Ω)), see [17], [18], with, moreover, ∇T_k(u_ε) = χ_{|uε|≤k} ∇u_ε, where χ_{|uε|≤k} denotes the characteristic function of the set {(t, x) ∈ Q, |u_ε(t, x)| ≤ k}. Thus, we choose ϕ = T_k(u_ε) as test function in (3.4). Writing b · ∇u_ε = ∇ · (bu_ε) − (∇ · b)u_ε, one gets d dt ∫ Ω S_k(u_ε)dx + ∫ Ω χ_{|uε|≤k} A∇u_ε · ∇u_εdx + ∫ Ω T_k(u_ε)g_ε(u_ε, ∇u_ε)dx = ∫ Ω f_εT_k(u_ε)dx + ∫ Ω χ_{|uε|≤k} u_εb · ∇u_εdx + ∫ Ω ((∇ · b) − d)u_εT_k(u_ε)dx. (3.8)

By using Holder’s and Young’s inequalities, one obtains | | ∫ Ω χ_{|uε|≤k} u_εb · ∇u_εdx | | ≤ a 2 ∫ Ω χ_{|uε|≤k} |∇u_ε|^2dx + 1 2a ‖b‖^2_{L∞(Q)} ∫ Ω χ_{|uε|≤k} |u_ε|^2dx. (3.9)

Moreover, u_εT_k(u_ε) is non negative and we assume that d and ∇ · b belong to L^∞(Q). Hence, after integration of (3.8) with respect to t and using (1.5), we are led to ∫ Ω S_k(u_ε)(t)dx + ∫ t 0 ∫ Ω T_k(u_ε)g_εdxds + a 2 ∫ t 0 ∫ Ω χ_{|uε|≤k} |∇u|^2dxds ≤ ∫ t 0 ∫ Ω |f_εT_k(u_ε)|dxds + ∫ Ω S_k(u_{0,ε})dx +^1_{2a} ‖b‖^2_{L∞(Q)} ∫ t 0 ∫ Ω χ_{|uε|≤k} |u_ε|^2dxds + ( ‖d‖_{L∞(Q)} + ‖∇ · b‖_{L∞(Q)} ) ∫ t 0 ∫ Ω u_εT_k(u_ε)dxds (3.10) where, by the sign assumption (1.6) and the definition of S_k, all the terms in the left hand side of (3.10) are non negative. Next, we observe that 0 ≤ z^2χ_{|z|≤k} ≤ zT_k(z) = z^2χ_{|z|≤k} + k|z|χ_{|z|>k} ≤ z^2χ_{|z|≤k} + (2k|z| − k^2)χ_{|z|>k} = 2S_k(z) (3.11)

which yields ∫ Ω S_k(u_ε)(t)dx ≤ ∫ t 0 ∫ Ω |f_εT_k(u_ε)|dxds + ∫ Ω S_k(u_{0,ε})dx + C(b, d) ∫ t 0 ∫ Ω S_k(u_ε)dxds (3.12)

where C(b, d) stands for 2(‖d‖_{L∞(Q)} +‖∇·b‖_{L∞(Q)} )+^1_a ‖b‖_{L∞(Q)} . We set z(t) = ∫ Ω S_k(u_ε)(t)dx. Thus, dropping non negative terms, we have

0 ≤ z(t) ≤ z(0) + ∫ t 0 ∫ Ω |f_ε||T_k(u_ε)|dxds + C(b, d) ∫ t 0 z(s)ds and we apply Gronwall’s lemma to deduce that z(t) ≤ e^{C(b,d)T} (∫ Ω S_k(u_{0,ε})dx + ∫ Q |f_ε||T_k (u_ε)|dxdt ) (3.13)

holds.

We set k = 1 in (3.13). Remarking that |T_1(z)| ≤ 1 and 0 ≤ S_1(z) ≤ |z| leads to ∫ Ω S_1(u_ε)(t)dx ≤ e^{C(b,d)T} ( ‖u_0‖_{L1(Ω)} + ‖f‖_{L1(Q)} )

by (3.2). Therefore, we end the proof of (3.5) with the following observation ∫ Ω |u_ε|dx = ∫ |u_ε|≤1 |u_ε|dx + ∫ |u_ε|>1 |u_ε|dx ≤ ∫ |u_ε|≤1 dx + ∫ |u_ε|>1 (S_1(u_ε) + 1 2 )dx ≤ 3 2 |Ω| + e^{C(b,d)T} ( ‖u_0‖_{L1(Ω)} + ‖f‖_{L1(Q)} ) = β.

To achieve the proof of Proposition 1, we are left with the task of showing that (3.6) holds. According to [4], we introduce the function

ϕ_n(z) =

1 if z ≥ n + 1 z − k if n ≤ z < n + 1 0 if −n < z < n z + k if −n − 1 < z ≤ −n −1 if z ≤ −n − 1 (3.14)

and we set Ψ_n(z) = ∫ z 0 ϕ_n(τ)dτ . We note that ϕ_n is Lipschitz function. Thus, we have ϕ_n(u_ε) ∈ L^2(0, T ; H^1_0 (Ω)), see [17], [18], with ∇ϕ_n(u_ε) = χ_{Bn} ∇u_ε, χ_{Bn} denoting the characteristic function of the set B_n = {(t, x) ∈ Q, n ≤ |u_ε(t, x)| ≤ n + 1}. Then, taking ϕ = ϕ_n(u_ε) ∈ L^2(0, T ; H^1_0 (Ω)) as test function in (3.4) gives d dt ∫ Ω Ψ_n(u_ε)dx + ∫ Ω χ_{Bn} A∇u_ε · ∇u_εdx + ∫ Ω g(u_ε, ∇u_ε)ϕ_n(u_ε)dx = ∫ Ω f_εϕ_n(u_ε)dx − ∫ Ω du_εϕ_n(u_ε)dx − ∫ Ω b · ∇u_εϕ_n(u_ε)dx. Thus, integrating the above equation with respect to t, we have ∫ Ω Ψ_n(u_ε)(t)dx + ∫ t 0 ∫ Ω χ_{Bn} A∇u_ε · ∇u_εdxdt + ∫ t 0 ∫ Ω g(u_ε, ∇u_ε)ϕ_n(u_ε)dxdt = ∫ Ω Ψ_n(u_{0,ε})dx + ∫ t 0 ∫ Ω f_εϕ_n(u_ε)dxdt − ∫ t 0 ∫ Ω du_εϕ_n(u_ε)dxdt − ∫ t 0 ∫ Ω b · ∇u_εϕ_n(u_ε)dxdt. (3.15)

Since |ϕ_n(z)| ≤ 1, and taking into account the estimate (3.5) we have | | ∫ Ω du_εϕ_n(u_ε)dx | | ≤ β‖d‖_{L∞(Q)} . (3.16) Furthermore, we remark that u_εϕ_n(u_ε) ≥ 0. Then, the third term in the left side is non negative. From the coercivity of A (see (1.5)), the positivity of Ψ_n(.) and (3.15) we deduce that a ∫ B_n |∇u_ε|^2dxdt ≤ ∫ Q |ϕ_n(u_ε)f_ε|dxdt + ∫ Ω Ψ_n(u_{0,ε})dx + β‖d‖_{L∞(Q)} + ‖b‖_{L∞(Q)} ∫ Q |∇u_ε||ϕ_n(u_ε)|dxdt ≤ ‖f‖_{L1(Q)} + ‖u_0‖_{L1(Ω)} + β‖d‖_{L∞(Q)} + ‖b‖_{L∞(Q)} ∫ Q |∇u_ε||ϕ_n(u_ε)|dxdt. (3.17)

Let us split the last integral in (3.17) as follows ∫ Q |∇u_ε||ϕ_n(u_ε)|dxdt = ∫ B_n |∇u_ε||ϕ_n(u_ε)|dxdt + ∫ E_n |∇u_ε|dxdt ≤ ∫ B_n |∇u_ε|dxdt + ∫ E_n |∇u_ε|dxdt (3.18)

since |ϕ_n(u_ε)| = 1 on E_n = {(t, x) ∈ Q, |u(t, x)| > n + 1} and ϕ_n(u_ε) = 0 if |u_ε(t, x)| < n. Using the fact 0 ≤ Ψ_n(z) ≤ |z| and (3.18), we deduce from (3.17) that a ∫ B_n |∇u_ε|^2dxdt ≤ ‖f‖_{L1(Q)} + ‖u_0‖_{L1(Ω)} + β‖d‖_{L∞(Q)} + ‖b‖_{L∞(Q)} (∫ B_n |∇u_ε|dxdt + ∫ E_n |∇u_ε|dxdt ) . By using Holder’s and Young’s inequalities, we have a ∫ B_n |∇u_ε|^2dxdt ≤ C + a 2 ∫ B_n |∇u_ε|^2dxdt + 1 2a ‖b‖^2_L∞_{(Q)}T |Ω| + ∫ E_n |∇u_ε|dxdt, where C = ‖f‖_{L1(Q)} + ‖u_0‖_{L1(Ω)} + β‖d‖_{L∞(Q)} . This finishes the proof of (3.6) with C_0 and C_1 depending on ‖f‖_{L1(Q)} , ‖u_0‖_{L1(Q)} , ‖b‖_{L∞(Q)} , ‖d‖_{L∞(Q)} , a, |Ω|, T and the bound β.

