Damping of particles interacting with a vibrating medium
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Abstract

We investigate the large time behavior of the solutions of a Vlasov—Fokker—Planck equation
where particles are subjected to a confining external potential and a self-consistent potential
intended to describe the interaction of the particles with their environment. The environment is
seen as a medium vibrating in a direction transverse to particles’ motion. We identify equilibrium
states of the problem and justify the asymptotic trend to equilibrium. The analysis relies on
hypocoercivity techniques.
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1 Introduction

This work is concerned with the behavior as time becomes large of the solution of the Vlasov
equation

OWF +v-V F =V, (V+®)-V,F=9V,-(vF+V,F), t>0, zcRY vcR? (1)
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where & is self—consistently defined by the relations

O(t,z) = / o1(x —y)o2(2)¥(t,y, z)dy dz, t>0, v € RY
R4 xR™
(ORW — ALY (t,x,2) = —02(2) / o1z —ypt,y)dy, t>0, zeR? zeR", (2
Rd

with p(t, x) :/ F(t,z,v)dv.
Rd

The system is complemented with the initial data
F(O,Jﬁ,?)) :FO(xv’U)a \II(O7I72) :\Po(l',z), 815\1/(07va) :\Ijl(xvz)' (3)
The data of the problem are set as follows:

e c>0,

e 0 : R? — [0,00) and o9 : R — [0, 00) are radially symmetric C* compactly supported
functions,

o V:R? = Ris an external confining potential:

Ve C®nwheRY, lim V(z) = .

|z|— 00

We will make the technical assumptions precise later on. A crucial role in the analysis will be
played by the following entropy dissipation property

d v? 1 9 9 9
7{/ (F—+F(V+<1>)+F1n(F)) dvdz + —/ (10,02 + 2|V, 0| )dzdx}
dt Rd xRd 2 2 Rd xR™ (4)

= —W/ 12V, VF 4+ vVF|?dvdz < 0.
R4 xR4

The investigation of this problem is motivated by the modeling introduced by S. De Bievre
and L. Bruneau [6] in order to describe the evolution of a single particle interacting with its
environment. In [6] the particle is classically described by the pair position/velocity (q(t), ¢(t)),
and the dynamics is governed by

4(t) = —-VV(q(t)) — /Rd o o1(q(t) —y) 02(2) Vo ¥(t,z,y) dydz, 5)

ZU(t,z,2) — AV (2, 2) = —0a(2)o1(z — q(t)), r € R4, z e R

It is equivalent to set F(t,z,v) = d(z = ¢(t)) ® 6(v = ¢(t)) in (1), with v = 0. The dynamics
can be thought of as if membranes continuously distributed transversely to the direction of the
particle’s motion — z € R™ being transerse to # € R? — were activated by the passage of the
particle, see Fig. 1 in [6]. The evolution of the system is therefore driven by energy exchanges
between the particle and the membranes. The system is presented as a “dynamical Lorentz gas”
and one is interested in asymptotic properties of the dynamics. This question as been further
investigated in a series of papers by S. De Biévre and his collaborators [1, 9, 10, 11, 18], that
contains both theoretical results and convincing numerical experiments. On the one hand, the
system has certain dissipative features: under certain circumstances (roughly speaking, n = 3
and ¢ large enough) the particle energy can be evacuated in the membranes, and the environ-
ment behaves like a friction force on the particle. In particular, when V is a confining potential
with a (non—degenerate) minimum at go, then the particle stops at the location ¢q as time goes
to oo, see [6, Section 5, Theorem 4]. On the other hand, in [1, 10] an approximated model



is proposed, together with an interpretation of the dynamics in terms of random walk. This
simplified framework permits to justify the approach to thermal equilibrium: the particle’s mo-
mentum distribution is driven to a Maxwell-Boltzmann distribution.

We wish to revisit these questions in the framework of kinetic equations, where the descrip-
tion by the position/velocity pair is replaced by (1) by considering the particle distribution in
phase space F'(t,z,v) > 0. Precisely, in the case v = 0, fA F(t,z,v)dvdz can be thought of as
the probability ]P’((q(t), q(t)) € A) when the initial state of the particle is distributed according
to Fp. As a warm-up, the existence-uniqueness of weak solutions for the non linearly coupled
problem (1)—(2), with v = 0, is established in [8], where it is also shown that a certain physi-
cal regime drives the solutions of (1)—(2) to solutions of the attractive Vlasov—Poisson system.
It is likely that this approach can be combined to the analysis of the smoothing effect of the
Fokker—Planck operator in [4, 5] in order to investigate the well-posedness of the problem when
v > 0. We will not elaborate on this issue in this paper. Here, we are interested in the large
time behavior of the solutions of (1)—(2). In this paper, we treat the question by adding from
the beginning some dissipative structure through the Fokker-Planck term vV, - (vF + V,F),
with v > 0 in the right hand side of (1). It corresponds to consider a large set of particles
governed by (5) where, moreover, we add both a friction term —v¢(¢) and a Brownian term. We
refer the reader to [24] for the analysis of the mean field regime that drives from the particles
description to the Fokker-Planck equation. It drastically simplifies the objectives of [6] since
the model with v = 0 is precisely supposed to contain by itself friction/dissipation mechanisms.
Nevertheless, the dissipative model already leads to non trivial issues, and this first attempt on
the PDE system (1)—(2) confirms the intuition that comes from the analysis of (5).

The paper is organized as follows. In Section 2, we will exhibit stationary solutions of (1)—(2).
Having set up the necessary notation, we can also give the statement of our main result, namely
the convergence to equilibrium at exponential rate. As a preliminary step to understand the
large time behavior, it is convenient to discuss the so-called “diffusive scaling” for the problem
(1)—(2). This is the object of Section 3. In Section 4, we investigate the large time behavior
of the solutions. Our analysis relies on the assumption that the wave speed is large enough.
Then, in some sense, in this regime (1) appears as a perturbation of the linear Fokker—Planck
equation with external potential V. Hence, we shall use the method recently presented in [13],
which is based on hypocoecivity arguments. Roughly speaking, the goal is to define a suitable
Lyapounov functional, which combines the natural entropy of the problem and an additional
inner product that allows us to control the hydrodynamic part of the solution.

2 Equilibrium states
We rewrite the Fokker-Planck operator, hereafter denoted by L, as follows
F
LF =V, (WF+V,F)=V,- (MVUM)7 M(v) = (21)~42e=v"/2,

This form indicates the dissipative effect of this operator; in particular we have

/Rd LF% dv = —/RdM‘VU(%)‘de,

which already shows that Ker(L) = Span(M). We search for equilibrium solutions of (1)—(2),
which means solutions independent of the time variable ¢, that make both the “transport part”
and the “collisional part” of the equation vanish, namely we seek #q : R? x R? — R, such that

(a) Lleq =0, (b) (v-Vy—=Vg(V+ D) Vy)Mey =0.



Condition (b) is realized by any function depending on the total energy v2/2 + (V + ®eq) (),
while, as said above, the kernel of L imposes a precise dependence with respect to the velocity
variable. Combining (a) and (b) therefore leads to

2

Mo (2,0) = Zog exp ( - % —V(z) - q>eq(x)).

In this formula, Zq is a normalizing factor. Indeed, (1) is mass preserving in the sense that

/ F(t,m,v)dvdxz/ F(0,z,v)dvdx défm,
R4 x R4

R4 xRd

and therefore Z.q is such that .#q has also mass m, which yields

-1 -1
2 m
Z. = —? )2V (@) ~Cea(®) Qy da | — / V(@) beq(@) 1y )
4 m(/Rdede v (2m)d/2 Rt !

However, we should take into account the non linearity of the problem, by coming back to the
definition of the self-consistent potential in (2). Considering stationary solutions, (2) becomes

—P A Veq (2, 2) = —03(2) 01 * peq(T),
pea(w) = /R Mol ),
Oy () = <01 * /n 02(2)Veq (-, 2) dz) ().
For further purposes, it is convenient to keep in mind the following notation

j/eq(xv U) = peq(x)M(v), peq(x) = (277)d/2Zeqei(q>CQ+V)(z)-

For the stationary problem, the space variable z and the transverse variable z decouple. Let
T : R™ — R be the solution of
—AZT = 02

(defined by the convolution of oy by the fundamental solution of (—A) in R™). We obtain

1
Ueq(z,2) = fC—QT(z) 01 % Peq ().
It follows that the equilibrium potential satisfies
A
Peq(z) = T2 % peq ()

where
A= / o2(2)Y(z)dz, Y =01 *0;.

As far as n > 3, we justify the integration by parts that leads to
A= V.Y (2)]*dz € (0,00).
Rn

Eventually, by combining the information, we are led to define the equilibrium potential as the
solution of the nonlinear equation

2m) 42\
@eq(:c):—7< ”)2 Zeq/ Sz —y)e” VW ~Pealv) gy, (6)
Rd

C

4



This discussion motivates the introduction of the following mapping

—1
T &~ —AZ[D] / S(x —y)e”VWTEW gy, Z[®] = _no / e V(@) =2@) gy ,
Rd (27T)d/2 Rd

and to define equilibrium states as fixed point of 6%9 . Before stating our first result, let us
collect here the confining assumptions on the external potential:

eV e LY(RY). (A1)

liminf (|V,V (2)|* - 24,V (z)) > 0. (A2)

|z|—o00

There exists ¢1,co > 0, and 0 < ¢g < 1 such that

AwV§01+%3\VzV2, D2V | < ea(1+ |V, V) (A3)

For the existence of equilibrium states, only (A1) will be useful; the other assumptions will be
used for the analysis of the large time behavior.

