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A FLUID-KINETIC MODEL FOR PARTICULATE FLOWS WITH
COAGULATION AND BREAKUP: STATIONARY SOLUTIONS, STABILITY
AND HYDRODYNAMIC REGIMES*

THIERRY GOUDONT, MAMADOU SY#, AND LEON M. TINE §

Abstract. We consider coupled models for particulate flows, where the disperse phase is made of particles
subject to size variations. We are thus led to kinetic equations with coagulation and breakup operators, coupled to
fluid mechanics equations. We discuss the existence and stability of stationary solutions. We also derive macroscopic
models through asymptotic hydrodynamic regimes, once relevant scaling parameters have been identified.
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1. Introduction. We are interested in models describing a large set of particles interacting
with a fluid. The study of such two—phase flows (where particles represent the disperse phase evolv-
ing in a dense fluid) is motivated by applications like the dispersion of dusts, smokes or pollutants
[25, 21, 48, 49], the modeling of biomedical sprays [4, 40], the optimization of combustion processes
[23], the formation of powder-snow avalanches [11], etc. On the mathematical viewpoint the model-
ing leads to non standard systems of PDEs. The disperse phase is described through a distribution
function in phase space, f(t,z,v,r) where ¢t > 0 stands for the time variable, * € R? the space
variable, v € R3 the velocity of the particles and » > 0 is related to the particles size. The dense
phase is described, as usual in fluid mechanics, by macroscopic quantities (mass density, velocity
and temperature, say) depending only on the time and space variables. Hence the unknowns do not
depend on the same set of variables, which makes part of the difficulty for mathematical analysis,
together with the fact that we consider systems coupled through nonlinear terms. Furthermore,
in view of numerical experiments, the kinetic framework leads to high computational cost, both in
terms of size and time. This remark motivates to seek reduced models, which are of purely hydro-
dynamic type, by means of asymptotic arguments that take advantage of some relaxation processes
embodied into the model. Anticipating on the detailed presentation of the model, we are concerned
with PDEs where the evolution of the particle distribution function is driven by the combination
of the following phenomena:

e the drag force exerted by the surrounding fluid on the particles,

e the influence of an external potential x — ®(z) (gravity, electrostatic force, centrifugal
force, etc),

e the Brownian motion of the particles,
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e coagulation and breakup which modify the size of the particles.

It leads to a Vlasov—Fokker—Planck equation, which furthermore involves a non linear “collision”
operator describing the size variations. The fluid quantities obey Euler or Navier-Stokes equations,
depending on the physical context. We shall deal with “T'wo-Way Coupled” systems where the drag
force exerted by the particles on the dense phase is accounted for in the momentum balance. We
refer to [50] for introduction to such coupled models in combustion theory and to [44] for further
details on the modeling of such multiphase flows; recent developments can be found in [3, 37].
Investigating existence, uniqueness and regularity issues depends on the nature of the coupling
and the complexity of the equations used for describing the fluid. We refer for instance to [7]
(strong solutions locally in time), [33, 8, 38] (weak solution for viscous flows), [31] (solutions close
to equilibrium). Asymptotic issues are introduced and analyzed in [26, 27, 39, 16]. The rationale
consists in adapting the reasoning used to derive gas dynamic equations from kinetic models, like
e. g. the Boltzmann equation [416]. Identifying physically relevant scaling parameters, we can bring
out relaxation effects in the coupled system that lead asymptotically to purely macroscopic models
for describing the mixture flow. Numerical aspects on such fluid-kinetic models are devised in
[1, 17,43, 12, 36, 28, 30, 29]. Most of these references do not address the question of the influence
of the size variations. This is the aim of the present work: we discuss several aspects of the role
of a Smoluchowski operator in the stability and dissipation properties of the system, and we study
hydrodynamic regimes.

In the next Section, we describe precisely the PDEs system we are interested in. In Section 3,
we write the equations in dimensionless form, which permits to identify the scaling parameters by
means of the physical characteristics of the flows (respective densities of the two phases, particles’
radius, etc). In Section 4, we discuss how detailed balance principles of the coagulation/breakup
dynamics and transport phenomena combine to define stationary solutions of the problem. The
fact that the equilibrium functions depend on the phase space variable introduces new conditions
for the equilibria to be physically admissible (that is with finite mass and energy). Then, we
adapt the discussion in [16] to the poly-disperse framework: we exhibit a relevant functional of
the unknowns which encompasses the relaxation effects of the system. It allows to establish the
stability of the stationary states. Finally, in Section 5 we discuss hydrodynamic regimes. It leads
to new macroscopic systems for describing the complex flow. These models still consider particles
of different sizes, and the details of the coupling with the dense phase relies on the underlying
microscopic description. Our discussion remains mostly at the formal level: complete and rigorous
proofs of existence-uniqueness and asymptotic convergence are beyond the scope of the present
work. Nevertheless the dissipation estimates we establish can be seen as the necessary preliminary
step and a convincing hint towards such statements.