Now, we are interested in the nonlinear term g_ε. We have

Lemma 2 Suppose A, b, d, g satisfy (1.3)-(1.7) and let u_ε be a sequence of solutions of (3.4). Then, there exists C > 0 depending only on the data such that the sequence g_ε(u_ε, ∇u_ε) satisfies sup_{ε>0} ‖g_ε(u_ε, ∇u_ε)‖_{L1(Q)} ≤ C, (3.19)

lim_{k→∞} sup_{ε>0} ∫ |u_ε|>k |g_ε(u_ε, ∇u_ε)|dxdt = 0. (3.20)

Proof. It is clear that ∫ |u_ε|>n+1 |g_ε(u_ε, ∇u_ε)|dxdt = ∫ |u_ε|>n+1 ϕ_n(u_ε)g_ε(u_ε, ∇u_ε)dxdt ≤ ∫ Q ϕ_n(u_ε)g_ε(u_ε, ∇u_ε)dxdt (3.21)

since we recall that |ϕ_n(z)| = 1 when |z| > n + 1 and ϕ_n(u_ε)g_ε is non negative by the sign condition (1.6). In the sequel, we will often write g_ε = g_ε(u_ε, ∇u_ε) when no confusion can arise. >From the positivity of the first and the second terms in (3.15), we obtain 0 ≤ ∫ Q ϕ_n(u_ε)g_εdxdt ≤ | | | ∫ Q ϕ_n(u_ε)f_εdxdt | | | + | | | ∫ Ω Ψ_n(u_{0,ε})dx | | | + | | ∫ Q dϕ_n(u_ε)u_εdxdt | | + | | ∫ Q ϕ_n(u_ε)b · ∇u_εdxdt | | ≤ ‖f_ε‖_{L1(Q)} + ‖u_{0,ε}‖_{L1(Ω)} + ‖d‖_{L∞(Q)} ∫ Q |u_ε|dxdt + ‖b‖_{L∞(Q)} ∫ Q |∇u_ε|dxdt (3.22)

since |ϕ_n(z)| ≤ 1 and 0 ≤ Ψ_n(z) ≤ |z|. By (3.2), (3.5) and the estimate (3.7) with q = 1, we deduce ∫ |u_ε|>n+1 |g_ε(u_ε, ∇u_ε)|dxdt ≤ C. (3.23)

It remains to evaluate the integral over {|u_ε| < n + 1}. Assumption (1.6) yields ∫ |u_ε|<n+1 |g_ε(u_ε, ∇u_ε)|dxdt ≤ h(n + 1) ∫ |u_ε|<n+1 (|∇u_ε|^σ + γ(t, x)) dxdt (3.24)

where we estimate as follows ∫ |u_ε|<n+1 |∇u_ε|^σdxdt = n∑ j=0 ∫ B_j |∇u_ε|^σdxdt ≤ n∑ j=0 |B_j |^{1− σ2} (∫ B_j |∇u_ε|^2dxdt ) σ_2 . (3.25)

By using (3.6), (3.7) and Holder’s inequality, we get ∫ |u_ε|<n+1 |∇u_ε|^σdxdt ≤ (T |Ω|)^{1− σ2} n∑ j=0 ( C_0 + C_1 ∫ Q |∇u_ε|dxdt ) σ_2 ≤ C. (3.26)

Combining (3.26) with (3.24) and (3.23), we conclude that g_ε is bounded in L^1(Q) uniformly in ε.

We turn to the proof of (3.20). Obviously, one has ∫ |u_ε|>k |g_ε|dxdt ≤ 1 k ∫ Q T_k(u_ε)g_εdxdt. (3.27)

Similarly, replacing ϕ_n(u_ε) by T_k(u_ε) in (3.15) we obtain, similarly to (3.22), that 0 ≤ ∫ Q T_k(u_ε)g_εdxdt ≤ ∫ Q |f_εT_k(u_ε)|dxdt + ∫ Ω S_k(u_{0,ε})dx + ‖d‖_{L∞(Q)} ∫ Q T_k(u_ε)u_εdxdt + ‖b‖_{L∞(Q)} ∫ Q |T_k(u_ε)||∇u_ε|dxdt (3.28)

holds. Let M > 0. According to [14], we use the following trick { 0 ≤ S_k(z) ≤ M^2 + k|z|χ_{|z|>M} , |T_k(z)| ≤ M + kχ_{|z|>M} (3.29)

which gives ∫ |u_ε|>k |g_ε|dxdt ≤^M_k ‖f_ε‖_{L1(Q)} + ∫ |u_ε|>M |f_ε|dxdt +^{M 2}_k ‖u_{0,ε}‖_{L1(Ω)} + ∫ |u_{0,ε}|>M |u_{0,ε}|dx +^M_k ‖d‖_{L∞(Q)} ‖u_ε‖_{L1(Q)} + ∫ |u_ε|>M |u_ε|dxdt +^M_k ‖b‖_{L∞(Q)} ‖∇u_ε‖_{L1(Q)} + ∫ |u_ε|>M |∇u_ε|dxdt, (3.30)

by (3.28) and (3.29). Since, on the one hand, u_ε is bounded in L^q(0, T, W^{1,q}_0 (Ω)) for some q > 1 and f_ε, u_{0,ε} are convergent sequences in L^1(Q), L^1(Ω) respectively, and, on the other hand, sup_{ε>0} meas{(t, x) ∈ Q, |u_ε(t, x)| > M} ≤ 1 M sup_{ε>0} ‖u_ε‖_{L1(Q)} ≤ βT M tends to 0 as M goes to ∞, we can choose M large enough so that the terms

sup_{ε>0} ∫ |u_ε|>M |f_ε|dxdt, sup_{ε>0} ∫ |u_{0,ε}|>M |u_{0,ε}|dx, sup_{ε>0} ∫ |u_ε|>M |u_ε|dxdt, sup_{ε>0} ∫ |u_ε|>M |∇u_ε|dxdt are arbitrarily smalls, which, achieves the proof of (3.20).

Let the assumptions of Proposition 1 be fulfilled. Then, u_ε is bounded in L^q(0, T ; W^{1,q}_0 (Ω)), g_ε is bounded in L^1(Q) which imply, in view of the equation satisfied by u_ε that ∂_tu_ε is bounded in L^1(0, T ; W^{−1,q}(Ω)) + L^1(Q). Therefore, possibly at the cost of extracting subsequences, see e.g. [16], [18], we can assume that u_ε −→ u strongly in L^q(Q) and a.e.in Q, |u_ε(t, x)| ≤ Γ(t, x) a.e.in Q, with Γ ∈ L^q(Q), ∇u_ε ⇀ ∇u weakly in L^q(Q). (3.31)

3.3 Convergence almost everywhere of the gradients

The weak convergence of the gradients is clearly insufficient to pass to the limit when ε → 0 in nonlinear terms. Then, we claim

Lemma 3 Let the assumptions of Proposition 1 be fulfilled and let u_ε satisfy (3.31). Then, the sequence (∇u_ε)_ε converges to ∇u almost everywhere as ε goes to zero.

Proof. It suffices to show that (∇u_ε)_ε is a Cauchy sequence in measure, see [8], i.e. for all μ > 0 meas{(t, x) ∈ Q, |∇u_ε′ − ∇u_ε| > μ} −→ 0 (3.32) as ε^′, ε → 0. Let us denote by A the subset of Q involved in (3.32). Let k > 0 and δ > 0. Following [15], we remark that A ⊂ A_1 ∪ A_2 ∪ A_3 ∪ A_4

(3.33) where A_1 = {(t, x) ∈ Q, |∇u_ε| ≥ k}, A_2 = {(t, x) ∈ Q, |∇u_ε′ | ≥ k}, A_3 = {(t, x) ∈ Q, |u_ε − u_ε′ | ≥ δ}, A_4 = {(t, x) ∈ Q, |∇u_ε − ∇u_ε′ | ≥ μ, |∇u_ε| ≤ k, |∇u_ε′ | ≤ k, |u_ε − u_ε′ | ≤ δ}. (3.34)

By Corollary 1 and (3.31), we conclude easily for the three first sets. Indeed, one has |A_1| ≤ 1 k ‖∇u_ε‖_{L1(Q)} ≤ C k and an analoguous estimate holds for A_2. Hence, by choosing k large enough, |A_1| + |A_2| is arbitrarily small. Similarly, one gets |A_3| ≤ 1 δ ‖u_ε − u_ε′ ‖_{L1(Q)} which, for δ > 0 fixed, tends to 0 when ε, ε^′ → 0 since, by (3.31), u_ε is a Cauchy sequence in L^1(Q). Then, the proof is completed by choosing δ so that |A_4| is given arbitrarily small, uniformly with respect to ε, ε^′. To this end, we shall use the equations satisfied by u_ε and u_ε′ . Indeed, we observe that

|A_4| ≤^1_{μ2} ∫ A_4 |∇u_ε − ∇u_ε′ |^2dxdt ≤^1_{μ2} ∫ |u_ε−u_ε′ |≤δ |∇u_ε − ∇u_ε′ |^2dxdt = 1 μ^2 ∫ Q |∇(T_δ (u_ε − u_ε′ ))|^2dxdt. (3.35)

