On quantum dissipative systems: ground states and
orbital stability

Thierry Goudon*! and Léo Vivion'!

LUniversité Cote d’Azur, Tnria, CNRS, LJAD,
Parc Valrose, F-06108 Nice, France

Abstract

We investigate the existence and stability of ground states for a model coupling
the Schrédinger equation to the wave equation in transverse directions. The model is
intended to describe complex interactions between quantum particles and their environ-
ment. The result can be interpreted as a dissipation statement, induced by the energy
exchanges with the environment. The proofs use either concentration-compactness ar-
guments or spectral analysis of the linearized energy. Difficulties arise related to the
fact the model does not satisfy scale invariance properties.
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1 Introduction

This paper is concerned with the study of the following system of PDEs, hereafter referred to as
the Schrédinger- Wave equation

(i@tu + 1Axu) (t,z) = (/ o1(x —y)oa(2)Y(t,y, z) dy dz) u(t, z), teR, z € R?
2 RAxR"
(la)
(021 — ALY (L, x,2) = —cPoa(2) (/ o1z —y)|u(t,y)|? dy) , teR, zeR? 2R
: (1b)
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endowed with the initial data

u((),x) = UO(I)v (7!}(0715'7 Z),atﬂJ(O,x, Z)) = (on(x,z),d;l(x,z)). (2)

Here u represents the wave function of a quantum particle, which interacts with the vibrational
field ¢, and ¢ > 0 is a fixed parameter. A key feature of the model is the fact that the particle
motion holds in the space R?, but the vibrations hold in a transverse direction R™. We are mainly
interested in finding particular solitary wave solutions of the system, with the specific form

ult,x) = e'Q(z), Pt x,2) = V(z, 2) 3)

where w € R, and @), ¥ are real valued, and to investigate the stability of such solutions.

1.1 Motivation

This work is motivated by the modeling of dissipative systems. As suggested by A. Caldeira and
A. Legget [4] the dissipation arising on a physical system might come from a coupling with a
complex environment. In this approach, dissipation is interpreted as the transfer of energy from
the single degree of freedom characterising the system to the more complex set of degrees of freedom
describing the environment; the energy is then evacuated into the environment and does not come
back to the system. There are many possible descriptions of the environment: the case in which the
environmental variables are vibrational degrees of freedom is particularly appealing. The system
(1b)| belongs to this class of models.

This system is nothing but a quantum version of a model introduced by L. Bruneau and S. de
Bievre in [3] for describing a classical particle interacting with its environment seen as a bath
of oscillators. Roughly speaking in each space position z € R? there is a membrane oscillating
on a transverse direction z € R™. When the particle hits a membrane, its kinetic energy activates
vibrations and the energy is evacuated at infinity in the R™ directions. In particular, the coordinates
(21, ..., 2n) € R™ need not have the specific dimension of a length (but adopting this language might
definitely help the intuition). These energy transfer mechanisms eventually act as a sort of friction
force on the particle, an intuition rigorously justified in [3, Theorem 2 and Theorem 4]. The system
for the position of the particle ¢ — ¢(t) and the state of the vibrational environment (¢, z) — (¢, z)
reads

i) =~ [ Vorla(t) ~ )ox(2)u(t.. ) dz . teR (4a)
(8152151/1 - C2Az1/1)(t, z) = —o9(z) o1(z — q(1)), teR, z € ]Rd, z€eR"” (4b)
completed by the initial data

(Q(O),C}(O)) = (CIO7p0)’ (w(07xvz)aatw(oax7z)) = (¢0($7Z)7w1($az))' (5)

The functions op : R — [0,00) and o9 : R® — [0, 00) are form functions encoding the interaction
domain between the particle and the environment. The model can be extended by considering P-
interacting particles, and the mean-field regime P — oo leads to the following Vlasov-Wave system



2]

8tf+v-V$f—Vz<01*w/02¢dz)-vazo, teR, zeR? veR? (6a)
b — P = —0a(2) <0'1 g /fdv> ; teR, z€RY 2€R"  (6b)
f(O, l‘»”) = fo({E, U)v (1/)(0, xz, Z)a &@Z)(O, L, Z)) = (@Do(.’l), Z)a ¢1($7 Z))a (60)

where f stands for the particle distribution function in phase space. This system is thoroughly
investigated in [T}, [9, B38]. In [§], it is proposed to rescale the wave equation as follows

aftq/; — A = —Poy <01 *g /fdv> . (7)

As ¢ goes to 400, the solutions of the rescaled system tend to solutions of
atf+v.v$f—vx(ol*x/agq/?dz>-vvfzo, teR, zeRY veR? (8a)
— A = —0y (al*m/fdv), teR, zeR? zeR” (8b)

(Without the rescaling the regime ¢ — oo would simply lead to the free transport equation for the
particle distribution function f.) We can write

Ita,2) = 1) (o1 [ Fv) @)
where I' denotes the unique solution of
~AT=—-0y, TIecH\RY. (9)

This observation allows us to express |(8a)h(8b)|as a standard Vlasov equation
8tf—|-v-vxf—l—ﬁvx<2*x/fdv>~va:0, teR, zeRY veRY, (10)

where the potential is defined by a convolution with the macroscopic density, with
k=|V.T|72, T =o01%01. (11)

Quite surprisingly — mind the sign x > 0 — this corresponds to an attractive dynamics. This
unexpected connection guides the intuition to establish further features of the solutions of the
Vlasov-Wave system; it particular, they exhibit Landau damping phenomena [13],[I4]. The analysis
of these models, either for a single particle or the kinetic description, brings out the critical role of
the wave speed ¢ > 0 and the dimension n of the space for the wave equation.

The system |(1a)H(1b)|then appears as the quantum version of the L. Bruneau and S. de Bievre
model. This intuition can be justified by the semi-classical analysis a la P.-L. Lions-T. Paul [26],
which makes a natural connection between the Vlasov-Wave system and |(1a)H(1b)} see Appendix
and [39]. Note that here we have adopted from the beginning the rescaling where the coupling term
in the wave equation is of the order of ¢?. We will motivate this choice below. According to
the framework introduced in [3], throughout this article we assume:

3



(H1) n >3,

(H2) The form functions o1 and o9 are non-negative, smooth, compactly supported and radially
symimetric.

As said above the role of the dimension n for the wave equation is critical in these models. Indeed,
the evacuation of energy in the environment relies on the dispersion properties of the wave equation,
which are strong enough when n is sufficiently large [I3]. By the way, notice that the definition
of k in makes sense when assuming n > 3. The case n = 3 also plays a specific role in the
theory presented in [3]. The assumptions[(H1)|and [([H2)|on the form functions are very natural in
the modeling framework of [3]. In what follows, we use the abuse of notation to mix up a radially
symmetric function of z € R? with the underlying function of the scalar quantity |z|, and we will
equally refer to the monotonicity of this function. Following the observations made for classical
particles, it is instructive to consider the regime where ¢ goes to +oo in|(1la)H(1b)l We are led to

1040 + %Axﬁ = (01 *g /ngﬁ dz) i, teR, z e RY (12a)
— A = —03(2) (01 % [[?) (), teR, z€R?% z€R" (12b)

which can be cast in the usual form of an Hartree type equation
i041l + %Agga ==k (Dwlaf) @, teR, z € R™ (13)

This remark will be helpful for the analysis.
The conservation of the total energy is a remarkable property of all these models. For the

particle equation |(4a)| we set

i(t 1
Epan) = L0+ 3 [0 + A90) 0,20 a0+ [ o1(a0) = poa(2)(tp.2) dy
and for for the kinetic equation with (mind the rescaling for the wave equation), we set

2
Ean(t) = ;/v2f(t,x,v) dvdx+;/(|atcf|

+ / o1& — 9)oa(2)(t, y, 2)f(t, 7, v) dv da dy dz.

+ |VZ1/J|2) (t,x,z)dzdx

Then, we have
gpart(t) = gpart(o)a gkin(t> = gkin(o)'

For the quantum model, |(1a)H(1b)} it becomes

2
Esenr(t) = ;/]qu(t,x)|2dﬂc+l/<’8tw’ +|VZ1,Z)|2>(t,x,z)dzd:r

2 c2
+ [ 1@~ y)oa(2pt.y.2)utt, o) P dz dydo 19
= ESchr(O)-
For the asymptotic Hartree equation |(13), we get similarly
1 5 K - -
Hit) =5 [IVitoPdo— 5 [ @yl PlaoP dody = 1O, (15)
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Moreover, both quantum equations are invariant by translation and phase and conserve the mass
of the wave function:

()= [lulto)Pas =.a0), ) = [ a0 dz =40, (16)
However, there are fundamental differences between the two equations. Let

p(t) = Im/vxu(t,x)ﬂ(t,:c) dz, p(t) = Im/Vxﬂ(t,x)ﬂ(t,x) dz

be the momentum associated to |(1a)H(1b)|and [(13)} respectively. We have, for |(13)}

d
—~5=0
dtp >

but
d

—p(t) = —/ Ve (01 */ o2(2)Y(t, x, 2) dz) lu(t, z)|* dz
dt Rd n
for|(1a)H(1b)l We also introduce the center of mass

/ z Ju(t, z))? dx 1
g(t) = 2E; = o lu(t, z)* dz
[ wtearas O J.

associated to|(1a)H(1b) and a similar definition ¢(¢) for|(13)l We have

MO at) =plt),  AO) (1) = (1),

Therefore, the momentum conservation for implies that the center of mass follows a straight
line at constant speed. For (1b)l the analogy with the case of a single classical particle would
lead to conjecture that the center of mass will stop exponentially fast. Numerical experiments shed
some light on this issue [15]. Finally, we note that is also Galilean invariant: if @ is a solution
ofm then v(t,z) = a(t,z — tpo)eipo’(m_t%o) still is a solution ofm This property is not fulfilled
by the system |(1a)H(1b), which leads to a specific behavior of the solutions, consistently with the
previous remark.

1.2 Scaling properties

It is well-known that scaling invariance plays a central role in the analysis of non linear Schrédinger
equations. Here, let (u,) be a solution of [(1a)H(1b)l and, for given A, u > 0, let us set

(urpu(t, ), oau(t, z, 2)) = (1 w( N2, Ax), p AT Ip (N, A, )\22)).
It turns out that uy , is a solution of but with the rescaled form functions

ot (z) = p AT o (Az) and 03 (z) = A" P2oy(A22).



Since o1 and o are not homogeneous functions, (u, ) and (uy,,% ) are solutions of the same
Schrédinger-Wave system if and only if A = 1 = u. The same conclusion applies to the limiting
system: if @ is a solution of then @y (¢, x) = pa(A%t, Az) is a solution of with the rescaled
potential XM (z) = af"“ * Jf"“(ﬂ:) = p7202%(\x). Therefore, in contrast to the usual non
linear Schrodinger or Hartree equations, we cannot find a relation between A and g such that the
(uxus ¥a,u)’s are solutions of the same equation than (u,); this lack of scale invariance will have
an important role in the sequel of this paper.

Nevertheless, the scaling property implies that any result valid for the Hartree equation with a
given potential ¥ equally applies to the equations with the modified potentials ¥**. Considering
the case where A = . = ¢! and letting € go to 0, up to a suitable renormalization, allows us to
consider the regime ¥ — Jp which formally leads to the standard cubic non linear Schrédinger
equation

1
iU + 50U = —s|UIU. (17)

This equation is L?-sub-critical in the case d = 1, it is L?-critical in the case d = 2 and L?-super-
critical in the case d > 3. Hence, this formal limit suggests different behaviors for the Hartree
equation (when a smooth potential is considered), depending on the dimension d. Even if the
continuity with respect to ¥ as ¥ — dg is certainly wrong when d > 2 — admits solutions
which blow up in finite time while solutions of are globally defined when ¥ is smooth — our
analysis shows several differences between the case d = 1 and d > 2, which can be understood from
the formal asymptotic to It is thus not surprising that our main results, Theorem and
Proposition [2.10] require some additional assumptions on the form function o;. Namely, in the case
d = 3, we shall consider ¥ = oy x 01 such that the rescaled potentials XV, with X, u > 0, are close
enough to | - |71 (note that when d = 3 and ¥ = |- |7, the Hartree equation is L?-sub-critical).
When d = 1 we do not require any additional assumption on o1: see Proposition [2.15 obtained
precisely by using the L? sub-critical feature of when d = 1.

1.3 Solitary waves

The system |(1a)H(1b)|can be shown to be well-posed, in natural functional spaces associated to the
energy conservation.

Theorem 1.1 Let (H1)~I(H2) be fulfilled. For all ug € H*(R?), 1y € L2(R% HY(R?)) and
Y1 € LA(RY%; L2(RD)), the system |(1a)[{(1b) and admits a unique global solution (u,) such
that u € C°([0, +00); H'(R%)) and

e €0 ([0, +00); L2 (RG A'(RD))) 0 € ([0, +00); L (R LA(RD)) ).

The proof is detailed in Appendix[A] The local well-posedness is based on Strichartz’ estimates,
which rely on the dispersive properties of the Schrodinger and the wave equations in the coupling.
The difficulty comes from the fact that Strichartz’ estimates for lead to estimates of u in L{L",
norms whereas Strichartz’ estimates for lead to estimates on ¢ in L"L{LP norms. Then, in
order to gather these estimates, it is necessary to manage with permutations of Lebesgue-norms in
time and space. For this purpose, assumption allows us to apply Hélder and Young inequal-
ities in order to always obtain estimates in L{L%-norms. Eventually, that solutions are globally



defined comes from the Hamiltonian structure of the system.

The main purpose of this article is to show the existence and the orbital stability of solitary
waves for the Schrodinger-Wave system. Namely, we are going to study solutions of |(1a)H(1b)| with
the form The existence of such non dispersive solutions is the translation of the presence of
some attractive dynamics induced by the model. The rescaling is important in the discussion.
We start by observing that if (u, ) = (Q(x)e™?, ¥(x, 2)) is a solution of then (@, V) is
a solution of

1
— iAxQ + w@ + (0‘1 K /02\11 dz) Q=0, z e R? (18a)
— PAU = —2oy(2) (01 *z Q2> (z), zeRY zeR, (18b)

which is in fact independent of the parameter ¢. In turn, the profiles (Q, ¥) do not depend on c.
Moreover these particular solutions (Q(z)e™*, ¥(z, 2)) are also solutions of the asymptotic system
12a)H(12b)| It is therefore relevant to compare the behavior of the solutions of |(1a)H(1b) and the
solutions of |(12a QH! 12b)|around the state (Q(x)e™t W(x, z)): this comparison provides information
on the action of the environment on the quantum particle.
According to the previous discussion, the expected behavior for the Schrodinger wave system
can be summarized as follows.

Conjecture 1.2 Let (Q, V) be a solution of ((18a)H(18b)| orbitally stable under the dynamic|(la)-

. If up(z) = Q(ac)ei%o'm for some sufficiently small py and if (v, Y1) = (V,0), then there exists
two functions x = x(t) and v = 7(t) such that

e the unique solution (u,v) of|(1a)H(1b)| associated to these initial conditions remains close
(uniformly in time in some norms that have to be precised) to (Q(-—z(t))eV D W(-—xz(t),-));

I3

#(t)] < Ce ¢ and |x(t) — & < Ce:.

Even if the orbital stability of solitary waves of non linear Schrédinger equations is a classical
result for many years, see for instance [6], [40, 41], there are several difficulties to justify it in
the present context. Firstly, we are dealing with a system and not with a mere scalar equation.
Secondly, the nonlinearity is non local. Nevertheless, we can expect that structure properties of the
simpler problem still apply to the system |(1a)H(1b)} At first sight, assumption can be
expected to make the problem easier than the case where ¥ is replaced by the kernel of the Poisson
equation in dimension d = 3, that is X%(z) = ﬁ This specific case — the Schrédinger-Newton
equation — has been investigated in detail by E. Lenzmann [19]. However, as reported above, while
3} = 01 x 01 has better regularity and support properties, it does not satisfy any scale invariance.
It turns out that the analysis of the Schrodinger-Newton equation exploits, in a quite crucial way,
either explicit formula or the scale invariance which are very specific to the kernel \%I For this
reason, we shall use a quite indirect approach, that relies on the perturbative arguments developed
in [I9] for establishing spectral properties for the non relativistic Hartree equation. The second
part of the conjecture justifies that the environment acts on the quantum particle as a friction force

and will be the object of future investigations [15] [39].