2. A fluid-particle model with coagulation and breakup. Here and below, we adopt
a discrete modeling of the size variable. Let ¢ € N\ {0}. We refer to “a particle of size "
as to be a assembly of ¢ monomers. Therefore, denoting by a > 0 the radius of a monomer
and pp its mass density, the volume of a i—mer is 3mwa%, the radius is r; = ai'/3, the mass is
m; = %ﬂ'agipp. Let f;(t,x,v) stand for the density of i-mers in phase space: f;(t,z,v) dv dz
represents the number of particles with size i having at time ¢ > 0 their position and velocity in
the infinitesimal domain centered at (z,v) with volume dv dz. Particles are subject to a drag
force, which is proportional to the relative velocity with the fluid. The Stokes law defines the
proportionality factor as 6mur; = 6mpai'/3, with p the dynamic viscosity of the fluid. For the sake
of simplicity, we assume throughout the paper that p is a positive given constant. Brownian motion
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produces velocity fluctuation, described by a diffusion operator with coefficient (Einstein formula)

k067 pail/? _ k8 9
(3madipp)?  m; 2ppry’

where k is the Boltzmann constant and 6 > 0 the temperature of the fluid. Therefore, f; satisfies
the following equation

9 ko 1
(2.1) Ocfi+v-Vufi =V @ -V, fi = %Vv : <(U —u)fi + vai) + —Qi(f)
2ppr; my Te
Note that
, 2 2
= i _ 2ppr; =23 7, with 71 = 2ppa
6mpr; I I

has the dimension of time: this is the Stokes settling time, typical of the effect of the drag force
on the i—particle. In the right hand side of (2.1) the so—called (discrete) Smoluchowski operator Q
describes binary coagulation and breakup and 7. is the characteristic time scale of the coagulation
and breakup phenomena. The operator is defined by

1 i—1 o s} 1 i—1
Qi(f) =35 S kjicifificg =Y kijhifi+ Y oiiifi— 3 > gl
j=1 j=1 j=1

j=i+1

according to the formation of (i + j)—mers from i-mers and j—mers (X; + X; — X, ;) which
occurs with a rate x; ; and the breakup of i—mers into smaller pieces with, assuming j < i, size j
and ¢ —j (X; = X,;_; + X;). As a specific case, the Becker-Déring operator restricts to the case
where, for ¢ > 2, the coefficients vanish but for 7 = 1: only monomers can be added to or removed
from ¢—mers. Monomers are involved in all reactions so that the collision term )1 has a different
expression. More precisely, the Becker-Doring operator [6] casts as follows

Ji(f) = wififi — gix1figa, N
Qi(f) = Ji—1 — Ji fori > 2 and Q(f) = —2J1 — Y _ J;.
=2

In this expression, k; is the rate of the coagulation reaction X; + X; — X;;1 and 0,11 is the rate of
the breakup X;;1 — X;+ X;. For a thorough presentation of the Smoluchowski and Becker-Doring
operators, we refer to [20, 41]. The effect of coagulation and breakup is to reduce the total number
of particles but to maintain the total mass: at least formally, we have

(2.2) ZQv(f) <0, Zle(f) =0.

Taking (2.2) for granted, we obtain the following local mass conservation law

8t<Zifi> +v-Vz<Zifi> —VIQ-Vv<ZifZ—>:§2:)IZ?Vv. <(v—u)z’fi—|—];zvvifi>.

i=1 i=1 i=1
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The possibility of making these manipulations rigorous depends on the precise definition of the ki-
netic coefficients £ and o. Indeed, many coagulation/breakup models are known to exhibit gelation
phenomena, where the solution loses mass in finite time: for the homogeneous problem 9, f; = Q;(f)
there are situations where a solution can be shown to exist for a given initial data ( firliw)i eN\{0}
but for some tg1 < 00, we have . ifi(tgel) < D, @ finit,i- It might appear in contradiction to (2.2),
but this phenomena is due to the fact that the sums in (2.2) can be recast under these circumstances
as the difference of infinite quantities. To decide whether of not gelation occurs is the object of
fine analysis; we refer to [2] for discussion on the Becker-Déring case, to [24] for an overview on
this question and to [12] for further results in non homogeneous cases, with particles subject to
space-diffusion. Roughly speaking gelation can be avoided under restrictions on the growth of the
coagulation coefficients, or assuming that fragmentation is strong enough compared to coagulation,
see [24] for precise statements. To our knowledge the analysis of non homogeneous coagulation-
fragmentation equations and the occurrence of gelation in the framework of kinetic models is open.
Throughout this work, we assume that gelation does not occur. Finally, let us mention that the size
variation modeling we adopt is quite crude. In particular, the operators we consider only affect the
size variable, but do not modify the energy of the interacting partners. A more intricate modeling
is described e. g. in [3, Chapter 2].

The fluid is described by its density n(t, ) and velocity w(¢, ) which obey the following mass
conservation and momentum balance relations

on+Vy-(nu)=0

(2:3) prOi(nu) + ppDivy(nu ® u) + pranV,® + V,p — pAu = 67p Z/ (v —u)fir; dv,
i=1 /R

where prp > 0 is a typical mass density for the fluid. It means that, given a subdomain &, the
integral [, ppn(t, z)dz gives the total mass of fluid enclosed in & at time ¢. The definition relies
here implicitly on the assumption that the fluid mass density does not vary too much over the
observation scales. Note that the model belongs to the class of “Two-Way coupling” because both
phase exerts an influence on the other through the drag force: the momentum equation takes into
account the drag force exerted on the fluid, at a given position x, by the particles. By the way, the
following observation is also worthwhile: integrating by parts, the right hand side of (2.3) can be
recast as

_Zmi X 97M2/ vV, - (v—u)fﬁ-ﬁvvfi dv
P 2ppr; Jrs m;

— 7;771@ X <2PP7'12 /R3 AV ((v —u)fi + Evvfi) dv+/Rs in(f)dU>

as far as (2.2) holds. In (2.3), the coeflicient o € R takes into account the fact that the external
force can act differently on the two phases, both in amplitude and direction. For the pressure,
various options can be considered:
e incompressible model in which case p is the Lagrange multiplier associated to the divergence-
free constraint V, - u = 0,
e compressible model which needs an equation of state. We can restrict our discussion to
situations where the temperature is assumed to remain constant, at least as seen from the

(2.4)
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particles. We disregard the energy equation and assume in such a case a simple relation
p = p(n); the isothermal case corresponds to p(n) = n. More complete models incorporate

energy exchanges, as discussed in [7, 28], possibly including “turbulent” effects with k/e
models [37] (and for further discussions on “turbulent77 effects we refer to [32, 29]): we set
p = Rpl, with R the perfect gas constant, and F = %- —|— —1, the total energy, with v > 1
the adiabatic constant. Then, we have
(2.5)
> v? ko
pp (0L (NE)+ V- ((nE+p)u) +anu-V,®) = 6rp Z / ri=Vo- ((v—u)f;+—V,fi) dv
=1 R3 2 my;
A remark similar to (2.4) then applies to the energy equation (2.5).
3. Dimensionless equations. Following [16], we write the equations in dimensionless form.