Substracting the relations obtained with ϕ = T_δ(u_ε − u_ε′ ) as test funtion in equation (3.4) satisfied successively by u_ε and u_ε′ leads to d dt ∫ Ω S_δ(u_ε − u_ε′ )dx + ∫ Ω A(∇u_ε − ∇u_ε′ )∇T_δ(u_ε − u_ε′ )dx = ∫ Ω (f_ε − f_ε′ )T_δ(u_ε − u_ε′ )dx − ∫ Ω (d(u_ε − u_ε′ ) − b∇(u_ε − u_ε′ )) T_δ(u_ε − u_ε′ )dx − ∫ Ω (g_ε − g_ε′ )T_δ(u_ε − u_ε′ )dx. (3.36)

Since |T_δ(z)| ≤ δ and 0 ≤ S_δ(z) ≤ δ|z|, integrating (3.36) with respect to t and using the coercivity of A (see (1.5)) yield a ∫ Q |∇(T_δ(u_ε − u_ε′ ))|^2dxdt ≤ δ ( ‖f_ε − f_ε′ ‖_{L1(Q)} + ‖u_{0,ε} − u_{0,ε}′ ‖_{L1(Ω)} + ‖d‖_{L∞(Q)} ‖u_ε − u_ε′ ‖_{L1(Q)} + ‖b‖_{L∞(Q)} ‖∇(u_ε − u_ε′ )‖_{L1(Q)} + ‖g_ε − g_ε′ ‖_{L1(Q)} ) . (3.37)

Therefore, by using (3.2) and the bounds (3.7), uniform in ε, on ‖u_ε‖_{L1(Q)} , ‖∇u_ε‖_{L1(Q)} and on ‖g_ε‖_{L1(Q)} , we deduce from (3.37) that a ∫ Q |∇(T_δ (u_ε − u_ε′ ))|^2dxdt ≤ 2δ ( ‖f‖_{L1(Q)} + ‖u_0‖_{L1(Ω)} ) + 2δC ( 1 + ‖b‖_{L∞(Q)} + ‖d‖_{L∞(Q)} ) , (3.38)

goes to zero as δ goes to zero, uniformly in ε, ε^′. This completes the proof of Lemma 3.

Having disposed of the proof of Lemma 3, let us consider the behaviour of g_ε as ε goes to 0, when it is assumed that 0 ≤ σ < 2.

Corollary 2 Let the assumptions of Proposition 1 be fulfilled and let u_ε satisfy (3.31). Then, (up to subsequences) the sequence (g_ε(u_ε, ∇u_ε))_ε converges to g(u, ∇u) almost everywhere in Q and strongly in L^1(Q).

Proof. This result is similar to those obtained in [9] in the context of elliptic problems. For the sake of completeness, we sketch the proof. By combining Lemma 3 and (3.31), it is clear that g_ε(u_ε, ∇u_ε) −→ g(u, ∇u) a.e. in Q as ε tends to 0, since g(t, x, λ, ξ) is a continuous function with respect to λ ∈ IR, ξ ∈ IR^N . Thus, by classical results, see e.g. [8], the sequence g_ε will be actually strongly convergent in L^1(Q) if one shows that g_ε lies in weakly compact set in L^1(Q). This property follows from (3.20) since 0 ≤ σ < 2. Indeed, let A be a measurable set in Q. We split ∫ A |g_ε|dxdt = ∫ A∩{|u_ε|≤k} |g_ε|dxdt + ∫ A∩{|u_ε|>k} |g_ε|dxdt (3.39)

where it is clear that ∫ A∩{|u_ε|>k} |g_ε|dxdt ≤ ∫ |u_ε|>k |g_ε|dxdt tends to 0, uniformly in ε as k → ∞, by (3.20). Moreover, the growth condition (1.6) and Holder’s inequality yield ∫ A∩{|u_ε|≤k} |g_ε|dxdt ≤ h(k) (∫ A∩{|u_ε|≤k} |∇u_ε|^σdxdt + ∫ A∩{|u_ε|≤k} γ(t, x)dxdt )

≤ h(k) (∫ |u_ε|≤k |∇u_ε|^2dxdt ) σ_2 |A|^{2−σ}2 + h(k) ∫ A γ(t, x)dxdt ≤ h(k)C_k|A|^{2−σ}2 + h(k) ∫ A γ(t, x)dxdt (3.40) by using (3.6) and (3.7) as in (3.26). Since σ < 2 and γ ∈ L^1(Q), the right hand side of this last inequality goes to 0 as |A| → 0. We conclude that lim_{|A|→0} sup_{ε>0} ∫ A |g_ε|dxdt = 0 which completes the proof of Corollary 2.

3.4 Cauchy property in C^0(0, T ; L^1(Ω)) and passage to the limit

We end our review of the properties of the sequence u_ε with the following result. Lemma 4 Let the assumptions of Proposition 1 be fulfilled. We assume that the sequence (u_ε)_ε satisfies (3.31). Then, (u_ε)_ε is a Cauchy sequence in C^0(0, T ; L^1(Ω)). Proof. We set w_{ε,ε}′ = u_ε −u_ε′ , F_{ε,ε}′ = f_ε −f_ε′ and G_{ε,ε}′ = g_ε −g_ε′ . We multiply the equations (3.4) satisfied respectively by u_ε and u_ε′ by T_1(w_{ε,ε}′ ). Substracting the obtained relations yields d dt ∫ Ω S_1(w_{ε,ε}′ )dx + ∫ |w_{ε,ε}′ |≤1 A∇w_{ε,ε}′ · ∇w_{ε,ε}′ dx = ∫ Ω F_{ε,ε}′ T_1(w_{ε,ε}′ )dx − ∫ Ω G_{ε,ε}′ T_1(w_{ε,ε}′ )dx − ∫ Ω (b · ∇w_{ε,ε}′ + dw_{ε,ε}′ )T_1(w_{ε,ε}′ )dx. (3.41)

Since 0 ≤ zT_1(z) = z^2χ_{|z|≤1} + |z|χ_{|z|>1} ≤ z^2χ_{|z|≤1} + (2|z| − 1)χ_{|z|>1} = 2S_1(w_{ε,ε}′ ), one gets | | | ∫ Ω dw_{ε,ε}′ T_1(w_{ε,ε}′ )dx | | | ≤ 2‖d‖_{L∞(Q)} ∫ Ω S_1(w_{ε,ε}′ )dx. Moreover, one has |T_1(w_{ε,ε}′ )| ≤ 1. Then, integrating (3.41) between 0 and t and from the positivity of A, it follows ∫ Ω S_1(w_{ε,ε}′ )(t)dx ≤ ∫ Ω S_1(w^0_{ε,ε}′ )dx + ∫ t 0 ∫ Ω |F_{ε,ε}′ |dxds + ∫ t 0 ∫ Ω |G_{ε,ε}′ |dxds + ‖b‖_{L∞(Q)} ∫ t 0 ∫ Ω |∇w_{ε,ε}′ |dxds + 2‖d‖_{L∞(Q)} ∫ t 0 ∫ Ω S_1(w_{ε,ε}′ )dxds (3.42)

where w^0_{ε,ε}′ = u_{0,ε} − u_{0,ε}′ . Hence, Gronwall’s lemma implies that ∫ Ω S_1(w_{ε,ε}′ )dx ≤ a_{ε,ε}′ (3.43) where a_{ε,ε}′ stands for a_{ε,ε}′ = e^{CT} (∫ Ω S_1(w^0_{ε,ε}′ )dx + ∫ Q |F_{ε,ε}′ |dxdt + ∫ Q |G_{ε,ε}′ |dxdt + ∫ Q |∇w_{ε,ε}′ |dxdt ) ≤ e^{CT} ( ‖u_{0,ε} − u_{0,ε}′ ‖_{L1(Ω)} + ‖f_ε − f_ε′ ‖_{L1(Q)} + ‖g_ε − g_ε′ ‖_{L1(Q)} + ‖∇u_ε − ∇u_ε′ ‖_{L1(Q)} ) , since S_1(z) ≤ |z|. By (3.1), u_{0,ε} and f_ε are convergent sequences in L^1(Ω) and L^1(Q), respectively and by Corollary 2, g_ε is a convergent sequence in L^1(Q). Furthermore, by

Corollary 1 and Lemma 3, ∇u_ε is both bounded in L^q(Q) and a.e. in Q convergent, which implies that ∇u_ε is actually strongly convergent in L^p(Q) for 1 ≤ p < q, and in particular in L^1(Q). Hence, it is clear that a_{ε,ε}′ tends to 0 as ε, ε^′ → 0. Finally, by Holder’s inequality, we have ∫ Ω |w_{ε,ε}′ |dx = ∫ |w_{ε,ε}′ |≤1 |w_{ε,ε}′ |dx + ∫ |w_{ε,ε}′ |>1 |w_{ε,ε}′ |dx ≤ (∫ |w_{ε,ε}′ |≤1 |w_{ε,ε}′ |^2dx ) 1_2 (∫ |w_{ε,ε}′ |≤1 1dx ) 1_2 + ∫ |w_{ε,ε}′ |>1 |w_{ε,ε}′ |dx ≤ √ |Ω| (∫ |w_{ε,ε}′ |≤1 2S_1(w_{ε,ε}′ )dx ) 1_2 + ∫ |w_{ε,ε}′ |>1 2S_1(w_{ε,ε}′ )dx, since^{|z|}_2 χ_{|z|>1} ≤ (^{|z|}_2 +^{|z|−1}_2 )χ_{|z|>1} = S_1(w_{ε,ε}′ )χ_{|z|>1} and^{|z|2}_2 χ_{|z|≤1} = S_1(z)χ_{|z|≤1} . By (3.43), we deduce that ∫ Ω |u_ε − u_ε′ |dx = ∫ Ω |w_{ε,ε}′ |dx ≤ √ 2|Ω| √ a_{ε,ε}′ + 2a_{ε,ε}′ tends to 0 as ε, ε^′ → 0 which proves that u_ε is a Cauchy sequence in C^0(0, T ; L^1(Q)).