2 Main results

As said above, the main objective is to discuss the existence and the stability of non trivial solutions
(with finite mass and energy) of [(1a)H(1b)| with the form In order to establish the existence,
we start by observing that (Q, ¥) has to be a solution of |(18a)H(18b)l Then we can express ¥ in
term of @) as follows:

U(z,z) =T(2) 01 % Q*(x),
where I' stands for the unique solution of [(9)] Coming back to [(18a), we deduce that Q satisfies

- 5AQ6Q — (2 @)Q =0 (19)

with the definition|(11), This equation is known as the Choquard equation and it has been intensively
studied (see for example [27], [20] or [19] and the references therein). In particular, we already know
from [27] that there exists infinitely many solitary waves.

2.1 Ground states

Nevertheless, we are only interested in stable solitary waves: for this reason, we consider solitary
waves that minimize the energy of the system under a mass constraint, a quantity conserved by the
evolution equation. Such solitary waves are called ground states. The specific case of the Newtonian
potential X%(z) = ﬁ in dimension d = 3 has been studied in [20] which establishes the existence
and uniqueness (up a change of phase and translation) of ground states for The existence part
of [20] still applies in the case where ¥ is a smooth, compactly supported, radially symmetric, non
increasing and non negative function. However, the arguments for proving the uniqueness part of
the statement rely strongly on the specific form of the Newtonian potential. Besides, the definition
of the energy functional for the system (1b)| differs from those of Therefore, one has to
check that |(1a)H(1b)| admits ground states. For that purpose we will need the following additional

assumption on the form function o.
(H3) The form function oy is non increasing.

We interpret the energy functional |(14)| as depending on wu, 1 and x = 0yp. Namely, for
u:RY 5 C, ¢, x: R x R” = R, we set

2
E(u,v,x) = ;/|Vmu(3@)|2dx+;/(’§2’—I—lvzw\z)(x,z) dz dz
+ [ o1z — y)oa(2)Y(y, 2)|u(z) ] dz dy dz,

so that Esen(t) = E(u, ), 0p)(t). Similarly, we set

) = [ Wau@)fdo =5 [ (o= plut)Plue)? do dy, (20)



see |(15)l In order to establish the existence of ground states we will study the following three
minimization problems.

Iy = inf { B(u,0,%) st. (u,0,x) € Hi x L2} x L2L2 and [[ul}, < M }, (21a)
Jyr = inf{ E(u,,x) st. (u,2,x) € HE x LiHZI x L2L? and ||u[7; = M }’ (21b)
Ky = inf{ E(u,T'oy * \U\2;0) st. ue Hxl and H“H%? =M } (21¢)

The interest of comes from the fact that E(u,T o1 % |u|?,0) = H(u) since oy is odd and
therefore ||o1* |ul?||2, = [[ |u|*(2)E(z —y)|u[*(y) dz dy. Then, if Ky is reached at u, u is a ground
state of too and we will be able to compare ground states of [(1a)H(1b)| with ground states of
Section (3| is devoted to the proof of the following theorem.

Theorem 2.1 Let be fulfilled.

(i) For every M >0, I is reached.

(ii) For every M >0, Iny = Jpr = Ky

(iii) There exists a mass threshold My > 0 such that for every M € [0, My], Jar = 0 and for every
M > My, Jy < 0 is reached on (u,,x) = (u,,0) with u non negative, radially symmetric and
non increasing. Moreover (u,v) is a solution of for a certain w > 0. In particular
Y = Toy x |[u|? is non positive, u is an element of the Schwartz class S(RY) and Ky = Jy is
reached at u.

(iv) If d > 2, then My > 0.

Note that we do not know whether the minimizer in item (iii) is uniquely defined, up to a possible
change of phase and translation. Applying Lieb’s method [20], we cannot even conclude whether
or not the minimizer of Jys are radially symmetric, a preliminary step to establish uniqueness,
and strictly positive. The alternative approach of L. Ma and L. Zhao [28, Section 5] provides a
positive answer to the strict positivity and radial symmetry of the minimizer, though. Note also
that the fourth item of this theorem is reminiscent to the fact that|(1a)H(1b)| does not have a scale
invariance. We will see in the sequel that My = 0 when d = 1, and this difference with the cases
d > 2 can be related with the discussion of Section [1.2

2.2 Orbital stability

The variational characterization will be used in Section [] to establish the following orbital stability
result for these ground states. In this statement, for a given mass M > 0, we denote by Sy; the
space of all possible ground states

S ={(Q.¥) € H} x M1} such that [Q||?, = M and E(Q, ¥,0) = Jy }.

Theorem 2.2 Let M > My and (Q, V) be in Syr. For every e > 0 there exists : > 0 such that if
ug € HL, v € L2H! and xo € L2L? with

luo = QIIx + 1o = W2, 2, + Ixoll 722 < 6.

then the unique solution (u,1p, x = 0wp) of|(1a)l with initial data (uo, o, x0) satisfies

sup _inf ([lu(t) = Qly + 19(6) ~ T2, 5, + IOz ) < e
>0 (Q,¥)eSm ziz



The proof is classical and based on the concentration-compactness lemma, see for instance [0 23], [24]
and the references therein. Since we do not know whether the ground states are unique (up to the
equation invariants), the statement only tells us that a perturbation of a ground state stay close
(uniformly in time) to the manifold of all the possible ground states. This is weaker than the
expected conclusion which would assert that “a perturbation of a given ground state stay close
(uniformly in time) to the manifold generated by this ground state and the equation invariants
(phase and translation)”.

2.3 Strengthened orbital stability

A strengthened result can be obtained by using an alternative approach, based on the study of the
linearization of the energy around a ground state (see [30, 40} 41]; we also refer the reader to the
lecture notes [29, Section 2.6] and the references therein). To be more specific, we fix M > M, and
we consider a ground state (Q, ¥) of Jys such that @ is positive, radially symmetric and decreasing
and such that ||Q||%% = M. We introduce

Next, we linearize this quantity around (Q, ¥,0): for every u € H., 9 € L%HZ1 and x € L2L2, we
have

W(Q+u,¥+1,x) =W(Q,V,0)

+1/ xQ.(qu+Vxﬂ)dx—kw/dQ(u#—a)dm%—/Rd <U1*/n02‘1’d2) Q(u+u)dz

2Rd

1
+/ <01*/ ng/)dz) Qde+?7 V.U .V.¢drdz
Rd R7 2 J/rixrn

1

+/ \qu|2das+w/ |u|2dx+/ (01* 02\11d2> lu|? dz:
2 Jra Rd

+/ <01*/ Uzwdz) Q(u+u) dac%—//JK Ix[?dzdz + = // |V ¢|* dz dz
R4 Rn R4 xR™

+/ <01*/ Uzwdz) lul? dz.
R4 R

We write this as W(Q +u, ¥ 41, x) = W(Q,¥,0)+ I + ... + I12. Thanks to|(18a)|, I1 + o +13 =0
and thanks to|(18b)l I4 + Is = 0. Let us denote

u = f+1ig, fig €eR.

We can rewrite

f f 1 2
Ig+ ...+ 111 = L_
6+ ... + 111 <£+ <¢ Ay et +(L-9,9)2 + 9¢2 X172 2

where )
—§Ax—|—w+ (01*/ oo U dz) M,
Ly= " 1 (22)

10



with
Mﬂﬁz (01*/n02¢dz> Q, MQfZO'Q (O’l*Qf),

and )
L_= _iAx +w+ (01 */ oW dz) . (23)

Let us also introduce the operator L defined by
1
Lif=—5Azf +wf —w(Ex Q*)f = 26(E % Q1)Q, (24)

which will have an important role in the sequel: it is the analog to £ for W (u) = H(u) + wlul|2,.
We eventually obtain the following decomposition

W(Q+u, W +1,x) = W(Q, W,0) + <£+ @ , @ > F{L-g,9)2
L2x1212

1
+ 5 lIxll72 2 +/ (01 */ 0'21/Jd2> lul?dz.  (25)
2c rE R4 n

Remark 2.3 Relation|(25)| holds true when replacing, for some o € R, My and My in the definition
of Ly by aMy and (2 — «)My. However, Ly is self-adjoint only in the particular case o = 1.

The key argument to prove an orbital stability result is to characterize the kernel of L_ and £
and to prove that these operators are coercive under some orthogonality conditions. The operator
L_ is a local operator, and we already have at hand the following statement, see for example [40].

Lemma 2.4 We have Ker(L_) = Span{Q} and there exists a universal constant p > 0 such that

for every g € HJ, .

2
(L-9.9) 2 2 #loliy, = [t9. @

(26)

The difficult part is to obtain an analogous statement for £,. The method consists in working
on the operator L, : the knowledge of the kernel of L will allow us to identify the kernel of £, and
a coercivity property for Ly will provide a coercivity property for £, too. By direct inspection, it
can be checked that Span{0,,Q, j = 1,...,d} C Ker(L4); we shall work further to establish the
reverse inclusion and characterize Ker(Ly). Since Ly is a non-local operator, classical arguments
based on Sturm-Liouville theory are not applicable. We shall need to develop alternative approaches
and perturbative arguments, inspired form [19].

We are going to exploit results known for some limiting cases, depending on the dimension d.
Namely, in the case d = 1 we will consider the case of the delta function

0 = §p, (27)

while in dimension d = 3 we will consider the case of the Newtonian potential
¥0(z) = —. (28)
Indeed, for these specific situations the following statement holds.

11



Lemma 2.5 Letd = 1 with the potential|(27)| or d = 3 with the potential|(28). We have Ker(L,) =
Span{@ij, j =1,...,d}. Moreover, there exists a universal constant v > 0 such that for every

feH],
2
) | )

In the case d = 1, the result is well known since the paper of M. Weinstein [40]. The analysis
of the case d = 3 is quite recent: the characterization of the kernel of L, has been obtained by
E. Lenzmann in [19] and then, based on this characterization, P. D’Avenia and M. Squassina [7]
established the coercivity property We need to extend such a property to potentials with the
form ¥ = 01 x 01: we denote by o7; the set of admissible form functions o1 such that Lemma
applies in dimension d when ¥ = o1 x o1. This is made clear by the following Definition.

d
(Lof oz > Wy — 5 <\<f, Qa| + X [(r.00, @02
j=1

Definition 2.6 We say that o1 is an admissible form function if it satisfies ((H3) and if
there exists a mass interval I of non empty interior such that for every M € I and every positive
and radially symmetric minimizer Qpr of Kyr, Lemma |2.5 applies.

That <7 is non empty is highly non trivial: in [I9] the characterization in Lemma relies
strongly on the specific form of the Newtonian potential and the scale invariance property of
equation in this specific case. We let this question open for a while and state the following
lemma which links the properties of the operator £ to the properties of the operator L. Note
that from now on we denote

H = {(u,) € H x L2H}}
which is a Hilbert space when endowed with the norm defined by

s )% = Nlulliy + 1017, -

Lemma 2.7 Assume ((H3). Let 01 € <7y be an admissible form function and assume that
the mass M of the considered ground state Q is in the interval I of Definition . Then Ker(L4) =
Span{(@ij,axj\Il)t, j=1,...,d} and there exists a universal constant v > 0 such that for every

(f.y) et
) . (30)

<£+ @ , ({2>> > Pl 0l 5 (|<f Q)

This lemma is the key ingredient to prove the following orbital stability theorem that strengthens
Theorem [2.2] The proof is detailed in Section [5

893JQ L2

Theorem 2.8 Assume - Let o1 € oy be an admissible form function and assume that
HQHLQ € 1. For every (ug, vo, x0) € H! x L2H! x L2L2 let us denote by (u, v, x = Opp) the unique
solution of|(1a)| and|(1b)| associated to the initial data (uo, o, X0). Let us assume |lug||z2 = [|Q]| 2 -
There exists €g > 0 such that for every e € (0,e9) we can find n(e) > 0 and §(e) > 0 such that, if

1
o = @ %0 = ¥l + SlIxollzz 2 < m(e)* and W(uo, v, x0) = W(Q, ¥,0) < 4(c),
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then there exists two functions x(t) and y(t), continuous in time, such that for every t > 0, v =
eyt + x(t)) satisfies the following orthogonality conditions
<Rev,8ij>L2 -0, j=1,....d (31a)
(Imv, Q)1 =0 (31b)

and 1
I3z <

. 2
sup [[u(t) = Q- — 2(1)), (1) — W(- — (1))

£>0 A

Remark 2.9 Note that in the regime ¢ > 1/2, the theorem still applies if the perturbation xo is
not close to zero. It is also worth remarking that n(e) and d(e) are uniform with respect to c.

It is worth commenting the assumption on the mass of ug which did not appear in Theorem [2.2]
Usually, assuming [jugllr2 = [|Q| 2 is not a restriction. Indeed, as soon as the definition of the
map M — Qpr is meaningful (i.e. when ground states are unique or at least locally unique)
and defines a continuous map, any small perturbation ug of a ground state ;s is also a small
perturbation of the ground state QHUOHL%' Here, relaxing this assumption requires to justify, first,

that the ground states are (at least locally) unique and, second, their continuity with respect to
the mass M. We decided not to focus on the uniqueness issues in this work; nevertheless we can
provide some hints. Our approach to find admissible form functions o; is inspired by the strategy
developed by E. Lenzmann [19] in order to prove the uniqueness of ground states (for almost every
sufficiently small mass M) for the non relativistic Hartree equation. Therefore, it is likely that a
similar result applies here for almost every M € I. Working in this direction may probably allow
us to justify that the assumption on the mass of the perturbation ug is indeed not a restriction.

Theorem becomes fully meaningful if we are able to characterize the set of admissible form
function 7, or at least to justify that .@7; contains physically relevant form functions oy. This is
the purpose of the following sections which contain the most original insights of the paper. Our
results cover the three-dimensional case d = 3, which is the most relevant physically, and the one-
dimensional case d = 1 for which numerical investigations is more affordable [15]. It is worthwhile
to see the role of the space dimension in the analysis, and we also provide some hints on the case
d=2.

2.4 The case d =3

Section |8 is devoted to the construction of admissible form functions oy in dimension d = 3. The
difficulty in identifying the class of admissible form functions o) is a weakness of the method
compared to the approach by concentration-compactness. Nevertheless this additionnal restriction
allows us to obtain the more precise orbital stability result of Theorem and we shall see in
Section [§] that we can find many form functions oy that fit the physical framework introduced in
[3]. We proceed in two steps. The idea is to boil down a perturbative approach for potentials 3
close, in an appropriate sense, to | - |}, and then to push this result by suitable rescalings which
allow us to identify physically relevant potentials ¥ = o x o1 not necessarily close to | - |~!. An
important issue in this approach is to clarify the role of the mass constraint: Theorem [2.2] applies
to any ground state of mass M > My. Hence, we expect stability results that apply to a continuum
of possible masses M, as stated in Definition [2.6]

13



Proposition 2.10 The set @5 of admissible form functions is non empty.

We will indeed see in Section [§] that the set @7 contains at least every form function o; satisfying
and such that XM (z) = uX(Az) is close enough to X° = | - |71 for suitable rescaling
parameters A, > 0. As explained above, our strategy to identify admissible form functions and to
establish the orbital stability for the Schréodinger-Wave system is based on a perturbative analysis
from X0, For this purpose let us introduce the following more precise notations.

Definition 2.11 For a given potential ¥ we denote H> and Kﬁ the corresponding energy defined
by [(20), and the minimization problem respectively. Then we denote by Q]% a positive
and radially symmetric minimizer of Kﬁ and by w(E,Qa) the constant w > 0 such that Q%[ 18
a solution of [(19)| with ¥ and w = w(X%,QY,). Note that the notation QY could design several
minimizers since a priori we do not get the uniqueness of the minimizers of Kﬁ Moreover we
make precise how the operator L defined by depends on X, @ and w. Since we will only
consider cases where w = w(X, Q) we will use the notation Ly = L1 (%, Q).

We consider a sequence (3¢).~¢ of smooth potentials satisfying the following assumption:

(H4) For every e there exists of satisfying |((H2)H(H3)| such that ¥ = o] x 0§ and the sequence
(¥)e>0 converges to X9 = | - |~ in the following sense: for every R > 0,

127 = 21y <rll 372 + 137 = S 1 rllzee v (32)

For such family we know that for each e > 0, there exists a mass threshold M§ > 0 such that K}
is achieved for every M > M§. In order to work with a fixed mass M > 0 we will also assume that
SUpPge.<1(M§) < +oo and we will consider a mass M such that M > sup(M§). This assumption
is quite reasonable since 3¢ — X0 and there is no mass threshold in the case ¥ = £0. We refer
the reader to Lemma which insures that this assumption is indeed always valid in the previous
context.