To this end, we need time and length scales L and T respectively, which defines the velocity unit
U = L/T. Velocity fluctuations are measured by means of the thermal velocity

| kO 4 _
Vih =4/ — withmy = §7ra3pp, and 6 > 0 a reference temperature.
my

Denoting - dimensionless quantities, we set
o t=Tt z=La', v= "V,

n(Tt, L") =n'(t',2"), w(T¢, Lz') = Uu/(t', 2'),
4
p(Tt', Lx') = Pp'(t', '), fl(t', 2/, v) = gﬂaS V3 fi(Tt, L', Vi),

where P stands for a suitable pressure unit. Since dv = Vﬁl dv’, for any given function ¢, we have

|, e tan o= oo

/ o(Vept") fi(#, 2", 0") do'.

sma’ Jps

If the temperature is not assumed constant, we set similarly (Tt La') = 60'(t',z'). For the
external potential, we set ®(La’) = 19;—1L<I>’ (z") where 94 has the dimension of velocity (for gravity
driven flows, it is nothing but the Stokes settling velocity). We arrive at

1 / Vin / /
j— / . —_— . ’ . /(I) ! :
Tat (fz) + L v VI (fz) Tl‘/thv (fl)
1 U k6 1
=—Vy- | @ —-=—u)fl+ o'V, )—l—; ",
20 (= G V) Q)
with Q4(f') = QZ(%) This is coupled to
3 th
1 U
pom Ve ) =0,
2
%@/(n’u') + %Divm/ (n'u' @u') + af—fnlvgg/@' + %Vm/p’

U
= Z/ (Vinv' — Uu') i’z'l/?’dv’—l—#Az/u’.

7’1,0F



6 T. GOUDON, M. SY AND L. M. TINE

(A similar work can be done considering the energy equation if necessary.) The system is governed
by the following set of dimensionless parameters
Vin 1T 0T PT P

T
= —V = —, - = —, = s = = —F,
f=gVn=7 e n T Van X7 ppLU T prU?

together with the density ratio pp/pr. Finally, we obtain (dropping the prime marks)

1 1 0
Oufi+ B0 Vs = Va® Vofi= Lo (0 Gulfi+ 598 ) + Q1)

(3.1 on+ V- (nu)=0,

Ot(nu) + Divy(nu® u) + afnnV,® + xVp = L Z/ (Bv — ) f3i*3 dv 4+ pA,u.
EPF im1 R3

Here, p and 7, stand for the rescaled and dimensionless version of the fluid viscosity and coagulation
relaxation (that are, with the notation in physical units, p’;(iz and TZC, respectively). Note that in
many applications it is relevant to get rid of the diffusion term in the momentum equation (3.1)
because the rescaled viscosity p is very small, hence dealing with the Euler equations instead of the
Navier-Stokes system. In what follows the problem is considered on a domain ) where
e cither Q = R3, in which case the analysis will rely on suitable confining assumption on the
potential ®,
e or ) is a smooth bounded subset in R3. In such a case the problem is completed by boundary
conditions, for instance specular reflection for the particles and the no-slip condition ujsq =
0 for the fluid (or u - v = 0 on 99, with v(x) the unit outward normal at z € 9Q when
working with the Euler equations). For more intricate boundary conditions, see [16].
The initial condition are denoted as follows

fz(t = 0,1’,7)) = finit,i(xa U), Tl(t = 0,%) = ninit(x)a u(t = Oa :C) = uinit(x)~

For further purposes, let us set

Mp = // if; dvdex, M :/ndx
" ; Q JR3 r Q

which are thus conserved quantities (as far as we assume that gelation does not occur).

4. Equilibria, dissipation and relative entropies. In this section we wish to exhibit some
conservation and dissipation properties satisfied by the model. These dissipation properties will in-
duce the existence of equilibrium solutions and their stability; they also provide the basic estimates
needed for the analysis of the system.

4.1. Detailed balance equilibria; dissipation properties of the coagulation/breakup
operator. First of all, we are interested in sequences of size distributions {4, #5, ...} which make
the coagulation/breakup operator vanish. We thus recall the material on the homogeneous problem,
with unknowns that do not depend on the phase space variables x,v. We shall study later the new
conditions introduced by taking into account the transport operator. The condition Q;(.#) = 0 is
realized when we impose

(4.1) Kij M M5 = 04 5 Mit; for any 4,7 > 1.
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A solution of (4.1), if it exists, is referred to as a “detailed balance equilibrium”. Given a detailed
balance equilibrium, we set

(4.2) f(f):ifi(ln(/f/;i)—l).

When dealing with the free coagulation-breakup problem (e. g. without coupling inducing space
dependence of the solution) . plays the role of a Lyapounov functional for the underlying infinite
system of ODEs. We refer to [2, 13, 14, 20, 34, 35, 47] for thorough details on the role of the
detailed balance assumption and the functional (4.2) in the analysis of coagulation-fragmentation
phenomena and of the large time behavior of the solutions.