Theorem 2.1 Let n > 3. Assume (Al). There exists co > 0 such that for any ¢ > cg, the
application C%ﬂ admits a unique fized point ® € C° N L>®(RY). If 0 < ¢ < co, C%ﬂ admits at
least a fized point.

Proof. Let p be a non negative function such that fRd pdxz = m. We also suppose that the

product peY belongs to L. Then, ® : 2 — d(z) = 7(2”)6#2*;)(95) is continuous and satisfies
. (2m)4/2 A def K
0= ®(x) = —THEHLN(W)m =~z

It follows that, on the one hand
0<eV < e—@—v < em/c2 eV

and, on the other hand

e—V—<I>

By applying this reasoning to p = (21)%2Z[®] , we conclude that %.7 leaves invariant

the set
¢ ={d¢c CORY), —k/? <® < 0}.
Furthermore, for ®, &’ € ¢, we obtain (with obvious notation)
|7 (®)(z) = () ()| = [ = AZ (p = p)(@)] < A2 poe ey 0 = p'l] 22
with
|p(z) = /()] = (2m)*2eV ) |Z][@]e=*() — Z[9/]e ()]

IA

(2m) Y27V @ (20| Z[@] — Z[0)] + Z[@']|e~ @ — =¥ )
Since the elements of ¥ are bounded, we find
o=@ — =] < /() - ¥ ()] < D — ||

Similarly, by using (7), we obtain
m

P —o— U e
eV 1t~ Pl

|Z[®] — Z]9']| < e/



Gathering these estimates we conclude that
| 7(®)(x) = (@) ()] < 28] llom e/ [ — & .

Therefore C%y is Lipschitz, with a constant that tends to 0 as ¢ — co; we conclude by a direct
application of the Picard Fixed Point Theorem, provided c is large enough. Furthermore, we
can also remark that V,.7(®) is bounded uniformly for any ® € ¥. By virtue of the Ascoli
Theorem, the mapping c%ﬂ is therefore compact on . The Schauder Theorem proves that
6%9 admits at least one fixed point in %’; however, uniqueness of the normalized equilibrium
state is not guaranteed unless c is sufficiently large. [ |

Note that the regularity of @, and that of peq = (27)¥2Z[®eqle(PeatV) is determined by
the regularity of V and o;. Additionally observe that

n,len/c2
0< peg < ——i—e "
T leVne
Remark 2.2 We can interpret the equilibrium states and the role of the smallness assumption
on ¢ in terms of the minimization of the following energy functional

A
Elp) = /Rd (pln(p) - @pﬁ*pﬂLVp) da

over integrable non negative functions with total mass m. Indeed, with the associated Fuler-
Lagrange equations we recover the definition of peq and ®eq. However, we observe that p — &[p]
is strictly convez for c large enough, but due to the minus sign in front of the quadratic term,
convexity might be lost for small c’s.

Let us finish this section stating the main result of the paper which establishes the exponential
trend to equilibrium, see Section 4.

Theorem 2.3 Suppose n = 3, and let &, m > 0 be fixred. We assume that the external potential
satisfies (A1), (A2), (A3). Then, there exists c1 > co > 0 and k > 0 such that, for any ¢ > ¢,
and any datum in (3) that fulfils the conditions

/ Fydvdr =m, (A4)
R4 x R4
/ (V2 (g = Veo)|* + [¥1]?) dzda < &, (A5)
RIxR3
dvdz
Fy— Mo, € L>(R x R ————— A6
b~ Moo € 1 (R x ’///eq(a:,v))’ (A6)
supp(Po — Weq, ¥1) € R? x B(0, Ry), (AT)

we can find M > 0 such that the solution of (1)—(3) satisfies

_ 2
/ |F(t,£€,’0) -/feq(iﬁ,ll” dvdx S Mefnt.
R4 xRd ///eq(x,v)

We point out the fact that all the constants ¢, x, M can be explicitly computed by means of
the data o1, 09, Fp, Yo, ¥1. In particular, M is proportional to

Fo— M. 2
/ [Fo = Meq|” dvdx—l—/ (V. (W — Wog)[? + ¥4 [2) dz da,
Rd xRd %cq R4 xR3

which are the norms involved in (A5) and (A6).



Remark 2.4 It is clear that the result can be extended to the full variety of collision operators
considered in [13]; in particular it applies to, maybe less physical in this context, linear Boltz-
mann operators. Furthermore, as it will be clear within the proof, the regularity assumption on
o1 and oo can be relazed and it is likely that the radial symmetry is not essential, but these
assumptions stick to the framework introduced in [6].

3 Diffusion asymptotics

As it is recalled in [13, Section 1.2], the intuition on the large time asymptotics can be motivated
by investigating first a certain regime, where the PDEs system is rescaled by means of a relevant
parameter 0 < € < 1. Roughly speaking, we rescale the problem so that the Fokker—Planck
term becomes stiff. It makes the relaxation effects strong. Since the flux of the equilibrium
functions in Ker(L) vanishes, time and space scales should be appropriately rescaled in order to
obtain a non trivial problem in the limit ¢ — 0. It can formally understood through the change
of variables t — €%t, x — ex. Such regimes are usually referred to as “diffusive regimes” in
kinetic theory since one is led to a diffusion equation for the limiting macroscopic density. We
shall start by introducing more precisely the scaling of the equations, by means of the physical
parameters of the model. We will also explain how to rescale the coupling term in the wave
equation. Next, we can guess the asymptotic behavior by expanding formally the solution as a
power series of the parameter €. Finally, we state and prove the convergence of the solutions as
€ tends to 0. Entropy dissipation is a crucial ingredient of the proof.

3.1 Scaling of the equations

We follow the dimension analysis proposed in [8]. Let T, L be time and space units, respectively.
The coefficient def % has the homogeneity of the inverse of time. Let ¥ be a typical size for
the velocity fluctuation (the thermal velocity in other contexts). The dimension of the particle
distribution function is L=¢% =4, so that [ Fdvdz is dimensionless. Considering the energy
balance, |9;V|?dydz and ¢?|V,V|?>dydz have the same dimension as v?F dvdz, that is the
square of a velocity. With these remarks, we define dimensionless quantities, denoted by -/, as
follows

t="T¢, r = La’, v="Y,
LiveF(t,x,v) = F'(t',2',v").

The external potential scales as V(x) = UV'(z’), where U has the homogeneity of the square of
the velocity. For the vibrating field, we set

y =Ly, VLA U (t,x,2) = LY (¢, 2, ).
Finally, the form functions are rescaled as follows
o1(x) = qoi(z’),  02(2) = 0o5(2),

with the suitable units for ¢; and ¢5. In particular, we assume that the external potential and the
self-consistent potential have the same order of magnitude, which leads to U = ¢ L1 TV/2+d/2,
We can rewrite the PDE system in dimensionless form

VT uT T

T2 UT?
o - (T) AWta) =~ rnl) [ orle =Pt po)duds,
X



where we get rid of the - for simplicity of notation. The self-consistent potential is given by
Btr) = [ aaporle- ) ded
R» xR4

We are interested in the regime where

T 1 U YT 1 (T

T e L2 L e L’

with 0 < e < 1. Note that both the particles and the waves are “fast” compared to the velocity
of observation, with speeds of the same order of magnitude. We arrive at

1 1
O Fe + g(v V=V (V+O.) V,)F = G—QLFE,

1 1
SAV () = —5oae) [ oo - )Ety)dody,
62 62 Rd xRd

02V, —
with @, (¢, z) = (01 % Jon 02(2)Wc(t, -, 2) dz) (z). The entropy dissipation (4) becomes

d v2
— — +V+ &, +1In(F,))F.dvd
(Lo (v sn i)

2 1
+< |8t\115\2dzdx+7/ |VZ\II€|2dzdz>
2 Jrnxgra 2 JrnxRd
1
= 12V, \/F. +v/F.|* dvda.
R4 xR4

3.2 Formal asymptotics by Hilbert expansion

In order to guess the asymptotic behavior of the system for small €’s, we expand the solution as
follows
F.=FO 4 eF® 4 2p® 4
and we plug this expansion into (8). We identify terms arising with the same exponent of e:
a) e 2 terms: we get LF(®) = 0 which yields F© (¢, 2,v) = p(t,2) M (v),
b) € ! terms: the relation LF(M) = (v-V, =V (V +®) -V, )F©O = vM(V,p+pV.(V + ®))
yields FO(t,2,v) = —vM (0)(Vep(t,x) + pVa(V + @)(t,2)) + p (¢, 2) M (v),
c) €® terms: we obtain LF®?) = 9,F® + (v-V, - V,(V + ®)-V,)FU. Integrating with
respect to the velocity variable and taking into account the expression for F!) obtained

in Step b) lead to

(Note that the term p(!)(¢,2) M (v) € Ker(L) does not contribute to the equation.)
The self consistent potential is determined by considering the leading terms in the wave equation.
We arrive at the relation

®(t,z) = —A y Sz —y)p(t,y) dy. (10)

Therefore, as € — 0, we expect that F.(t,z,v) converges to p(t,x)M (v), with p solution of the
system (9)—(10).