Then we consider a sequence (Q°).~¢ of smooth, positive, radially symmetric and decreasing
functions and a sequence (w?)c~q of positive numbers such that Q° = Q%; and w® = w(X%, Q3 ). In
particular each )¢ is a solution of with ¥ = 3¢ and w = w®. We also consider Q°, the unique
positive and radially symmetric minimizer of K ]%40 Note that QO is also decreasing and we can find
w? > 0 such that Q is a solution of with ¥ = X% and w = w%. Hence, the cornerstone of the
analysis is given by the following result, established in Section [7}

Proposition 2.12 With the previous notations and assuming moreover|(H4 ), the following prop-
erties hold.
(i) Convergence. For every d > 0 there exists g > 0 such that for every 0 < e < &,

1Q° = Q°llay + |o® — | < 4.

(ii) Coercivity. There exists &y > 0 such that for every e € (0,49), Q° = Qy; and w® = w(X%, Q)
there exists v(X°, Q°,w®) > 0 satisflying, for every f € HJ,
2
9

3
(Lo (55, Q5,60 ) 2 (55, Q5P I — (\<f, Quz| + D[40, Q)
j=1
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where V¥ is the best constant possible in Lemma |2.5. Moreover, v(X°,Q%,w®) / v° when ¢ — 0.
This coercivity inequality insures that the kernel of L (X%, Q%,w®) is spanned by the 0,,Q° and
Lemma 2.5 applies to the kernel ¥ as well.

Remark 2.13 In point (i), €9 depends on the chosen sequence (QF)z>0 whereas in point (ii), g is
the same for every sequence (Q°)e>0. However, how the coercivity constant v(X°, Q%,w) converges
to 0 depends on the considered sequence.

In this proposition, how small £y has to be depends on M; hence the result cannot be extended
to consider, for a fixed potential ¢ close to X0, a continuum of possible masses M. The statement
applies for a given mass M but it is not sufficient to justify that <73 is non empty. This issue is
addressed in Section [8

Remark 2.14 Our approach can be adapted to treat many problems involving a non local definition

of the potential, without scale invariance. A relevant example is the case of the Hartree equation
with the Yukawa potential ¥(x) = %7
equation and the screened Poisson equation p’>® — A,® = |ul? for the potential. The stability
analysis for this problem is performed by a variational approach in [43] and an improved statement

has been obtained in [17] by using a perturbative approach next to p = 0.

which corresponds to a coupling between the Schrodinger

2.5 Thecased=1

The characterization of & is much more easier. This is related to the remarks made in Section[1.2
Indeed, we can adapt the same strategy than developed for d = 3, but now considering perturbations
around &y, and using the fact that the cubic non linear Schrédinger equation is L2-sub-critical for
d = 1. We obtain the following result.

Proposition 2.15 If oy satisfies ((H3)|, then o1 € o1. Moreover there exists a mass M* > 0
such that (0, M*) C I. As a consequence, we obtain My = 0.

Let oy satisfy [((H2)H{(H3)| and consider the sequence (X%).~ of smooth potentials defined by
Yi(z) = '8(e 7 x), ¥ =0y%x0;.

This sequence converges to dp. We know that for each € > 0, there exists a mass threshold Mj > 0
such that Kf; is achieved for every M > M§. As in the case d = 3, we can prove (thanks to an
easy adaptation of Lemma [7.1)) that sup,(M§) < +oc.

Remark 2.16 Thanks to the scaling relations of Section applied with 1 = X\ = =1, we can
express M§ in terms of € and Ma: M§ = e~*Mg. Combining this relation to the boundedness of
sup, (M) implies M3 = 0 and then M = 0.

Hence, for a given mass M > 0 we can consider a sequence of ground states Q° = QJE\; and
Lagrange multipliers w® = w(X°, Q%;) and we can justify that the conclusions of Proposition m
(where Q° is now the unique positive and even minimizer of Kj‘\j} and w° is the corresponding
Lagrange multiplier) also hold in this case. We refer the reader to Example 3 in Section |8 where
we briefly justify how the conclusions of Proposition [2.12] allow us to obtain Proposition [2.15]
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Remark 2.17 There is no major difficulty in order to adapt the proof of Proposition to the
case d = 1. The compact embedding H}, ,(R?) — LP(RY), p € (2,p.) holds in dimension d > 2, but
we can exploit the fact that each QF is decreasing in order to recover some compactness result (as

in the proof of Theorem [2.1}(i)).

2.6 The case d =2

One may naturally wonder what happens in dimension d = 2. The discussion in Section[1.2]supports
the intuition that the case d = 2 is likely more intricate than d = 1 and studying this situation
can shed some light on the restrictions on o1 adopted when d = 3 (compare the characterization
of the set of admissible form functions for d = 1 in Proposition to the weaker statement in
Proposition .

The role of the dimension d appears in the analysis of the minimisation problem for Kj;: for
d = 1, the mass threshold Mj is zero, while it is strictly positive in higher dimensions. We can thus
expect to obtain useful information by studying more precisely the value of My and considering
ground states having a mass close to My. Going back to the proof of My > 0 (see the proof of
Lemma f)), we are led to study the best constant C' > 0 in the inequality

[ ) da

This yields to the minimization problem

< O Vul 2y lul2,.

IVaullZs ull7:

a® = inf A (u), A¥(u) = .
€H! 2\ 1,12
e JACIRIR™
Indeed, we can prove that My = a™/k and we are thus led to compute a*. Coming back to the
scaling relations discussed in Section we set X (x) = e 2X(e1a), u(z) = e tu(e~ ) and we
check that A*" (u®) = A¥(u). Accordingly, we have a® = a” for every € > 0. Passing formally
to the limit € — 0 in this relation, which amounts to saying ¢ — dy (note that up to change the
value of k, we can always assume that ||z = 1), would lead to identify a* and a% where a%
stands for the best constant in the Gagliardo-Nirenberg inequality

1
4 L 2 2 So _ do
Jully < g IVelfy . ¥ = int AP (o)
u#0

It is well known that A% admits minimizers, see the pioneering work [42] which points out the
connection to the non linear Schrodinger equation, and the recent reviews [2, [10] ; these minimizers
are of arbitrary mass (thanks to the relation A*(fu) = A*(u) for every 6 # 0) and solution of the
equation

| HIVLQIE: g
—58Q+ 5 am @ T

2 2 [|1Ql72 1QII72
By considering a minimizer of mass a® and thanks to the rescaling Q*(z) = AQ(\z) (which leaves
both the equation and the mass of the minimizer invariant) we can simply consider the equation

Q% =0.

SAQEQ-QP =0

16



It is well known that this equation admits a unique positive and radially symmetric solution,
see [I8, BI]. By denoting @ this unique solution we eventually obtain My = ||Q%||2, /k. This

discussion makes formally a bridge appear with the asymptotic system when ¥ — Jg; this
intuition might be a guide for further analysis, which relies on the following known results for
the cubic non linear Schrédinger equation in dimension d = 2, where we keep the notations of
Definition [2.11] Details can be found in the seminal paper [32], and in the in-depth review [34]
which contains complete references.

Theorem 2.18 Let d =2 and My = ||Q%||2, /k. The following assertion hold:
i) For every 0 < M < My, Kﬁ} = 0 while K% = —occ when M > M.

i) If uw € H} is such that 0 < Hu||%% < My and H%(u) = 0, then there exists A\g > 0, xo € R?

and vo € R such that

A )
-0 Q% (Nox — x0)e™.
K

As a consequence ||u|2, = M.
iii) Let L(_;f = L (00,Q%/\/k). There exists a universal constant v > 0 such that for every
feH,,
2)

(33)

(E7.8),, 2 Wl {0 @)

x

- (f,2 V@ + Q%) 2

2
(. 06,Q) 2
j=1

w) If ||uol|2s < Mo, then the unique solution u of |(17)| with initial data uo satisfies the following
scattering estimate: there exists uo, € H} such that

[u(t) = S()uocllgy ,—— 0,

T {400

where S(t)us stands for the unique solution of the linear Schrodinger equation with initial
data Ues.

v) If Huo||%2 = My, then there are only three possible scenario for the unique solution u of |(17)
associated to the initial data ug:

— u s a solitary wave (up to the equation’s invariants),
— u blows up in finite time,

— u 1s globally defined in time and satisfies the scattering property.

Here, we have obtained the analogue of point (i) when a smooth potential ¥ replaces the delta
function do: in this case the only difference is that K3}, is finite and strictly negative when M > M.
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Point (ii) gives the characterization of the manifold of all possible ground states of mass M. Com-
pared to the case d = 1, here the manifold is parametrized by an additional parameter (Ao € R )
which is the translation of the L2-criticality of this case. Hence the coercivity relation in (iii) nat-
urally involves an additional orthogonality condition, compared to From this discussion, we
can address the following questions for future investigations.

Question 1. Does A* admit minimizers ? If it is so, what is the dimension of the manifold
of all minimizers ? It involves at least three free parameters (one for the phase and two for
the translation), but does it need an additional parameter Ao ? In other words, does it exist a
transformation 7),, continuous with respect to the one-dimensional parameter A\, which does not
correspond to a translation or a change of phase, and such that if () is a ground state then 7),Q
is a ground state too ? Moreover, if such a transformation exists, does it conserve the L?-norm of
its argument (for every Ao, [T Qllz2 = [Qz2) ?

Depending on the answers, it will be possible to obtain a coercivity relation of the form |(29)
or with an additional orthogonality relation as in Then, such results will allow us to justify
the (un-)stability of ground states of mass M. Note that the existence of a transformation 7y,
is quite natural. Indeed, the continuity of the ground states with respect to their mass is at least
expected in any dimension d. The main issue is to determine whether or not the transformation
also preserves the mass, as it does for the formal limit case dy.

Question 2. Is it possible to extend the conclusions for ground states of mass My (if they do exist)
to ground states of mass M > M close to My ?

Question 3. Does the analogue of point (iv) still hold true when u is a solution of (13) ?

Thanks to the smoothness of the potential 3, we already know that every solution of is
globally defined in time. This excludes the scenario where solutions blow up in finite time. This
is a major difference between the dynamics of and Nevertheless, the similar structure
of the infimum of their energy when M < M, suggests that solutions of with a mass strictly
less than M, obey the scattering property. If it is so, this major difference with the case d = 1
(for which ground states exist for any mass) would indicate that dynamics specific to L2-critical or
L?-super-critical equations also hold when d > 2 and is considered with a smooth potential 3.
As a consequence, obtaining positive results of stability when d > 2 seems much more challenging
than in the case d = 1.

In this paper this difficulty is treated at the price of restricting to potentials ¥ close to | -
(instead of being close to dy). This viewpoint takes advantage of the fact that is L?-sub-critical

’71

when d = 3 and ¥ = | - |71, which allows us to proceed with a pertubative analysis. Equation
is equally L2-sub-critical when ¥ = |- |7 with 1 < a < 2 (the case a = 2 being L2-critical): up

to the knowledge of stability results for these cases, the strategy developed in the paper could be
adapted to any potential ¥ close to |- |7, when 1 < a < 2.

3 Existence of ground states: proof of Theorem 2.1

Let us gather the basic properties of I, Jy and Kjs in the following lemma, which is further
illustrated by Fig.
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Lemma 3.1 Let|(H1)H{(H2) be fulfilled. The following assertions hold:

a) M — Ip is non increasing.

b) Iy = Jo = 0 are reached at (u,v,x) = (0,0,0) and Ko = 0 is reached at u = 0.

c) For every M >0, —oo < Iy < Jyy < Kpy <0.

d) There exists a mass threshold My > 0 such that Ipy = 0 for M € [0, My] and Ipy < O for
M > M.

e) If Iny < 0 is reached at (u,,x), then HuH%i = M and Jy = Iy is reached at (u,,x).
Moreover x = 0, ¥ = Loy  |[ul> and u € S(R?) is a solution of for a certain w > 0. In
particular Ky = Jys is reached at u.

f) If d > 2, then My > 0.

Before proving this lemma let us make several remarks
e Points ¢) and e) coupled with Theorem [2.1+(i) imply Kas = Jar = Iy for every M > 0.

e Points d) and e) coupled with Theorem [2.1}(i) imply that Jy; is reached for M > M, and
improve also point a): Ipy = 0 for M € [0,My] and M — Iy is strictly decreasing on
(M07 —|—OO)

e The proof of point f) will give us the following additional information on My:

1
< M. (34)

0< —g7=—
RC?IZ] g —
L

\
In = Ju = K,
\

Figure 1: A possible graph representing Iy, Jas, Ky as a function of the mass M. Note that
nothing ensures that these functions are differentiable as the picture might indicate.

Proof. Items a) and b) are direct consequences of the definition of Ips, Jyr and Kjps. The non
trivial parts of ¢) are to prove that F(u,,x) is bounded from below under the mass constrain
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|lull7; = M and that Ky < 0. Since for every (u, ¥, ),

1 1 1
Blu ) 2 51l = | [ (o1n [ owtds) P da| + 519200851 + 550
2 x Rd Rn 2 Tz 2c Tz

1 1 1
> SIVaully = Mol glloall zvsora 161 g oo + 5192003812 + 55 I3, (35)

the Sobolev inequality HfHLG/(nfg) S IVafllr2, see e.g. [33, Theorem, p. 125] allows us to conclude
that Iy > —oo. In order to prove Kj; > 0 we use the immediate estimate H(u) < ||[Vul/2,/2.
Then, for every u € H], by setting uy(z) = A ?u(\z) we get luxllpz = [|ullz2 and '
2
H(w) < § Vo = |
Item d). For every (u,) such that supp(u) Nsupp(oy) and supp(¢) Nsupp(oi) X supp(oz) are
non empty and for every a € R, we have

2

1 1
B(au,altl,0) = o (1Vaulls ~a [ (o1 [ oufuldz ) fuP dot GI9-JulFese ) o, —o

a——+00

and ||au|3, = a?||u||3,. We conclude by using that Ip; < 0 and M + Iy is non increasing.
Item e). We argue by contradiction: we suppose that E(u, 1, x) = Iy with |lul[?, = m and
0 <m < M (note that Ip; < 0 implies m # 0). We first remark that I, < 0 implies

/(01*/021/}dz> lul?*dz < 0.

Then, by considering v = (M/m)Y?u, p = (M/m)"/?y and ¢ = (M/m)'/?x we get

Iy < E(v,9,Q)

— o sty + [ (onx [ o) WP do g ase + IV -0l e
~——
>1 <0

M M
< —E(u,¢,x) = —Iy < Iy,
m m

which is a contradiction. Since (u, %, x) is a minimizer of Jjs, the Euler-Lagrange relations imply the
existence of a Lagrange multiplier A,y such that Vg E(u, ¥, x) = Ay Vg (= [[ul3z) =

2Xux (1, 0,0)". The first two components of this vectorial relation imply that (u,) is a solution
of [(18a)H(18b)| with w = — A 4, and the third component implies that xy = 0. Then 1) = T oy * |u|?

(which implies that Kj; = Jj is reached at u) and w is a solution of with w = —Ay 4 -
Moreover, by multiplying by u and integrating over R% we get

1
§||Vzu||%g +wllul?s ~ ﬁ/ Jul*(2) (2 — y)|ul*(y) dzdy = 0.
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It follows that
1 K
0> s = Ko = 51Vl = 5 [ 0P @2~ pluw) dedy

K
= —wlulfty + 5 [ @S - P ) dsdy

and thus w > 0. Eventually, thanks to the fact that w is a positive number, one can prove by
standard arguments that u is in the Schwartz class (we refer the reader to [20, Theorem 8] and its
proof in [27, Remark 1]).

Item f). Let us denote by C' the optimal constant of the homogeneous Sobolev embedding
1l 2a7(a-2 < C[|VafllLz (note that this estimate requires d > 3). Since E(u,T o1 * [u|?,0) = H(u)
and gy using the estimate

/ [ul*(@)2(z — y)[ul*(y) de dy < |2 [ul?|| 2 [Jull

2 2 2 2 2 2 2
<2l g ol o oty = 121, g ol gl < CI gVl ol

T

we eventually obtain
1
B(uw.Tovluf,0) = 5 (1= k€2 yllully ) 1V.ul?;.

and Kjs is non negative as soon as 1 — /iC’QHEHLd/zM > 0. The case of the dimension d = 2 can
be treated as follows:

/ [ul*(2)Z (2 — y)[ul*(y) dedy < [ [uf|| 2 || [ul? 22
< S0l el ezl TelPllzz = 121 llullzy < CPISHes I Voullzs lullZe,

where the last estimate is obtained thanks to the Gagliardo-Nirenberg inequality. |

Thanks to the previous arguments, Theorem [2.1}(iii) follows from Theorem [2.1}(i): in the proof
we will construct a minimizer such that u is non negative, radially symmetric and non increasing.
We are thus left with the task of proving Theorem [2.1}(i).