Using (4.1) with j = 1 leads to a recursion formula for defining the equilibria. In turn, detailed
balance equilibria can be parametrized by the monomers concentration .#; as follows:
Fj1

1 .
for ¢ > 1.
0j,1

i—1
'%i = o@z (.%1)Z where Ql =1 , e@i = H
Jj=1

In the sequel, we assume the existence of detailed balance equilibria. In order to define equilibria
with finite mass, it is natural to further request that

o0
the radius of convergence Z, of the series z — Z 192" is > 0.
i=1

Note that Z, may be finite or not, which strongly influences the large time asymptotics, see [2, 13,
, 20, 34, 35, 47]. The saturation density is defined by

o0
0% = ZzQzZi € (0, 0]
i=1
Observe that, given 0 < p < g, there exists a unique detailed balance equilibrium, characterized

by 0 < # < Z, and the relation Y o, i2;.#{ = p. Finally, the key observation which makes (4.2)
a relevant functional for studying the coagulation/breakup dynamics, is simply that

i@i(f)ln(

and this entropy dissipation term vanishes iff f; = ;.

/f/;_)go,

4.2. Detailed balance and stationary solutions. Let us now adapt the discussion to par-
ticles’ distributions depending on the phase space variable (z,v). We search for stationary solutions
ns(z), us = 0, #;(x,v) of (3.1). Making the coagulation/breakup term vanish still leads to (4.1),
while we have additionally

(Bv -V —Vu® Vo)., =0 and V, - (v/// n gv//z) - ?Vv : (e—i%vv( i )) —0.
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These two last relations determine how .7 depends on the variables x and v. We arrive at

2

4 )= 2 (). Aalo) = wep(— oy~ 12D,

It can be convenient to rewrite

2
- v n ®(x)
Mi(x,v) = M; ex (—z—— f—)
z( ) i p 2 536
where .#; = 2w is an equilibrium for the homogeneous equation. The dependence of the equilib-
rium with respect to x and v introduces new conditions to define certain physical quantities.

In order to guaranty the finiteness of the mass and energy of the equilibrium, we need to assume
that the potential ® fulfills the following confinement conditions
(HCO0) @ is bounded from below: there exists C' € R such that ®(z) > C holds a.e. Q.
(HC1) z 1+ e 1®@)/(89) ¢ [1(Q).
(HC2) x> O(z)e 1@/ B0 ¢ L1(Q).
The total mass of such an equilibrium is now defined as

'S ~ OOQF _
iM;(z,v) dvde = (270)/? =W
;// (2,0) e 35

where we denote from now on I'; = [, e~™®@)/(#9 dz. By (HCO) and (HC1), the I';’s are ﬁnite

Therefore, we introduce w, > 0 as to be the radius of convergence of the series Zfol 2i \/1; i 2% and

we set
=2,
Mp, = (216)3/? ;:1 N

Clearly, for any 0 < Mp < Mp,, there exists a unique w such that the equilibrium parametrized
by w has total mass Mp. Observe that, for a given set of kinetic coefficients, w, # p, (for instance
when the T';’s are bounded, we have w, > p,). Similarly, the total energy of an equilibrium is
defined as the sum of the kinetic and potential energies, that is

Z://]RS 5 +77<I>( )),///dvdx— 271'93/223 (329 5/2 77\12)

with T'; = [, ®(z)e”"1®@)/ (59 dz.

€ (0, 00].

We turn briefly to the stationary solution ng, recalling the material from [16]. Note that the
bulk velocity of the equilibrium functions .#; vanishes: [v.#;dv = 0. In turn, at equilibrium
with ug = 0, the exchange term in (3.1) vanishes. For the sake of concreteness, we detail the
computations for a compressible model, assuming that the pressure is defined by a simple law
p:n — p(n). The function p is required to satisfy:

(HP1) p: R, — R, is continuous, of class C? on ]0, 00], it is increasing and verifies p(0) = 0.

(HP2) Weset h(n) := [/" 2 (S ds (enthalpy function) for n €]0, oo and we assume h € L (]0, ocf).

1
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Owing to (HP1)-(HP2), we can introduce
n
II:ne [0,00[%/ h(s)ds € R
0

which can be interpreted as an internal energy. We have II'(n) = h(n) and nIl”(n) = p'(n)
for any n € Ry, while II(0) = II'(1) = 0. For instance, in the isothermal case, p(n) = n and

nY—yn

II(n) = nln(n) — n, and in the isentropic case p(n) = n? for some v > 1, and II(n) = 1

At equilibrium, the fluid equation degenerates to

I (ns(x)) = hins(x)) = Z - “7%@)

where Z is a normalizing constant. Let us introduce the generalized inverse of h
0 for s<h(0+4),

T:R—[0,00, Y(s)=< h7l(s) for h(0+)<s < h(c0),
oo for h(co) <s,

and set ng(z) = T(Z — QTBHCI)({E)) The constant Z is defined by the mass condition Mp =
fQ Ninit dT = fQ ng dx. Again, the definition needs that some requirements on the potential and
the pressure law are fulfilled:

(HC3) & € WH(Q) if Q is bounded, or ® € Wlloi(Q) otherwise.

(HC4) @ is bounded from below on €: there exists C' € R such that a®(z) > C a.e. x € Q.
(HC5) «a® is coercive on §: for any A € R the set {z € Qa®(z) < A} is bounded.

(HC6) Consider the family of functions nz(z) =T (Z - O%’“D(x)) , parametrized by Z € R. We

suppose the existence of some Z € R such that ny € L}r(ﬂ) Hence, we define ¢, =
sup{Z € Rlnz € L'(Q)}.