Theorem 3.1 We assume n > 3. We slightly strengthen the confining assumption (A1), by
assuming e=*V € LY(RY) for some v € (0,1/2). Let us denote

2

Ho = sup {/ F.(0,z, U)(l + | In(Fo)(0, z,0)| + V(x) + U—) dvdx
e>0 (JRExRe 2 (11)
2 1
+< \3t\116(07x,z)|2dzdx+f/ |VZ\IIE(O7x,z)|2dzdx}

which is assumed to be finite. Then, up to a subsequence, the solutions F.(t,z,v) of (8) converge
as € — 0 to p(t,z) M (v), with p solution of (9)—(10), complemented with the initial data p(0,z) =
lime_,0 fga Fe(0,2,v) dv. The convergence holds strongly in L'((0,T) x R x R?), while p. =
Jga Fedv converges to p strongly in L*((0,T) x RY) and in C([0,T]; L*(R%)-weak).

Remark 3.2 Since it can be shown that the problem (9)—(10), admits a unique solution p for
a given initial data py € L*(R?), the entire sequence F. converges to pM if, in addition to (11),
we have [pq, Fe(0,2,v) dv — pg.

Stationary solutions of (9) satisfy
Vapeq + PeqVa(V + Peq) =0, Qo = =AY * pog.

Of course, due to the scaling the parameter ¢ has disappeared but this problem has exactly
the same form as the one discussed in Section 2. As a matter of fact Theorem 2.1 can be
rephrased by saying that there exists a unique stationary solution satisfying [ peqdz = m
provided A||X|| ;e geym is small enough. It can be interpreted as a condition on the coefficients
01,09 for instance. It is therefore a natural question to wonder whether the solutions of (9)
with a given mass converge to the corresponding stationary state.

Corollary 3.3 Let n > 3. We suppose that V' is uniformly convex: there exists a > 0 such that
for any x € R%, and any € € R?, we have Zd 02 . V(x) > al¢?. We can find N, k > 0 such

i,j=1"x;x;

that if Al|X|ly1.0c@aym < Ao, any solution p of (9) with initial data po > 0 such that

B 2
/ podr =m, / M dr < o0
R4 R Peq

/ lp(t:2) = pea(@)® | e—m/ lpo = peal”
Rd peq(l') N Rd Peq

satisfies

The convexity assumption on V clearly implies (A1). Furthermore, in the case where the
diffusion coefficient in (9) is a mere constant this condition implies the Sobolev inequality

e~ V() 2 e -V

—V(z) e
gl‘—/gy — dy - dxé/ Vag)? — da 12
()= | o) ——dy| — [ (Vag? = (12)

C

Rd
with g = fRd e~V dz. This is indeed the simplest case where the diffusion operator

Vi (Vap+pViV) =V, (e_VVz (e—LVD

satisfies the so—called Bakry—FEmery condition. Consequently, the solutions to the linear equation
0ip = V- (Vup+pV,V) can be shown to converge exponentially fast to the equilibrium m e¥ /fi.
We refer the reader to [2] for an overview of these techniques. The remarkable fact is that the
smallness condition on the parameters of the non linear problem ensures that the latter inherits
the dissipative structure of the linear equation.



3.3 Proof of Theorem 3.1

In what follows, the initial data (z,v) — F.(0,z,v) is denoted as F, . We start by establishing
uniform estimates by first recalling mass conservation

d

— F.dvdx =0.
dt Rd XRd

Additionally, we have identified a entropy-energy functional which is dissipated by the system

d 2 1
< {/ Fe(ln(FE)+v—+(V+<I>E)) dvdx—kf/ (10,0, |* + |V, 0. [?) dzdx}
dt RdXRd 2 2 RdXR"

__t |2vv\/ﬁ+v\/ﬁ|2d’ud$.
R4

€2 R4 x

The contributions of the terms containing F, In(F;) and F.®. are not signed, we fix this now. We
observe that the self-consistent potential energy can be dominated, using Sobolev’s inequality
[19, Th. 8.3], as follows

[ eFdvds| < IRt
Re x R4
2 1/2
< HFE,OHLlHUIHL?(Rd)(/ ‘/ 0'2(2’)\1/6(75,3?,2) dz‘ dﬂ?)
Rd R™

2 /(n—2) (n—2)/n 1/2
< IFpllzrllonllzegallozllzanmsnen ([ ([ 10(22) az) " de)

< [|Feollrllonllize@aylloallpzn/ove @y [V2Pe(t, )| L2 e xrny
1
<N FeolliillonliZaga o2l Zansonsn ey + 71V Telts M2 gan) -
Also, for a given nonnegative map (z,v) — w(z,v) the particles entropy may be estimated as
/ FIn(F,)|dvdz = / F.ln(F,)dvdx
R4 xR4 R4 xR4
—2/ .FE ln(Fe)(l{e—“’gFeSl} +1{Fe<€_‘“}) dv dx
R4 xR

/ F.In(F,)dvdz
R xR4

4
+2/ Fewdvdx—i—f/ e /2 dvdz.
R4 x R4 € JRd xR4

In particular, for w(z,v) = v(V(x) + v?/2), with 0 < v < 1/2, it follows that

IN

4
/ F|In(F,)|dvdz < / Feln(Fe)dvdx—kf/ e~V @)/ 2= /4 qy qy
R x R4 R4 xRd € JRIxRd

2
v
2 v — | Fedvde.
+ VAdXRd( (I)+ 2) var

10



Gathering the previous estimates we arrive at

0< / F.|In(F.)| dvda + (1 — 21/)/ (V(x) +
RdxRd R4 xR

62

1
+— |8t\1'6|2dzd$—|—7/ V.U |*dzda
2 Jrixgrn 4 R4 xR™

t
+12// 12V, \/F. +v/F| dvdads
€ Jo JRrixRd
U2
g/ Feln(FE)dvder/ (V(x)+—+<I>E)F€dvdw
R2 x R4 R4 xR 2

62

1
+— |8t\1'6|2dzd$—|—7/ V.U |?dzda
2 Jrixmrn 2 Jrixrn

62// |2V \F+U\F| dvdxds
R x R4

—l/ v 2
+*/ V@2 qu das + (| Fe, oll 7 ||01||L2(Rd ||U2||L2n/(n+2)(Rn)
R x R4

2
U—)Fe dvdx
2

4 —V xr —l/1)2
< Ao+ - /Rd nu emvV(@)/2 M dvda + ||Fe70||%1 HUlH%Q(Rd)||02l|i2n/(n+2)(R")'
X

These manipulations prove the following statement.

Proposition 3.4 Let the assumptions of Theorem 3.1 be fulfilled. Then, the following asser-
tions hold uniformly with respect to € > 0

i) F(|In(F.)| 4+ V(z) +v?) is bounded in L>([0, c0); L' (R* x R%)),
ii) €0,V and V¥, are bounded in L>([0,00]; L>(R? x R™)),
iii) ®. and V,®. are bounded in L>=((0,00) x RY),
i) D. < L(2V,/F; + vy/F.) is bounded in L*((0,00) x R% x RY).
Let 0 < T < co. By virtue of the Dunford—Pettis theorem, see [16, Section 7.3.2], we can assume

that
F, — F weakly in L'((0,7) x R? x RY) .

Furthermore, the control of the particles kinetic energy allows us to additionally justify that
pe= [ F.dv—p= [ Fdvweaklyin L'((0,T) x R%).
Rd Rd

Let us integrate the kinetic equation in (8) with respect to the velocity variable. We get, on the
one hand
Otpe +Vy-Je =0, (13)

and, on the other hand, after multiplying the same equation by v
0 e + Vg Pe+ p Vo (V + &) = —J.. (14)
In these equations we have denoted the momentum and the kinetic pressure as

Jezl/ vF, dv, ]P’ez/ v F, dv.
€ JRrd Rd

Lemma 3.5 The sequence (J€)€>O is bounded in L?(0,T; L*(R?)). Furthermore, one can write
P. = pl+ R, where R, — 0 as € — 0 strongly in L?(0,T; L*(R%)) .
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Proof. Note that the momentum can be written as
Je = / D/ F.dv.
Rd

Thus, it can be estimated by a direct application of the Cauchy-Schwarz inequality and Propo-
sition 3.4. Similarly, for the kinetic pressure we write

P, = /v\/F€®(v\/FE—i—QVU\/FE)dU—/ v® VyF.dv
R4 Rd
= e/ v\/FE®DEdU—|—]I/ F_.dv
R4 R4

where we have used integration by parts in the last integral. The Cauchy-Schwarz inequality
allows us to estimate

T 2 T
/ (/ IR| dx) dt <e <Sup/ v F. dv dx) (/ / |D|? dv dxdt) ,
0 R4 t JR4xRd 0 JRIxR?

from which one concludes using the bounds of Proposition 3.4. ]

Owing to Lemma 3.5 we can assume assume that J, admits a limit J, say in .21 ((0,T) x R?).
We also note that p.V,®, is bounded in L'((0,T) x R%) by virtue of Proposition 3.4. Thus,
letting € decrease towards 0 in (13) and (14) yields

Op+Vy-J=0,
_(J + Vep+ pvwv) = lim p.V;P..
e—0
Thus, it only remains the task of identifying the limit of the nonlinear term in the last equation.
By using the estimates in Proposition 3.4 and Sobolev’s embedding theorem, we can also assume

that U, admits a weak limit, say in L2((0,T) x R%; L2"/(»=2)(R™)). In the limit ¢ — 0 the wave
equation in (8) becomes

SALU(t, 7, 2) = —0a(2) / ola—y)olt ) dy.