Proof of Theorem [2.1}(i). We fix M > 0 and we consider a minimizing sequence (uy, ¥y, Xv)ven
of Ip;. We start by constructing from this sequence another minimizing sequence with specific
properties. Since E(uy,1,,0) < E(uy,,,xv), we can take x,, = 0 for every v. Moreover, owing
to convexity properties, we have E(|uy|, —|1,],0) < E(uy,,,0) and we can suppose u,, > 0 and
1, < 0. Finally, the density of linear combinations of tensor product in LiH 1 allows us to assume
that every v, can be written as

Ny
vo(w,2) = =) fi (2)g (2),
i=0

where f} € L? and g € H 1 are positive functions. Possibly at the price of decomposing the g¥’s
on a Hilbert basis of H!, we can suppose that for each v, (g¥);en forms an orthogonal family and
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we obtain

1
E(Uua Yy, O) = 7||V$UVH%2

—z(/maz ) ([, lwtoPonts - s asan)

l/
+ 2 1712z Nt I,
1=0

From here we can apply the symmetric decreasing rearrangement theory in order to obtain, see [21],
chapter 3], [luj[|72 = w72, IVauill7z < IVauslZa, [1£777 77, and

// oy () 2o (& — ) ¥ dxdy<// jul(z Pal«v—) “(y) de dy,
RIxR4 R4 x R4

where -* stands for the symmetric decreasing rearrangement of a given function. Since oy is assumed
non negative, radially symmetric and non increasing, a}‘ = o1 and since

N, 2
Yo7 llgf 1%,
i=0

I/*V

)

L2}

we eventually obtain E(u*,1,,0) < E(uy,,,0), where QZI, = Z o [ g¥. From now on, we will
use the abuse of notation u, = u}, and ¢, = J,,.

Having disposed of these preliminaries, we enter into the heart of the proof. Thanks to |(35)
we know that (u,),en is bounded in H} and (1, ),en is bounded in Linl Hence we can suppose,
possibly at the price of extracting subsequences, that (u,),en converges weakly to u in HY, (1,),en
converges weakly to ¢ in LQI;T;. We have ||“”ng < M, ||qu|]2L% < liminf, ;o HVI’LLVH%% and

1912, < limint, o [0]2,
€T

/Rd (al*/nom dz) up (@) dz — /R <U1*/n02¢dz> u(z)|? da. (36)

Indeed, now implies E(u,v,0) < liminf,_ o E(u,,1,,0) = Ijy and we eventually conclude
that Iy is reached at (u,,0).

We turn to - On the one hand, in the case d > 2 we can use the symmetry property of
the functions u, € H, 1 .q in order to justify the strong convergence of u, to u in LE for 2 < p < p,
(where p. = 2d/(d— 2) if d > 3 and p. = 400 if d = 2), see |22, 36] for such compactness statements
based on symmetry properties. On the other hand, in the case d = 1, by using a diagonal argument
and extracting further subsequences if necessary, we know that (u,),en converges also pointwise to
u. Since for every v, u, is a non negative even function with a non increasing profile, for almost
every x € R? we get

|| M
2| fuy ()] S/ [uv (W) dy < M and then [uy (2)] <4 /5 T S Jaf 712
el

Thanks to this uniform estimate with respect to v, we can justify that the sequence (Ju,|?),en is
tight for every 2 < p < +o0o0. Combining this property with the compact embedding H'(R,) —
LY (Ry) for every 1 < p < +oo allows us to justify that the sequence (u,),en converges strongly

In order to conclude the proof it only remains to prove that
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to w in any LP with 2 < p < 400. We can now conclude the proof as follows:

/Rd (0’1 */namdz) uy [2dz = /Rd(m*\ul,,?) (/Rn oathy dz) dz
- /R [(or ) = (o1 uP?)] ( / o2y dz> do + /R (orxfuf) ( / ow dz> dz,
where

/Rd [(01 * |uy|?) — (o1 * |U|2)} (/n ooty dz> da

Note that the weak convergence of 1, to 9 in L:%H 1 implies the convergence of the second term of
the right hand side to [(o1 * [ 091)d2)|ul? dz. Indeed

/Rd((”* ul?) (/R o2ty dz) dz

= o1 * |[u|*)o rdz = o1 [u?)(z 72(¢) x x
[ Poparas= [ o+ S e ¢ g

L e P |<(|2) Jegyardc= [ (ove [ owas)?a,

where we used n > 3 in order to justify that ¢ — 02({)/|(] is an element of Lg. Thus, it only

< [t s 2) = (o fu?)|

~

remains to prove that o1 x |u,|? converges strongly to oy % |u|? in L2. To this end, we remark that
o1 [uy |2 — oy % |ul? = o1 % <|u,, —u+uf? - |u|2> =01 % (|ul, — ul? + 2Re (u, — u)ﬂ) .

By using Young’s inequalities we obtain for every 1 < p,q < 400 with 1/p+1/g=1+1/2

uy — ul® 4 2Re (u, — u)ﬂ'

(o1 [ ?) = (o1 % [uP)|| , < lloall oz
T

L
< lorallzg (lluw — ulZz0 + 2l — ull 2llel] 2 ) -

Then, since ¢ can be chosen arbitrarily in [1, 2], we can always pick ¢ such that 2¢ € (2,p.) and the
strong convergence of u, to u in LY for every q € (2, p.) allows us to conclude. [ |

Let us complete this Section with some comments on the uniqueness issue for the minimization
problem Jj; and complementary properties of the solutions. As soon as Jjy is reached at (u, 1, x),
we have y =0, ¥ =T o1 % ]u\Q and K = Jys is reached at u. Hence Jy; admits a unique minimizer
if and only if Kj; admits a unique minimizer. In [20] E. Lieb fully answers the question of the
uniqueness of the minimizer of Kj; for the Newtonian kernel ¥°(x) = ﬁ in dimension d = 3. A
first step of the proof consists in proving that if Kj; is reached at u then, up to a translation
and a change of phase, u is positive, radially symmetric and decreasing. The proof uses the fact
that r — 1/r is decreasing, see [20, Lemma 3 and Corollary 4]. Here, we suppose that o1 is non
increasing (o strictly decreasing is not compatible with o7 compactly supported) and we cannot
apply this reasoning. Nevertheless, the recent result of L. Ma-L. Zhao [28, Section 5] tells us that
any non negative solution of is strictly positive, radially symmetric and decreasing. This

justifies that, if K is reached at u then, up to a translation and a change of phase, u is positive,
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radially symmetric and decreasing. The idea in [28] consists in writing [(19)| as a system
1
(w - 5A)Q —0QX, X=r2x0Q%.

The operator (w — %A) is indeed invertible, and its inverse can be expressed by means of a convo-
lution with the Bessel potential [35, Chapter V, Sect. 3]

1 > 2 dt
wxs [t —t/(4m) —(d—2)/2
F(x) = In /0 e e t e

(this kernel corresponds to the operator (I—A)). Therefore () appears as the solution of an integral
equation
Q=7 *(QX), X = k¥ *Q%

The operator (w — $A)~! is positive in the sense that the solution u of (w — $A)u = f, with
f >0, f # 0 is strictly positive. This reflects in the fact that #(z) > 0 for any = € R?. Since
we already know that @ is non negative, we deduce that actually @ is positive. Moreover ¢ is
decreasing, ¥ is non increasing, which allows us to adapt the moving plane strategy of [28]: we
conclude that @ is radially symmetric, and monotone decreasing in the radial direction. The second
step in Lieb’s approach shows that Kj; admits a unique positive, radially symmetric and decreasing
minimizer [20, Theorem 10]. However, the proof relies strongly on the specific properties of the
kernel X%(z) = 1/|z|; the proof cannot be adapted to the present framework.

4 Orbital stability: concentration-compactness approach

Theorem is a consequence of the following lemma.

Lemma 4.1 Let M > M. If (wy, %y, X»)ven C HE x L2HY x L2L2 is a sequence such that

vz — M and B(u, by x0) 2 I,

then there exists a sequence (x,),en of elements of R® and (@,\TJ) € Sy such that, up to a sub-
sequence,

- = 20) = Gy + 16 = ) = T2, o+ e = 0.

Let us first explain how this lemma implies Theorem We argue by contradiction. Let us
assume the existence of € > 0 and a sequence of initial data (uf,¢§, x§)ven satisfying

v 2 v 2 V|2
lug — Qg + llvg — ‘I’HL%;I; + Ixollz2 22 s O

and such that for any v € N, the unique solution (u”,®",x") of |(1a)i(1b)| with initial data
(ug, g, xo) satisfies for some ¢, > 0,

it (1)~ @l + 1)~ B+ I sz) > =
(Qa\II)ESM T
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The strong convergence of u} to Q in H) implies ||u5||%2 — M while the continuity of the energy

functional E with respect to u € H}, ¢ € LgH Land y € L2L? implies
E(U5,¢57X5) - E(Q,\I/,O) =Ju.
v——+00

By using the mass and energy conservations we check that the sequence (u”(t,), ¥ (t,), X" (tv))ven
fulfils the assumptions of Lemma [£.1] and we eventually obtain the required contradiction.

The proof of Lemma is based on the concentration compactness lemma. In order to apply
this lemma let us state and prove the following result on Jj;.

Lemma 4.2 (i) For every M > My and for every 6 > 1, Jopr < 0Jps.
(ii) For every M > My and for every o € (0,1),

Iy < Janr + J(l—a)M- (37)

Proof. Item (i). The proof follows the strategy of proof of Lemma [3.1}item e). Since M > M
there exists (u,1,x) such that ||u[?, = M and Jy = E(u,v,x). Hence, defining for § > 1,

v =V0u, ¢ = V0 and ¢ = vy and following the proof of Lemma item e) we are led to
Jom < E(v,¢,¢) < 0E(u,, x) = 0Jur.

Item (ii). Let us distinguish two cases. The first case is aM < My or (1 — a)M < My. The
case where these two conditions are satisfied is obvious:

JM < 0 - JaM + J(lfa)M'

Hence let us assume, without loss of generality, that aM < My and (1—a)M > Mj. Since M +— Jys
is strictly decreasing on (M, +00) (see the remarks after the statement of Lemma [3.1]) we obtain

Ju < J(lfa)]\/[ = Jam + J(lfa)M'

The second case is aM > My and (1 — a)M > Mj. In this case we apply the previous item (with
0=1/a and 6 =1/(1 — «)) as follows:

Ty = oy + (= a)Jy = odigy + (1 —a)d g
1 1
< anaM + (1 — a)mj(l_a)]\/[ - JaM + J(l—a)M'
|

Proof of Lemma 4.1 First of all, let us notice that we can consider, without loss of generality,
that the sequence (uy),ecn is such that for every v € N, ||ul,|\%2 = M. Indeed, by considering the

new sequence
. vM

U,y =
T Nl

Uy,

and since |luy||2, — M implies |lu;, — uyl|gz — 0, if the conclusion of Lemma H holds for the

sequence (uy)yen, then it equally holds with the sequence (u,),en.
From now on we will consider that the sequence (u,),en is such that [u, |7, = M. Since
I < E(uy,,,0) < E(uy, ¥y, xv) and E(uy, ¥y, xv) — Jy when v — 400 we obtain

1
%HXV”%%L% = E(uy, Y, xv) — E(uy,¥,,0) — 0.

v—+00
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Then, owing to (uy)ven is bounded in H! and (1,),en is bounded in L2H!. The concentration
compactness lemma [23, 24] — here we use the version that can be found in [5, Prop. 1.7.6] —
insures that there are only three different possible scenarii for the behavior of the sequence (u,),en.

Scenario 1: FEvanescence. Up to a sub-sequence, for every 2 < q < 2, (u,),en converges
strongly to 0 in L%, where 2* = 400 if d = 1 or 2 and 2" = 2d/(d — 2) if d > 3. Let us assume
d > 3; we have

/ (01*/ Ugwydz> \ul,]2d:v
Rd n

< o1l p2a-nr@enlloall p2n/me 1ol o p2nrm-2 S 180l o g w12 a1 a-2-
x z xT z xT z x

<

o1 */ o9, dz
Rn

2
o I g

Since (1), )yen is bounded in L2H! and 2 < 2(d — 1)/(d — 2) < 2*, we eventually obtain
/ (01 */ o2ty dz) |ul,|2 dr — 0.
Rd n v——+00

: : 1 2 1 2
Tar = Jim B(us,6,0) = Y (GIVawl + 5 IV-00 s ) 2 0,

which contradicts Jy; < 0.
Scenario 2: Dichotomy. Up to possible extraction, there exists two sequences (v,),en and
(wy)yen, bounded in H} and such that the following assertions hold

Then

. 2 2
(¢) Ja € (0,1) such that [lu,[[72 el oM and [Jwy |7, e (1—a)M,

(i) V2<q<2, Nl — ool — lwully — 0

(i) liminf (IVou, 7 = Vvl = IVow,[32) = 0.

With (i7), we infer

[ (e [ owtds) (1 = Juu = ) do
R n
< lorlzglloalzoomalldell oy ([ [l =10 =P de) = 0. (39)

Note that we can apply (ii) because in the proof of the concentration compactness lemma [5] v,
and w, are built in such way that |u,|> — |v,|? — |w,|? > 0. Since

1
B(uy,%,0) = 5 (Vo 72 = IVevullfs = [Vaws|72)

‘|‘/ (Ul */ 0—277/111 dZ) <|uu|2 - |'U1/‘2 - |wu|2> dz
Rd n
+ E(vy,¥,,0) + E(wy, 1y, 0),
combining [(38)}, (¢7i) and (i) yields
Ju = VEIEOO E(uy,,,0) > l;glﬁ)lg (E(vy, ¥y, 0) + E(wy,¢,,0))

> liminf E(vy,1,,0) + liginfE(wy,w,,, 0) > Jam + Ja—a)m>

v—400
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which is a contradiction with satisfied for M € (Mo, 2My).

Scenario 3: Compactness. Up to a sub-sequence, there exists a sequence (z,),en in R? such
that v,(x) = u,(z — z,) converges weakly to u in H} and strongly to u in L4 for any 2 < ¢ < 2*.
The sequence ¢, (x,2) = b, (¥ — x,,2) is bounded in L2H! (note that H(p”HLgHZI = Hw”HLgﬁI;)

and then, up to a subsequence, (¢, ) en converges weakly to ¢ in LiH 1. Since (v,),en converges
strongly to u in L2 we have |[ul|7; = M and then E(u,,0) > Jy. Moreover, reasoning as in |(36)

we get
/ (01 */ o2y dz) \UV\Z de — / <01 */ oot dz) |u]2 dz, (39)
R4 n v—r+00 R4 n

which allows us to justify that (u,1) lies in Sy:

v—+00

1
o 2 L 2
+ Iylg_&lg (/Rd <01 */n o2y dz) vy dx) +ll}gl_&2£ <2|’st0VHL§L§> > E(u,,0).
In order to conclude the proof it only remains to justify the strong convergence of (v,, ¢, ) en to
(u,v) in H} x L2H!. We already know that this convergence holds weakly. We combine

E(u,i/J,O) =Ju = VEI—lI-loo E(Uua @1/70)

‘ G|
JM: hm E(UIMSOZMO) le}g_il_gg <2||VI/UVH%%)

and [(39)[ to deduce that

1 1 1 1
Vel +51Vapldare 20 5IVaulls + 5 IVlase,

v——+400

holds, which allows us to conclude. [ |

5 Strengthened orbital stability: approach by lineariza-
tion

In this Section, we explain how Lemma [2.4] and Lemma [2.7] imply Theorem
Step 1. The first step of the proof consists in checking that, up to the invariants of the equation,

any v € H} close enough to Q satisfies the orthogonality conditions For that purpose,
let us introduce the function F : H! x R4 — R+ defined by

Fj (v, (y.0)) = (Re e (- +9) . 0:,Q)
Fu (v, (y,0)) = (Im e 0(- +3) , Q)

L J=led

HL'

Direct computations show that F' (@, (0,0)) = 0 and D, ¢ F (Q, (0,0)) is an invertible diagonal ma-
trix (indeed 9,, F; (Q, (0,0)) = ||8ij||2Lg and dgFy11(Q, (0,0)) = —||QH§{%) The implicit function
theorem provides the existence of ¢g > 0 and a C'-diffeomorphism G : B 1 (Q,2¢0) = Uy, C R+
G(v) = (x,7) such that for every v € By1(Q,2¢0) and every (y,0) € Uy, F (v, (y,0)) = 0 if and
only if (y,0) = G(v). Moreover, since

|(@,7)] = G(v) = G(Q)| < (sup [[DG)) [v = Qll a1
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for every ¢ € (0,e9) there exists n(¢) > 0 such that
1
2
o= Qo= W% + Sz < n(e)?
implies for (z,7v) = G(v),
—iy 2 L2 2
levC+2) = Quel +0) 0|+ SlxlFere <€

Step 2. In this second step we show that, if for a given time ¢ty € [0,+00), there exists

(z0,70) € R™! such that v = e~ "0u(t, - + x¢) satisfies the orthogonality conditions
and the estimate

» 2 1
e 0 utto, - +w0) = @, wolto, +w0) = ¥ + SlIx(to)lFase < €* <3,

then there exists a time T* > ty and two functions z(¢) and () continuous in time such that
((to),v(to)) = (x0,70) and, for every ¢ € [to, T™),

i) (z(t) — 20,7(t) —Y0) € Us,
i) v=e""Wy(t,  + x(t)) satisfies the orthogonality conditions
4 2 1
i) [l Ou(t, +2() = Q (k- +2(t) =¥ + S IxO 2. < 2

First, thanks to the time continuity of ¢ — (e~"0u(t, - + xq), % (t, - + o)) € 7, there exists a time
T* > to such that for every ¢ € [to, T™)

e 0u(t, - 4+ o) — t,-+x —\112 < 4e? < 4e2.
H (t,-+20) = Q,¥(, - + z0) H%ﬂ_ 0

Next, for every t € [tg, T*) we can apply the first step to v = e~0u(t, - + zg) and we obtain the
existence of z(t) and ~y(t) such that (x(t9),v(to)) = (zo,70) and such that i) and ii) hold. Moreover
the continuity of ¢ — e~"0u(t, - + o) implies the continuity of ¢ + x(t) and ¢ — ~(t). We notice
also that we can extend by continuity z(¢) and «(¢) at time 7™ and this extension is such that
v =e Ty (T, 4+ 2(T*)) still satisfies the orthogonality conditions

We can now apply Lemma [2.4] and [2.7] as follows. Thanks to the conservation of mass and
energy and to the invariance by translation and phase of these quantities we get

W (uo, %0, x0) = W (u(t), 1 (t), x(t))
= W (e Ou(t, -+ 2(t), (L, + 2(1), X(1)) = W(Q +us (), ¥ + (1), x(1)),
where
w(t) =e MOyt +x(t) —Q and  Y(t) = Y(t,- +a(t)) - T.
We make use of the decomposition combined with Lemma and we obtain

_ 1
PIRe w07 13 + pllTm w3y + 55 (033

1 2 A 2
S W<u07w07 XO) - W(Q7 \II7 0) + E )<Re U/Ea Q)L% + Z ‘<R’eu8a a:E]Q>L%
=1

2_/Rd (al*/nagwa(t) dz) (1) da.