(HCT7) For Z € (—00,(,), we denote TM(Z) = [,nz(x)dz. Clearly Z — TM(Z) is strictly
increasing. We denote Mp, = limgz_,., TM(Z). Hence, for any Mr € (0, Mp,), there
exists a unique normalization constant Zj;, such that the associated equilibrium ng is well
defined and has mass M.

(HC8) To a non negative integrable function n we associate the quantity, that belongs to RU{oo},

(@4)  Br(n)= [ (St m) do- [ e i@ e @

oo otherwise.

The equilibrium ng is required to have finite free energy. Thus, we further assume:
Er(nz) < oo and I~ (nz) € L(Q) for any Z € (—o0, ().
REMARK 1. In order to clarify this set of assumptions, let us discuss relevant examples:
e Ifh(0T) > —oo and h(co) = oo, then hypotheses (HC5)-(HCT) are trivially satisfied with
Mp. = oo. This is the case assuming the polytropic gas law p(n) = n?, for some v > 1,
which yields

T(s) = ({7; 1, 1}+)1/(7*1).
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e If h(0F) = —oco and h(co) = oo, then Mp, =o00. This is the case for an isothermal fluid
p(n) = n: (HC5)-(HCT) are equivalent to (HC1)-(HC2) and Y(s) = e*
o When Q is bounded and ® is bounded the conditions (HC3)-(HCT) are trivially satisfied.
The equilibrium ng can be interpreted has a minimizer of the functional Er, under the con-
straint of prescribed mass: the following result is proven in [18, Proposition 5, Lemma 6].
PROPOSITION 4.1. Assuming the conditions (HP1)-(HP2) on the pressure and the conditions
(HCO0)-(HCS8) on the potential, then the functional Er(n) has a unique minimizer in the set of
non negative integrable functions with total fluid mass Mg given by

_ abng
(4.5) ng(x) =" (ZMF N o )) .
Moreover:
(4.6) Ep(n) — Ep(ns) = /Q [[(n) —II(ns) — II'(ns) (n — ns)] (z) dz

holds, with equality if and only if

QTM‘I)(JU) + h(n(z)) = Zmyp, for almost all x € Q (that is n = ng).

4.3. Dissipation and stability properties of the fluid—particles system. We are now in
position to derive the crucial dissipation estimate satisfied by the system (3.1). We restrict to the
case where (3.1) is closed by the pressure law p = p(n), the temperature 6 > 0 in the Fokker—Planck
term being fixed; we assume without loss of generality that the units are such that 6 = 1.

THEOREM 4.2. We assume that the conditions (HP1)-(HP2) and (HCO0)-(HCS8) are fulfilled.
We suppose that

pp 1

(4.7) on B n=p 6=1

holds. Let #; = 2;(.4)t, with .#, > 0, be a detailed balance equilibrium of the coagulation/breakup
operator. We define the following free energy functionals, associated respectively to the particles and

to the fluid
D=3 ) L ({0

Jul?

Fr(n,u) = /Q<n2 + xII(n) + aB? n<I>> dz.

) 1) ;fi—&-ifI)fi)dvdag

Then, the total free energy F(f,n,u) = Fp(f) + Fr(n,u) is dissipated: solutions of (3.1) satisfy

7]-'f7nu +u/|V ul*de + Z//R
72/ [ Q) f)in ( J: )dvdx<0

1 Vofi|?
5/6\/ﬁ

vf—u i3 f + dvdx

(4.8)
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Remark that Fr can be rewritten by means of the functional Er

u 2
Fen(t)ut) = [ nly-do-t x (B, (n) = Erns) + xEr(ns).

However, we notice that the right-hand side of (4.6) is positive and equal to zero iff n = ng, so that
we can set, with ug =0,

_ [ _
REF((n,u)|(n5,us))f/Qn 5 dz + x (Erp(n) — Er(ng))

and consider it as a relative entropy, that is a functional that controls the distance from the pair
(n(t), u(t)) to the equilibrium solution (ng,us = 0). Similarly, when the total mass Mp is subcritical
the free energy Fp can be interpreted as a relative entropy with respect to the equilibrium having
the same mass. In turn, we can establish a non linear stability statement.

COROLLARY 4.3. We assume that 0 < Mp < Mp, and we denote

2

Mi(2,0) = W' 2; exp ( - z% - z@(:c))

the equilibrium with total mass Mp. Therefore, we set

REp(f|.4) = Z/Q/R (fi In (/f/[) — fi +///) dvda = Fp(f) + (2@3/272 Fz?i“’

Let ng be the equilibrium state defined by (4.5) with mass Mp. Then, for any § > 0, there exits
k > 0 such that if initially REp( finit|-# ) + REr((Ninit, winit)|(ns, 0)) < & holds, then, for anyt > 0,
the solution satisfies

|ul

oo . 2
Z/ / |fi(t, z,v) — ;i (x,v)|dvdx <4, / [n(t,z) — ng(z)|dx <4, /n—dxﬁ&
— Ja Jre Q o 2

Corollary 4.3 follows exactly as in [16], once the entropy dissipation has been established.
These arguments go back to [10, 22, 45] to which we refer for further details. The crucial step
is the identification of the relative entropies REp and REp, which are the appropriate tools to
evaluate how far the solution is from the equilibrium. The remarkable fact we bring out here is
that structure properties are preserved when dealing with polydisperse solutions and the entropy
dissipation still holds.

REMARK 2. Similar conclusions hold for incompressible models or models including the energy
equation. We restrict the discussion to the free space problem, but it applies to problems set on a
domain with suitable boundary conditions, say mo-slip boundary condition for the velocity u, and
specular reflection of the particles; for more intricate reflection operator we refer to [10].