Therefore, it follows that W(t,z,2) = —=Y(z) [pa 01(z —y)p(t,y) dy, and as a consequence, the
self-consistent potential converges to

®(t,x) = —A /Rd Yz —y)p(t,y)dy,

say, weakly-x in L°°((0,T) x R%). A similar conclusion applies to V,®(¢, ). Furthermore, owing
to the regularity of oy (o1 € W%>(R%)), we have the following property

sup |V, @ (t,z + h) — VD (t,z)] —— 0.
e>0 || =0

Using equation (13) and Lemma 3.5 it follows that 0;p. is bounded in L([0,T]; W ~11(RY)).
Combining these properties it is possible to apply directly the compactness statement given in
[20, Lemma 5.1, p. 12] which ensures that p.V,®. — pV,® weakly in L'((0,7) x R%). Thus,
we conclude that

—(J + Vaep+pVV) = pV, @, &= *A/d Sz —y)o(t,y) dy.
R

12



Note also that the bound on d;p. also implies that p. is compact in C([0, T]; L*(R?)-weak), that
is to say the family { [5. pe(t, 2)x(z) dz, € > 0} is relatively compact in C([0,77]) for any fixed
x € L=(R%). In particular, the initial data also makes sense for the limiting equation. With
these arguments, we have justified the convergence of p, to p, solution of (9)—(10).

In fact, by using techniques elaborated in [14, 21] it is possible to improve the nature of the
convergence and to show that p. converges strongly to p in L'((0,T) x RY) and F. converges
strongly to pM in L'((0,T) x R? x R%). The reasoning combines renormalization and average
lemma techniques. One of the main difficulties relies on the fact that a suitable version of the
average lemma is not available for a sequence of particle distribution functions weakly compact
in L' solving a kinetic equation with velocity derivatives in the right hand side. Let us sketch

the arguments. We start by setting S5(s) = 13%;. On the one hand, by virtue of the equi-
integrability of (F) __ we have
T
lim sup/ / |B5(Fe¢) — Fe|dvdzdt = 0. (15)
6—0 e>0Jo Rd xR

Indeed, observe that

T
/ / 1B5(F.) — F.| dvda dt
0 R4 xR

T 2
OF:
/0 /Rdedl—i-5Fe dvdadt

SF?
< dvdzdt + F.dvdxdt
Fo<p 1+ 0F Fo>p

)
a sup / F.dvdxdt + sup/ F.dvdxdt.
1+ 6# e>0 e0JF . >u

The last term can be made arbitrarily small choosing p sufficiently large, and then, we let &
decrease towards zero. On the other hand, we shall use the renormalized equation

(eat +v- vm)ﬂE(Fe) = hd,e +V,- 9s,¢
where

1 o)
de = ValV + @8+ L8FIMY, (57 )

= vw(v+(I)e)ﬂ5(Fe)+B:s(Fe)\/Est
I % Fe

b = —BEIMY, (1) VE.
= —2FBY(F.) D.-V,JF..

In these equations we have used the fact

1 F\ 1 =
EMVD <M) = E(VUFG +UF€) = FE De'

For any 0 > 0 fixed, the sequence (/6’5(F6))6>0 is bounded in L' N L>((0,T) x R? x R?). Since
s +— B5(s) is bounded, the sequence (95’5)e>0 is bounded in L'((0,T) x R? x R%). Moreover,

13



using integration by parts one notices that

/ |V /F.|* dvdedt
(0,T) xR xR4

2 1
=< ID.|? dvdz dt — f/ v2F, dv dz dt
4 (0,7) xR x R4 (0,7) xR xRd

—/ v/ F, - Vy\/ F.dvdzdt
(0,T)xR% xR4

2 d
<< ID.|? dvde dt + f/ F. dvdz dt.
4 (0,7) xR xRd (0,7) xR xRd

Therefore V,1/F is bounded in L2((0,T) x R? x R%), and, since s — s34 (s) is bounded, (with a
bound depending on 4), the sequence (h576)5>0 is bounded in L((0,T) x R x R?). The average
lemma then leads to the following compactness property

sup /
€>0 J(0,T) xRd

which holds for any 0 < T < oo, ¢ € C°(R?) and nonnegative y € C°((0,00) x R?). We refer
the reader to [12, Th. 3, Th. 6], [23, Th. 2] and [21, Appendix B]. Since the transport operator
has an € in front of the time derivative, the average lemma provides a gain with respect to the
space variable only. Using the fact that (V(z) + v?)F. is bounded in L!, with V(z) — oo as
|z| — oo, we can extend previous compactness property on the whole space and for any bounded
test function, non necessarily compactly supported. Hence, by using (15), it holds that

sup/
€>0 J(0,7)xRd

We conclude to the strong convergence of sequence (p¢)eso by combining this information and
the fact that (9;pe)eso is bounded in L' ([0, T]; W~11(R?)), see Appendix B. The convergence
of (F.)eso towards pM is proved by using the estimate on D,, the logarithmic Sobolev inequality
and the Cziszar-Kullback inequality. Indeed, it is now clear that p.M tends to pM strongly in
LY((0,T) x RY x R?). Therefore it remains to show that

Bs(Fe)(t,x + h,v)¢(v)dv — y Bs(Fo)(t, z,v)¢(v) dv| x(t,x) dedt —— 0,

Rd |h|—0

pe(t,x+ h) — pe(t,x)’ dzdt —— 0.

|h]|—0

lim |Fe(t,x,v) — pe(t,x)M(v)| dvdzdt = 0.
€20 J(0,7) xRd x R4

The Csiszar-Kullback-Pinsker inequality [7], [17], implies that

2
1 F
F. — pM|dvdz) <= F.1 ) dodz.
([R%dRGJ g | ) 33) 2/]Rd><]Rd n(peM) v

By using the logarithmic Sobolev inequality, see e.g. [19, Theorem 8.14], the integrand of the
right hand side is itself dominated as follows

F, F. F, F,
Og/{ < ln( 6)— < +1}p€Mdv = / Feln( €)dv
re LpeM peM peM Re xR peM

F |2
< 2/ Vor] —=| Mdv
Rd xR4 M
62
< = ID.|? dv.

2 Jraxprd

14



Integrating with respect to space and time variable we conclude that

/T

evT
/ |Fe — peM|dvdzdt < THDeHL?((o,T)dede)-
(0,T) xR4 x R4
Since || Del|2((0,7) xR xray i3 bounded uniformly with respect to e, it ends the proof. [ |

3.4 Proof of Corollary 3.3
We start by rewriting (9) as follows

0=V (peaVi (=) = Vi (pVa(®@ = Beg)) = 0.

Peq
Furthermore, we observe that
_ 2 2 2
/ de: p—dx—Q/ pd:c—i—/ Peqdz = P4 —m.
R Peq R? Peq R4 R4 Re Peq
Therefore, it follows that
1d — 2 1d 2
77/ p=pea” . _ 1A [ P2
2 dt Rd Peq 2 dt Rd Peq
_ P2 P
= - Vol — )| peqde — PV (P — Deg) - Vg dx.
R4 Peq R Peq
The last integral can be cast as
A/ meE*(p—peq)~Vz( P )dx
R Peq

= A/ quVmE * (p - ch) ’ VI(L) dz + A/ (p - pcq)vxz * (,0 - ch) Vg (L> dmv
R4 P R4 P

eq

where we denote by I and J the two terms of this splitting, respectively. We have, on the one

hand,
1/2 PRNE 1/2
I < AlVaXEs (p = peq)ll po< ra) </ pequ> </ vm<7)‘ Peq dfﬂ)
R R4 Peq
P 1/2
< NSl sl ([ [90(2) g e
R4 Peq
2 1/2 5 1/2
P = Pe P
< AV e aym (/ |q|dx> (/ v. (L) pequ) 7
R4 Peq R4 Peq

and, on the other hand,
1/2

_ 2 1/2 2
| < 2A||vwz||Lw(Rd)m(/ Pf’efﬂdm> (/ vgﬂ(p)’pequ) 7
Rd Peq R4 Peq

since [[VaX # (0 = peq) || Lo a) | < [[VaX Lo ey (ol L1 ®a) + [|peq |1 (may)- Thus, we arrive at

the inequality
1d/ |p = peal® / P2
LA bpal g [ g () g
2 dt Jga Peq R4 ‘ Peq o

_ 2 1/2
< BV, 3| oo (reym </ de) (/
Rd Peq R4

The final step relies on the following statement.

1/2

o))
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Lemma 3.6 There exists a constant > 0 such that

R R e e

m

Q

Rd

holds.