Finally, we achieve the proof of Theorem 1 by passing easily to the limit ε → 0 in the following weak formulation ∫ Ω u_εϕ(t)dx − ∫ Ω u_{0,ε}ϕ(0, x)dx − ∫ t 0 ∫ Ω u_ε∂_tϕdxdt + ∫ t 0 ∫ Ω A∇u_ε · ∇ϕdxdt + ∫ t 0 ∫ Ω (b · ∇u_ε + du_ε + g_ε(u_ε, ∇u_ε)) ϕdxdt = ∫ t 0 ∫ Ω f_εϕdxdt (3.44)

with ϕ ∈ C^0(0, T, W^{1,q′}_0 (Ω)) ∩ C^1(0, T, L^{q′} (Ω)), obtaining in this way that the limit u is a solution of (1.1) in the sense of (1.9).

Remark 1 We point out the fact that the assumption on the derivatives of the coefficient b is useful uniquely to obtain the uniform bound (3.5) in L^∞(0, T ; L^1(Ω)).

Remark 2 A similar existence result may be obtained if the strong convergences in (3.1) are replaced by weak L^1 convergences.

4 Entropic solutions : End of proof of Theorem 2

In this Section, we assume g = 0. First, we prove that, besides the weak "natural" formulation (1.9), the limit u of the sequence of approximate solutions u_ε also satisfies the entropic relation (1.11). Having disposed of the existence of such a solution, we show that u is unique in the class of entropic solutions.

4.1 Existence of entropic solution

Let us recall the convergence properties obtained in Section 3 on the sequence u_ε, after suitable extraction of subsequences. First, u_ε converges to u strongly in L^q(Q), with 1 ≤ q <

N +2 N +1 , in C

0(0, T ; L^1(Ω)), a.e. in Q and is dominated. Moreover, ∇u_ε is bounded in L^q(Q) and converges a.e. in Q to ∇u ; thus, the convergence actually holds strongly in L^p(Q), for 1 ≤ p < q and in particular in L^1(Q). We can also assume that ∇u_ε is dominated. Let k > 0. Since T_k is continuous and bounded by k, T_k(u_ε) converges a.e. in Q and, by Lebesgue’s theorem, strongly in L^2(Q) to T_k(u). Furthermore, from (3.10) it is easy to see that ∇T_k(u_ε) is bounded in L^2(Q) (uniformly in ε, the bound depending on k). Therefore, we may suppose that ∇T_k(u_ε) ⇀ ∇T_k(u) weakly in L^2(Q).

Fix k > 0 and let ψ ∈ L^2(0, T ; H^1_0 (Ω)) ∩ L^∞(Q) with ∂_tψ ∈ L^2(0, T ; H^{−1}(Ω)). We set P = ‖ψ‖_{L∞(Q)} . It is clear that |T_k(u_ε − ψ)| ≤ k and |∇T_k (u_ε − ψ)| = χ_{|uε−ψ|≤k} |∇(u_ε − ψ)| ≤ χ_{|uε|≤k+P} |∇u_ε| + |∇ψ| (4.1)

which implies that T_k(u_ε −ψ) belongs to (a bounded set in) L^2(0, T ; H^1_0 (Ω)). Then, plugging ϕ = T_k(u_ε − ψ) in (3.4) gives ∫ Ω S_k(u_ε − ψ)(T )dx − ∫ Ω S_k(u_{0,ε} − ψ(0, ·))dx + ∫ T 0 ⟨∂_tψ, T_k (u_ε − ψ)⟩ds + ∫ Q A∇u_ε∇T_k(u_ε − ψ)dxds + ∫ Q (b · ∇u_ε + du_ε)T_k(u_ε − ψ)dxds = ∫ Q f_εT_k(u_ε − ψ)dxds. (4.2) We shall study the behaviour of (4.2) when we let ε go to 0. Since S_k is k-Lipschit, one has | | ∫ Ω S_k(u_ε − ψ) − S_k(u − ψ)dx | | ≤ k ∫ Ω |u_ε − u|dx for all t ∈ [0, T ] where the right hand side tends to 0 as ε → 0. Next, since we have assumed that ∂_tψ lies in L^2(0, T ; H^{−1}(Ω)), we have to prove that

T_k(u_ε − ψ) ⇀ T_k(u − ψ) in L^2(0, T ; H^1_0 (Ω)).

(4.3)

Obviously, this convergence holds in L^2(Q) since u_ε converges to u a.e. in Q and T_k is continuous and bounded by k. Derivating T_k(u_ε − ψ) leads to ∇T_k(u_ε − ψ) = ∇T_k(T_{k+P} (u_ε) − ψ) = χ_{|Tk+P (uε)−ψ|≤k} (∇T_{k+P} (u_ε) − ∇ψ) (4.4)

where, by the above mentioned convergences, ∇T_{k+P} (u_ε) converges weakly in L^2(Q) to ∇T_{k+P} (u) which proves (4.3). We also deal easily with the terms involving b, d and f_ε since it appears in these integrals a product of the sequence T_k(u_ε − ψ) which converges a.e. in Q and is bounded in L^∞(Q) with a sequence which converges at least weakly in L^1(Q). Finally, it remains to show that ∫ Q A∇u · ∇T_k(u − ψ)dxds ≤ lim inf_{ε→0} ∫ Q A∇u_ε · ∇T_k(u_ε − ψ)dxds. (4.5)

By using (4.4), we split the integral in the right hand side as follows ∫ Q A∇u_ε · ∇T_k(u_ε − ψ)dxds = ∫ Q χ_{|Tk+P (uε)−ψ|≤k} A∇u_ε · ∇T_{k+P} (u_ε)dxds − ∫ Q χ_{|Tk+P (uε)−ψ|≤k} A∇u_ε · ∇ψdxds = A_ε − B_ε, where, by the same argument as above, we have

lim_{ε→0} B_ε = ∫ Q χ_{|Tk+P (u)−ψ|≤k} A∇u · ∇ψdxds. Therefore (4.5) is a consequence of Fatou’s lemma, applied by combining (4.3) with T_{k+P} and the positiveness property (1.5). Finally, letting ε → 0 in (4.2), one gets (1.11).

4.2 Uniqueness

Let v be an entropic solution. To obtain the uniqueness, we will show that v = u, u still being the solution obtained by approximation. To this end, it would be natural to choose T_h(u_ε) as test function ψ in (1.11). However, as pointed out in [15], T_h is not regular enough which leads to difficulties in order to write the term involving the time derivative of the test function. Then, it is necessary to regularize the truncation. Let ν > 0. We introduce T^ν_h ∈ C^2(IR, IR) satisfying (T^ν_h )^′(z) = 0 if |z| ≥ h, (T^ν_h )^′(z) = 1 if |z| ≤ h − ν, 0 ≤ (T^ν_h )^′(z) ≤ (T_h)^′(z) ≤ 1.

(4.6)

Note that |T^ν_h (z)| ≤ |T_h(z)|, and (T^ν_h )”(z) = 0 when |z| ≥ h or |z| ≤ h − ν. In the sequel, let us denote L(f, u) = f − b · ∇u − du. We take ψ = T^ν_h (u_ε) as test function in the entropic formulation (1.11) satisfied by v, we have [∫ Ω S_k(v − T^ν_h (u_ε))dx ]t 0 + ∫ t 0 < ∂_tu_ε, (T^ν_h )^′(u_ε)T_k(v − T^ν_h (u_ε)) > ds+ ∫ t 0 ∫ Ω A∇v∇T_k (v − T^ν_h (u_ε))dxds ≤ ∫ t 0 ∫ Ω L(f, v)(T^ν_h )^′(u_ε)T_k(v − T^ν_h (u_ε))dxds. (4.7)

By using (3.4), we write the term involving the time derivative of the test function as follows ∫ t 0 ⟨∂_tu_ε, ϕ⟩ds = ∫ t 0 ∫ Ω (L(f_ε, u_ε)ϕ − A∇u_ε∇ϕ)dxds (4.8)

where ϕ = (T^ν_h )^′(u_ε)T_k(v − T^ν_h (u_ε)) and, consequently, ∇ϕ = ∇u_ε(T^ν_h )”(u_ε)T_k(v − T^ν_h (u_ε)) + (T^ν_h )^′(u_ε)∇(T_k(v − T^ν_h (u_ε))).

