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Abstract. We are interested in a kinetic equation intended to describe the interaction of particles with their environment.4
The environment is modeled by a collection of local vibrational degrees of freedom. We establish the existence of weak solutions5
for a wide class of initial data and external forces. We also identify a relevant regime which allows us to derive, quite surprisingly,6
the attractive Vlasov–Poisson system from the coupled Vlasov-Wave equations7
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1. Introduction. In [8], L. Bruneau and S. De Bièvre introduced a mathematical model intended10
to describe the interaction of a classical particle with its environment. The environment is modeled by a11
vibrating scalar field, and the dynamics is governed by energy exchanges between the particle and the field,12
embodied into a Hamiltonian structure. To be more specific on the model in [8], let us denote by q(t) ∈ Rd the13
position occupied by the particle at time t. The environment is represented by a field (t, x, y) ∈ R×Rd×Rn 7→14
Ψ(t, x, y) ∈ R: it can be thought of as an infinite set of n-dimensional membranes, one for each x ∈ Rd. The15
displacement of the membrane positioned at x ∈ Rd is given by y ∈ Rn 7→ ψ(t, x, y) ∈ R. The coupling is16
realized by means of form factor functions x 7→ σ1(x) and y 7→ σ2(y), which are supposed to be non-negative,17
infinitely smooth, radially symmetric and compactly supported. Therefore, the dynamic is described by the18
following set of differential equations19

(1)


q̈(t) = −∇V (q(t))−

∫
Rd×Rn

σ1(q(t)− z) σ2(y) ∇xΨ(t, z, y) dy dz,

∂2
ttΨ(t, x, y)− c2∆yΨ(t, x, y) = −σ2(y)σ1(x− q(t)), x ∈ Rd, y ∈ Rn.

20

In (1), c > 0 stands for the wave speed in the transverse direction, while q ∈ Rd 7→ V (q) ∈ R is a21
time-independent external potential the particle is subjected to. In [8], the well-posedness theory for (1)22
is investigated, but the main issue addressed there is the large time behavior of the system. It is shown23
that the system exhibits dissipative features: under certain circumstances (roughly speaking, n = 3 and c24
large enough) and for a large class of finite energy initial conditions the particle energy is evacuated in the25
membranes, and the environment acts with a friction force on the particle. Accordingly, the asymptotic26
behavior of the particle for large times can be characterized depending on the external force: if V = 0, the27
particle stops exponentially fast, when V is a confining potential with a minimiser q0, then the particle stops28
at the location q0, and for V (q) = −F · q, a limiting velocity VF can be identified.29

30
Since then, a series of works has been devoted to further investigation of the asymptotic properties of a31

family of related models. We refer the reader to [1, 10, 11, 12, 26, 31] for thorough numerical experiments32
and analytical studies, that use random walks arguments in particular. The model can be seen as a variation33
on the Lorentz gas model where one is interested in the free motion of a single point particle in a system34
of obstacles distributed on a certain lattice. We refer the reader to [4, 9, 17, 20, 28] for results and recent35
overviews on the Lorentz gas problem. Instead of dealing with periodically or randomly distributed hard36
scatterers as in the Lorentz gas model, here the particle interacts with a vibrational environment, that cre-37
ate the “soft” potential Φ. The asymptotic analysis of the behavior of a particle subjected to an oscillating38
potential is a further related problem that is also worth mentioning [16, 23, 25, 29].39

40
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We wish to revisit the model of [8] in the framework of kinetic equations. Instead of considering a single41
particle described by its position t 7→ q(t), we work with the particle distribution function in phase space42
f(t, x, v) ≥ 0, with x ∈ Rd, v ∈ Rd, the position and velocity variables respectively. This quantity obeys the43
following Vlasov equation44

(2) ∂tf + v · ∇xf −∇x(V + Φ) · ∇vf = 0, t ≥ 0, x ∈ Rd, v ∈ Rd.45

In (2), V stands for the external potential, while Φ is the self-consistent potential describing the interaction46
with the environment. It is defined by the convolution formula47

(3) Φ(t, x) =
∫
Rd×Rn

Ψ(t, z, y)σ1(x− z)σ2(y) dy dz, t ≥ 0, x ∈ Rd48

where the vibrating field Ψ is driven by the following wave equation49

(4)


(
∂2
ttΨ− c2∆yΨ

)
(t, x, y) = −σ2(y)

∫
Rd
σ1(x− z)ρ(t, z) dz, t ≥ 0, x ∈ Rd, y ∈ Rn,

ρ(t, x) =
∫
Rd
f(t, x, v) dv.

50

The system is completed by initial data51

(5) f(0, x, v) = f0(x, v), Ψ(0, x, y) = Ψ0(x, y), ∂tΨ(0, x, y) = Ψ1(x, y).52

A possible interpretation of the kinetic equation (2) consists in considering the model (1) for a set of N � 153
particles. The definition of the self–consistent potential has to be adapted since all the particles interact54
with the environment, namely we have, for j ∈ {1, ..., N}55 

q̈j(t) = −∇V (qj(t))−
∫
Rd×Rn

σ1(qj(t)− z) σ2(y) ∇zΨ(t, z, y) dy dz,

∂2
ttΨ(t, x, y)− c2∆yΨ(t, x, y) = −σ2(y)

N∑
k=1

σ1(x− qk(t)).
56

Note that such a many-particle system is not considered in [8]. It is very likely that its asymptotic be-57
havior is much more complicated than with a single particle because, even if the particles do not interact58
directly, they do so indirectly via their interaction with the membranes. If we now adopt the mean–field59
rescaling in which Φ→ 1