Indeed, owing to Lemma 3.6, we get

_ 2
o le=pel” o, o /
Rd Peq R4

(2 e

Let us denote &/ = 6A|V ;3| ;o geym. By using Cauchy-Schwarz and Young inequalities, for
any 0 < v < 2, we obtain

/ lp — Peq|
dt Peq
o e
<(-2+4v) / Vx( )‘pequc—k / M
Peq 4y R4 Peq

< ((_2+ 4y)/ lp— peql

o
Optimizing with respect to v yields v = ol and
/ P = peal 4 o (_2+ ”‘/ﬁ)/ lp = peal”
dt Peq N 2 R Peq
Therefore, we conclude p converges to poq with exponential rate x = 2§} — ‘F provided the
smallness condition </ < 4v/Q is fulfilled. It finishes the proof of Corollary 3.3, up to the
justification of Lemma 3.6. [ |

Proof of Lemma 3.6. Lemma 3.6 is an extension of (12) for the state peq, which is seen as
a perturbation of %e*V. Since AY * peq > 0, we can write

1
/|Vzg\2f>equ = |v$g|2€—v+1\2*pequ
]Rd ZCq Rd
1
> " 2 _vd
S L
c ) o
= 7 9(@—/ 9(y)* dy) V@) gy,
eq JRA Rd

by using (12). Next, AY * peq < A[|X % peq | Lo (re) < Al|E]| Lo (reym implies

T o2 d C -V(y)
| eaPode > T [ o= [ ow*

o [ Jow- [ o

with Q = Ce A™IEl oo ) However, peqT(x) dz is a probability measure and we can check that,
for any probability measure dpu, the function X — [o,[g(x) — X|*du(z) reaches its minimum
for X = [ g(z)dpu(z). We conclude that

/ |VIg|2pequ > Q/
Rd Rd

V

dy‘ —V (@) +ASxpeq () g

e

IV

dy| peq () da

@) = [ a0)pealu) o] pea(e) d

holds.
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We point out the fact that € depends on A, ¥ and m, and the condition &7 < 4v/Q met above still
can be interpreted as a smallness condition for the product Al|%[|y 1, gaym, since X XeX
tends to 0 as X — 0. [ |

4 Asymptotic trend to equilibrium
We restrict the discussion to the case where, given the total mass m, the equilibrium .#q is
uniquely defined. We rewrite the problem by considering fluctuation
F://eq'i‘fv (I):(I’eq+¢a \I/:\I/eq'i'w
where we remind the reader that peq(z) = (27)%2Z[®eqle ™V ()= ®ea(®) | and

Voq(z,2) = —C%T(z)al * Peq(®), with —c*A, T = 0s.

We define the operator
Teq =0 Vg —Vy(Peg + V)V,

We obtain the coupled system for the fluctuations
(O +Teq—L)f =Vautp  Voleg+ Vi -V, f,
(O~ B)0lt0,2) = ~02() [ onle = y)ett.y) dy. y
R (16)

ota) = [ o= p)oe)lty.2) dsdy

where o(t,z) = f(t,x,v)dv. The problem is complemented with initial conditions
R4

f‘t:OZfOZFo—///eq, (%aﬂﬂ)‘ = (0, 91)-

t=0
Note that from the definition we have

lo(t, Mo < £ ) o gaxes < 2m, / f(t,z,v)dvdz = 0.
R4 xR

A crucial role is played by the entropy dissipation, which casts as follows

1d / f? f
- dvde = - M —
2 dt Rd xR %eq ’y R4 xR 4 %eq

—/ vf-qubdvdz—/ Voof Vol dvda.
R4 xRd Rd xRd M

eq

2
dvdx

Vy

Let us now introduce the following useful notation and observations:

o For f € L}(RY), let (f) & Jga fdo,

e and Pf(v) def (f) M(v) stands for the projection onto Ker(L).

o Entropy dissipation makes L? (Rd xR%; //[‘j:(‘ifv)) a suitable functional space, and we denote

(+|-) its inner product.
e Since we work with fluctuation we consider the closed subspace

1= {rerr(Rixmt ), | fdude = (1)) =0}

endowed with the norm ||f||g = /(f|f)-

o We also remark that

Tt =-Te, P*=P  PL,P=0. (17)
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The last equality in (17) comes from the fact that (vM) = 0 after noticing that
TeqPf(z,0) = vM(v) - (Volf) (@) + (f)(2)(Req + V)(@))-

The idea of the proof of Theorem 2.3 consists in constructing a new functional " such that
A ~ || f||3, and identifying some number § > 0 with %ff < —65¢. Such an inequality can
be obtained in the linear framework, see [13]; in our case, however, the inequality will contain
remainder terms that can be controlled by assuming ¢ sufficiently large. The new functional
is constructed by involving a certain operator A that combines appropriately the projection P
and the transport operator Ttq.

Lemma 4.1 ([13]) Define the operator A ef (14 (TeqP)* (TeqP)) Y (TeqP)*. Then, we have
e Ran(A) C Ran(P) C Ker(L), so that LA =0 and PA = A.
o |Aflr < 5ll(L = P)flla and |TeqAfll < 1I(1 = P)flla-

Proof. For the sake of completeness we collect the arguments from [13]. Owing to (17), we
can rewrite

A=—(I-PT%P) "'PT.,.
Let us denote Af = g, thus,

g— PT; Pg=—PT.f (18)

which can be cast as g = P(T2,Pg — Teqf). It proves g € Ran(P), and thus LA = 0. Further-
more, by using (17), we get

gl + 1 Teq Pyl = (9 — PT2,Pglg) = —(PTeqflg)
= (f‘chPg) = ((1 - P)f|chPg) + (Pf|chPg)
=((1=P)f|TeqPg) +0 < (1 = P) fllulTeq Pyl

<! P + & TPyl
< g 1= P)f% + & I TPl
It yields (by successively taking o = v/2 and a = 1)
1
1A Il = Nglle < S1(E = P)flla,

||TqufHH = ||TeqPAf||H = HTeqPQHH <1 = P)flla-
|

In contrast to [13], here we are dealing with a nonlinear problem. In order to handle the
nonlinear terms involving fluctuations additional estimates on the adjoint operator A* will be
needed. In what follows, we will frequently use the following simple fact: let  — U(z) be a
field depending only on the space variable, then

AdXRd|vM(v)-U(x)|2/m - /R (/Rdv@vM(v)dv) U(x)-U@)peja)

Ux))? |
_ / U@ 4,
R4 peq(x)
Lemma 4.2 The following estimates hold for the adjoint operator

. d+1 . d+2
VoA fll < \f == Il s and JoA* flla < \[ == [Iflla-

Proof. We have A* = ToqP(I — PT2,P)~'. Let g = (I — PT2, P)~'f, so that A*f = TyqPg.
We already know that

1 1
Slgli% + 1 Tea ol < 5111
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holds since taking the inner product of (I — PTZ2 P)g = f with g yields ||g||7; + [|Teq Pyll3; =
(flg) < 5(If1I% + llgll;)- Next, we compute
TeaPg(,v) = Toq (M (v){g)(x)) = vM(v) - U(x),

with U(z) = Va(9)(@) + Va(Peq + V){g)(2).
On the one hand, we observe that

fofares = L (L o) (o) 555

lg(z,v)[?
< =~ dvda =g} < |IfI7
/]Rd xid Meq(z,0) f H
On the other hand, since [, v ® vM(v)dv =L, it follows that

dvdz
A1 = TPl = [ M@ U@E—
Rd xR4

eq(z,0)

_ /Rd (/Rd v2® vM(v) d’”) Ulx)- U(x)pej(xx)
= [ WL g < L

Now, we turn to the velocity derivative

VoA f(z,0) = Vy(TeqPg)(z,0) = Teq (Vo Pg)(x,0) + Vo Pg(z,v)
= Tog(—oM(©){g)()) + Va (M(v){(g)(x))
— (]I—U®v) (0) (Va(9) (@) + Vi (Peq + V){g)(2))

)
= (I-v®@v)M(v)U(z).
We are thus led to evaluate

/Rded(H—U@)U)M(v)U(:v) (I —v®@v)MW)U(z) dvdz

(QW)d/QZcq///cq(x, v)
) /R (/R (I-v@u) M) d”> U(x) - U(x) pejéc)
=(d+1)I

—(d+1) /}R |U(x)2peqd(”;).

We conclude that

* d+1
IVoA* Fl7 = (d + DIITea Pyl < —— 1117

Finally, we also note that

A FI% = v TeqPylll = / oM (v) (v U ()]
R4 xR

2 dvdx
= ®vM(v)U _
/]Rd xRd |v b (U) (x) | '//eq('r7 U)

_ /}R (/R (v ® v)2M () dv) Uz) - Ul)

=(d+2)I

2 dvdz
Meq(,v)

_ UG d+2
= (@+2) [ L ar = @+ 2)ITPolly < ST
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Let 0 < < 1 a suitable parameter to be determined in the sequel and define

def 1
A I (AT,
By using Lemma 4.1, we note that
1 1 1
sE=lflz < = Sl +n(Af1) < SO+l F 7 (19)

Furthermore, recall that (Af|Lf) = (LAf|f) = 0and (Af|Teqf) = (TeqAS|f) since TeqMeq = 0.
Thus, using the equation for the fluctuation (16) and the fact that time derivative commutes
with the operator A we can compute

SOALD) = (AT 1) + (ALIF) + (TugASL))
+(A[Va¢ - Vo(Mleg + NIF) + (AfIV2 - Vo (Meg + f)).

Thus, we are lead to estimate the four terms in the right hand side of the relation

%%: I+II 41141V (20)
with
1 I = (LAIf) = (AT PfIf) = (Lf|f) = n(ATeq PIP]),
II = —n(ATeq(1 = P)fIf) + n(ALF|f) + n(Teq ASLS),
- . _ v,
v = /lede vf - Vzeopdvdx /Rded Ve f -V, Ao dvdzx

+0(A[Veg - Vodleo)|f) + 1(Af|IVutp - Volleg).

In the right hand side of (20), the terms I and II already appear in the linear analysis of [13].
They are handled using the same arguments as those given in this reference.