—i—i)(ImuE,Q)H%
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Since e~ Mu(t,- + z(t)) and Q satisfy the orthogonality conditions we know that u®
also satisfies these conditions. Moreover [Ql|z2 = [[u(?)|[z2 = [[u® + Q|| 2 leads to

1
Q122 = 13, + IQI; +2(Rews, @)z and then (Rew’, @)z = — w3,

which implies

2
< ey <4t

|

‘<Re ua’ Q)L%

We also get

/R d (a1 . / () dz) w0 da

< lowllzz ozl 2nsosn [0 (), 45 (05 < 8llonllzz ozl 2/ €.

< HUllngllelngn/mm)I\W(t)HL%gzlllua(t)H%g

Gathering these estimates leads eventually to (we recall that W (ug, 1o, x0) — W(Q, ¥,0) < d(¢))
1
[Rew®, %% + [T w7 + gHX(t)H%ng

1 4
< (5 - 4 8 n/(n 3) .
< oy 0O+ 5 +8lonlizlonl s <
By taking
2
0e) = ———~
(¢) 2 min (7, u, 3)

)

and possibly at the price of picking a smaller €y, we eventually obtain iii) for every ¢ € [to, T*].

Conclusion. We apply the first step with v = ug, which insures the existence of x(0) and ~(0)
such that we can apply the second step at time t = 0. Thus, since T* > 0 and since we took care
to justify that the conclusions of second step is also valid at time t = T*, a classical argument on
connected space allows us to conclude that 7™ = +oo.

6 Coercivity of £.: proof of Lemma

This section is dedicated to the proof of Lemma [2.7] which is a key ingredient of the proof of
Theorem The kernel of £, can be identified by using Lemma Indeed, since (f,9)! €
Ker(£4) implies

A+ o3 (o1 Qf) =0,

we can express ¢ in term of f as follows: ¢ = 2I' (61 * Q f). Moreover the relation

s s
2 (orvan) = () 0

allows us to identify the kernel of £ to the kernel of Ly: we eventually get
Ker(£4) = Span{(9s,Q, 04, ¥)', j = 1,...,d}.

In order to prove the coercivity relations we need the following two lemmas.
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Lemma 6.1 For every (f,v) € 5 such that (f,Q)r2 =0, we have

f f
<£+ (w) ’ (w>> =

Moreover, since Ker(L,) = {(8$J.Q,6xj\ll)t, j=1,...,d} and (0,,Q, Q)2 = 0, we know that this
inequality cannot be strict.

Lemma 6.2 Let (f,,¢,)en be a bounded sequence of A which converges weakly to (f,1) in .
Then, up to a sub-sequence if needed, we have the following two convergences:

/Rd (m*/naﬂldz) FARRE: el /Rd (01*/n02\1,dz> |2 de (11)
/Rd (01 */naz% dz) Qfyde — /Rd <01 */nagq/_zdz> Qf dx. (42)

Proof of Lemma Let f be a real valued function of H! such that (f, Q)r2 =0, let ¥ be a
function of LiH 1 and let u be the function defined on R by

Q2
u(s) = ————2=—(Q + sf).
N PRI PP
One can check that u(s) is a real valued function of H} and [[u(s)|z2 = [|Q| 12 for every s € R, u
is smooth, u(0) = @ and
(f,Q)rz
W (0)=f—-=52Q=f
Q172

Since (Q, ¥, 0) is a minimizer of Jys, we know that for every s € R, W(Q, ¥,0) < W (u(s), U+s1,0).
Moreover |(25)|leads to

0 < W(u(s), ¥+ s¢,0) — W(Q,V,0) = <£+ <U($2w_ Q) ’ <U(2¢_ Q> >
[2X 212

+/Rd <G1*/n0251/)dz> lu(s) —Q|2dx.

Since u(s) — Q = u(s) — u(0) = sf + o(s) (when s goes to 0), we eventually obtain

<t le ) (),
T\ ¥ L2xL2L2

Proof of Lemma [6.2 The proof uses in several places a basic result of integration theory,
consequence of Egoroff’s theorem [37, Proposition 3.9]: if a sequence (g,),en C LP(R?) converges
weakly to some g in LP(R?) where 1 < p < +oo and if this sequence converges also a.e. to some g,
then g = g.

which concludes the proof.
|
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Here, the sequence (f,),en is bounded in H'(R?) and the compact embedding H'(Q) — L%(Q)
which holds for any bounded open set  C R? implies that, up to a sub-sequence, ( fl,)yeN converges
strongly to f in L?(2) and thus converges, up to a further sub-sequence, a.e. in  to f. A diagonal
argument yields the a.e. convergence of (f,),en to f in R%. Moreover, by using the homogeneous
Sobolev embedding in dimension d = 3, the boundedness of (f,),en in H} implies its boundedness
in L2 and LS and, by interpolation, in any L? with 2 < p < 6. Consequently, the sequence (| £, |?),en
is bounded in L3 and, up to a sub-sequence, converges weakly in L3 to some g. Since this sequence
converges also a.e. to |f|?, we have indeed g = |f|2.

To prove we proceed as follows. Since U = I'oq » Q% with Q lying in the Schwartz class,
the weak convergence of (|f,|?)nen to |f|? in L3 yields

/<01*/02x11dz> Ifo|?dz = —m/(z*cf) £, |2 dz

o —K/(Z*QQ) \f|2dx:/(01*/02\11dz> |f]? dz.
We turn to We split

/(al*/agwu dZ> Qfydr = //02 (01 %Qfy) Yy drdz
- // o2 (015 QU — 1)) o dardz + // o2 (o1 % QF ) v dar .

The weak convergence of (¢,),en to 7,5 in LQQCHZ1 (note that oo smooth and n > 3 imply o9 € ﬁ;l)
directly implies that the second term of the right hand side converges to [(o1 * [ 029 d2)Qf dz.
It only remains to prove that the first term of the right hand side converges to 0. To this end, we
are going to show that (Qf,),en converges strongly to Qf in 32 Indeed, (|f,|*/?),en is bounded
in L2 and, up to a sub-sequence it converges weakly to g = |f|*/? in L2. Since Q%2 € L2, we get
||Qf,,HL:;/2 — HQf”Li/Q as v — 0o. Moreover the sequence (Qf,),en is also bounded in 32 and, up
3/2

to a further sub-sequence if needed, it converges weakly to Qf in Ly’~. Thus we get the announced
strong convergence. We combine this strong convergence with the boundedness of (1, )nen in L2H!

and we conclude as follows:

‘// o3 (015 Q(fy = ) v dudz

< lloall v 1903 o > @y = 2
< lloall s 10l gl | oss 1@y = QFll 2 = 0.
| |

We are now able to prove the coercivity relation |(30)]
Proof of |(30) We argue by contradiction, assuming the existence of a sequence of positive
numbers (7 )ren which converges to 0 and the existence of a sequence (fx, ¥ )ken in 7 such that

for every k,
) . (43)

f fi
(60 (8): (), <ot =5 (000

We can assume that ||(fx,%r)|.» = 1 and thus, that there exists feH! and ¢ € LZH1 such that
(fr)ken converges weakly to f in H! and (y)ren converges weakly to 1 in LZH1 On the one

+Z\ frr 02,Q) 12
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hand, thanks to the weak convergence of (fi)ren, we get
<fk’7 Q>L% —>oo <f7 Q)L% and <fk7 61]' Q>L% k—>—+>oo <f: al"j Q>L?ca

k—+
2
<D]%—17k £+ fk s fk — 0,
Uk Vi) [ 12y pape koo

while on the other hand |(43)| implies
bearing in mind that (£yh, k) < K||h||%,. We eventually obtain (f, Q)rz =0 and (f, 04,Q) 12 = 0.
Knowing that f is orthogonal to @, we can apply Lemma in order to obtain

¥ V) [ 1axrzre
On the other hand, the relation

1
<£+ @’;) , (i’;»w% = JIVas el + [ (e [owaz) 15 as

1
v2 [ (ore [ o) Qe + 5190l

0< )<fk>Q>L%

9 d
+ 30 |02, Q)12
j=1

coupled with Lemma 6.2 and leads to

£y (f
(= (3)- ()
¥ W L2xL2L2
= légulglf <£+ (%) ’ <T/Jk>>Lngng = lllgilo? <£+ <¢’“> ’ <¢k>>L§><L§L§

: 1 2 & 2 i i
< lim sup {ﬁk (’(fkaQ>L% +Jz::1 ‘<fk78ij>L% ) + <£+ (d%) ) (wk L2xize
We eventually deduce

k——+o0
. Tk Jr _ f f —
kll’rfoo <£+ (dj’f) ’ <wk>>L§xL§L§ - <£+ (1/1) ’ <w>>L§,><L§.L§ ' “

and thus (f, ) is a minimizer of

: f f
(f,Ql>an:2v=0 <E+ <¢> ) <¢> >L%XL%LZ . (45)

We can now conclude as follows. First of all, the relation |(44)| coupled with Lemma leads to
the norm convergence

< limsup v = 0.
k——+o0

_ - 1, -
2 2 2
Vo fllzz +wlIFllzz + 5105, 4

Ve fullzz +wllfillzz + 5llvel, 5, P 5|

It implies the strong convergence of (fi,¥r)ren to ( f.v) in #. In particular we know that
|(f,¥)|l.x = 1. Second of all, (f,v) is a minimizer of and the Euler Lagrange relation
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insures the existence of a real number A such that

«()-+(9)

The second component of this vectorial relation leads to 1) = 2T (o * Qf ) From this relation we
obtain the contradiction as follows: owing to Lemma [2.5) E 5/and since f is orthogonal to Q and
0. Q, we get

Tj

o-{e: (-5 O

= (L4 T),, 2 VIl - . (W, Q)rz|’

d
+ Z ’(f_v acc]Q>L%
j=1

2 _
) — vl 7%

Thus (f,1) = (0,0), which contradicts ||, || » = 1. -

7 Perturbation analysis: proof of Proposition 2.12

In this section, since there is no ambiguity, we will use the following shorthand notations, see
Definition 2.11, H® = H>, K, = K3, L& = L, (35,Q°), H* = H*', K9, = K and L9 =
L. (2% Q). Before proving Proposition let us check that sup(M§) < 4+o00. We remind the
reader that the sequence of ground states (Q°)c~o is well defined only if this supremum is finite.

Lemma 7.1 Let ((H4)| be fulfilled. For every M > 0 there exists g > 0 such that for every
e € (0,e9), M5 < M.

Proof. We start by showing that for every u € H},
€ 0
He(u) = H"(u).
Indeed, thanks to the Cauchy-Schwarz inequality we have
/ Jul? x (2% = ) (@) [ul* () de| < ||Juf® x (57 = 2) || a7

and thanks to the homogeneous Sobolev embedding in dimension d = 3 we get

| H# () — HO(u)| =

[uf? % (2° = 2%)||zge
< = 2 <rll el [ulllzs + (55 = 0L rllzee | ul?|lzy
< O = B0 <rll o [ Vaullzs + 1057 = 20105 klloe lullZ,-

Thus, assumption leads to the required convergence. We conclude as follows. By using the
results of E. Lieb in [20] we know that K9, < 0 is achieved at a unique positive and radially
symmetric function Q°. Then H®(Q%) — H°(Q") = K, < 0 implies K§; < 0 as soon as ¢ is
sufficiently small. Eventually Lemma [3.1}(d) and (e) allows us to conclude. ]

We turn to the proof of Proposition [2.12
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Proof of (i) Convergence. Step 1. We prove that for every u € H! and for every 6, R > 0,

there exists €9 > 0 such that for every 0 < € < g,
1 kC K 1
H(u) 2 5[ Vaul}y = %5 6+ cR) [l 1 Vouly - 5 (64 5 ) lulls (46)

where C' denotes the best constant in the homogeneous Sobolev embedding in dimension d = 3 and
¢ > 0 is a constant. Since

() = 5 Vol = 5 ] 10 @)=~ )luP ) dedy
> SIVsalts = 5 | ] WP @)= @ - )luPo) dody

we only have to estimate the last term of the right hand side. Again, we use the Cauchy-Schwarz
inequality and the homogeneous Sobolev embedding and we obtain

] 1P @)=~ )P @) ddy] < CIZ L cnllyallals 1ol + 15 Lo all el
<C (H(EE - Eo)lngHLg/z + ||201\m|gR||Lg/2) HUH%gHvqu%g

+ (17 = =1 es mllze + 120y rlloe ) llullfs-

The quantities HEOI‘QEKRHLg/Q and [|X°1 ;5 pllzee can be evaluated explicitly. Combined with the
convergence [(32)| it allows us to obtain for every 6 > 0 provided € > 0 is sufficiently small.

Step 2. Estimate has two consequences: firstly, the sequence (Q%).~o is bounded in H}
and, secondly, the sequence (K§;)s>0 is bounded from below (at least for ¢ > 0 sufficiently small)
by —r(0 + 1/R)M?/2. Indeed we already know that [|Q°||2, = M and for § + cR > 0 sufficiently
small (that means ¢ > 0 is also sufficiently small), we have kC(6 + cR)M/2 < 1/4. Hence,
with u = Q¢ becomes

€(NE 1 €112 K 1 2
> = - — .
Q) 2 7 IVaQ°l, - 5 (54 ) M

Since H*(Q°) = Kj; < 0 is negative for every ¢ > 0 we eventually deduce that [|[V,Q*|r2 is
bounded. Moreover, it is clear that the sequence (K§;)s>0 is bounded from below by —x(d +
1/R)M? /2, as soon as € > 0 is sufficiently small.

Therefore, we know that (Q%).>o is bounded in H!, and we also know the existence of two
constant a, A > 0 such that for every ¢ > 0 sufficiently small, —A < Jj, < —a (the existence of a
comes from the proof of Lemma where we proved that K5, < H*(Q°) — H°(Q") = KY, < 0).
Moreover, since Q¢ is a solution of with ¥ = »¢ and w = w®, by multiplying this equation by
Q° and integrating over R? we get

1
w M = —§||VIQE||%3 + 'f/ Q7 ()% (z — »)|Q°[* (y) da dy.
In turn, the sequence (wE )e>0 is bounded:

0< g7 Sw' = //\QE 2)2E (x — )| QP (y) dedy
wC 5 . 1 o
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There exists @ € H! and & > 0 such that, up to a subsequence, (Q¢).~¢ converges weakly to Q
in H! and (w)e0 converges to @. Since the functions Q¢ are positive and radially symmetric, we
also know that @ is positive and radially symmetric, and (Q°)c~¢ converges strongly to @ in LP
for 2 < p < 6, see [22, [36] for such compactness statements based on symmetry properties.