NΦ, then (2) can be obtained as the limit as N goes to ∞ for the empirical measure60

fN (t, x, v) = 1
N

∑N
k=1 δ(x = qk(t), v = q̇k(t)) of the N−particle system, assuming the convergence of the61

initial state fN (0, x, v) → f0(x, v) in some suitable sense. Such a statement can be rephrased in terms of62
the convergence of the joint distribution of the N–particle system. This issue will be discussed elsewhere63
[32] and we refer the reader to the lecture notes [19] and to [21] for further information on the mean–field64
regimes in statistical physics.65

66
In this paper we wish to analyse several aspects of the Vlasov-Wave system (2)–(5). We warn the reader67

that, despite the similarities in terminology, the model considered here is very different, both mathematically68
and physically, from the one dealt with in [6], which is a simplified version of the Vlasov–Maxwell system.69
It is indeed crucial to understand that the wave equation in this paper is set with variables transverse to the70
physical space: the waves do not propagate at all in the space where the particles move. This leads to very71
different physical effects; we refer to [8] and references therein for more details on this matter. We add that72
this paper is less ambitious than [8], since we do not discuss here the large time behavior of the solutions, only73
their global existence. As mentioned above, since we are dealing with many particles, it is very likely that the74
question cannot be handled in the same terms as in [8], and that the kinetic model inherits the same technical75
and conceptual difficulties already mentioned for N > 1 particles. We only mention that a particular station-76
ary solution (with f integrable) has been exhibited in [2], and that this solution is shown to be linearly stable.77

78
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The paper is organized as follows. Section 2 contains a preliminary and largely informal discussion to79
set up notation and to establish some estimates on the interaction potential needed in the bulk of the paper.80
Section 3 establishes the well–posedness of the problem (2)–(5) (Theorem 4). We consider a large class of81
initial data and external potentials with functional arguments which are reminiscient of Dobrushin’s analysis82
of the Vlasov equation [15]. Section 4 is devoted to asymptotic issues which allow us to connect (2)–(5) to83
Vlasov equations with an attractive self–consistent potential. In particular, up to a suitable rescaling of the84
form function σ1, we can derive this way the attractive Vlasov–Poisson system. This is quite surprising and85
unexpected in view of the very different physical motivation of the models.86

2. Preliminary discussion. Throughout the paper, we make the following assumptions on the model87
parameters and on the initial conditions. First, on the coupling functions σ1, σ2, we impose:88

(H1)

 σ1 ∈ C∞c (Rd,R), σ2 ∈ C∞c (Rn,R),
σ1(x) ≥ 0, σ2(y) ≥ 0 for any x ∈ Rd, y ∈ Rn,
σ1, σ2 are radially symmetric.

89

We require that the external potential fulfills90

(H2)
{
V ∈W 2,∞

loc (Rd),
and there exists C ≥ 0 such that V (x) ≥ −C(1 + |x|2) for any x ∈ Rd.91

This is a rather standard and natural assumption. Note that it ensures global existence when σ1 = 0 = σ2:92
it then implies that the external potential cannot drive the particle to infinity in finite time. For the initial93
condition of the vibrating environment, we shall assume94

(H3) Ψ0,Ψ1 ∈ L2(Rd × Rn).95

For the initial particle distribution function, we naturally assume96

(H4) f0 ≥ 0, f0 ∈ L1(Rd × Rd).97

For energy considerations, it is also relevant to suppose98

(H5) ∇yΨ0 ∈ L2(Rd × Rn) and
(

(x, v) 7→ (V (x) + |v|2)f0(x, v)
)
∈ L1(Rd × Rd).99

This means that the initial state has finite mass, potential and kinetic energy.100
Our goal in this section is to rewrite the equations of the coupled system (2)-(5) in an equivalent manner,101

more suitable for our subsequent analysis. The discussion will be informal, with all computations done for102
sufficiently smooth solutions. The proper functional framework will be provided in the next section. First,103
we note that it is clear that (2) preserves the total mass of the particles104

d
dt

∫
Rd×Rd

f(t, x, v) dv dx = 0.105

In fact, since the field (v,∇xV + ∇xΦ) is divergence–free (with respect to the phase variables (x, v)), any106
Lp norm of the density f is conserved, 1 ≤ p ≤ ∞. Furthermore, the PDEs system (2)–(4) inherits from the107
Hamiltonian nature of the original equations of motion (1) the following easily checked energy conservation108
property:109

d
dt

{
1
2

∫
Rd×Rn

|∂tΨ(t, x, y)|2 dxdy + c2

2

∫
Rd×Rn

|∇yΨ(t, x, y)|2 dxdy

+
∫
Rd×Rd

f(t, x, v)
(
|v|2

2 + V (x) + Φ(t, x)
)

dv dx
}

= 0.
110

As a matter of fact the energy remains finite when the full set of assumptions (H1)–(H5) holds.111
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For the Vlasov–Poisson equation it is well known that the potential can be expressed by means of a112
convolution formula. Similarly here, the self-consistent potential Φ can be computed explicitly as the image113
of a certain linear operator acting on the macroscopic density ρ(t, x) =

∫
Rd f(t, x, v) dv; this follows from the114

fact that the linear wave equation (4) can be solved explicitly as the sum of the solution of the homogeneous115
wave equation with the correct initial conditions plus the retarded solution of the inhomogeneous wave116
equation. To see how this works, we introduce117

t 7→ p(t) = 1
(2π)n

∫
Rn

sin(c|ξ|t)
c|ξ|

|σ̂2(ξ)|2 dξ118

and119

(6) Φ0(t, x) = 1
(2π)n

∫
Rn

∫
Rd
σ1(x− z)