The cornerstone of the proof consists in observing that (Lf|f) —n(ATeqP f|Pf) is the dissipative
contribution, owing to Poincaré’s inequalities. Indeed, on the one hand, there exists = > 0 such

that
v) — v)|? v) \|?
E/]Rd & M<J(2§w : dvg/ﬂ@d V”( i ))’ M{v)dv,

M (v)
see e.g. [2, Cor. 2.18]. We deduce that
Ellf = PAIE < (L) (21)

On the other hand, by assumption on the external potential V', there exists Z > 0 such that
the following Poincaré’s inequality holds

2 2

E// |Pf(.’1:,v)| dU dx S / |Tequ(f,U7U)|
Rixrd Meq(T,0) Rixrd  Meq(T,V)

To see this, note that the left hand side in inequality (22) recasts as

L[ MOOE@E, L[ WP
- /]Rded M (v)peq () dvd - /Rd Peq () -

dv dz. (22)
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For the right hand side in (22), we observe that
2 d 2
[Rd |Tequ(‘Tvv)’ M(U) = \/]Rd ’(UM('U) : (Vz<f>(x) + <f>vmq)eq(x))‘ M(’U)

= /Rd v@v M) dv (Vo (f) (@) + (f)Va(Peq + V)(@)) - (Vo) (@) + (/) Ve (Peq + V) (2))
= Vol £)(@) + () Ve Peq + V) ()]

Then, the Poincaré inequality (22) writes as
2
o [ WDOER [ [TAD) DTl s VY,
Re  Peq(T) Rd Peq ()
We set u(z) = (f)(z)e(PeatV)@)/2 and (22) reduces to the more standard expression

_ 1 1
~/ |u\2dx</ (1Vetl? 4+ Juf? (Ve (@eq + V)P = S 80(@eq + 7)) ) e

where we recognize a spectral property of the Schrédinger operator associated to the potential
11V (®eq + V)|> = LA, (Peq + V). The Poincaré inequality (22) is therefore a consequence of
(A2), see [22]. The next step appeals to the following elementary statement.

Lemma 4.3 Let S be a symmetric operator on a Hilbert space H. Assume there exists A > 0
such that (Sz|x) > )\||§H2 holds for any € € H. Then, we have that 1 + S is invertible and

(1 +8)71s¢le) = el

Proof. Clearly we have ((1 + 5)¢|€) > (1 + N)||€]%. In particular [[(1 + S)E|| > (1 + )€l
holds for any £ € H, which already proves that (1 +.5) is invertible. Using this inequality with
¢ = (1 + S)71(¢ proves that its inverse satisfies ||(1 + S)7! < H%\ Now, for any £ € H, we
compute

(1+8)718¢le) = (1 +8) 7 (1 + 5 = 1)glg) = [I€1* — (1 + 8) 7 ¢[¢).
The Cauchy—Schwarz inequality leads to

((1+5)75ele) 2 el ~ e+ 8)7ell = (1- )l = = Tl

Consequently, using Lemma 4.3 with S = —(T,qP)*Teq P in the Hilbert space H = Ran(P) it
follows with (22) that

—_/
.-

(AT PfIPf) = H/HPfHH (23)

We keep in mind previous observations for they W111 be used to estimate the term I. Proceeding
as in [13], we obtain

- 2
11 <Vl Pfllall (1~ P) Sl < 11~ P)fI + T CIPI, (24)

for a certain constant C' > 0. Indeed, Cauchy-Schwarz inequality and Lemma 4.1 already prove
that |(TeqAf]f)| < (1 = P)flla |l fllzr- Next, we remark that

PTeqf(z,v) = M(v)(Teq f)(2) = M(v)Vy - (vf) ().

Therefore, using integration by parts we obtain

PTeqLf(z,v) = M(v)Vy - (0Lf)(z) = =M (0)V, - (vf)(2) = =PTeq f(z,v).
Thus, it follows that AL = —A. Using again Lemma 4.1 we deduce that

(LA = [AFIP] < 310 P)lall il
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It remains to justify that there exists C; > 0 such that

[(ATeq(1 = P)FIN)] < CLl @ = P)fllal flla

which is the most delicate part of the proof of (24). The boundedness of AT¢q(1 — P) can be
rephrased in terms of regularity analysis for the solution w of the elliptic problem

Peqtt — Vi + (peq Vi) = p, Peq = Peq(T)-

We need to justify the regularization

/ ‘Pquiufde C/ |p|* da.
R4 R?

That (A3) allows us to establish this inequality is the object of [13, Section 2, see in particular
Prop. 5 and the comments with assumption (H4.1)]. The constant C in (24) can be estimated
as C = (3/2+ C4)2.

We are left with the task of estimating the coupling terms III and IV. The following observation
is crucial for the analysis; in particular, it will allow us to make the contribution of the nonlinear
terms small. Owing to the linearity of the wave equation, we can write ¥ = ¥ + g with i1 the
solution of the free wave equation with (v9, 1) as initial data, namely

(0F — Az =0,

(25)
¢I’t:0 = o, 61&1/11‘ .= Y1,

t=

and g the solution of the wave equation with 0 as initial data and —o9(2)0oy * o(¢, ) as source

(04 — A Ys = —oa(2)o1 * o(t, z),

(26)
vs| =0, aw|_=o.
t=0 t=0
Accordingly, the self-consistent potential ¢ splits into two parts
¢ =¢1+ ¢s (27)
with
ot = [ o= ([ orrntep2)as) ay (28)
R L n
and

osttr) = [ e =) ([ maehvsttz)az) an (29)
R n
The latter can be rewritten as

ss(t.r) == [ [ bt =92~ )ofs.y) dyds.
1

0 sinfsclel) o
o) = g [ T (6P

where = stands for the Fourier transform. We can start with the following rough estimate, which
appeals to assumptions (A5).

(30)

Lemma 4.4 The potential can be estimated by using the following properties:

i) Let ¢1 be defined by (28) with g and ¥y of finite energy:

/ (|1/)1(x,z)|2+02\Vzw0(x,z)|2) dzdx = 61 < .
RdxR"
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Then, we have
1
|p1(t, )| < p llo1llz2®ayllo2ll ponsonv2) mny V61,

1
|vw¢1(t,.€(:)| S E vad1||L2(Rd)HO’2HLG/(n+2)(Rn)\/ éDI

ii) Let o € L>(0,00; LY(R?)) and let ¢s be defined by (30). Then, we have

Iy 1Ty
lps(t,z)| < CTHZHLN||Q||L°e(o,t;L1(Rd))> IVaegs(t,z)| < CTHVwEHLm||Q||L°°(0,t;L1(Rd))a
where (tlel)
Sln
T, = ’/ e |2d§’dte 0, 00).

Proof. The solution of (25) satisfies the energy conservation
/ (100t 2,2) 4+ IV (8,2, 2)?) de o = &
R4xR

Next, we use Holder 1nequahty together with the Sobolev inequality to estimate

(n+2)/2n
oty )| < (/ 02<z>|2"/<”+2>)

) (n—2)/2n
< [ oo ([l e )y
R n
(n+2)/2n 1/2
([ 1mpre) ™ [ o ([ 9antenar)

<
1/2
< Noallgonsoengam oo ( / |vzw1<t,y,z>2dzdy)
R4 xR"
1
< p ol Lon/ et ey llo1 || 2 (ray V61

We proceed similarly to estimate V ¢r.

The estimate on ¢g is immediate once it is known that ¢t — p(t) € L'((0,00)), with norm
proportional to 1/c?. The claim is the object of [8, Lemma 4.4]. For the sake of completeness
we sketch the proof in Appendix C. [ |

Let us proceed to control the nonlinear terms in the entropy estimate starting with term III.
e Owing to Lemma 4.1, we have Af(z,v) = PAf(z,v) = (Af)(x)M(v). Hence the product
(Af|ngzS . va) vanishes since it can be cast as

[ DU ol g,
R4 xR ///Cq(x, 'U) d

= [ an@vas)- ([ Fureoar) o

e Next, duality implies that

Thus, invoking Lemma 4.2, it is concluded that

d+1 d+2
(FVe0lVod )] < (| o 4y o) I Vel

Coming back to the estimates in Lemma 4.4, we conclude

Hvzalan(Rd)||02||L2n/(n+2>(Rn)\/gI 2mIly ||V, X|| pe d+1 d+2
+ SN (VS ) 11
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We continue now with the control of the term IV. Observe that PA = A and P(v.#eq) = 0
imply (Af|V$¢ ) //{eq) = (PAf|Vw¢ : U%eq) = 0. Thus, the last term in IV vanishes

(Af‘vqu : vvfﬂeq) - _(Aflvl¢ : ’U%GQ) =0.