Step 3. We are going to prove that @ = Q" and @ = w". To this end, it is sufficient to prove
that @ is a solution of the Choquard equation |(19){ with ¥ = £°, w = & and ||@||%3 = M. Indeed,
we know that the Choquard equation with X = 3" admits a unique positive, radially symmetric
solution for w = 1 (see for instance [20] or [19]). This result can extended by a scaling argument for
every w > 0. Hence, we can justify the following assertion: if two positive and radially symmetric
solutions ()1 and Q2 of with ¥ = X% w = w; and w = wy have the same mass, then Q1 = Q>
and )\1 = )\2.

For every € > 0 and for every ¢ € C°(R3), we have

5 [ V@ Vapds ot [Qpde—n [ Qe @ - QP drdy =0,

It is obvious that the first two terms converge respectively to ([ V.Q - Vo dz)/2 and & [ Qpdx
(note that for the second term we use the fact that [|Q°||;2 is bounded with respect to €). Let us

now show that the third term converges to —& [ Qp(z)%°(z — y)|Q|*(y) dz dy. For that purpose
we decompose the difference as follows

/ Qp(x)= (@ — )| Q72 (y) dardy — / Qo (@)= — )| Q12 (y) dazdy\
<| [ @) (e - 9) - 2@ - ) 1Q°P o) dody

o\ ff (@ @27) P(@)20e ~ 1)|Q° () drdy]

=II

=111

The convergence of I follows from the boundedness of (Q).~o in H_} together with the convergence

(32)
I <@l lI(ZF = %) % Q7| s
< [1@Nzzllellzz (CH(ZE = S0 Lpy<rll o2 IVaQ7IZ2 + (27 - 20)1|x|>R”Lg°||Q€||%§) :

The boundedness of (Q%).~¢ in L2 and the strong convergence of Q° to @ in LP for 2 < p < 6 with
p =4 and p = 8/3 imply the convergence of II (we use that Eolng lies in LY for 1 < ¢ < 3 and
%01}, 5 g lies in LY for ¢ > 3):

IT < [|I2° % (Q° — Q)¢llree Q7113
< (12°00i<rllz2 10Q° = @)¢llz + 50 paps mlla [(Q° = Q)¢ll 45 ) 17113
< (12°1i<rll 2107 = Qllzaliellzs + 12°0 e mllzs 1QF = @l ssallell 2 ) 11Q°113.
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For the last term we use almost the same strategy than for I1. We write
111 < | Qully 57 % (10717 = 1Q) |15
< 1@lzzlel (£t , |10 - 1GF]

Since |Q°)2 — |Q)? = |Q° — Q|* + 2(Q° — Q)Q we eventually obtain

QP — QP

0
L2 L2 + HE 1|x‘>R‘ 4 Li/?’) '

|l —1er|,, < |1 -ar|,, +2|@ -ae|,
<o -], +2[e-al,. el
and
[10°P =102 s < 107 = QP s + 2] (@ = Q] .5
< |e -4l igw +2/|Q° - Q| L5/ Q) L8

These convergences allow us to obtain that @ is a solution of with ¥ = 2% and w = @. It only

remains to prove that ||@H%2 = M: the weak-L2 convergence of ° already implies H@H%Q <M.
3.

X

We multiply by Q¢ the Choquard equation satisfied by ¢ and we integrate over R

1
M = IV - [ 1Q°P @)@~ @) dody.

Taking lim inf._,o leads to

~ 1 ~ : £ € £
~BM 2 3 IV.QIE, — stimsup [ 1Q°P @)% (o — 1)|@*P(w) de dy.
e—

it yields

We justify as before that the last term converges to [[ |Q|?(z)%°(z — y)|Q|?*(y) dz dy. Since Q is a
solution of with ¥ = X0 and w = & we obtain

1 ~ - - ~
~BM 2 5 IV.Ql: - r [ 1GP@E @~ »IQP ) dedy = 3Gl

Since w > 0, we eventually obtain M < HQH%% and thus Q = Q° and & = w°.

Step 5. In order to conclude the proof it only remains to justify that the weak convergence of
(a sub-sequence of) (Q%)z>0 to Q° in H! actually holds strongly (then, thanks to the uniqueness of
Q", one can extend this convergence to the entire sequence). We already know that HQOHQL% =M=

||QE||2L§ , which implies the strong convergence of (Q%).~o in L2. We turn to the strong convergence

of (V4QF)e>0 in L2. Thanks to the end of the previous step we have
lig [V, =2 ("0 + [ 1Q°P @) - pIQP) dedy ) = [9.@° s,
which finishes the proof. [ |

Proof of (ii) Coercivity. @ We fix ¢ > 0 and we consider a positive and radially symmetric
minimizer Q° of K§,. Proposition [2.5 gives

d
<L9Ff7f>L% = VOHfH%—I% - % (‘(va(])L% 2+Z ‘<faa:va0>L§ 2) :

J=1
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Next, we compute (L7 f, f) as follows:

(L3f, f) e = <Lif )+ (=L F)
>V0Hf||H1 ‘<f7Q0 L2 +Z'fva Q% )2 2)—‘<(Li—L9r)faf>Lg
> OB — o | 0@z +Z\ f,00,Q%) 12 ) E |<<Li ~IDf )|

where

d
(7202, Q° — 0,07 2|

j=1

= Q0 - @) +

2[(£,Q" = Q)12

(f, Q)1

633] QO 8&:]- Q£>L§

<f7 amj QE>L% .

Then we infer the following estimate: R® < a(QE)HfHHl where a(Q) > 0 and a(Q) — 0 when
1Q — QOHH% — 0. Moreover

<(Li— - L(—)l—)faf>L% = (w5 _ (,JO) ||f||%a2c — [{// (28* |Q€|2 _ EO* |Q0|2) |f|2 dz
— 2%/ (st(m)EE(x —NQ°f(y) — Qf (2)x(z — y)QOf(y)> dzdy,

and from this expression we can obtain (thanks to a similar reasoning than in the proof of point
(1)) the following estimate

(- 1905 £),, | < 50, @1,
where (%, Q,w) > 0 and (X, Q,w) — 0 when

12 = 21 i<rll 52 + 12 = )L rllze +11Q = Qllay + w — w'| — 0.

This assertion applies for any R > 0; here R is fixed once for all (not necessarily small as in the
proof of convergence). Gathering these two estimates leads to
2)

The announced coercivity property holds for the ground state Q¢ provided a(Q?)/v°+5(%°, QF,w®) <
0. Since a(Q) and B(%, Q,w) converge to zero when [|(3 — ZO)1|$|SR||L2/2 +1(E=E91 = rllLe +
1Q—Q°| g1 +|w—w®| = 0, there exists § > 0 such that H(2_20)1|:p\§RHL2/2+”(2_20)1\x|>RHL§° +
1Q— QOHH% + Jw — w%) < § implies a(Q) /Y + B(%, Q,w) < V. Thanks towe can find £y > 0
such that for every e € (0, &p),

15 1 d
Ity 2 (0 - S8 o, @09 171y - 25 ()<f, Q|+ 0 [(£. 00, %)z
j=1

)
12 = 2 Nai<rll 5 + 12 = Z) s rlle < 5

Therefore, possibly by choosing a smaller &y if necessary, for every ¢ € (0,&p) and every positive
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and radially symmetric minimizer Q¢ of K7j,, we get

0
1Q° = Qg + o — ¥ < 5.

We argue by contradiction to justify this. If this were not the case there would be a sequence
er — 0 and a sequence of positive and radially symmetric minimizer (Q°*),cn such that for every
n?

0
Q% = @y + lw™ = > 5.
However we can apply point (i) to this sequence which insures that

Q% = @l + e — ] — 0,

a contradiction. [ ]

8 Admissible form functions: proof of Proposition|2.10

The general strategy relies on the application of Proposition hence we have to construct a
sequence of potentials (X¢).-, with the specific form ¢ = of x 0§, which converges to X% in
the sense of This requires some care beyond the classical “regularization and truncature”
approach. A similar difficulty arises, but in a different manner, when justifying the asymptotic
regime of the Vlasov-Wave system towards the Vlasov-Poisson equation [§]. The following
simple examples are quite illuminating on the strategy.

Toy example 1. Let x : R? — [0,1] be a C%° function which satisfies x(z) = 1 for |z| < 1 and
x(x) =0 for |z| > 2. Let
x(e)
Y (x) = =—=.
||

The analysis of this kernel is simple: due to the scale invariance of |71\’ we have

Y (z) = EX(;;) = el (ex).

As a matter of fact, we have
i) H™ (u) = 3H” (1) where uf(z) = e 2u(e'x),
ii) Q° is a minimizer of K}, <= Q(x) = 2Q%(¢~'x) is a minimizer of KEElM,
iii) Ky =e3K>,,,

iv) if Q¢ is a minimizer of K]%;, then w(Xf, Q%) = 2w (X!, Q) where Q(z) = e 2Q% (¢ '),

V) (L (B5,Q) 5, f) 2 = (L (B, Q)f, f) 2 where f(z) = e ?f*(e7'z) and still Q(z) =
e2Q% (e ).
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These relations proviode several useful information. For example, since for any ﬁxed € >0, 3¢ lies
in Lx/ Lemma applies and justifies the ex1stenee of the mass threshold Mo , which, in turn,
can be expressed by means of MOZl M§" MO — 0. Furthermore, ¢ converges to ZO in the
sense of |(32), and the conclusions of PI‘OpOSlthH “ 2/ hold. Then, relation v) allows us to extend
the coer01v1ty estimate to any radially symmetric minimizer of K ot associated to a mass m larger
than M /&y, as illustrated by Fig. I Indeed ii), v) and Proposition - (ii) yield

1

(Lo (S QF.f),, = L (Z5.Q0) )
)
3
—Vﬂvdﬁg+f%WM%—yo%”Rﬂ@@2+é*§ﬂﬁi%ﬁﬂ@2)

J=1

-3 3
waw%lomwmﬁZWww%;
j=1

which implies the announced coercivity property.

This example can be compared to the case of the Yukawa potential seen as a perturbation of
the Newtonian potential in [I7].

cA
L ' < < >4
I /o / -
: -
l /o7 P
! / 4 e //
| .
I / /3/ // _
| / . 2 _
| VR —
A _ -
v/ 7 L _ -
| / 7 —
Eof A B
7 —~
- 7
—~
~
~
M M/&g Mass

Figure 2: Illustration of the strategy: for the given mass M, the stability of the ground
states is proved for the potentials 3¢, with 0 < e < &y. By rescaling, we can go back to the
potentials X!, and ground states with a mass larger that M /&, are stable.

Toy example 2. Let a : RY — [0,00) be a C* function such that [ adz = 1. We consider

afe—1
¥ (x) = 3 / ‘J(:E_ 5‘) d
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Now, we have the scaling relation: Y¢(z) = e X! (e7!z), where

1o — a(y)
¥ (z) —/ J dy.

|z —

We deduce that
Q° is a minimizer of K3y <= Q(z) = £2Q%(ex) is a minimizer of ngz\l/[

Reasoning as in the previous example, we obtain that, for M sufficiently small, every positive and
radially symmetric minimizer of K]\Zj satisfies the coercivity relation|(29). In particular there is no

mass threshold: MOEl =0. Since X! ¢ LY ?_ this is not a contradiction with Lemma

Toy example 3. We go back to the case of the dimension d = 1. In this case for any o satisfying

we consider the sequence of potential (X¢) defined by
Yi(x) = '8(e7l2), Y =o01x0;.
Hence we obtain the equivalence
Q° is a minimizer of K3y <= Q(z) = eQ°(ex) is a minimizer of KEAI/[

Reasoning as above, we justify the existence of some M* > 0 such that for every M € (0, M*),
every positive and even minimizer of K]%[l satisfies the coercivity relation |(29)]

Main strategy. The toy examples 1 and 2 do not fit with our framework, where we are dealing
with smooth and compactly supported potentials ¥. Then, in order to handle such a potential, the
idea is (as usual) to combine the truncature and the regularization by setting

« 571
S (2) = e Py (cx) / Mdy.

However, the scaling for the truncature and for the regularization are not the same, and the

properties deduced from the scale invariance of % break down. Instead, we consider a doubly

||
indexed sequence of potentials

a(Ay)

N (g :)\_3)( T
(5) =X [ T

dy
with A, u > 0. We also introduce
S - alely)
Y(z) = e Sy(x /dy.
(@) =) [ T

We have the scaling relation SM#(z) = pX () which leads to the following lemma.
Lemma 8.1 The following assertions hold:

i) HM (u) = ,u3Hge (ut) where ut(z) = p2u(p=x) and € = A,
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i) QM is a minimizer of KJ\E/;’“ — Qx) = u2QM(u~ ) is a minimizer of KE;M with
€= A,

i11) K]\Ef’u = ,u?’KEle with € = A\,

i) if QM is a minimizer ofK]%[A’”, then w(XMH, QM) = ,u2w(§]5, Q) where Q(x) = p2QM (u™ 1)
and € = A\,

0) (Lo (SM, Q) ph, A = i (L (B4,Q)1, f ), where Q(x) = u2QM (u ), f(x) =
p 2 A (u ) and € = M.

Let us suppose for a while that the sequence (X**) >0 converges to X0 in the sense of [(32)| as
A and g tend to 0. Then there exists Ao > 0 and po > 0 such that for any (A, 1) € (0, Ag) x (0, po),
the conclusions of Proposition hold. Based on Lemma [8.1], we infer the following statement.

Proposition 8.2 (i) For every (A, 1) € (0,X) X (0, o) and for every positive and radially sym-
metric minimizer Q) of KgflM with € = Au, the operator L+(§]€, Q) satisfies Lemma .

(ii) In particular, for e € (16, Xoto) fized, applying (i) to any (A, 1) € (0, Ao) X (0, o) such that A\ = €
implies that for any m € (ualM, Xoe M) and any positive and radially symmetric minimizer Q
of Kg;, the operator L+(§~]€, Q) satisfies Lemma .

Item (ii) implies, up to the fact that 2¢ can be cast under the form 3¢ = 71 x 51¢, that the set
of admissible form function 2/ is non empty. Then, to conclude the proof it only remains to slightly
adapt the previous construction in order to obtain a sequence LM satisfying We proceed
as follows. Let a,x be two C2°(R?), non negative, radially symmetric, compactly supported and
non increasing functions, with x(xz) = 1 in a neighborhood of the origin. Let us set

— i
O'i\”u(l') =\3 - a()\_ly)xﬁg[i yél]) dy = o™ % (|X|2> (z) and XM = ai"“ *ai\’“,

where
oMz) =AM 1z) and xH(z) = x(px).

Then each af"“ satisfies |((H2)H(H3)| Moreover we can check that
) = P ), SN () = (),

where
o1(z) = /of(x — y)T(yQ) dy, Y€ =1 xoC.
Yy
Then Lemma [8.1| applies to this new sequence as well and Proposition holds provided we can
show that it converges to X° in the sense of Such a form function appeared in [8]. The
construction is based on the following two observations:

dy

—— % ——(x — = O0X%z) where C = _—
(=) (@) rs [yl2ler — y|?

1 1, C
2P |z
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(e being the first vector of the canonical basis), and

u u
YA = (ot % o) % <|X2 * |X|2> .

Then, at least formally, a* x a* — ([ a* adz)dy when A — 0 and (x*/| - %) x (x*/] - |*) —
(/- 1) = (1/] - |*) = C 2% when g — 0 and we can expect that £** looks like X0 when A, — 0
provided [adz =1/ V/C. The intuition is confirmed by the following claim.

Lemma 8.3 If [ adx = 1/V/C, then the sequence (SM)y =0 converges to XV in the sense of|(32)
when (A, ) — (0,0).

This approach allows us to construct a large class of admissible form functions, not necessarily
close de X0 in the sense of by using suitable rescalings that preserve the coercivity estimate
as we did with the toy example 1. Indeed, for any « and y defined as before, if the form function
o1 = ax*(x/|-]?) is not in .7 we know, at least that up to rescaling o into a(z) = ¢ 3a(e 'z),
that the form functions o1¢ = a * (x/| - |?) belong to </ provided e is sufficiently small. With
the previous notation the non empty mass interval I associated to the form function o71° is given
by I = (pg ' M, \oe ' M). Tt is also possible to rescale x into x*(x) = x(ex) and obtain that form
functions 5§ = ax(x¢/|-|?) equally belong to .7 provided e is sufficiently small (this second example
uses the scaling relation o7 (z) = A~257*(A~1z)). Moreover given an admissible function o1, we
observe that 01\’“ (x) = Ao1(px) is admissible too. We obtain this way form functions with arbi-
trary support size and L2°-norm, which are non negative, non increasing, radially symmetric and
concentrated around the origin. Such form functions are physically meaningful in the framework
defined in [3]. Since they are simply derived by rescaling, we can check that the necessary coercivity
estimate still holds, with constants that keep track of the rescaling, and they also provide stable
ground states.