(
Ψ̂0(z, ξ) cos(c|ξ|t) + Ψ̂1(z, ξ) sin(c|ξ|t)

c|ξ|

)
σ̂2(ξ) dz dξ120

where the symbol ·̂ stands for the Fourier transform with respect to the variable y ∈ Rn. Note that Φ0 is121
the solution of the homogeneous wave equation with the given initial conditions for Ψ. Finally, we define122
the operator L which associates to a distribution function f : (0,∞)× Rd × Rd → R the quantity123

(7) L(f)(t, x) =
∫ t

0
p(t− s)

(∫
Rd

Σ(x− z)ρ(s, z) dz
)

ds,124

where125

ρ(t, x) =
∫
Rd
f(t, x, v) dv, Σ = σ1 ∗

x
σ1.126

We can then check that the pair (f,Ψ) is a solution of (2)–(4) iff f satisfies127

(8)
{
∂tf + v · ∇xf = ∇vf · ∇x (V + Φ0 − L(f))
f(0, x, v) = f0(x, v)128

and Ψ is the unique solution of (4).129
We sketch the computation, which is instructive. Let (f,Ψ) be a solution of (2)–(4). Applying the130

Fourier transform with respect to the variable y we find131  (∂2
t + c2|ξ|2)Ψ̂(t, x, ξ) = −(ρ(t, ·) ∗

x
σ1)(x) σ̂2(ξ),

Ψ̂(0, x, ξ) = Ψ̂0(x, ξ) ∂tΨ̂(0, x, ξ) = Ψ̂1(x, ξ).
132

The solution reads133

(9)
Ψ̂(t, x, ξ) = −

∫ t

0
(ρ(t− s, ·) ∗ σ1)(x) σ̂2(ξ) sin(cs|ξ|)

c|ξ|
ds

+Ψ̂0(x, ξ) cos(c|ξ|t) + Ψ̂1(x, ξ) sin(c|ξ|t)
c|ξ|

.

134

To compute Φ in (3), we use Plancherel’s equality:135

Φ(t, x) =
∫
Rd×Rn

Ψ(t, z, y)σ1(x− z)σ2(y) dy dz

= 1
(2π)n

∫
Rd×Rn

Ψ̂(t, z, ξ)σ1(x− z)σ̂2(ξ) dξ dz

= −
(

(σ1 ∗ σ1) ∗
∫ t

0

(
ρ(t− s, ·)

∫
Rn

sin(cs|ξ|)
c|ξ|

|σ̂2(ξ)|2

(2π)n dξ
)

ds
)

(x)

+ 1
(2π)n

(
σ1 ∗

∫
Rn

(
Ψ̂0(·, ξ) cos(c|ξ|t) + Ψ̂1(·, ξ) sin(c|ξ|t)

c|ξ|

)
σ̂2(ξ) dξ

)
(x)

= −L(f)(t, x) + Φ0(t, x).

136
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Inserting this relation into (2), we arrive at (8). Conversely, let f be a solution of (8) and let Ψ be the unique137
solution of (4). The same computation then shows that Φ in (3) is given by Φ = Φ0 − L(f). Therefore f138
satisfies (2).139

140
The operator L in (7) plays a crucial role in our further analysis. Its precise definition on an appropriate141

functional space and its basic continuity properties are given in the following Lemma.142

Lemma 1 (Estimates on the interaction potential). For any 0 < T <∞, the following properties hold:143
i) L belongs to the space AT of continuous operators on C

(
[0, T ];

(
W 1,∞(Rd × Rd)

)′) with values in144
C
(
[0, T ];W 2,∞(Rd)

)
. Its norm is evaluated as follows:145

|||L|||AT ≤ ‖σ1‖2W 3,2(Rd)‖σ2‖2L2(Rn)
T 2

2 ;146

ii) L belongs to the space BT of continuous operators on C
(
[0, T ];

(
W 1,∞(Rd × Rd)

)′) with values in147
C1([0, T ];L∞(Rd)

)
. Its norm is evaluated as follows:148

|||L|||BT ≤ ‖σ1‖2W 1,2(Rd)‖σ2‖2L2(Rn)

(
T + T 2

2

)
;149

iii) Φ0 satisfies150

‖Φ0(t, ·)‖W 2,∞(Rd) ≤ ‖σ1‖W 2,2(Rd)‖σ2‖L2(Rn)
(
‖Ψ0‖L2(Rn) + t‖Ψ1‖L2(Rn)

)
,151

for any 0 ≤ t ≤ T , and, moreover152

‖Φ0‖C1([0,T ];L∞(Rd)) ≤ ‖σ1‖L2(Rd)‖σ2‖W 1,2(Rn)
(
2‖Ψ0‖L2(Rn) + (1 + T )‖Ψ1‖L2(Rn)

)
.153

Proof. The last statement is a direct consequence of Hölder and Young inequalities; let us detail the154
proof of items i) and ii). We associate to f ∈

(
W 1,∞(Rd × Rd)

)′, the macroscopic density ρ ∈
(
W 1,∞(Rd)

)′
155

by the formula:156

〈ρf , χ〉(W 1,∞)′,W 1,∞(Rd) = 〈f, χ⊗ 1v〉(W 1,∞)′,W 1,∞(Rd×Rd) , ∀χ ∈W 1,∞(Rd).157

Clearly, we have ‖ρf‖(
W 1,∞(Rd)