By (4.8), the entropic formulation (4.7) is equivalent to [∫ Ω S_k(v − T^ν_h (u_ε))dx ]t 0 + ∫ t 0 ∫ Ω A(∇v − (T^ν_h )^′(u_ε)∇u_ε)∇T_k(v − T^ν_h (u_ε))dxds − ∫ t 0 ∫ Ω A∇u_ε∇u_ε(T^ν_h )”(u_ε)T_k(v − T^ν_h (u_ε))dxds ≤ ∫ t 0 ∫ Ω (L(f, v) − L(f_ε, u_ε)(T^ν_h )^′(u_ε))T_k(v − T^ν_h (u_ε))dxds. (4.9)

Now, according to [15], let successively ν → 0, ε → 0 and h → ∞. Difficulties only arise from the third integal in the left hand, denoted by I_ν which involves the second derivative of T^ν_h ; the remaining integrals being treated by using the Lebesgue theorem. Indeed, it is clear that |S_k(v − T^ν_h (u_ε))| ≤ k|v| + kh, |T_k(v − T^ν_h (u_ε))| ≤ k, |(T^ν_h )^′(u_ε)T_k(v − T^ν_h (u_ε))| ≤ k, and |∇T_k(v − T^ν_h (u_ε))| ≤ (|∇T_{k+h}(v)| + |∇T_h(u_ε)|). Next, we wish to obtain an estimate on I_ν . Following [15] (see also [2]), we define another C^2 function R^ν_h, satisfying for z ≥ 0 : (R^ν_h)^′(z) = 1 − (T^ν_h )^′(z), R^ν_h(0) = 0, R^ν_h(−z) = R^ν_h(z). Take (R^ν_h)^′(u_ε) as test function in (3.4). By using the positivity of R^ν_h and the fact that (R^ν_h)”(z) = |(T^ν_h )”(z)|, we obtain according to [15] the following estimate |I_ν | ≤ k ∫ t 0 ∫ Ω |L(f_ε, u_ε)|χ_{|uε|>h−ν} dxds + k ∫ Ω |u_{0,ε}|χ_{|u0,ε|>h−ν} dx. (4.10)

By Lebesgue’s theorem, we can pass to the limit ν → 0 in the right hand side of (4.10), obtaining without difficulties

lim sup ν→0 |I_ν| ≤ k ∫ t 0 ∫ Ω |L(f_ε, u_ε)|χ_{|uε|>h} dxds + k ∫ Ω |u_{0,ε}|χ_{|u0,ε|>h} dx. Collecting these results, we get from (4.9) the following estimate [∫ Ω S_k(v − T_h(u_ε))dx ]t 0 + ∫ t 0 ∫ Ω A∇(v − T_h(u_ε))∇T_k(v − T_h(u_ε))dxds ≤ ∫ t 0 ∫ Ω (L(f, v) − L(f_ε, u_ε)(T_h)^′(u_ε))T_k(v − T_h(u_ε))dxds + k ∫ t 0 ∫ Ω |L(f_ε, u_ε)|χ_{|uε|>h} dxds + k ∫ Ω |u_{0,ε}|χ_{|u0,ε|>h} dx. (4.11)

The assumptions on the sequence of data and the properties of u_ε recalled above allow us to apply the Lebesgue theorem to pass to the limit as ε → 0 the first term of the left hand side and as well as in the right hand side. In addition, the coersivity of A (see (1.5)) and the following almost everywhere convergence ∇T_k(v − T_h(u_ε)) = χ_{|v−Th(uε)|≤k} (∇v − χ_{|uε|≤h} ∇u_ε) → χ_{|v−Th(u)|≤k} (∇v − χ_{|u|≤h} ∇u), permit us to apply Fatou’s lemma on the second term in the left hand side. It remains to deal with h → ∞ in the following relation [∫ Ω S_k(v − T_h(u))dx ]t 0 + ∫ t 0 ∫ Ω A∇T_k(v − T_h(u))∇T_k (v − T_h(u))dxds ≤ ∫ t 0 ∫ Ω (L(f, v) − L(f, u)(T_h)^′(u))T_k(v − T_h(u))dxds + kO(h), (4.12) where O(h) stands for ∫ t 0 ∫ Ω ( |f| + ‖b‖_{L∞(Q)} |∇u| + ‖d‖_{L∞(Q)} |u| ) χ_{|u|>h} dxds + ∫ Ω |u_0|χ_{|u0|>h} dx. which goes to 0 as h −→ ∞ because f, u, ∇u belong to L^1(Q).

We search for another expression of the integral in the right hand side of (4.12). We write, on the one hand, L(f, v) − L(f, u)(T_h)^′(u) = f − b · ∇v − dv − (f − b · ∇u − du)(T_h)^′(u) = L(f, u)(1 − (T_h)^′(u)) − b · ∇(v − u) − d(v − u) (4.13)

and, on the other hand ∫ t 0 ∫ Ω (b · ∇(v − u))T_k(v − T_h(u))dxds = − ∫ t 0 ∫ Ω (v − u)b · ∇T_k(v − T_h(u)) + (∇ · b)(v − u)T_k(v − T_h(u))dxds. (4.14)

By (4.13)-(4.14), inequality (4.12) becomes [∫ Ω S_k(v − T_h(u))dx ]t 0 + ∫ t 0 ∫ Ω A∇T_k(v − T_h(u))∇T_k (v − T_h(u))dxds ≤ ∫ t 0 ∫ Ω |(v − u)b · ∇T_k(v − T_h(u))|dxds + ∫ t 0 ∫ Ω |(d − (∇ · b))(v − u)T_k(v − T_h(u))|dxds + ∫ t 0 ∫ Ω |L(f, u)(1 − (T_h)^′(u))T_k (v − T_h(u))|dxds + kO(h) (4.15)

We remark that 1 − (T_h)^′(u) tends to 0 as h → ∞, and by Lebegue’s theorem the third term of the right hand side can be included in the general expression kO(h) which tends to 0 as h −→ ∞. Proceeding as in Section 4 leads to ∫ Ω S_k(v − T_h(u))(t)dx + a 2 ∫ t 0 ∫ Ω |∇T_k (v − T_h(u))|^2dxds ≤ ∫ Ω S_k(v − T_h(u))(0)dx + 1 a ‖b‖_L∞_{(Q)} ∫ t 0 ∫ Ω χ_{|v−Th(u)|<k}|v − u|^2dxds + (‖d‖_L∞_{(Q)} + ‖∇ · b‖_L∞_{(Q)}) ∫ t 0 ∫ Ω |(v − u)T_k(v − T_h(u))|dxds + kO(h). (4.16) In classical way, by Lebesgue’s theorem and Fatou’s lemma, letting h go to ∞, we are led to inequality (4.16) where T_h(u) is replaced by u and the last term in the right hand side vanishes. By using 0 ≤ zT_k(z) ≤ 2S_k(z), 0 ≤ z^2χ_{|z|≤k} ≤ 2S_k(z), we deduce as in Section 2 that ∫ Ω S_k(v − u)(t)dx +^a_2 ∫ t 0 ∫ Ω |∇T_k(v − u)|^2dxds ≤ ∫ Ω S_k(v − u)(0)dx + C(b, d) ∫ t 0 ∫ Ω S_k(v − u)dxds (4.17)

where C(b, d) = 2‖∇b‖_{L∞(Q)} + 2‖d‖_{L∞(Q)} +^1_a ‖b‖_{L∞(Q)} . Therefore, it suffices to apply Gronwall’s lemma to deduce that ∫ Ω S_k(v − u)(t)dx = 0 since v_0 = u_0, which gives v = u.

5 Lower regularity requirement on b

Our aim in this section is to weaken the regularity requirement on b, replacing the L^∞(Q) condition by b ∈ L^s(Q) for s > q^′ ; precisely one has Theorem 3 Let A, d, g satisfy (1.3)-(1.5) and let b ∈ L^s(Q) with s > q^′ =^q_{q−1} (recall that 1 ≤ q <^{N +2}_{N +1} ) and ∇ · b ∈ L^∞(Q). Then, there exists a weak solution of (1.1) in the sense of Definition 1.

Proof. The outline of the proof is the same of Theorem 1. Consider the approximate solution of (3.4). In the first step, we show, according to (3.5), that

u_ε is uniformly bounded in L^∞(0, T ; L^1(Ω)).

(5.1)

Reproducing the proof of Proposition 1, we take ϕ = T_k(u_ε) as test function in (3.4), and we find (3.8). All terms are treated as above except those involving u_εb·∇T_k(u_ε) which becomes | | | ∫ Q u_εb · ∇T_k(u_ε)dxdt | | | ≤ a 2 ∫ Q |∇T_k(u_ε)|^2dxdt + 1 2a ∫ Q χ_{|uε|≤k} |bu_ε|^2dxdt, by using Holder’s and Young’s inequalities. Since s > 2 the last integral is bounded by 1 2a k^2(T |Ω|)^{ss−2} ‖b‖^2_Ls_{(Q)}. Then, from (3.12), we deduce that ∫ Ω S_k(u_ε)(t)dx ≤ α_0 + α_1 ∫ t 0 ∫ Ω S_k(u_ε)dxds holds where α_0 depends on ‖f‖_L1_{(Q)}, ‖u_0‖_L1_{(Ω)} and ‖b‖_Ls_{(Q)} and α_1 depends on ‖d‖_L∞_{(Q)}, ‖∇b‖_L∞_{(Q)}. Gronwall’s Lemma permits us to conclude as in Proposition 1 and leads to (5.1).