Additionally, we can use Lemma 4.2 to obtain

AV - Vodled)|f)| = [(MeqVag| VoA f +vA*f)|

d+1 d+2
| teaV ot (\) o /2 ) Il

<
d+1 d+2
< teaatln (o 1) )l
V2o fde1 [d+2
< ([ wetttaoa@ar) (/50 Sl

(31)
Let us postpone for a moment the estimation of this last quantity and instead consider the

integrals
—/ vf-qu[)dvdx—/ Vaof - Vot dvda. (32)
Rd xRd Rd xRd %eq

Note that they are associated to the energy exchanges, since their sum (32) can be shown to be
equal to

d 1d
— dvdz 4+ = — 24 A|V.y)?) dzda.
L geavaet 55 [ (ol + 90 dzda

The Cauchy-Schwarz inequality permits us to evaluate

f
’/Rdx]Rd vf-quﬁdvd:E‘ ‘/Rded Vot v\ Mg \/7eqdvdx‘
1/2
(/ Vao(t, )] (/ v2M (v) d@> pea() da:) Ifle (33)
R4 Rd
1/2
([, et o) pratoraz) sl

The second contribution in (32) can be estimated using the entropy dissipation. Indeed, note

that o2
win==[ || Meatras==]

Therefore, using the Cauchy-Schwarz inequality and Lemma 4.4 we are led to
f [ Vuf+of
Vaof Vo dvda| = | Vet :
‘ /]RdX]Rd %eq Rd xR4 \ %eq vV %eq
< IVadllzee 1 fll /= (LFIS)

< (||vx01||L2(Rd)||02||L2n/(”+2)(R”)\/gai 2mlly ||V, EHLoo)”fH
- c c2

IA

IA

dv dx

Vf+uf]

dv dx‘

—(Lf1f)

IVeoill2@ayllozll pzn/oi2 @y VEr  2mIo|| VeS| Lo \ 2

< 5 @fn+5( ; ET o T =
In (31) and (33), we need to estimate [ .#eq|V4¢|?> dvdz. Lemma 4.4 tells us that this quantity
is uniformly bounded, but we need a more refined estimate that takes into account the finite
speed of wave propagation. To this end, from now on, we restrict to the specific case n = 3.

Lemma 4.5 We assume n =3 and supp(oz) C B(0, Rz).
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i) We suppose that (AT) is fulfilled. Let ¢1 be defined by (30). Then, there exists ', Sy > 0,
that depends on the assumptions on (o, v1) (but that do not depend on ¢ > ¢y) such that

IVagr(t, o) <T 1iei<soy(t).
ii) Let o € L>(0,00; LY(R?)) and let ¢s be defined by (30). For 0 <t < T < 0o, we set
7(t) = max{0,t — 2Rz /c}.
Then, we have

A
IVaegs(t,z)| < g”v:vZHLw||Q||L°°(T(t),t;L1(Rd))-

Proof. We use Kirchhoff’s formula, see e. g. [15, Eq. (22), Chapter 2.4, p. 73], for the solution
of (25)

1/11(157%2) = L

Inct? / et (1. 2") + wo(@, ') + Vatho (@, 2) - (2 = 2)) dS()

with dS the Lebesgue measure on the sphere. We use the support assumption (A7) as follows.
Observe that (¢, z, 2), as a function of z € R3, is supported in the annulus

{z eR? ¢t — R < |z| <ct+ RI}.
Accordingly, the product ¢1(t, x, z)o2(z) vanishes for
ct > R+ Ry @ Sy € (0,00).
Then, by using the Cauchy—-Schwarz inequality, we get

1/2
2
|Vadi(t, @)| < [ Vaoi | p2raylloz] L2 we) (/d /3 [v1(t,y, 2)] dZdy) 1ict<soy-
Rd JR:

Next, for estimating the L2-norm of v, we use the Cauchy—Schwarz inequality again

1\ ,
it < (gm) [, 95)
X (t r(x, 2 —2') +o(w, 2 — 2") + Voho(z, 2 — 2') - z’)2 dS(z")

|z"|=ct

3(1+(1+c)t)? , /
- % /|2/|=ct (|¢1\2 + [ol* + \Vzwo\Q)(l“,Z —2')dS(%").

We integrate over z, z and we obtain

/ / Wr(t, @, 2)|? dz da
R4 JR3

ds(/
<3(1+ (14 e)t)? /z/l_ct (/Rd /RS (\%IQ + [vol* + IVzwo\z)(x,z - Z/)dzdx) m(zztz)

< 3(1 + (1 + C)t)2<||¢1||2Lz(Rde3) + H¢0||%2(Rd><]g3) + ||Vz¢0||2L2(RdX]R3))~

Furthermore, since z — 9g(z, z) is compactly supported in the ball B(0, Ry), we can apply the
Poincaré estimate |[¢oo(z,)[|72(gs) < C(B1)|[¢o(2, )[|72gs) and finally we conclude that

\Vaoi(t,z)] < /314 C(R1)& (14 (1+ )t)||Vaoillrzma)lloallLzms) Lici<sy}

IN

1
3(1+ C(Ry))é (1 + So(% + 1)) ||VI01HLz(Rd)HUQHLz(RB) 1ici<sy)

holds since ¢ > ¢g.
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Similarly, the solution of (26) is given by (see [15, Eq. (44), Chapter 2.4, p. 82])
st 3, 2) = 1 / oo(2') oy x o(t — |z — 2’| /¢, x) €
|z—z"|<ct

4rc? |z — 2|
The product o2(2z)o2(z") does not vanish as long as max{|z|, |2'|} < Rz, which implies |z — 2/| <
2R,. As a consequence, when the product o3(2)1s(¢, z,z) does not vanish only the values of
the density o(s,-) for 7(t) < s <t are relevant. More precisely, coming back to (29), we get

|Vaos(t,z)] = 1/| MV Yk o(t—|z—2|/c,x)dz' dz

2 N<et 4Tz =2

V.2l 700
< MiL(Rd) sup HQ(Sa')HLl(Rd)/ Md "ds

c? r(t)<s<t s 4|z — 2|

A
< SlIVeX|peemay sup  lo(s, )1 ®e,
c T(t)<s<t

where we used for the last integral that (—A,)Y = o9, so that

/ 72(2)02(2) o dzf/ gzrdZ:/ (—AZ)Tsz:/ IV.T|2dz = A.
R3xRr3 4|z — 2| R3 R3 R?

Finally, with Lemma 4.5, we are able to estimate (31) and (33). Indeed, we shall use the obvious

inequality
[ears [ Iz avas < VRl
R RixRe \/ Meq

We arrive at (mind the condition ¢ > ¢o)

1 Q -
[IV] < _§(Lf|f) + - Suwp £ (s, )7 + DI flla L ee<soy

T(t)<s<t
where we have set

Q ' (1+4q( d;lﬂ/d?))/\mw S| oo (m)

2Ty ||V 3| e (g | 2
2 (Ve loalors oy V& + 2oVl y?

a_ r1+nf /d+ /d+

Gathering the information all together it is concluded that

d 1 =
LA < AN =N ATGPIIPH + S0 - P)S I+
: i
Q _
FLCIPAR+% sup £l + Tt porsso)
= t

T(t)<s<

Co

and

holds with
- 1 2mHO d+1 d+2
Q= @+ n(IVeorll 2 2] oo gy V6 + =2 VTl o)) (\/2 + \/2)
Poincaré inequalities, see (21) and (23), allow us to obtaln
d = , = C(1+2) )
aﬁ” < —§H(1 - P)fllg — =y (1 - TIT) 1P £l
Q 2 T
+— sup |[f (s, Mz + Tl ger<soy-
c T(t)<s<t
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==/

Choosing 7 sufficiently small (0 < 7 < min {1, m}), we can use (19) to define 8 = 6(n) > 0
such that

d Q _
77 = 2007 )IE + - sup 1£Css ) + Tl L ger<soy
? T(t)<s<t B
0 2 Q 2 0 2 F2
< S200f@)E + - sup NFGs )l +O1F s + 5L er<soy
O r(t)<s<t -
20 Q , I?
< ——0( — . —1 .
< 17 (t) + p T(gggtllf(s, e + 19 Het<so}
This last inequality is equivalent to
d /g Qs r,
(") <=M sup 75N+ g5 Lerssoy.

T(t)<s<t

where we have set 6 = %. We integrate over 0 < ¢t < 7 and we make use of (19) again to

obtain

1- or or f2 q c Q T Os
— LI f ) < P (T) < A0) + —— (P50 —1)+*/ e’ sup [|f(o,)|F ds.
2 4600 ¢ Jo 7(s)<o<s
Setting
def s
M(t) = sup €| f(s, )7,
0<s<t

we are led to

1—n 2 650/ Q ! 20R/

- < - o/C __ v 2/C .

5 M(t) _%(0)+499(e 1) + - /0 e M(s)ds

Gronwall lemma readily implies that the estimate
2 2 _ 2Q6632/c
Oy < 2 () + Lt enp (- (5 22
18V < 7= (£0) + 45 )) exp e
holds. This completes the proof of Theorem 2.3. [ |

Remark 4.6 The main argument in Lemma 4.5 relies on the evaluation of the support of the
solution of the wave equation by means of Huygens’ principle. The analysis can be extended to
odd space dimensions n > 3, at the price of more intricate formulae for 11 and s, see [15,
Eq. (31), Chapter 2.4, p. 77]. Details are left to the reader. Arguments that make the case
n = 3 particularly relevant on physical grounds are presented in [6].

A Linearized stability for the dissipation—less model

By construction .Z.q(x,v) is still a solution of the Vlasov—Wave equation (1)—(2) in the case
where v = 0. Let us consider the linearized problem

(at + Teq)f = vz¢ ' V’U‘%eq = _U%eq . V:r(ba

ot0) =0+ ([ orpwie)dz ) o) n
(at2t - 62A2)¢(t,x, z) = —03(2) /Rd e o1(x —y)f(t,y,v)dvdy.

The linear stability can be established by adapting the reasoning in [3] for the gravitational
Vlasov—Poisson system.
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Theorem A.1 We suppose n > 3. There exists ¢c1 > ¢ > 0 such that the following assertion
holds true for any ¢ > c1: for any € > 0, there exists n > 0 such that if the initial data for (34)
satisfies

[1£Q0, e + 19:(0, )l L2 (rn xray + €l V2 (0, )| L2 xray < 71,

then, for the solution of (34) we have || f(t, )|y < e.