)′ ≤ ‖f‖(
W 1,∞(Rd×Rd)

)′ .158

For any χ ∈ C∞c (Rd), and i ∈ {0, 1, 2} , we can check the following estimates159 ∣∣〈ρ ∗ Σ,∇iχ
〉∣∣ =

∣∣〈ρ, (∇iΣ) ∗ χ〉∣∣ ≤ ‖ρ‖(
W 1,∞(Rd)

)′‖ (∇iΣ) ∗ χ‖W 1,∞(Rd)

≤ ‖f‖(
W 1,∞(Rd×Rd)

)′ (‖∇iΣ‖L∞(Rd) + ‖∇i+1Σ‖L∞(Rd)
)
‖χ‖L1(Rd).

160

Since the dual space of L1 is L∞, for i = 0, we deduce that161

‖ρ ∗ Σ‖L∞(Rd) ≤ ‖f‖(
W 1,∞(Rd×Rd)

)′ (‖Σ‖L∞(Rd) + ‖∇Σ‖L∞
)

≤ ‖σ1‖2W 1,2(Rd)‖f‖(W 1,∞(Rd×Rd)
)′ .162

Reasoning similarly for i = 1 and i = 2, we obtain163

‖ρ ∗ Σ‖W 2,∞(Rd) ≤ ‖σ1‖2W 3,2(Rd)‖f‖(W 1,∞(Rd×Rd)
)′ .164

We now estimate p. Plancherel’s inequality yields165

|p′(t)| =
∣∣∣∣ 1
(2π)n

∫
Rn

cos(c|ξ|t)|σ̂2(ξ)|2 dξ
∣∣∣∣ ≤ ‖σ2‖2L2(Rn).166
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Since p(0) = 0, it follows that |p(t)| ≤ ‖σ2‖2L2(Rn)t. Hence, for all 0 ≤ t ≤ T <∞, we have167

‖L(f)(t)‖W 2,∞(Rd×Rd) ≤ ‖Σ ∗ ρ‖L∞(0,T ;W 2,∞(Rd))

∫ t

0
|p(t− s)|ds

≤ ‖f‖
C
(

[0,T ];
(
W 1,∞(Rd×Rd)

)′)‖σ1‖2W 3,2(Rd)‖σ2‖2L2(Rn)
T 2

2 .

168

This proves the estimate in i). That L(f)(t) is continuous as a function of t follows easily from the previous169
argument. As a further by-product note that170

‖L(f)(t)‖L∞ ≤ ‖f‖
C
(

[0,T ];
(
W 1,∞(Rd×Rd)

)′)‖σ1‖2W 1,2(Rd)‖σ2‖2L2(Rn)
T 2

2171

holds. Since p(0) = 0, we have172

∂tL(f)(t) =
∫ t

0
p′(t− s)Σ ∗ ρ(s) ds173

which gives:174

‖∂tL(f)(t)‖L∞(Rd×Rd) ≤ ‖f‖C
(

[0,T ];
(
W 1,∞(Rd×Rd)

)′)‖σ1‖2W 1,2(Rd)‖σ2‖2L2(Rn) T.175

This ends the proof of ii).176

3. Existence of solutions. The proof of existence of solutions to (8) relies on estimates satisfied by177
the characteristics curves defined by the following ODE system:178

(10)
{
Ẋ(t) = ξ(t),
ξ̇(t) = −∇V (X(t))−∇Φ(t,X(t)).179

From now on, we adopt the following notation. The potential Φ being given, we denote by ϕΦ,t
α (x0, v0) ∈180

Rd×Rd the solution of (10) which starts from (x0, v0) at time t = α: the initial data is ϕΦ,α
α (x0, v0) = (x0, v0).181

We use the shorthand notation t 7→ (X(t), ξ(t)) for t 7→ ϕΦ,t
0 (x0, v0), the solution of (10) with X(0) = x0182

and V (0) = v0. Owing to the regularity of V, L and Φ0, see Lemma 1, the solution of the differential system183
(10) is indeed well defined for prescribed initial data; this also allows us to establish the following estimates,184
where characteristics are evaluated both forward and backward.185

Lemma 2 (Estimates on the characteristic curves). Let V satisfy (H2) and let Φ ∈ C0([0,∞);W 2,∞(Rd))∩186
C1([0,∞);L∞(Rd)).187

a) There exists a function (N , t, x, v) ∈ [0,∞) × [0,∞) × Rd × Rd 7→ R(N , t, x, v) ∈ [0,∞), non188
decreasing with respect to the first two variables, such that the solution t 7→ (X(t), ξ(t)) of (10) with189
initial data X(0) = x0, ξ(0) = v0 satisfies the following estimate, for any t ∈ R,190

(X(t), ξ(t)) ∈ B
(
0, R

(
‖Φ‖C1([0,t];L∞(Rd)), |t|, x0, v0

))
⊂ Rd × Rd.191

b) Taking two different potentials Φ1 and Φ2, the following two estimates hold for any t > 0:192

|(ϕΦ1,t
0 − ϕΦ2,t

0 )(x0, v0)|

≤
∫ t

0
‖(Φ1 − Φ2)(s)‖W 1,∞(Rd) exp

(∫ t

s

‖∇2(Φ1(τ) + V )‖L∞(Bτ (x0,v0)) dτ
)

ds,
193

194
|(ϕΦ1,0

t − ϕΦ2,0
t )(x, v)|

≤
∫ t

0
‖(Φ1 − Φ2)(s)‖W 1,∞(Rd) exp

(∫ s

0
‖∇2(Φ1(τ) + V )‖L∞(B̃t,τ (x,v)) dτ

)
ds,

195
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where we set
Bτ (x, v) = B

(
0, R

(
max
i=1,2

‖Φi‖C1([0,τ ];L∞(Rd)), τ, x, v

))
and

B̃t,τ = B

(
0, R

(
max
i=1,2

‖Φi‖C1([τ,t];L∞(Rd)), t− τ, x, v
))

.