To establish an estimate on the solutions in L^q(0, T, W^{1,q}_0 (Ω)) , we follow step by step the proofs of estimate (3.6) and of Lemma 1 which need to be adapted. For that, take ϕ = ϕ_n(u_ε) in (3.4). We deduce from (3.15) a ∫ B_n |∇u_ε|^2dxdt ≤ ∫ Q |ϕ_n(u_ε)f_ε|dxdt + ∫ Ω Ψ_n(u_{0,ε})dx + β‖d‖_{L∞(Q)} + ∫ E_n |b · ∇u_ε||ϕ_n(u_ε)|dxdt ≤ ‖f‖_{L1(Q)} + ‖u_0‖_{L1(Ω)} + β‖d‖_{L∞(Q)} + (∫ E_n |b|^{q′} dxdt ) 1_{q′} (∫ Q |∇u_ε|^qdxdt ) 1_q . Since s > q^′, using Holder’s inequality, with exponents^s_{q′} and^s_{s−q′} , yields the following substitue to (3.6) ∫ B_n |∇u_ε|^2dxdt ≤ C_0 + C_1‖∇u_ε‖_Lq_{(Q)}|E_n|^{s−q} ′ sq′ , (5.2)

where C_0 stands for^1_a (‖f‖_{L1(Q)} + ‖u_0‖_{L1(Ω)} + β‖d‖_{L∞(Q)} ) and C_1 = ‖b‖_Ls_{(Q)}. Recall that q < 2. Therefore, Holder’s inequality yields ∫ B_n |∇u_ε|^qdxdt ≤ |B_n|^{2−q}2 (∫ B_n |∇u_ε|^2dxdt ) q_2

≤ |B_n|^{2−q}2 ( C^{q2}_0 + C^{q2}_1 ‖∇u_ε‖^{q2}_Lq_{(Q)} |E_n|^{s−q} ′ sq′ q 2 ) . (5.3)

Let r and K as in Lemma 1. By using (2.6), one gets ∫ B_n |∇u_ε|^qdxdt ≤ C^{q2}_0^1_{nr 2−q2} (∫ B_n |u_ε|^rdxdt ) 2−q_2

+ C^{q2}_1 ‖∇u_ε‖^{q2}_{Lq(Q)} ‖u_ε‖^r s−q′ sq′ q 2 Lr(Q) 1 n^{r s−q} ′ sq′ q 2 +r^{2−q}_2 (∫ B_n |u_ε|^rdxdt ) 2−q_2 . Repeated use of Holder’s inequality, as in (2.11), implies ∞∑ n=K+1 ∫ B_n |∇u_ε|^qdxdt ≤ C^{q2}_0 ∞∑ n=K+1 1 n^{r 2−qq} q 2 ‖u_ε‖^{r(2−q)2}_Lr_{(Q)}

+ C^{q2}_1 ‖∇u_ε‖^{q2}_Lq_{(Q)} ‖u_ε‖^{r(} s−q′ sq′ q 2 + 2−q 2 ) Lr (Q) ∞∑ n=K+1 1 n^{r( s−q′sq′ + 2−qq )} q 2 . (5.4)

The conditions r 2 − q q > 1, and r( s − q^′ sq^′ + 2 − q q ) > 1

(5.5)

ensure the convergence of the series. As in Section 2, we deduce from (2.8), that ‖∇u_ε‖^q_{Lq(Q)} ≤ C(K) + δ(K) ( ‖u_ε‖^{r(2−q)2}_{Lr (Q)} + ‖∇u_ε‖^{q2}_{Lq (Q)} ‖u_ε‖^{r(} s−q′ sq′ q 2 + 2−q 2 ) Lr(Q) ) , holds where δ(K) tends to zero as K goes to infinity. Therefore, Young’s inequality yields ‖∇u_ε‖^q_{Lq(Q)} ≤ C(K) + δ(K) ( ‖u_ε‖^{r(2−q)2}_{Lr (Q)} + ‖u_ε‖^{r(} s−q′ sq′ q+2−q) Lr(Q) ) . (5.6)

If we choose r = q^{N +1}_N , estimate (2.17) becomes ‖u_ε‖^r_Lr_{(Q)} ≤ C‖u_ε‖^q_{Lq(0,T ;Lq}⋆_{(Ω))}. Using Sobolev’s theorem, as in Section 2, we derive the following estimate on u_ε in L^q(0, T ; L^{q⋆} (Ω)) ‖u_ε‖^q_{Lq(0,T ;Lq}⋆_{(Ω))} ≤ C(K) + δ(K) ( ‖u_ε‖^{q 2−q2}_{Lq(0,T ;Lq}⋆_{(Ω))} + ‖u_ε‖^{q(} s−q′ sq′ q+2−q) L^q(0,T ;L^{q⋆} (Ω)) ) . Since^{2−q}_2 < 1 and^{s−q′}_{sq′} q + 2 − q < 1, we can use again Young’s inequality which, choosing K large enough, leads to a bound on u_ε in L^q(0, T ; L^{q⋆} (Ω)) and, thus, in L^q(0, T ; W^{1,q}_0 (Ω)). Finally, let us verify the compatibility of conditions (5.5). For r = q^{N +1}_N , the first condition is equivalent to 1 ≤ q <^{N +2}_{N +1} and the second condition means that s > (N + 1)^{q′}_{q′−1} which is clearly satisfied since it is yet required s > q^′.

Finally, one can easily verify that Lemma 2, Lemma 3, Corollary 2 and Lemma 4 are valid in the context of Theorem 3 and the proof follows.

Appendix A : Weak L^1 convergence

Lemma 5 The sequence u_ε solution of (3.4) satisfies

lim_{k→∞} sup ε>0, t∈(0,T ) ∫ |u_ε|>k |u_ε|dx = 0. (A.1)

Proof.

We look at (3.13) without precising the value of k > 0. Let M > 0. Inequalities (3.29) leads to 1 k ∫ Ω S_k(u_ε)(t)dx ≤ e^{C(b,d)T} ( M k ‖f_ε‖_{L1(Q)} + ∫ |u_ε|>M |f_ε|dxdt +^{M 2}_k |Ω| + ∫ |u_{0,ε}|>M |u_{0,ε}|dx ) . (A.2)

Since f_ε and u_{0,ε} are convergent sequences in L^1(Q) and L^1(Ω) respectively and remarking, by (3.5), that sup_{ε>0} (meas{(t, x) ∈ Q, |u_ε(t, x)| > M}) ≤ 1 M T sup_{ε>0} ‖u_ε‖_{L∞(0,T,L1(Ω))} ≤ T β M tends to 0 as M → ∞, the quantities

sup_{ε>0} (∫ |u_{0,ε}|>M |u_{0,ε}|dx ) , sup_{ε>0} (∫ |u_ε|>M |f_ε|dxdt )

may be given arbitrarily small by choosing M large enough. Obviously^{|z|}_2 χ_{|z|>k} ≤^1_k S_k(z), hence, it follows from (A.2) that sup ε>0,t∈(0,T ) ∫ |u_ε|>k |u_ε|dx −→ 0 as k goes to ∞.

We end this appendix with the remark that an existence result similar to Theorem 1 may be obtained if the strong convergences in (3.1) are replaced by weak L^1 convergences. Indeed, by the Dunford-Pettis theorem, see [8], everything we did in Section 3 still holds, except Lemma 2 (since we loss that ‖f_ε − f_ε′ ‖_{L1(Q)} and ‖u_{0,ε} − u_{0,ε}′ ‖_{L1(Ω)} go to 0). However, by Corollary 1, Lemma 3 and Corollary 2, the convergences (3.44) hold and, moreover, ∇u_ε → ∇u a.e. Q, g_ε → g(u, ∇u) a.e. Q and strongly in L^1(Q). Furthermore, we can assume that, for all t ∈ (0, T ), u_ε(t) ⇀ u(t) in L^1(Ω). (A.3) Indeed, by Lemma 3, u_ε(t) belongs to a weakly compact set in L^1(Ω), for all ε > 0 and t ∈ (0, T ). Thus, by using the Cantor process, we can suppose that (A.3) holds for all rational time t ∈ (0, T ) ∩ IQ. Now, let ϕ ∈ L^∞(Ω) ∩ W^{1,q′} (Ω). We set U_ε(t) = ∫ Ω u_ε(t)ϕdx. Then, one has sup_{ε>0} |U_ε(t) − U_ε(s)| → 0. (A.4)

as |t − s| → 0. Hence, if (A.3) did not hold for all t ∈ (0, T ), there would exist some ϕ ∈ L^∞(Ω) ∩ W^{1,q′} (Ω) and t ∈ (0, T ) and two subsequences extracted from U_ε(t) with different limits. This clearly contredicts (A.2) where we consider a rational s = t close to t, since it is known thatU_ε(t) converges. It remains to justify (A.4). Integrating (3.4) between s and t gives |U_ε(t) − U_ε(s)| ≤ | | ∫ t s ∫ Ω (A∇u_ε · ∇ϕ + (b · ∇u_ε + du_ε + g_ε + f_ε)ϕ) dxdt | | ≤ ‖ϕ‖_{L∞(Ω)} ( ‖b‖_{L∞(Q)} ‖∇u_ε‖_{Lq(Q)} + ‖d‖_{L∞(Q)} ‖u_ε‖_{Lq(q)} ) |Ω|^{1q′} |t − s|^{1q′} + ‖A‖_{L∞(Q)} ‖∇ϕ‖_{Lq′ (Ω)} ‖∇u_ε‖_{Lq(Q)} |t − s|^{1q′} + ‖ϕ‖_{L∞(Ω)} (| | ∫ t s ∫ Ω |f_ε|dxdt | | + | | ∫ t s ∫ Ω |g_ε|dxdt | | )

by using Holder’s inequality. Since f_ε and g_ε are weakly convergent sequences in L^1(Q), we get sup_{ε>0} (| | | ∫ t s ∫ Ω |f_ε|dxdt | | | + | | | ∫ t s ∫ Ω |g_ε|dxdt | | | ) ≤ ω(|t − s|) with lim_{h→0} ω(h) = 0. The asserted convergences allow us to pass to the limit in each terms of (3.44) and, then, we are conclude that u is a weak solution in the sense of (1.9), dropping in Definition 1 the requirement that u lies in C^0(0, T ; L^1(Ω)).