Proof. We check that

d [l f(t,z,v)]? /
dt {2 /]R'ix]Rd '%eq(x,’l}) dUd-’lf‘f’ R (b(t,l‘) f(t,l‘,’l)) dvdx

1

Jr*/ (|0 + A|V.P) (¢, 2, 2) dzdx} =0.
2 Rd xR™

By using the Sobolev embedding, see [19, Th. 8.3] we can estimate the contribution of the
potential energy as follows

[ efdvda] < 1760 sy
R4 xR
< 17 Marllonllagenllozl zonsinss

([ (] e mpre-ma) " )
Re n

£ e lloll 2 @aylloall Lan/ e @) V29 (s ) |2 ma xrn)

IN

HO’1 ||L2(Rd) ||02||L2n/(n+2)(Rn)

1 2
< I+ ( : ) IV aen):
Coming back to the energy conservation, we are led to the inequalities

1/ |f(t,z, )7 1/ 2
= ————dvdz + = Op(t,z, z)|* dzdx
4 Rd x R4 %eq(l',’l]) 2 ]RdXR"‘ tw( )|

2
1 g dy||o n/(n n

(5 - (st} Yo [ (9. s
2 C R4 xR™

1/ [f(t, @) /
<= ————dvdx + o(t,x) f(t,z,v)dvdx
2 Rd xRd ///eq(x, U) Rd xRd ( ) ( )

1
+7/ (‘aﬂ“z+C2|vz¢‘2)(taxaz)d2dx
2 R xR™

1/ £(0,2,v)[? /
<= —— - dvdx + ¢(0,z) f(0,z,v)dvdx
2 Jraxge Meq(T,v) Rd xRd (0.2) A )

1
43 [ 0w + @IV 00,2 dz o
2 Rd xR™

3 |f(075€,'u)\2 1/ ,
“i (o) TS O (0,2,v)|? d=d
— 4 /l;dx]Rd 'ﬂeq(l'ﬂ)) vdadr + 2 i e | t¢( ,33,1})| zdx
1 ||01||L2(Rd)||O'2||L2n/(n+2)(Rn) 2 .
+(§ +( c ) )C /Rden |V2107(0, 2, z) dz du.

This estimate allows us to conclude by choosing ¢1 = v/2||o1]|| 12 (ra)

|02||L2n/(n+2)(Rn). |

B A compactness lemma

In Section 3.3, we made use of the following claim.
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Lemma B.1 Let (u")nEN be a sequence defined on (0,T) x RN such that
i)  We can find a non decreasing function w : (0,00) — (0,00) such that
sup/ / lun(t, z + h) — u, (¢, 2)| dedt < w(|h]) —— = 0,
i) Oup = Z 9% g% with sup||g7(1 )||L1 0,1)xrN) = M < oo.
jal <k

Then, (un)neN is relatively compact in L ((0,T) x RN).

Proof. Let (Cs) be a sequence of mollifiers:

6>0
0<¢(x) <1, /C‘S(x) dz =1, supp(¢®) C B(0,9).
We set ul (t,2) = [ (*(x — y)un(t,y) dy = [ (°(y)un(t,z — y) dy. Owing to i), we get

/OT /RN | (t, ) —un (t, )| da dt < /C5(y) (/OT /RN |t (t, 2z — ) —un(t,m)|dxdt> dy < w(6).

In other words u converges in L'((0,T) x RY) as § — 0, uniformly with respect to n. We are
going to conclude by showing the compactness in L{ .((0,7) x RY) of the family {ul, n € N},
for § > 0 fixed. It is clear that

T
SHP// [ud (t,x + h) —ud(t,x)|dedt — 0
n Jo JRN |h|—0

holds. Next, we observe that (possibly extending the functions by 0 out of (0,7"))

/OT/RN ud (t +7,2) — ud(t,x)| dedt = /T/N ’/ﬁé(x—y) (/ttﬁatun(&y)ds) dy‘ dz dt
—/T/RN // (8% (z —y) ¢! (s,y) dsdy| dzdt

|| <E

t+7
< K¢ lwk.oo / / 198 (s,y)| ds dy dt < C7.

The conclusion follows by virtue of the Kolmogorov-Riesz-Fréchet criterion [16, Th. 7.56]. ®

no

C Proof of Lemma 4.4

L[ sl
o) = o [ e IO de.

The Lebesgue theorem tells us that ¢ — ¢(¢) is continuous on [0,00). Since o9 is radially
symmetric, we have

Let us set

Snfl o] .
q(t) = |(27r)"| ; sin(tr)r™ 2oy (req)|* dr
St [ cos(tr) d oo~
- B [T e o

St [ sin(tr) A2 [, o
- _|(27r)”| 0 t(z’ )W[T "EE(re)l] dr
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Therefore, ¢ is integrable as a consequence of the following estimate

d2
du?

[r”_Q\EE(rel)\Q] dr < oo.

K i1 e
< — i =
O /O

Acknowledgements

We acknowledge support form the Brazilian-French Network in Mathematics, which has made
possible a visit in Rio de Janeiro where a large part of this work has been done. Th. G. thanks
both the Math. Dept. at PUC and IMPA for their warm welcome.

References

1]

2]

B. Aguer, S. De Bievre, P. Lafitte, and P. E. Parris. Classical motion in force fields with
short range correlations. J. Stat. Phys., 138(4-5):780-814, 2010.

A. Arnold, P. Markowich, G. Toscani, and A. Unterreiter. On convex Sobolev inequalities
and the rate of convergence to equilibrium for Fokker-Planck type equations. Comm. PDE,
26(1-2):43-100, 2001.

J. Batt, P. J. Morrison, and G. Rein. Linear stability of stationary solutions of the Vlasov—
Poisson system in three dimension. Arch. Rat. Mech. Anal., 130:163-182, 1995. To appear.

F. Bouchut. Existence and uniqueness of a global smooth solution for the VPFP system in
three dimensions. J. Func. Anal., 111:239-258, 1993.

F. Bouchut. Smoothing effect for the non-linear VPFP system. J. Diff. Equations, 122:225—
238, 1995.

L. Bruneau and S. De Bievre. A Hamiltonian model for linear friction in a homogeneous
medium. Comm. Math. Phys., 229(3):511-542, 2002.

I. Csiszar. Information-type measures of difference of probability distributions and indirect
observations. Studia Sci. Math. Hungar., 2:299-318, 1967.

S. De Bievre, T. Goudon, and A. Vavasseur. Particles interacting with a vibrating medium:
existence of solutions and convergence to the Vlasov—Poisson system. Technical report,
Inria, 2015.

S. De Bievre, P. Lafitte, and P. E. Parris. Normal transport at positive temperatures in
classical Hamiltonian open systems. In Adventures in mathematical physics, volume 447 of
Contemp. Math., pages 57-71. Amer. Math. Soc., Providence, RI, 2007.

S. De Bievre and P. E. Parris. Equilibration, generalized equipartition, and diffusion in
dynamical Lorentz gases. J. Stat. Phys., 142(2):356-385, 2011.

S. De Bievre, P. E. Parris, and A. Silvius. Chaotic dynamics of a free particle interacting
linearly with a harmonic oscillator. Phys. D, 208(1-2):96-114, 2005.

R. Di Perna, P.-L. Lions, and Y. Meyer. LP regularity of velocity average. Ann. IHP. Anal.
Non linéaire, 8:271-287, 1991.

J. Dolbeault, C. Mouhot, and C. Schmeiser. Hypocoercivity for linear kinetic equations
conserving mass. Trans. AMS, 2015. To appear.

N. El Ghani and N. Masmoudi. Diffusion limit of the Vlasov—Poisson—Fokker—Planck
system. Commun. Math. Sci., 8:463—-479, 2010.

L. C. Evans. Partial differential equations, volume 19 of Graduate Studies in Math. Am.
Math. Soc., 1998.

30



[16]
[17]

[18]

[19]

[20]

T. Goudon. Intégration: Intégrale de Lebesgue et introduction d l’analyse fonctionnelle.
Références Sciences. Ellipses, 2011.

S. Kullback. A lower bound for discrimination information in terms of variation. IFEE
Trans. Information Theory, 4:126-127, 1967.

P. Lafitte, P. E. Parris, and S. De Bievre. Normal transport properties in a metastable
stationary state for a classical particle coupled to a non-Ohmic bath. J. Stat. Phys.,
132(5):863-879, 2008.

E. H. Lieb and M. Loss. Analysis, volume 14 of Graduate Studies in Math. AMS, Providence,
RI, 2001. 2nd ed.

P.-L. Lions. Mathematical topics in fluid mechanics. Vol. 2 : Compressible models, vol-
ume 10 of Oxford Lecture Series in Mathematics and its Applications. The Clarendon Press
Oxford University Press, New York, 1998. Oxford Science Publications.

N. Masmoudi and M. L. Tayeb. Diffusion limit of a semiconductor Boltzmann—Poisson
system. SIAM J. Math. Anal., 38:1788-1807, 2007.

A. Persson. Bounds for the discrete part of the spectrum of a semi-bounded Schréodinger
operator. Math. Scand., 8:143-153, 1960.

B. Perthame and P. Souganidis. A limiting case for velocity averaging. Ann. Sci. ENS.,
31:591-598, 1998.

A.-S. Sznitman. Topics in propagation of chaos. In FEcole d’Eté de Probabilités de Saint-
Flour XIX, 1989, volume 1464 of Lecture Notes in Mathematics, pages 165-251. Springer,
1991.

31