The proof of the lemma is postponed the end of this section. Given 0 < R0 <∞, and Ψ0,Ψ1 satisfying196
(H3) (they enter into the definition of Φ0 in (6)), we set197

(11) r(t, x, v) = R(‖Φ0‖C1([0,t];L∞(Rd)) + |||L|||BtR0, t, x, v).198

Proving uniqueness statements for the wide class of external potentials considered in(H2) requires to199
strengthen the hypothesis on the initial data.200

Definition 3. Let 0 < T,R0 < ∞. We say that an integrable function f0 belongs to the set ER0,T if201
f0 ≥ 0 satisfies ‖f0‖L1(Rd×Rd) ≤ R0 and, furthermore,202

KR0,T (f0) :=
∫
Rd×Rd

f0(x, v) exp
(∫ T

0
‖∇2V ‖L∞(B(0,r(t,x,v))) dt

)
dv dx <∞.203

Theorem 4. Assume (H1)–(H3). Let 0 < R0, T < ∞. Let f0 ∈ ER0,T . Then, there exists a unique204
f ∈ C([0, T ];L1(Rd × Rd)) weak solution of (8). The solution is continuous with respect to the parameters205
L, Φ0 and f0, respectively in AT ∩ BT , C1([0,∞);W 2,∞(Rd)) and ER0,T . If f0 ∈ L1(Rd × Rd) only, see206
(H4), then there exists f ∈ C([0,∞);L1(Rd × Rd)), weak solution of (8).207

The statement can be rephrased for the original problem (2)–(5). We also establish the conservation of208
energy.209

Corollary 5. Assume (H1)–(H3). Let 0 < R0, T < ∞. Let f0 ∈ ER0,T . Then, there exists a unique210
weak solution (f,Ψ) to the system (2)–(5) with f ∈ C([0, T ];L1(Rd × Rd)) and Ψ ∈ C([0, T ];L2(Rd × Rn)).211
The solution is continuous with respect to the parameters σ1, σ2, Ψ0, Ψ1 and f0 in the sets W 3,2(Rd),212
L2(Rn), L2(Rd × Rn), L2(Rd × Rn) and ER0,T , respectively. If f0 satisfies (H4) only, then there exists a213
weak solution with f ∈ C([0,∞);L1(Rd × Rd)) and Ψ ∈ C([0, T ];L2(Rd × Rn)). Furthermore, when the214
initial data satisfies (H5) the total energy215

1
2

∫
Rd×Rn

|∂tΨ(t, x, y)|2 dx dy + c2

2

∫
Rd×Rn

|∇yΨ(t, x, y)|2 dx dy

+
∫
Rd×Rd

f(t, x, v)
(
|v|2

2 + V (x) + Φ(t, x)
)

dv dx
216

is conserved.217

Remark 6. Definition 3 restricts the set of initial data depending on the growth of the Hessian of the218
external potential. Of course, any integrable data f0 with compact support fulfils the criterion in Definition219
3, and when the potential has at most quadratic growth, any data satisfying (H4) is admissible. As will be220
clear in the proof, the continuity with respect to the initial data does not involve the L1 norm only, but the221
more intricate quantity KR0,T also arises in the analysis.222

Remark 7. The present approach does not need a restriction on the transverse dimension (n ≥ 3 in [8]).223
The proof can be slightly modified to treat the case of measure–valued initial data f0, thus including the224
results in [8] for a single particle (f0(x, v) = δ(x=x0,v=v0)), and we can consider a set of N > 1 particles as well.225
The measure–valued solution is then continuous with respect to the initial data in C([0, T ]; (W 1,∞(Rd×Rd))′).226
This viewpoint will be further detailed with the discussion of mean–field asymptotics [32].227

The proof of Theorem 4 relies on a fixed point strategy, the difficulty being to set up the appropriate228
functional framework. It turns out that it will be convenient to work with the C

(
[0, T ]; (W 1,∞(Rd × Rd))′

)
229
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norm. We remind the reader that the dual norm on (W 1,∞(Rd × Rd))′ is equivalent to the Kantorowich–230
Rubinstein distance231

W1(f, g) = sup
π

{∫
R2d×R2d

|ζ − ζ ′|dπ(ζ, ζ ′)
}

232

where the supremum is taken over measures π having f and g as marginals, see e. g. [33, Remark 6.5]. This233
distance appears naturally in the analysis of Vlasov–like systems, as pointed out in [15]. In order to define234
the fixed point procedure, we introduce the following mapping. For a non negative integrable function f0,235
we denote by Λf0 the application which associates to Φ in C([0,∞);W 2,∞(Rd)) ∩ C1([0,∞);L∞(Rd)) the236
unique solution f of the Liouville equation237

∂tf + v · ∇xf −∇vf · ∇x (V + Φ) = 0,238

with initial data f0. We shall make use of the following statement, which provides useful estimates.239