Annex B : Details of Proof of uniqueness of entropic solutions

Let v be an entropic solution. To obtain the uniqueness, we will show that v = u, u still being the solution obtained by approximation. To this end, it would be natural to choose T_h(u_ε) as test function ψ in (1.11). However, as pointed out in [15], T_h is not regular enough which leads to difficulties in order to write the term involving the time derivative of the test function. Then, it is necessary to regularize the truncation. Let ν > 0. We introduce T^ν_h satisfying (T^ν_h )^′(z) = 0 if |z| ≥ h, 0 ≤ (T^ν_h )^′(z) ≤ (T_h)^′(z) ≤ 1, (T^ν_h )^′(z) = 1 if |z| ≤ h − ν. (B.1)

In particular, T^ν_h is twice differentiable, with (T^ν_h )”(z) = 0 when |z| ≥ h or |z| ≤ h − ν, and approximate T_h as ν goes to 0. Notice also that |T^ν_h (z)| ≤ |T_h(z)|. >From now on, we require that, besides the strong convergences (3.1), u_{0,ε} and f_ε are dominated and converge a.e. in Ω and Q, respectively.

We take ψ = T^ν_h (u_ε) as test function in relation (1.11) satisfied by v. By using (3.4), we write the term involving the time derivative of the test function as follows ∫ t 0 ⟨∂_tu_ε, ϕ⟩ds = ∫ t 0 ∫ Ω ((f_ε − b · ∇u_ε − du_ε)ϕ − A∇u_ε∇ϕ)dxds (B.2)

where ϕ = (T^ν_h )^′(u_ε)T_k(v − T^ν_h (u_ε)) and, consequently,

∇ϕ = ∇u_ε(T^ν_h )”(u_ε)T_k(v − T^ν_h (u_ε)) + (T^ν_h )^′(u_ε)∇(T_k(v − T^ν_h (u_ε))).

By (B.2), the entropic formulation (1.11) satisfied by v with ψ = T^ν_h (u_ε) becomes [∫ Ω S_k(v − T^ν_h (u_ε))dx ]t 0 + ∫ t 0 ∫ Ω ((f_ε − b · ∇u_ε − du_ε)(T^ν_h )^′(u_ε)T_k(v − T^ν_h (u_ε))dxds + ∫ t 0 ∫ Ω (b · ∇v + dv)T_k (v − T^ν_h (u_ε))dxds + ∫ t 0 ∫ Ω A∇v∇T_k(v − T^ν_h (u_ε))dxds − ∫ t 0 ∫ Ω A∇u_ε∇(T_k(v − T^ν_h (u_ε)))(T^ν_h )^′(u_ε)dxds − ∫ t 0 ∫ Ω A∇u_ε∇u_ε(T^ν_h )”(u_ε)T_k(v − T^ν_h (u_ε))dxds ≤ ∫ t 0 ∫ Ω fT_k(v − T^ν_h (u_ε))dxds

(B.3)

We denote by I_1, ..., I_7 the integrals which appear in (B.3). Now, according to [15], let successively ν → 0, ε → 0 and h → ∞.

Difficulties only arise from I_6, involving the second derivative of T^ν_h , the remaining integrals being treated by using the Lebesgue theorem. Indeed, it is clear that, on the one hand,

S_k(v − T^ν_h (u_ε)) → S_k(v − T_h(u_ε)), T_k(v − T^ν_h (u_ε)) → T_k(v − T_h(u_ε)), (T^ν_h )^′(u_ε)T_k(v − T^ν_h (u_ε)) → (T_h)^′(u_ε)T_k(v − T_h(u_ε)),

a.e. Q, as ν → 0, and, on the other hand, |S_k(v − T^ν_h (u_ε))| ≤ k|v| + kh, |T_k(v − T^ν_h (u_ε))| ≤ k, |(T^ν_h )^′(u_ε)T_k(v − T^ν_h (u_ε))| ≤ k.

Furthermore, we write the gradient terms as follows ∇T_k(v − T^ν_h (u_ε)) = χ_{|v−T νh (uε)|≤k} (∇v − (T^ν_h )^′(u_ε)∇u_ε) which tends a.e. Q to χ_{|v−Th(uε)|≤k} (∇v − (T_h)^′(u_ε)∇u_ε) = ∇T_k(v − T_h(u_ε)) and which is dominated by the following L^2(Q) function χ_{|v|≤k+h}(|∇v| + |(T_h)^′(u_ε)∇u_ε)|) ≤ χ_{|v|≤k+h}(|∇T_{k+h}(v)| + |∇T_h(u_ε)|) since |T^ν_h (z)| ≤ |T_h(z)| and 0 ≤ (T^ν_h )^′(z) ≤ (T_h)^′(z). Next, we wish to obtain an estimate on I_6. Following [15] (see also [2]), we define another C^2 function R^ν_h, satisfying for z ≥ 0 (R^ν_h)^′(z) = 1 − (T^ν_h )^′(z), R^ν_h(0) = 0, R^ν_h(−z) = R^ν_h(z). (B.4)

Take (R^ν_h)^′(u_ε) as test function in (3.4) ; it follows that [∫ Ω R^ν_h(u_ε)dx ]t 0 + ∫ t 0 ∫ Ω (b · ∇u_ε + du_ε)(R^ν_h)^′(u_ε)dxds + ∫ t 0 ∫ Ω A∇u_ε∇u_ε(R^ν_h)”(u_ε)dxds = ∫ t 0 ∫ Ω f_ε(R^ν_h)^′(u_ε).dxds By constuction, one has (R^ν_h)”(z) = |(T^ν_h )”(z)|. Hence, by using (1.5), we deduce that |I_6| = | | ∫ t 0 ∫ Ω A∇u_ε∇u_ε(T^ν_h )”(u_ε)T_k(v − T^ν_h (u_ε))dxds | | ≤ k ∫ t 0 ∫ Ω A∇u_ε∇u_ε(R^ν_h)”(u_ε)dxds ≤ k ∫ t 0 ∫ Ω (f_ε − b∇u_ε − du_ε)(R^ν_h)^′(u_ε)dxds + k ∫ Ω R^ν_h(u_{0,ε})dx, (B.5)

since |T_k(z)| ≤ k and R^ν_h(z) ≥ 0. The definition of R^ν_h implies that 0 ≤ R^ν_h(z) = (|z| − |T^ν_h (z)|) ≤ |z|χ_{|z|>h−ν} and 0 ≤ (R^ν_h)^′(z) ≤ χ_{|z|>h−ν} , so that we are led to |I_6| ≤ k ∫ t 0 ∫ Ω ( |f_ε| + ‖b‖_{L∞(Q)} |∇u_ε| + ‖d‖_{L∞(Q)} |u_ε| ) χ_{|uε|>h−ν} dxds + k ∫ Ω |u_{0,ε}|χ_{|u0,ε|>h−ν} dx (B.6)

by (B.5). By Lebesgue’s theorem, we can pass to the limit ν → 0 in the right hand side of (B.6), obtaining without difficulties lim sup ν→0 |I_6| ≤ k ∫ t 0 ∫ Ω ( |f_ε| + ‖b‖_{L∞(Q)} |∇u_ε| + ‖d‖_{L∞(Q)} |u_ε)| ) χ_{|uε|>h} dxds+k ∫ Ω |u_{0,ε}|χ_{|u0,ε|>h} dx.

Collecting these results, we get from (B.3) the following estimate [∫ Ω S_k(v − T_h(u_ε))dx ]t 0 + ∫ t 0 ∫ Ω ((f_ε − b · ∇u_ε − du_ε)(T_h)^′(u_ε)T_k(v − T_h(u_ε))dxds + ∫ t 0 ∫ Ω (b · ∇v + dv)T_k (v − T_h(u_ε))dxds + ∫ t 0 ∫ Ω A∇v∇T_k (v − T_h(u_ε))dxds − ∫ t 0 ∫ Ω A∇u_ε∇T_k(v − T_h(u_ε))(T_h)^′(u_ε)dxds ≤ ∫ t 0 ∫ Ω fT_k(v − T_h(u_ε))dxds + k ∫ t 0 ∫ Ω ( |f_ε| + ‖b‖_{L∞(Q)} |∇u_ε| + ‖d‖_{L∞(Q)} |u_ε| ) χ_{|uε|>h} dxds + k ∫ Ω |u_{0,ε}|χ_{|u0,ε|>h} dx.