REMARK 3. The condition (4.7) might look a bit arbitrary and artificial; it is adopted for
notational convenience only in order not to keep track of complicated coefficients in the energy
balance. The value of 6 and of the ratio n/B and $%pp/pr can be fived arbitrarily, just adapting
accordingly the definition of the free energy. Similarly, when discussing the hydrodynamic regimes,
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we can keep € as the scaling parameter which characterizes the asymptotics and assume that n/B
and B?pp/pr are any positive constants (or even that they tend to positive constants as € — 0).
Proof of Theorem 4.2. Let us start by computing

oo ] 2
LELL (05 5r)e
=—Z//( u) fi + Vﬁ) (2.21/3)V‘;fi+i1/3v)dvdx
R3 [

7//]1%321 fl Q(fi) dvdx—nZ// iVy® - vfidvda.

Next the potential energy of the particles satisfies

i )L [ L
— i®f;dvdx =3 V@ - vf;dvde.
dtzzzl Q JR3 7;21 Q JR3

We turn to the kinetic energy of the fluid and we obtain

% Rgn 1ppz://]Rs w) fiit/?  udvde — Asu~p’(n)vzndx

€PF

—QBZ/ nu~Vx<I>dx7u/ |V ul? dz.
R3 Q

The evolution of entropy associated to the fluid is driven by

d

— [ xl(n)dz=—-x [ Vi (nu)ll'(n)de= X/ 1" (n)Ven - (nu)dz = X/ p'(n)Vzn - udr.

Finally, the potential energy for the fluid satisfies

d
— n@dx:/ nu-V,ddx.
dt R3 R3

We sum all these contributions, using (4.7) and the fact that ng u -V, fi dv = 0 holds. We obtain

d
E}'(f,n u —|—,u/ |V, ul? da

:_72//]1@ v——u le/ddvdx—fZ// 1 VQ/J;Zd dz
3 [ [ 2 [ ot (L) avae

In the first three terms in the right hand side we recognize |(v —u/B)\i3f; + \/%f. This
T i

observation ends the proof.
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As said in the Introduction, the construction of solutions to the system (3.1) is beyond the
scope of this work. We perform formally several manipulations which lead to remarkable properties
of the system. In turn, Theorem 4.2 provides information on the natural functional properties that
solutions can be expected to satisfy. In view of the a priori estimates we have derived so far, a
possible strategy would be to construct an approximate model, which can be proved to be well-
posed. The approximation should be constructed in a suitable way, so that the a priori estimates
apply to the approximated solutions. We warn the reader that this part of the program can already
be quite difficult and technical; [9, 38] provides examples of such intricate construction for closely
related problems. The next step relies on the application of compactness techniques to remove
the approximation. Again, this step is likely to be highly technical due to the nonlinearities.
Another viewpoint, which would also use as a starting point the results of the present paper,
consists in studying by energy methods solutions close to equilibrium, see [15, 19, 31] for such
techniques applied to fluid/particles flows. Of course, as mentioned above, another keypoint in
such analysis is to determine whether or not gelation can occur, depending on growth assumptions
on the coagulation and breakup coefficients.

5. Hydrodynamic regimes. We are interested in regimes where 0 < ¢ < 1. As we shall
see this regime leads to relaxation effects, which tend to prescribe how the particles distribution
functions depend on the velocity variable v. In turn, we obtain models of purely hydrodynamic
nature, where the unknowns depend only on the time and space variables. Indeed, as € goes to 0,
the f;’s tend to make the Fokker—Planck operator vanish. Looking at the dissipation term

0o 2
%Z/Q/Rs i1/3 (v— %u)\/ﬁ—i— %Vv\/ﬁ dvdx
i=1
in (4.8), we guess that
% t? - 7 tv /3 2
(5.1) filt,x,v) ~ (;;(/2;32 exp ( — z%) as € — 0.

The limit distribution function makes the Fokker—Planck operator, that is the leading term in (3.1),
vanish. Then the behavior of the particulate flows can be described through the macroscopic particle
density p; (¢, x), the fluid velocity u(t,z) and the fluid density n(t,x). Identifying the limit system,
that belongs to the class of complex models for mixture flows [44], satisfied by these quantities is
the object of the present section. Of course, the asymptotic analysis depends on the prescribed
behavior with respect to € of the other scaling parameters. According to [16], we identify two
regimes of interest: the so—called flowing and bubbling regimes.

Before detailing the asymptotic analysis, let us set up a few notation and discuss remarkable
estimates, which can be seen as a preliminary step towards a complete justification. We associate
to fi(t,x,v) the following macroscopic quantities

pi(t,x) = filt,z,v)dv,  Ji(t, x) zﬁi/ v fi(t,z,v)dv, Pt x) :i/ v fi(t,x,v)dv.
R3 R

R3 3

Integrating (3.1) with respect to idv and iv dv, we obtain

1
(5.2) i0ip;i + Vg Ji = P iQi(f) dv,
c JR3
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and, still using the scaling assumption n = 8
1 . . 11

As a matter of fact, we remark that the system (3.1) conserves the total momentum since we have

(5.3) Ji —ipiu) wQ;(f) dv.

L1
/BTC R3

(5.4) O (nu + % g Ji) + Div, <nu Qu+ gﬂ"z) + xVap + (aﬂgn + g ipi)vxq) = pAgu.