Lemma 8. For any f0 ∈ L1(Rd×Rd), the application Λf0 is continuous on the set C([0,∞);W 2,∞(Rd))∩240
C1([0,∞);L∞(Rd)) with values in C([0,∞);L1(Rd × Rd)). Furthermore, we have241

‖Λf0(Φ)− Λg0(Φ)‖L∞(0,∞;L1(Rd×Rd)) = ‖f0 − g0‖L1(Rd×Rd),242

for any Φ ∈ C([0,∞);W 2,∞(Rd)) ∩ C1([0,∞);L∞(Rd)).243

Proof. Let 0 < T < ∞ be fixed once for all. We begin by assuming that f0 is C1 and compactly244
supported. For any 0 ≤ t ≤ T , we have245

Λf0(Φ)(t) = f0 ◦ ϕΦ,0
t ,246

where we remind the reader that ϕΦ,0
t (x, v) stands for the evaluation at time 0 of the solution of (10)247

which starts at time t from the state (x, v). Accordingly any Lp norm is preserved: ‖Λf0(Φ)(t)‖Lp(Rd×Rd) =248
‖f0‖Lp(Rd×Rd) holds for any t ≥ 0 and any 1 ≤ p ≤ ∞. By linearity, this immediately proves the continuity249
estimate with respect to the initial data.250

To establish the continuity properties with respect to Φ, we first observe, denoting Λf0(Φ) = f , that251
(x, v) ∈ supp(f(t, ·)) iff ϕΦ,0

t (x, v) ∈ supp(f0), that is (x, v) ∈ ϕΦ,t
0 (supp(f0)). Therefore, by Lemma 2, we252

can find a compact set KT ⊂ Rd × Rd such that supp(f(t, ·)) ⊂ KT for any 0 ≤ t ≤ T . We are dealing with253
potentials Φ1 and Φ2 in C([0,∞);W 2,∞(Rd)) ∩ C1([0,∞);L∞(Rd)). We can again find a compact set, still254
denoted by KT ⊂ Rd × Rd, such that the support of the associated solutions Λf0(Φ1) and Λf0(Φ2) for any255
0 ≤ t ≤ T is contained in KT . We infer that256

‖Λf0(Φ1)(t)− Λf0(Φ2)(t)‖L1(Rd×Rd) =
∫
KT

|f0 ◦ ϕΦ1,0
t − f0 ◦ ϕΦ2,0

t |dv dx

≤ ‖f0‖W 1,∞(Rd×Rd) meas(KT ) sup
(x,v)∈KT

|ϕΦ1,0
t (x, v)− ϕΦ2,0

t (x, v)|
257

holds. As τ ranges over [0, t] ⊂ [0, T ] and (x, v) lies in KT , the backward characteristics ϕΦi,τ
t (x, v) still

belong to a compact set. We introduce the following quantities

R = sup
(x,v)∈KT

R

(
max
i=1,2

‖Φi‖C1([0,T ];L∞(Rd)), T, x, v

)
and258

mT = exp
(∫ T

0
‖∇2Φ1(u)‖L∞(Rd) du

)
.259

For 0 ≤ t ≤ T and any (x, v) ∈ KT , Lemma 2-b) yields:260

|ϕΦ1,0
t (x, v)− ϕΦ2,0

t (x, v)|

≤ mT

∫ t

0
‖(Φ1 − Φ2)(s)‖W 1,∞(Rd) exp

(∫ s

0
‖∇2V ‖L∞(B(0,R)) dτ

)
ds.

261
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We conclude with262

sup
(x,v)∈KT

|ϕΦ1,0
t (x, v)− ϕΦ2,0

t (x, v)| −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
‖Φ1−Φ2‖L∞(0,T ;W2,∞(Rd))→0

‖Φ1‖C1([0,T ];L∞(Rd)),‖Φ2‖C1([0,T ];L∞(Rd))≤M

0.263

(It is important to keep both the C1([0, T ];L∞(Rd)) and L∞(0, T ;W 2,∞(Rd)) norms of the potentials264
bounded since these quantities appear in the definition of R and mT .) This proves the asserted conti-265
nuity of the solution with respect to the potential. By uniform continuity of the flow on the compact set266
[0, T ]×KT , we obtain the time continuity. Hence the result is proved when the initial data f0 lies in C1

c .267
We finally extend the result for initial data f0 in L1. Those can be approximated by a sequence

(
fk0
)
k∈N268

of functions in C1
c (Rd × Rd). We have269

‖Λf0(Φ)(t)− Λfk0 (Φ)(t)‖L1(Rd×Rd) = ‖Λ(f0−fk0 )(Φ)(t)‖L1(Rd×Rd) = ‖f0 − fk0 ‖L1(Rd×Rd).270

Therefore, Λf0 is the uniform limit of maps which are continuous with respect to Φ and the time variable.271
This remark ends the proof.272

Proof of Theorem 4.273
Existence–uniqueness for initial data in ER0.T .274

We turn to the fixed point reasoning. For f given in C
(
[0, T ]; (W 1,∞(Rd × Rd))′

)
, we set275

Tf0(f) = Λf0(Φ0 − L(f)).276

It is clear that a fixed point of Tf0 is a solution to (8). Note also that, as a consequence of Lemma 1 and277
Lemma 8, Tf0(f)(t) ∈ L1(Rd × Rd). More precisely, we know that f 7→ T (f) is continuous with values in278
the space C([0, T ];L1(Rd ×Rd)) ⊂ C