Proof of Lemma [8.3 Let 0 < R < oo be fixed once for all. We decompose the difference
YA — 30 as follows

YM(x) - 20(2) = (ozA*o/‘) * < L 12 * | .1|2) (x)

PP T
JrC'/(a)‘*a)‘) (y) (Eo(xfy)fzo(a:)) dy = I (z) + I2(z).

Bearing in mind that o* x a*(z) = A"3a * a(A\~'x), we readily obtain the convergence of Ll <r

to 0 in the Li/ ?_norm. Moreover, since the support of a* xa? shrinks to {0} when A — 0 and since
the function z +— 1/|x| is a Lipschitz function on every set of the form CB(0, R) (with a Lipschitz
constant L(R) which blows up when R — 0) we get

(12135 RllLee < meas (Supp (o/\ * o/\>) — 0.
A—0
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Next, for y € supp(a? x o) with A sufficiently small, |z| > R implies |z — y| > R/2; it follows that

11125 Rl g
Xt X! 1 1 ) XMz —y)x"(y) -1
< ( * — * 1.>R/2 = sup dy
"ww TP TR e T e o = yPlyl?
By e -1 H —1
< sup /x ( y)(x2 (y2) )dy‘Jr sup Xz(z)de‘.
l2[>R/2 |z —y[?|yl e/>r/2 1) 27|z + 2]

Since 0 < x <1 and x*(z) = 1 when |z| < ! this estimate yields

1
11125 Rllzge <4 sup / T el — 0.
w|>k/2 JeBou1) [T —ylPyl n=0

It remains to prove that I11j;<p converges to 0 in L§/2—norm as \,u — 0. For r € (0, R) we split
this quantity as follows

11 ei<rll o2 < N Ljzzell a2 + 1D Lrcioi<rll o2

AL A XX 1 1
()« (P~ e ) e

and we have already seen that C(a* x o) x Eolmgr converges to Eolmgr in the Li/z—norm for
any 0 < r < co. Let n > 0. We can choose r = r(n) > 0 small enough and, next, find A(n) small
enough so that for any 0 < XA < A\(n), we get

1 gi<rll 372 < 2[(Cla* xa*) x 20 — ZO)IMSTHLZ;/? + 2”201|x|§r”L2/2 <.

We have

<2C (a)‘ *of‘) *Eolmgr

Finally, the Li/Q—norm of I11,;<r can be estimated as we did for the LZ°-norm of I11j,sp.
Possibly at the price of taking A(n) smaller, if |x| > r we have |z —y| > 7/2 for any y € supp(a*xa’).
It follows that

1
1111, <ja<rll 52 < meas (B(0,R))*®  sup / 4y,
e rj2<lel<k JoBOu) [T = yPlyl?

which can be made <7 for 0 < p < u(n), with p(n) small enough. This ends the proof. [ ]

A Cauchy theory

From an energetic point of view, the natural functional spaces for the Cauchy theory of the
Schrodinger-Wave equation are C°([0, T], H'(RZ)) for the wave function u and

&r = C° ([O,T};Lz (Rﬁ;ﬁl(Rg))) n ot ([o,T];L2 (Ri;LQ(RZ)»

for the vibrational environment 1. We are going to prove the global existence of solutions to |(1a)]
with Cauchy data in these spaces, see Theorem Throughout this appendix, we work,
without loss of generality, with ¢ = 1.

The proof of this theorem is quite classical: the most important part consists in applying
Strichartz’ estimates to the Schrédinger and the wave equation. In fact the main difficulty comes
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from the fact that Strichartz’ estimates for lead to estimates of w in LL" norms whereas
Strichartz’ estimates for lead to estimates of ¢ in L! L{L? norms. In order to combine these
two estimates of different type, we need to permute Lebesgue-norms in time and space. For that
purpose we will use Holder and Young inequalities (and the fact that o1 and o9 are in any LP space
for 1 < p < +00) in order to work with L{L% norms.
Let us introduce some notation that we will use until the end of this section. First we denote by
S the linear Schrodinger’s group and by (W, W) the free wave group: for any ug € L2(R%), S(t)ug
is the unique solution at time ¢ of
{i@tu +Azu=0
u(0,z) = uo(x)

and for any (g, 1) € L2(RE; H(R?)) x L2(R%; L2(R™)), W ()i + W (t)1); is the unique solution
at time t of
{aftw A =0
(¢(07 x, Z)a at¢(07 x, Z)) = (¢0($7 Z)a ¢1 ('Ia Z))

With these notation we can now define (at least formally) the functions £, K and ® by

L(u,) : t — S(t)up + /Ot S(t—s) Kal *z /02¢(3) dz> u(s)} ds
K(u, ) : t — W(t)ho + W (t)h1 + /Ot W(t—s) [—0201 *z ]u(s)ﬂ ds
P =(L,K)

where ug € HY(R?) and (1o, 1) € L2(R%; HY(R?)) x L2(R%; L2(R™)) are now fixed until the end of
this section. From here it is obvious that any fixed point (u, ) of ® defines a solution of (1b)}
and In order to apply the Banach-Picard fixed point theorem we have to specify on which
space we define the function ®. As already mentioned, since we wish to apply Strichartz estimates,
we need that @ is defined on a well adapted space for this approach. We introduce the following
notations and spaces for that purpose. First let us define the Lebesgue exponent py by

2n
n—2

po = (47)
Then, for any final time 7' > 0 we introduce the following Banach spaces: X7 = L>(0,T; H*(R%)),
Yr = L2(R%; L>(0,T; LP°(R?))) and Zr = X7 x Y7 endowed with the norm |u,¥|z, = |lullx, +
iy

We introduce these spaces because (00,2) is a Schrodinger-admissible pair and (oo, pg) is a
wave-admissible pair for n > 3. Let us briefly recall what are the definition of Schrédinger and
wave-admissible pairs and what are Strichartz’ estimates (we follow [16] and the interested reader
can find further information about Strichartz’ estimates in [11] and the references therein).

Definition A.1 i) We say that the exponent pair (q,r) is Schrodinger-admissible if d > 1, ¢, r > 2,
(g,7,d) # (2,00,2) and
1 d

_d
g 2r 4
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it) We say that the exponent pair (q,p) is wave-admissible if n > 2, ¢,p > 2, (¢,p,n) # (2,00, 3)

and
1+n—1<n—1
g 2p T 4

From now on for any exponent a > 1, o’ will denote its conjugate exponent: 1/a + 1/a’ = 1.
Proposition A.2 (Strichartz estimates) i) Let (¢,7) and (q,7) be Schridinger-admissible pairs,

ug € L2(R%), F € L70,T;L" (R9)) and let us denoted by u the unique solution of iu + Azu = F
with initial data ug. Then there exists a constant C' > 0 independent of T' such that

Jullzzz; < € (Iollzz + 1Pl ) (48)

ii) Let (q,p) and (g,p) be wave-admissible pairs with p,p < +oo, (1o, 1) € H(R?) x H51(R?),
G e L‘j/(O,T; ) (R?)) and let us denoted by v the unique solution of 041 — Avp = G with initial
data (vo,%1). Then, under the additional condition

-+ —=——-s5==4 = -2 (49)
there exists a constant K > 0 independent of T' such that
[9lz22 + 190 ey + 10000 s < K (0l g+ Wl ems + 16 ) (50)

Remark A.3 We will apply with the Sobolev reqularity s = 1. With this reqularity the ez-
ponent pairs (q,p) = (00, po) and (00,2) are wave-admissible and satisfies the additional condition

[49)]

The following two Lemma justify that the application ® is well defined on Z7, sends Zr into
itself and admits a fixed point on it.

Lemma A.4 There exists a constant C > 0 independent of T such that

10w, 0)llzzerz < C (uollzz + 1T/l lull ez ) » (51a)
192w W)llzgers < O (IIVauollzg + TUWllvy [lull sz + 1Vaullipors]) (51b)
1)y + 1] o ey + 10002 e
< C (IWoll o gy + I llzzzz + Tl ez ) o1
and
10w ) = L@, Q) lgerz < CITI (18 lve lu = vllzerz + 10 = @llvellvllzerz ) (52a)
1V (L0, 8) = Lo, @)lrerz < CITIElve [Ilw = vllgerz + [ Valu = v) | o p2] 52b)
+ 119 = @lve [[vlzeorz + 1Vavlleorz) )
1K, 9) = K@, @)lve < CIT| (lullggers + [0l ger2) llu = vll e - (52c)
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Lemma A.5 There exists a universal constant C1 > 0 such that for any final time T > 0 small
enough, ® : By — Br, where

Br = {(uv) € Zr : llu.¥llzr < Crllluollm + Ioll a0 + Il z202)}
Moreover, considering smaller T if necessary, ® is indeed a contraction on Br.

We postpone the proof of Lemma [A.4] to the end of this section and we start by proving
Lemma [A_5] and Theorem [I.T]

Proof of Lemma We can summarize the estimates |[(51a)| as follows:
1@, $)llzr < C [llwoll g + 0l o gy + I¥otllzrz + 1Tl 1%, | -
Next, let C1 = 2C'; we thus obtain that for any (u,v) € By,

@, )1z < C |1+ CFIT] (lhwollay + loll o gy + Iin 22|
< (lluoll s + ol gy + o1l z2r2)
Since for T" small enough,
CIT (lluollis + ol 1 o + lalln202) < 1,

we obtain that ® sends By into Br for T small enough. As previously, we can recast |(52a){H(52c)|
as follows:

[®(u,¥) = @(v, @)z < CIT| ([ (w, V)l 2 + v, &l 2) [[(w, ) — (v, )| 27
Therefore, for any (u,), (v, ¢) € Br,

18(u,w) — 2(0, 8) 127 <201 (luolliy + ol o0+ Nlzze) 1710108 ) — (0,0)]| 2

holds and ® is a contraction as soon as 7' is small enough. [ |

Proof of Theorem Step 1: Local existence. For T small enough ® is a contraction
on Br, we thus know that [(Ta)H(Ib)| has a solution in Z7. Then it is clear that for any solution

(u, ) € Zr of |(1a){(1b)} u € L= (0,73 H'(RY)), ¢ € L2 (RE L= (0,73 HY(RE))) and dp €
L? (Rg;LOO (0,T; L*(R?))) (for ¢ its come from the Strichartz estimate |(51c)). Moreover, using
the fact that (u,)) is a fixed point of ® and the expressions of £ and K in terms of S and (W, W),
one can prove that indeed u € C° ([O,T];Hl(Rg)), for almost every x € R%, (t,2) v 1(t,z,2) €
CcP ([(), TY; Hl(R2)> and (t,2) — Opb(t, x,2) € C° ([0, T); L>(R?)). We finish the proof by applying
the following lemma (proved at the end of this section) to ¢ and 91 in order to obtain that ¥ € Ep.

Lemma A.6 If f € L2L° and for almost every x € Re, t v f(t,x) € C°([0,T)), then f €
C® (10,7 L3(R%)).

Step 2: Uniqueness. The uniqueness in By comes from the fixed point theorem and we can
extend this uniqueness statement to the entire space Z7. Then the uniqueness in CY H! x &y comes
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from the fact that any fixed point (u,v) € CYH! x Er of ® is also an element of Zr (thanks to the

estimate |[(51c)l we get that 1 is in Y7).
Step 3: Global existence. Since the time 7 in Lemma depends only on universal
constants and on

[wolly + 10l 2 gy + 1¥1llzz 22,
the first two steps of this proof allow us to obtain the following proposition.
Proposition A.7 Let n > 3. Then for any ugp € H'(R?) and (1o, p1) € LR HY(R)) x
L2(RZ; L2(R7)), there ewists T* > 0 such that for any 0 < T < T*, the problem and
admits a unique solution (u,v) € C° ([O,T];H%Rg)) x Ep on [0,T). Moreover, if for some
0< T <T™,
liItn/S%lp [u(llz + 1O 250 + 100 ][22 < Ho0,

then, actually, T < T*.

Then in order to obtain the global existence we have to justify that the quantity
[z + DO 2 50 + 100 @) 2212

does not blow up in finite time. Thanks to the mass conservation of the wave function u (M =
|[u(t)[|z2 is constant in time) and thanks to we get

() + 19O 1 gy + 198222 S M o+ I Vau(®)lzz + ol 3y + Il zaze + M,

and it only remains to control ||V,u(t)|[z2. For that purpose we use the energy conservation
in order to obtain

Va2 + [ o1+ [ o20(t)d2 ) [u(o) do < Esan(®) = Excn(0).

Then if ||V, u(t)|| ;2 blows up in finite time, | [ (o1 * [ o9tp(t) dz)|u(t)|* dz| has to blows up in finite
time too. But

H/(al*/agwdz)]u\2dx < M? 01*/02wdz
L L L
=M? |lo1x | o9tpdz < M?|o ‘O‘ *
v [ o o < Mol ol

2
<M ||02HL55

o1 % [[9[] oo o OOSMQIIUQHLZgHUlIILg 9l L2 pgerzos  (53)

Lfl')

and eventually estimate |(51c)|tells us that | (o1 * [ o91(t) d2)|u(t)|? dz| grows at most linearly in
time. -

Remark A.8 In fact the proof of the global existence gives us the additional information that the
quantities ||Vyu(t)|| 2, ([ () + [|0sp(t) || 22 and | [(o1* [ ootb(t) dz2)|u(t)|? dz| grow at most
linearly in time.

iz

We finish this section with the proofs of Lemma [A.4] and Lemma
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Proof of Lemma |A.4. Estimate|(51a)l. We apply apply the Strichartz estimate |(48)|to £(u, 1))
with the Schrédinger-admissible pair (0o, 2) on both side to obtain

<01 * /O’QT/JdZ) u
Then, thanks to the following estimate

(1% [ ov)u (o150 [ oudz)

and thanks to [(53)] we eventually obtain
1£(w, )l pgerz S lluollzz + [Ty [lull e rz-
Estimate|(51b)| Since
Vo L(u,)(t) =S 2U0

v
+ /Ot S(t—s) [(anl */021/1(8) dz) u(s) + (01 */027/1(5) dZ) Vzu(S)] ds,

we just apply the same estimates as before.
Estimate . We apply for almost every z € R? the Strichartz estimate to KC(u, ) (x)
with the wave-admissible pair (0o, pg) on the left hand side and (oo, 2) on the right hand side

1 Cu, ) (@) e pro + 1@ oo pa + 1106 (@) || e 2

S Wo(@)l gy + 11 @) 22 + o201 % [ul ()]

1£(w, )l pgerz < lluollzz +

Lir2

< |T|’

LiL2 LLE

< [ull Lo L2,

01 *z /Ugwdz

L L

LiL?

Then, since

loaorxul@)| |, , = lloallze lov* [ul? @)y < loallze o]« llul22 ()

LiLz

we can pass in L2-norm to obtain

o2 x bl 0 < Noallize [Jlonl % el

Here, thanks to the Young inequality we have

ol lulZs ], < llonlzz [[llZa],, = llovlles lulFare < llonlles 1T Nul sz,

Ly

and we eventually obtain
K020 + 10 ey + 1908l z2rmz S Wl g+ Il az + 1T e
Estimates |(52a),, [(52b)| and |(52¢)| Since
L(u, ) (t) = L(v, ) (t) =
/0 "S- s) [(m . / ooth(s) dz) (u(s) — v(s)) + <01 . / oo (1h(s) — o (s)) dz> U(s)} ds
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and
K(u, ¥)(t) = K(v, )(t) =
/O W(t = s) [-o201 %2 ([u(s) — v(s)]u(s) + v(s)[u(s) — v(s)])] ds,

we just follow closely the proof of |(51a)l [(51b)|and |(51c)} [ ]

Proof of Lemma Let us fix ¢ > 0 and ¢ € [0, T]. We know that for all z € R? and for all
n > 0, there exists d(n,t,x) > 0 such that if |t — s| < d(n,t,x), then |f(t,z) — f(s,z)| < n. Note
that in fact d(n,t,x) is positive for almost every = € R%. Moreover, since f € L2L$° we now that

[ terl @)l de =
Rd R—o0
Let 6 > 0. Let us also introduce the following subset of R%
Bt = {x € R such that |z| < R and 6(n,t,z) < 5}.
Note that meas(Bﬁ;”) — 0 when 6 — 0. Then for all R,7,0 > 0 and for all s such that |t — s| <,
1£@) = f()llzz < M Le>r(f () = f()lLz + 11z <r(f(E) — F(s)l 12
R,
< 2|1 pfll 2Lz +nmeas (B0, R))'/ +2meas (B/5") || ]l 2z-
We can pick R large enough to obtain
€
2|1z >rfllL2re < 3’
then we fix n small enough to get
nmeas (B(0, R))/? < %’
and we eventually fix 4 small enough to get

R, g
2meas (B[5") |l 205 < 5
|
B Semi-classical analysis
In this section we rescale the Schrédinger-Wave system as follows
h2
1h Oyup, + ?Azuh = (01 *g /ogwh(t) dz) U, teR, z e R? (54a)
Obn = Xhs teR, zeRY zeR” (54b)
Oxn = Aty — Pos(2) (o1 % |un(t)?) (), teR, zeRY z€R" (54c)

where h > 0 denotes (a dimensionless version of) the Planck constant. We wish to investigate the
behavior of this rescaled system when h — 0. This is expected to establish a connection between
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the classical and quantum models, see [26]. More precisely for every h > 0 we consider the Wigner
transform of uy,

1

it h . _ h
Wi(t,z,&) = W /Rd e éyuh(tﬂf + 59) up(t,r — §y) dy

and we address the question of the asymptotic behavior of (W, ¥, xp) when h goes to 0. Our goal
is to prove that (W, ¥p, xx) admits a limit and this limit is a solution of the Vlasov-Wave system
(6a)H(6b)| For that purpose let us introduce some notations and assumptions.