(B.7)

Let J_1, ..., J_5 stand for the integrals in the left hand side and let us denote by J_6 the right hand side side. The assumptions on the sequence of data and the properties of u_ε recalled above allow us to apply the Lebesgue theorem to pass to the limit as ε → 0 in J_1, J_2, J_3 and J_6. Next, since (T_h)^′(u_ε)∇u_ε = ∇T_h(u_ε), we write J_4 − J_5 = ∫ t 0 ∫ Ω A∇(v − T_h(u_ε))∇T_k (v − T_h(u_ε))dxds, where, by (1.5) and the following a.e. convergence ∇T_k(v − T_h(u_ε)) = χ_{|v−Th(uε)|≤k} (∇v − χ_{|uε|≤h} ∇u_ε) → χ_{|v−Th(u)|≤k} (∇v − χ_{|u|≤h} ∇u), we can use Fatou’s lemma.

It remains to deal with h → ∞ in the following relation [∫ Ω S_k(v − T_h(u))dx ]t 0 + ∫ t 0 ∫ Ω ((f − b · ∇u − du)(T_h)^′(u)T_k(v − T_h(u))dxds + ∫ t 0 ∫ Ω (b · ∇v + dv)T_k(v − T_h(u))dxds + ∫ t 0 ∫ Ω A∇T_k(v − T_h(u))∇T_k (v − T_h(u))dxds ≤ ∫ t 0 ∫ Ω fT_k(v − T_h(u))dxds + kR(h),

(B.8)

where R(h) stands for ∫ t 0 ∫ Ω ( |f| + ‖b‖_{L∞(Q)} |∇u| + ‖d‖_{L∞(Q)} |u| ) χ_{|u|>h} dxds + ∫ Ω |u_0|χ_{|u0|>h} dx. Since meas{(t, x) ∈ Q, |u| > h} ≤^1_h T ‖u‖_{L∞(0,T ;L1(Ω))} and f, u, ∇u belong to L^1(Q), it is clear that lim_{h→∞} R(h) = 0.

Let us combine the second and third integrals in (B.8) by writing, on the one hand, b · ∇v + dv − (b · ∇u + du)(T_h)^′(u) = b · ∇(v − u) + d(v − u) + (b · ∇u + du)(1 − T_h)^′(u) (B.9) and, on the other hand ∫ t 0 ∫ Ω (b · ∇(v − u))T_k(v − T_h(u))dxds = − ∫ t 0 ∫ Ω (v − u)b · ∇T_k(v − T_h(u)) + (∇ · b)(v − u)T_k(v − T_h(u))dxds. (B.10)

By (B.9-B.10), (B.8) becomes [∫ Ω S_k(v − T_h(u))dx ]t 0 + ∫ t 0 ∫ Ω A∇T_k(v − T_h(u))∇T_k (v − T_h(u))dxds ≤ ∫ t 0 ∫ Ω f(1 − (T_h)^′(u))T_k(v − T_h(u))dxds + kR(h) + | | ∫ t 0 ∫ Ω (v − u)b · ∇T_k(v − T_h(u))dxds | | + | | ∫ t 0 ∫ Ω (d − (∇ · b))(v − u)T_k(v − T_h(u))dxds | | + | | | ∫ t 0 ∫ Ω (b · ∇u + du)(1 − (T_h)^′(u))T_k(v − T_h(u))dxds | | | .

(B.11)

Proceeding as in Section 4 leads to ∫ Ω S_k(v − T_h(u))(t)dx +^a_2 ∫ t 0 ∫ Ω |∇T_k (v − T_h(u))|^2dxds ≤ ∫ Ω S_k(v − T_h(u))(0)dx + k ∫ t 0 ∫ Ω |f||1 − (T_h)^′(u)|dxds + kR(h) + C(b, d) ∫ t 0 ∫ Ω S_k(v − T_h(u))dxds + k ∫ t 0 ∫ Ω (‖b‖_{L∞(Q)} |∇u| + ‖d‖_{L∞(Q)} |u|)|1 − (T_h)^′(u)|dxds, (B.12) by using 0 ≤ zT_k ≤ 2S_k(z), 0 ≤ z^2χ_{|z|≤k} ≤ 2S_k(z), the bound on ∇ · b and (1.3-1.5) and with C(b, d) = 2‖∇b‖_{L∞(Q)} + 2‖d‖_{L∞(Q)} +^1_a ‖b‖_{L∞(Q)} . Then, we remark that 1 − (T_h)^′(u) tends to 0 as h → ∞ while |1 − (T_h)^′(u)| ≤ 2 and f, u, ∇u belong to L^1(Q). We have also 0 ≤ S_k(v−T_h(u)) ≤ k(|v|+|u|) and its limit is S_k(v−u) a.e. Q and for all t, a.e. Ω. Moreover, ∇T_k(v − T_h(u)) = χ_{|v−Th(u)|≤k} (∇v − χ_{|u|≤h} ∇u) converges a.e. Q to χ_{|v−u|≤k} (∇v − ∇u) = T_k(v − u). Hence, by Lebesgue’s theorem and Fatou’s lemma, letting h go to ∞ in (B.12) yields ∫ Ω S_k(v − u)(t)dx +^a_2 ∫ t 0 ∫ Ω |∇T_k(v − u)|^2dxds ≤ ∫ Ω S_k(v − u)(0)dx + C(b, d) ∫ t 0 ∫ Ω S_k(v − u)dxds. (B.13)

Therefore, it suffices to apply Gronwall’s lemma to deduce that ∫ Ω S_k(v − u)(t)dx = 0 since v_0 = u_0, which gives v = u.

References

[1] D. BLANCHARD and F. MURAT, Renormalized solutions of nonlinear parabolic problems with L^1 data : existence and uniqueness, preprint.

[2] L. BOCCARDO and F. MURAT, A property of nonlinear elliptic equations with the source term a measure, Potential Anal., 3, 257-263, 1994.

[3] L. BOCCARDO, A. DALL’AGLIO, T. GALLOUET and L. ORSINA, Non-linear parabolic equations with measure data, J. Funct. Anal., 147, 237-258, 1997.

[4] L. BOCCARDO and T. GALLOUET, Non-linear elliptic and parabolic equations involving measure data, J. Funct. Anal., 87, 149-169, 1989.

[5] L. BOCCARDO, F. MURAT and J.P. PUEL, Existence de solutions faibles pour des équations quasilinéaires à croissance quadratique, In Nonlinear partial differential equations and their applications, Collège de France Seminar IV, eds. H. Brézis and J.-L. Lions, Research Notes in Mathematics 84, Pitmann, London, 1983, pp. 19-73.

[6] A. DALL’AGLIO and L. ORSINA, Nonlinear parabolic equations with natural growth conditions and L^1 data, Nonlinear analysis T.M.A., 27(1), 59-73, 1996.

[7] E. DI BENEDETTO, Degenerate parabolic equations, Spinger, 1993.

[8] R. EDWARDS, Functional analysis, theory and applications, Holt, Rinehart and Winstion, 1965. [9] T. GALLOUET, Equations elliptiques semilinéaires avec, pour la non linéarité, une condition de signe et une dépendance sous quadratique par rapport au gradient, Ann. Fac. Sci. Toulouse, IX(2), 161-169, 1988.

[10] T. GALLOUET, Problèmes elliptiques et paraboliques non linéaire à données L^1 ou mesure, Notes de Cours, Université Bordeaux I, 1993.

[11] O. LADYZENSKAIA, V. SOLONNIKOV and N. URALTSEVA, Linear and quasi-linear equations of parabolic type, Amer. Math. Soc., 1968.

[12] J. LERAY and J.-L. LIONS, Quelques résultats de Visik sur les problèmes elliptiques non linéaires par les méthodes de Minty-Browder, Bull. Soc. Math. France, 93, 97-107, 1965.

[13] J.-L. LIONS, Quelques méthodes de résolution des problèmes aux limites non linéaires, Dunod, 1969.

[14] P.-L. LIONS, Mathematical topics in fluid mechanics, Incompressible models, Oxford Lecture Series in Math. and its Appl., vol. 3, Clarendon Press, 1996.

[15] A. PRIGNET, Existence and uniqueness of "entropy" solutions of parabolic problems with L^1 data, Nonlinear Anal. T.M.A., 28, 1943-1954, 1997.

[16] J. SIMON, Compact sets in L^p(0, T ; B), Ann. Mat. Pura Appl., IV, 146, 65-96 (1987). [17] G. STAMPACCHIA, Equations elliptiques du second ordre à coefficients discontinus, Séminaire de Mathématiques Supérieures, nř 16, Université de Montréal, 1965.

[18] L. TARTAR, Topics in nonlinear analysis, Publications Université d’Orsay, 1982.