(
[0, T ]; (W 1,∞(Rd ×Rd))′

)
. We shall prove that T admits an iteration279

which is a contraction on the ball with centre 0 and radius R0.280
Let f1 and f2 be two elements of this ball. We denote ϕΦi,t

α the flow of (10) with Φi = Φ0 − L(fi):281
ϕΦi,t
α (x0, v0) satisfies (10) with (x0, v0) as data at time t = α. Let χ be a trial function in W 1,∞(Rd × Rd).282

We have283 ∣∣∣∣∫
Rd×Rd

(T (f1)(t, x, v)− T (f2)(t, x, v))χ(x, v) dv dx
∣∣∣∣

=
∣∣∣∣∫

Rd×Rd

(
f0 ◦ ϕΦ1,0

t − f0 ◦ ϕΦ2,0
t

)
(x, v)χ(x, v) dv dx

∣∣∣∣
=
∣∣∣∣∫

Rd×Rd
f0(x, v)

(
χ ◦ ϕΦ1,t

0 − χ ◦ ϕΦ2,t
0

)
(x, v) dv dx

∣∣∣∣
≤
∫
Rd×Rd

f0(x, v)‖∇χ‖∞
∣∣∣ϕΦ1,t

0 − ϕΦ2,t
0

∣∣∣ (x, v) dv dx.

284

It follows that285

(12) ‖T (f1)(t)− T (f2)(t)‖(W 1,∞(Rd×Rd))′ ≤
∫
Rd×Rd

f0(x, v)
∣∣∣ϕΦ1,t

0 − ϕΦ2,t
0

∣∣∣ (x, v) dv dx.286

By using Lemma 2-b), we obtain287 ∣∣∣ϕΦ1,t
0 − ϕΦ2,t

0

∣∣∣ (x, v)

≤ m̄T

∫ t

0
‖L(f1 − f2)‖L∞(0,s;W 2,∞(Rd))

× exp
(∫ t

s

‖∇2V ‖L∞B(0,R(‖Φ0+L(fi)‖C1([0,u];L∞(Rd)),u,x0,v0)) du
)

ds,

288

where we have used289

exp
(∫ T

0
‖∇2(Φ0(u)− L(f1)(u)‖L∞(Rd) du

)

≤ exp
(∫ T

0

(
‖∇2Φ0(u)‖L∞(Rd) + |||L|||Au‖f0‖L1(Rd×Rd)

)
du
)

= m̄T .

290
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Plugging this estimate into (12) yields291

‖T (f1)(t)− T (f2)(t)‖(W 1,∞(Rd×Rd))′

≤ m̄T

∫
Rd×Rd

f0(x, v)
∫ t

0
‖L(f1 − f2)‖L∞(0,s;W 2,∞(Rd))

× exp
(∫ t

s

‖∇2V ‖L∞(B(0,r(u,x,v))) du
)

dsdv dx.

292

It recasts as293

‖T (f1)(t)− T (f2)(t)‖(W 1,∞)′ ≤ m̄′TKR0,T

∫ t

0
‖f1 − f2‖L∞(0,s;(W 1,∞(Rd×Rd))′) ds294

with295

m̄′T = m̄T × sup
0≤s≤T

|||L|||As .296

By induction, we deduce that297

‖T `(f1)(t)− T `(f2)(t)‖(W 1,∞(Rd×Rd))′ ≤
(tm̄′TKR0,T )`

`! ‖f1 − f2‖L∞(0,T ;(W 1,∞(Rd×Rd))′)298

holds for any ` ∈ N and 0 ≤ t ≤ T . Finally, we are led to299

‖T `(f1)− T `(f2)‖L∞(0,T ;(W 1,∞(Rd×Rd))′) ≤
(Tm̄′TKR0,T )`

`! ‖f1 − f2‖L∞(0,T ;(W 1,∞(Rd×Rd))′).300

This shows that an iteration of T is a contraction. Therefore, there exists a unique fixed point f in301
C
(
[0, T ]; (W 1,∞(Rd×Rd))′

)
. Furthermore, f = T (f) ∈ C([0, T ];L1(Rd×Rd)), and the solution is continuous302

with respect to the parameters of the system. Note that the continuity estimate involves the quantity in303
Definition 3 which restricts the growth assumption of the initial data.304

Step 2: Existence for an integrable data305
We proceed by approximation. Let f0 be in L1(Rd × Rd), with ‖f0‖L1 ≤ R0. Then,

(x, v) 7→ fk0 (x, v) = f0(x, v)1√x2+v2≤k

lies in ER0,T (with a constant KR0,T which can blow up as k →∞). The previous step defines fk, solution306
of (8) with this initial data. Of course we wish to conclude by passing to the limit k → ∞. However, the307
necessary compactness arguments are not direct and the proof splits into several steps.308

We start by showing that the sequence
(
fk
)
k∈N is compact in C([0, T ];M1(Rd ×Rd)−weak− ?). Pick309

χ ∈ C∞c (Rd × Rd). For any 0 ≤ t ≤ T , we have, on the one hand,310

(13)

∣∣∣∣∫
Rd×Rd

fk(t, x, v)χ(x, v) dv dx
∣∣∣∣ ≤ ‖fk(t, ·)‖L1(Rd×Rd)‖χ‖L∞(Rd×Rd)

≤ ‖fk0 ‖L1(Rd×Rd)‖χ‖L∞(Rd×Rd)
≤ ‖f0‖L1(Rd×Rd)‖χ‖L∞(Rd×Rd),

311

and, on the other hand,312 ∣∣∣∣ d
dt

∫
Rd×Rd

fk(t, x, v)χ(x, v) dv dx
∣∣∣∣

=
∣∣∣∣∫

Rd×Rd
fk(t, x, v)

(
v · ∇xχ−∇x(V + Φ0 − L(f)(t)) · ∇vχ

)
(x, v) dv dx

∣∣∣∣
≤ ‖f0‖L1

(
‖v · ∇xχ−∇V · ∇vχ‖L∞(Rd×Rd))

+
(
|||L|||AT ‖f0‖L1 + ‖Φ0‖L∞([0,T ];W 1,∞(Rd))

)
‖∇vχ‖L∞

)
.