Let us start by deducing from Theorem 4.2 the following a priori estimate.
PROPOSITION 5.1. Assume that (4.7) holds and that the conditions (HP1)-(HP2) and (HCO)-
(HCB8) are satisfied. Moreover, we assume
(HC9) (1+ @)exp(—1®(z)) € L1(Q).
(HP3) If h(0+) = —oco we assume there exists 0 < s1 < 1 such that

sup M,O<n<31 =m < +o0.
nh(n)

We consider an equilibrium #; = 2w where 0 < w < w, is such that

Z (/ / (1 + z% + i@(x))e‘l(”2/4+®(w)/2) dv dm) M; = K < o0.
i=1 /R

We suppose that the initial data (finiti, Ninit, Uinit) Satisfies finity > 0, Ninit > 0 and that the
quantities

)’ Jri%Q + z@(xﬂ) dvdx

> . finiti
init,i | 1 ’1 ( :
;/ [ (1 i [ (227

2
.
/ (Ninit + Minit | u;' + [(Rinit) | + ninie 7 ®@|) da
Q

are finite and bounded uniformly with respect to all the parameters e, 3,1, «, pp/pr. Then, we have:
(i) The quantity

i/ﬂésfi<l+i+‘ln<j/;)’+if+i|<1>(ac)|)dvdx

is bounded uniformly fort > 0,
(ii) n, |I(n)| and B*|a®|n are bounded in L°>°(R*; L}(Q)).
(iii) /n u is bounded in L°°(R*; L%(Q)).
(iii) \/uVgu is bounded in L*(RT x ),

(v) Denoting D;(t,z,v) = (v — B~ u(t, x))\/il/3 f;(t, x,v) + 2V ,\/i=5/3 f;(t, x,v), the quantity

| dvdxdt
>/ )L

1s bounded.
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Here “bounded” means “bounded uniformly with respect to all the parameters €, 3,1, «, g—? 7,
The proof is a consequence of the dissipation estimate in Theorem 4.2. The point consists in
controlling the negative parts of the free energy. To this end, let us recall the following elementary
claim, see e. g. [16, 22].

LEMMA 5.2. Let X be a subset of RP, possibly RP itself. Let U : X — Rt such that

(1+U)e Y € LY(X) for some 0 <v < 1. Let g: X — RT. Then, we have

OS/ gln_(g)dygu/ Ugdy+/(1+1/U)e_”Udy.
X X X

Proof. We use the following decomposition

gn(9) = [e 2( =1 (2)) = g1n(0) | Logyce v + g(~In(g) Le-rvper-

Since s +— s(—In(s)) is non decreasing on (0,1/e) and s +— (—In(s)) is non increasing, we infer

/glnf(g)dy < /OSgSE_VU e_”U<_1n(e )) dy+V/e_”U§g§1 Ugdy.
O

We apply this result with X = N x Q x R?, endowed with the measure .#; di dvdz, where
di stands for the counting measure on N, U = £(v?/2 4+ ®(z)), v = 1/2 and g = fi(t,z,v)/4;.
It allows to control the negative part of f;In(f;/.#;). This statement also permits to treat the
isothermal case where p(n) = n, and II(n) = nln(n) — n. The case of polytropic laws p(n) = n?
does not contain more difficulty because we can add a conserved quantity to define a non negative
free energy TI(n) = TI(n)+ —L-n. This reasoning applies as far as h(0") < 0 is finite. The remaining
cases are treated with the ?ollowing claim.

LEMMA 5.3. We suppose that h(0T) = —oco. Then

/H—(n)dxg C(l—l—/ndx) +I//a<1>ndx

holds for some constants C', and 0 < v < 1.

Proof. The proof is directly inspired from [18, Theorem 18, Step 7]. Let us start with a couple of
simple, but useful, remarks. We remind that p(0) = 0 and p is non decreasing. Then s — h(s) is a
non decreasing function, which is non negative for s > 1, and non positive for s < 1. Integrating
by parts we get II(n) = nh(n) — p(n), which is therefore a convex function: it reaches its minimum
for n = 1, II is non increasing and non positive on (0,1), non decreasing and non positive on
(1,s*) for some s* > 1 and non decreasing and non negative on (s*,00). We also notice that

i(M) — 2 - . we shall use the fact that n —s L)

dn n n2 . n
We define a reference function

—vU

is non increasing.

a 2
fi(z) = r( - (K + 5%@(@)).

It depends on the two parameters K > 0 and § > 0, that will be made precise along the proof. By
(HC4), the potential a® is bounded from below and we can pick K large enough, depending on
J, so that n(x) < 1. By using (HCT)-(HC8), we can further assume that both 7 and I~ (7) are
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integrable. Finally, we also require that n(z) < s, the constant that appears in (HP3). We split
the integral to be evaluated into three pieces, according to the following sets

Qo ={ze, 0<n(z)<n(r)}, W={xeQ, n(z)<n(z) <1}, V*={recQ, 1 <n(r) s}
1 (s)

,1) and s — is non increasing, we observe that
) <II~(1)n(z) on Q*. It follows that

/ H_(n)dx+/*H_(n)dxS/QH_(fz)dJH—H_(l)/ndx.

Q, S Q

Since s — II7(s) is non decreasing on (
I~ (n(z)) <O (n(z)) on 2, and I~ (n(x

Next, by using the fact that s — ') i5 non increasing again, we obtain

/QO 1~ (n) dz

/Q0 nH_n(n) dz < /QO nH_ﬁ(ﬁ) dx
< /QO n x (—mh(#))dz = /Qo nm(é(XiQQ +K) de.

We conclude by imposing dmf3?/xy =v < 1. O

With these properties, we already have estimates on the macroscopic quantities, but we can go a
step further, identifying leading terms owing to the dissipation term D. To this end, we need an
estimate on a higher moment with respect to the size variable, namely, we can suppose that

(5.5) Z/ / i* (1+v?) fidvdz is bounded uniformly on [0, 7]
=179 /R

(uniformly with respect to the scaling parameters) for any 0 < 7' < oo. This condition, the physical
interpretation of which is not direct, is however somehow classical when dealing with coagulation-
fragmentation problem. It is likely that it can be satisfied under appropriate hypothesis on the
initial data and the kinetic coefficients, see [2].