We consider a sequence of initial data (u})pso C HY, (¥)nso C L2H} and (x2)pso C L2L2
such that

(H5) the quantities ||ul|z2 and

h2
50]?+ = 2 / ‘V u0‘2d$+/Rd (Ul*/ O—Qwo dZ) ‘UO‘2dx
2// |X0’ dezdz+ = // szo’ dz dz
T R xR™ RdxR?

are uniformly bounded with respect to h.

Remark B.1 i) Assumptzon- guarantees us that the sequences (Yh) and (xB) are uniformly
bounded with respect to h respectively in L2H1 and L2L?. Hence, there erists 1y € LQH1 and

Xo € L2L? such that, sub-sequencse still labelled (T/Jo)h>0 and (Xo)h>0 converge respectively to g
mn LQHlfweak:ly and xo in L2 L% —weakly.
it) Moreover, since the rescaled Hamiltonian

h2
EN(t) = 2/Rd|V$uh(t)]2dx+/Rd (01*/ 720042 ) [ (1) d
2// Ixh(t) ‘le‘dZ‘F // |V by (t) |2d3;'dz
2C RdxR™ Rd xR

is conserved by the system (bdc)l, we have

h2
0<% [ IVoun()Pdo+ // () dedz + = // IV, (6)|? d d=
2 Jrd R xR R xR™

=)~ [ (ovx [ ovnlt)a) lun(o) as
<& - /R (01 */nam(t) dz) ()2 da.

Then thanks to|(53)| coupled with the mass conservation of the wave function up, and|(51c)| we have

‘/Rd (0—1 */nog¢h(t) dz) lup, () |2 dz

that means h?||Vyup(t)[%2, Ixn (22 and [[Yn)]l 5 5, are uniformly bounded with respect to h
and t € [0,T].

h h h h
S (1012 + IBlzznz + 1Tl 2z ) bz,
t
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One can easily check that the Wigner transform W, associated to a solution uy, of|(b4a)| satisfies
the following equation
oWy +&- VoW, + Kj, *xe Wi, =0, (55)

where

Kilt..6) = g [ 750 (Baltn+ 50) = @t = 50)) (56)

This follows by direct inspection when wuy, is a strong solution of which is the case if ug is
regular enough; dealing with weak solutions requires a step by regularization and approximation.
According to [26], we introduce the separable Banach space

A= {gp c CO(]Rg X }Rg) s.t. Fep(x,y) € Lt (]RZ;C’O(R%)) }

equipped with the norm

lella = 1Feclzyes = [ sup Feolany)] .
Rd x
and notice that the space
B={peS st. FepecCPRIxRY)}

is dense in .A. We also denote by M = M(RZ x Rd) the space of bounded measures on RY% x Rg,
and M its positive cone.

Theorem B.2 Let[(H1){(H2)| and[(H5) be fulfilled. Up to a sub-sequence, the families (Wh)h>0,
(Un)hso and (xp)aso converge respectively to p € C°([0,T); M — wx), ¥ € C[0,T]; L2H! — w)
and x € C°([0,T); L2L? — w) respectively in the spaces C°([0,T); .A’ —wx), C°[0,T7; L2H1 —w)
and C°([0,T); L2L% — w). Moreover (u,1),x) is a solution of the Viasov-Wave system

O+ divy (Ep) — dive (Vm [01 *o /02¢(t) dz} u) =0, in D' ((0,T);B'),
b = x, inD' ((o,T) x R x Rg) ,
Ox = ALY — oa(2) (ol " / du(§)> (z), in D ((o, T) x R? x Rg) .

The proof follows closely the analysis of [26]; the main difference being that here we have to
control also what happens as h — 0 for the wave part of the system |(54a)H(54c)l Note that if the
sequence of initial data is supposed to converge, then, by uniqueness of the solution of the limit
equation [8, Theorem 4], the entire sequence (Wp, ¥n, Xn)r>0 converges.

Proof. Step 1: Convergence of (¢h)h>0 Thanks to Remark [B.]] u we already know that the
sequence (¥p)pso is bounded in L (0,T; L2H2). Since any closed ball of L2} is metrizable and
compact for the weak topology, we are going to apply the Ascoli-Arzela theorem in order to justify
that (¢5)h>0 admits a converging sub-sequence in C?(L2H! —w). For that purpose it only remains
to show that (15)n>0 is equi-continuous in C (L?CH 1 —w). In fact, it is sufficient to prove that the
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family {t — (¢n(t),9),. 271y is equi-continuous for every g in a dense countable subset of L2H}.

Details on this argument can be found e. g. in [25, Appendix C]. For any g € C2°(RZ x R?),

= <¢h( L2H1

// Rt K, QIR O dkdc| < a0l zzllgl e

is uniformly bounded in h and ¢ € [0, T (see Remark B.1]) and the Ascoli-Arzela theorem insures us
that, up to a sub-sequence, (1)n>0 converges in C’O([O T] L2H! —w) to 1 € CO([0,T); L2H! —w).

Step 2: Convergence of (x;)n>0- As in the previous step Remark [B.]] u insures us that the
sequence (xp)n>o is bounded in L%°(0,T; L2L?). Moreover, for any g € C°(R% x R?),

d
= (0 9)ars

2 // Vot (t) - V.gda dz
R4 xR"

is uniformly bounded in h and ¢ € [0,7] (see Remark [B.1). Eventually the Ascoli-Arzela theorem
insures us that, up to a sub-sequence, () converges in C°([0, T]; L2 L2 —w) to x € C°([0,T]; L2L2—
w).

Step 3: Equation on 1. Since x;, converges to x in C°([0,7]; L2L? — w) we obtain directly
that for any g € COO(]Rd x RY),

G000 = [ bedrds = (0000

<c + 2

//]Rden 2)o1 * [un(t)*(2) g(z, 2) dw dz

< nll 2 gallgllzzr + loullizllozlz lun(OlZ2llgllze 2

the convergence being uniform on [0,7]. Note that here, since the duality product on L%H 1is
not compatible with the duality product in D’, we have to say something in order to justify the
following convergence

d
o dt

= n0). 910 (W), 9)pp 0 D(0.7)

Since for any f € C°(0,7T),
d T ]
(Gmarms) == [ @0.g0r @

we have to justify the uniform convergence in time of (¢ (t),g9)p to (¥(t),g)p. For any g €
CX(RZ x R?), we have

300
do= [ itk ST dnac

The condition n > 3 implies that F~1(§(k,¢)/|¢|?) lies in L2H!, and the convergence of 1y, to ¥
in C°([0,T); L2H! — w) allows us to conclude. Eventually we have proved that dy) = x in D'.

Step 4: Equation on Y. Let us temporarily assume that |uy(t)|?> converges to a certain
p € CO[0,T); M — wx) (see Step 7). For any g € C°(RZ x R?), we have

d
= xn(t), 9)prp = —c? // Vohy(t) - Vogdzdz — ¢ // oy o1 * |lup(t)|? gdrdz  (58)
R xR™ R xR™
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The weak convergence of (1)~ insures us that

02// V. p(t) - Veygdedz — —02// V.(t) - V,gdrdz
RdxR™ h—0 RdxR™

and, if we rewrite the second term of the right hand side of |(58)| as follows

& // or o1 % |un(t) g de dz = 2 / un(t, )| (/ azal*gw)dz) dy,
R xR" Rd Rn

the weak convergence of |uy|? leads to

02// o9 01 * |up(t)]? gdz dz = C // o901 % p(t) gdzdz.
R xR RIxR™

These two convergences hold uniformly in time and we eventually obtain
Ox = A = oporxp(t) in D' ((0,T) x RE x RE).

Step 5: Convergence of (W},)~o. We first prove that the sequence (W},)p~0 is bounded in
L*>(0,T;A"). Since

h h
//Rdx]Rd (t,z,&)p(x, &) dxds = 2 //Rdx]Rd (t,z + 2y)uh( §y)]—"§cp(x,y) dz dy,

we obtain directly

‘// Wh<t7x7§)(p($7£) dxdf‘
Rd xR

< —_— U —_——
= 20 <St;p /Rd up(t, v + 2y)Uh(t,af 2y)‘ da:) (Sgp /Rd \]-“gcp(x,y)!dy)

1
which insures us

< Gyl Ozl
1
WOl < a0

is bounded with respect to h and t. Since any closed ball of A’ is metrizable and compact for the
weak-x topology, we will apply again the Ascoli-Arzela theorem in order to justify that (Wp)n=o
admits a converging sub-sequence in Cp (A’ — wx). For that purpose we will prove that for any
¢ € B, the functions t — (W} (t), @) a1 4 are equi-continuous. Direct computations yield

d
W == [[ Wit ¢ Voplw &) du e

+ //Rded Wh(t, z,n) (/Rd Kp(t,z,§ —n)p(z,§) df) dazdn, (59)

Lh(tvx’n) = ” Kh(t x 5 77) (33 5) df

with

h h
e (@t + 59) - Bt - 50)) Feelen)dy

D\H
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and
i h h
Foln(t,z,y) = <<I>h(t,w +5y) = alt,z — 21/)) Fep(e,y).
From |(59)| we get for any ¢ € B,
d

a4 Wa(®), (P>A/,A‘ < [[Wh@)llar (1€ - Vaplla + [ Ln(t)].4)

and it only remains to prove that 7, Lj(t) is bounded in L;C’g , uniformly with respect to t € [0, 7]
and h. Since ®p, = o1 * [ o9y, dz,

> (#attr+ b - antte = 50)) = L. / Vo ([ oatn(t)dz) (@ +59)ds

and we can estimate F;, Ly (t) as follows

h

1 /2 Vo x (/ o2tp(t) dz) (x + sy)ds

h _% Rn Loo
z,y

Vo * ( / sl dz)

The following estimate coupled with |(51c)| and Remark allows us to conclude

HVJl * (/n o2tp (1) dz)

Step 6: Equation on u. For any ¢ € B, we have

A W) @) = —(Wal).€ - Vahr s + (W), L (1)) 5.

[FyLn@)llzico < llyFeellico

< llyFepllLyco
Lge

e < IVallzzlloall z 1¥nllr ge pzo-

dt
The weak convergence of (W},),~0 allows us to obtain
d d
— t ' —(u(t ' in D'(0,T
W), s — < (u(t),)ss i D(0,T),

and
(Wh(t),§ - Vap)p s — (1(t),§ - Vap)p s uniformly in time (¢ € [0,77),

h—0

and it only remains to prove that Ly (t) converges strongly in A (uniformly with respect to ¢ € [0,T7])
to V(01 * [ o21p(t) dz) - Ve, which is equivalent to prove the strong convergence of F¢Lj(t) to
iy - (Vor x [ o2p(t) dz) Fep in L;Cg. For that purpose we decompose the difference of these two
terms as follows

Felp(t,x,y) —iy - (/Rd Voi(x — ) [/ oo (2)Y(t, z, 2) dz} da‘:) Feo(z,y)

=iy ([ Vorla=a) | [ aae)0lt.3.2) = n(6,7,2) a2 dn) Feg(o.)
iy (/Rd L l/j Vou(x — &) — Vou(z + sy — ) ds] [/ o3 (2)on(t, 7, 2) dz] dx) Feole,y)
=1(t,z,y) + 1(t, x, y).
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We estimate the first term as follows (where the support of F¢ is supposed to be included in the
compact K1 X Ks)

Ll rrco < lyFeellryco sup Vo1 (o2(1h(t) — ¥n(t))) ()]
TENK]
and the weak convergence of (1)x~0 insures us that for every =z € K;

Vo x (o2(1(t) — Pn(t)

//meal 972 i (316.2.0) (62,0 ded¢ — 0.

This convergence is not a priori uniform in x € K;. Nevertheless, we can combine the fact that
¥(t) — Pp(t) is uniformly bounded with respect to ¢ and h in L2H!, K is compact and the
application

ze R — ((3,2) = Vou(z — 2)F 1 (620Q)/ICP)(2)) € 1A}

is continuous, to prove that the convergence is indeed uniform in x. For the second term, the

2) 1/2

h
[ Vo) - Vor(a+ ) ds
-2

estimate

T®lryoe < NvFeellyog lloall o 1¥nllrzpgepzo

1
X sup / —
reK ( R4 h2

yeK?

h
/Qh Voi(x —z) — Voi(z + sy —z)ds
~3

2 1/2
dz

2
coupled with the regularity and the compactness of the support of Vo and the uniform boundedness
with respect to h of HwhHLzLooLpo, allows us to conclude that [[I1(t)[|f1co — 0 when h — 0.

Step 7: Final details. To conclude the proof it remains to Justlfy “that in fact the limit w of
the sequence (W},),>o defines an element of C°([0, T], M, — w«) and that the sequence (|uz|?)n>0
converges in C([0,T], M(RY) — wx) to p = [ du(¢). The first point comes from the study of the

Husimi transform of uy:

1
= llvFeelizyeg lloall  [19nllrz pge 2o o (/Rd h2

e~z +1g?)/h

Wh(t) = Whp(t) * (Wh)d

One can prove that, for every time ¢ € [0, T], Wi (t) is non negative and the sequence (W (t))nso is
bounded in LiLé. This allows us to conclude that, up to a sub-sequence, Wh(t) converges weakly in
the sense of measures to a certain fi(t) € M and it is then possible to prove that indeed p(t) = fi(t).
We refer the reader to [26, Section I1I] for details. However it is not possible yet to conclude that p is
an element of C°([0, T], M —wx). In the previous argument each sub-sequence depends on ¢ (then it
is not possible to apply a diagonal argument) and we have no information about the time continuity.
The missing step can be obtained by slightly modifying the compactness argument in Step 5, in
order to obtain the compactness of the sequence (Wp,)p>0 in C°([0, 7], M —wx), and conclude that,
up to a sub-sequence, (W},)nso converges in C°([0,7], M — wx) to i € C°([0,T], M — wx). We
eventually obtain that p = i € C°([0,T], M — wx).

Finally, we make use of the results in the [26], Section III | which tell us that if the sequence
(R, (t, h71E)|?) 0 is tightly relatively compact, then (|uy(t)|?) converges weakly in the sense of
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measures to p(t) = [ dji(t,€) = [ du(t,€). Moreover, we already know that (Wj,)p=o converges in
CY([0, T], M —w%) to fi, so that if (h=%|ts(t, h~1€)|?)n>0 is tightly relatively compact, uniformly in
time, then the proof [26, Theorem III.1 point 3] can be revisited in order to obtain that (Jus|?)s>0
converges in C°([0, T], M(R?) — wx) to p = [ dji(&) = [ du(€) € C°([0,T], M(RY) — wx).

Let us conclude the proof by proving that the sequence (h=%|ay, (t, h=2€|?) 0 is tightly relatively
compact uniformly in time, which can be cast as

7,
sup sup —;
>0 h>0 M Jig>r
Remark , insures the existence of a constant C' > 0, independent of h > 0 and ¢ € [0, 7], such
that h?||Vaup(t)[|3, < C. Then a direct computation shows that

2
ah(t,h—lg)‘ &g — 0.

2 2 1,2 2 2
w1t de=n [ a0 ag

1 2
=hd/Rd\f|

di
sup sup —;
>0 h>0 M Jig>r

2
an(t,h71)| de,

" PN 1
mne)f aez gy [ me

and we eventually obtain

2 C
(1,9 dE < 5.
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