LEMMA 5.4. Let the assumptions of Proposition 5.1 be fulfilled together with (5.5). Then, we
have

where the remainders K and K are bounded in L*(0,T; L' (2 x N)).
Proof. We rewrite

D; i
Bi=ipnt B [ (0= 870 4 5 Vp) dv = ipr avE [ S0

The last integral, that is denoted K;, can be dominated by using the Cauchy-Schwarz inequality

- - , 12 ;o f 1/2
;/Q|Ki|dx§,3 Z;/Q/RS dvdz z_;/ﬂ R3i1/3dvdm )

We proceed similarly with

D;
Pi:ﬁ*2Ji®U+PiH+\/g/ ﬁ@v\/iwigfidv.
R3

D;

NG
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Denoting K; the last integral, we have the following estimate

oo oo D, 2 1/2 /o o 12
lz_;/QhKdeS(Z;/ﬂ/IRS 7 dvdx) <;/9/Rgvz fidvdx>
O
5.1. Flowing regime. For this regime we suppose that both pp/pp = 82 and 7 = 8 are

fixed, as well as a; we only let € go to 0. According to (5.1) and the conclusions in Lemma 5.4, we
expect that

Ji ~ipu, P; ~ p; 1+ ﬂfzipiu ® u.

Plugging this ansatz into (5.2) and (5.4), we deduce that the dynamics in this regime is described
by the following system

1
Opi + V- (pitt) = ?Qi(ﬁ)v
o+ V- (Am) =0,
o ((n+ p~2v)u) + Divy((n+ B~ 2v)u@u+ (xp + v)I) + (af?n? + v)V,® = pA,u,

(5.6)

where we have set

00
i=1

slv—u 2

)

In other words, we expect that n, v and f; tend to n,  and @JW exp ( — respectively

as € — 0, with 7 ,a and the p;’s solution of (5.6). As a matter of fact, we observe that
atl/ + Vx . (l/ﬂ) =0.

We obtain a multiphase flow system where particles distribution function are subject to exchanges
through coagulation and breakup and advection with the fluid velocity #. The motion of the fluid
can be interpreted as a Navier-Stokes (or Euler if 1 = 0) system for the composite density n+ 8~2v
and the velocity u, involving a complex pressure law.

The macroscopic model derived so far inherits the dissipative properties of the kinetic model.
Such a property is important: by contrast many models for multiphase flows are known for not
having nice structure properties, see [44] and the references therein. Indeed, here we can check that

% {i/(mn (f//) Jriﬁi(I)) dz
+/ ((ﬁ + B*QV)%Q +af?n® + xI(n) + vin(v) - V) dl’}

- ii/@(ﬁ)ln(féi) f/u\vzalzdxéa
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5.2. Bubbling regime. For this regime, the scaling assumptions cast as follows

Bzi:n pi:g
\/g ) pF )

while we set « = sgn(a)e. Coming back to (5.1) with these assumptions, we guess that, at leading

order, the f;’s look like centered Maxwellians f; (¢, x,v) ~ (2”7;(/2)?/2 e~ /2, Therefore, we infer that

. pl(tVT) 711}2/2
P; ~ —_— dv = p;I.
v i <=

Relation (5.3) allows to obtain the limiting particles current: letting e = 372 go to 0 in (5.3) yields
Ji =~ zplul — 15/3plvz<1> - ZQ/BVIpl

Coming back to (5.2) and the fluid equations, we arrive at the following system

i0up; + V4 - (pi(u — 23V, @) = 23 A p; + %Qi(ﬁ),
(5.7) O+ Vs - (1) = 0, )
9, (i) + Divy (it @ @) + V, (Xp + pi) (sgn(Q)ii 4 1)V, ® = pl, i,

i=1

still with the notation v = > °°,ip;. We thus expect that n, v and f; behave like n, @ and
W@‘“’z/ 2 respectively when ¢ — 0. Now particles densities are driven by convection—diffusion
equations, with a size-dependent diffusion coefficient (considering the evolution equation satisfied by
pi, the diffusion coefficient is proportional to the inverse of the radius of the grain, and in particular
it degenerates as the size becomes large, see [12]). The particles influence weakly the fluid through
the pressure term (which can be incorporated in a common Lagrange multiplier for incompressible
flows) and the external force.

Again, we observe that the macroscopic model satisfies a dissipation property, which states
2
T {Z/ Di ln —I— ipi ) dzx +/ (ﬁ? + xII(7) + sgn(a)ﬁfb) dx}
== Z/Qi(ﬁ) 111 &) - /,LL|V$1_L|2 dz — 3
Teioh Mi i=1

6. Conclusion. We consider a simple model describing a suspension of polydisperse particles.
Particles size is subject to variations through binary coagulation and fragmentation described by
the discrete Smoluchowski operator. Particles interact with the surrounding fluid through the effect
of mutual drag forces. We bring out several properties of the system, when assuming that gelation
does not occur. In particular we exhibit a family of relevant stationary solutions, and we show that
the dissipative structure known for a single specie of particles extends to the polydisperse case. In
turn, we justify the stability of the equilibrium states. Furthermore, the a priori estimates we have
established can also be used to discuss hydrodynamic regimes. We obtain this way new multi-fluid
models, two-way coupling the behavior of the dense and the disperse phases.

) 2
273V o /i + 0 iV dr <0,
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