313

Lemma 1 then ensures that the set{
t 7→

∫
Rd×Rd

fk(t, x, v)χ(x, v) dv dx, k ∈ N
}
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is equibounded and equicontinuous; hence, by virtue of Arzela–Ascoli’s theorem it is relatively compact in314
C([0, T ]). Going back to (13), a simple approximation argument allows us to extend the conclusion to any315
trial function χ in C0(Rd × Rd), the space of continuous functions that vanish at infinity.316

This space is separable; consequently, by a diagonal argument, we can extract a subsequence and find a317
measure valued function t 7→ df(t) ∈M1(Rd × Rd) such that318

lim
k→∞

∫
Rd×Rd

fk(t, x, v)χ(x, v) dv dx =
∫
Rd×Rd

χ(x, v) df(t)319

holds uniformly on [0, T ], for any χ ∈ C0(Rd × Rd). As a matter of fact, we note that df is non negative320
and for any 0 ≤ t ≤ T it satisfies321 ∫

Rd×Rd
df(t) ≤ ‖f0‖L1(Rd×Rd).322

Next, we establish the tightness of the sequence of approximate solutions. Let ε > 0 be fixed once for323
all. We can find Mε > 0 such that324 ∫

x2+v2≥M2
ε

f0(x, v) dv dx ≤ ε.325

Let us set
Aε = sup{r(T, x, v), (x, v) ∈ B(0,Mε)}

where we remind the reader that r(T, x, v) has been defined in (11): 0 < Aε <∞ is well defined by Lemma326
1. Let ϕk,tα stand for the flow associated to the characteristics of the equation satisfied by fk. For any327

0 ≤ t ≤ T , we have ϕk,t0 (B(0,Mε)) ⊂ B(0, Aε) so that {
(
ϕk,0t (B(0, Aε))

)
= ϕk,0t

(
{B(0, Aε)

)
⊂ {B(0,Mε).328

It follows that329 ∫
{B(0,Aε)

fk(t, x, v) dv dx =
∫
{B(0,Aε)

fk0 (ϕk,0t (x, v)) dv dx

=
∫
{ϕk,0t (B(0,Aε))

fk0 (x, v) dv dx

≤
∫
{B(0,Mε)

f0(x, v) dv dx ≤ ε.

330

By a standard approximation, we check that the same estimate is satisfied by the limit f :331 ∫
{B(0,Aε)

df(t) ≤ ε.332

Finally, we justify that fk converges to f in C([0, T ]; (W 1,∞(Rd × Rd))′). Pick χ in W 1,∞(Rd × Rd),333
with ‖χ‖W 1,∞(Rd×Rd) ≤ 1. We introduce a cut-off function θR as follows:334

(14)
θR(x, v) = θ(x/R, v/R), θ ∈ C∞c (Rd × Rd),
θ(x, v) = 1 for

√
x2 + v2 ≤ 1, θ(x) = 0 for x2 + v2 ≥ 4,

0 ≤ θ(x) ≤ 1 for any x ∈ Rd.
335

Then, we split336 ∫
Rd×Rd

fk(t, x, v)χ(x, v) dv dx−
∫
Rd×Rd

χ(x, v) df(t)

=
∫
Rd×Rd

fk(t, x, v)χθR(x, v) dv dx−
∫
Rd×Rd

χθR(x, v) df(t)

+
∫
Rd×Rd

fk(t, x, v)χ(1− θR)(x, v) dv dx−
∫
Rd×Rd

χ(1− θR)(x, v) df(t).

337

Choosing R ≥ Aε yields338

(15)

∣∣∣∣∫
Rd×Rd

fk(t, x, v)χ(1− θR)(x, v) dv dx−
∫
Rd×Rd

χ(1− θR)(x, v) df(t)
∣∣∣∣

≤ 2ε‖χ‖L∞(Rd×Rd).

339
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By virtue of the Arzela-Ascoli theorem, W 1,∞(B(0, 2R)) embeds compactly in C(B(0, 2R)). Thus, we340
can find a family {χ1, ..., χmε} of functions in W 1,∞(Rd × Rd) such that, for any χ ∈ W 1,∞(Rd × Rd),341
‖χ‖W 1,∞(Rd×Rd) ≤ 1, there exists an index i ∈ {1, ...,mε} with ‖θRχ− χi‖L∞(B(0,2R)) ≤ ε (since χθR lies in342
a bounded ball of W 1,∞(B(0, 2R))). Therefore, let us write343 ∫

Rd×Rd
fk(t, x, v)χθR(x, v) dv dx−

∫
Rd×Rd

χθR(x, v) df(t)

=
∫
Rd×Rd

fk(t, x, v)χi(x, v) dv dx−
∫
Rd×Rd

χi(x, v) df(t)x

+
∫
Rd×Rd

fk(t, x, v)(χθR − χi)(x, v) dv dx−
∫
Rd×Rd

(χθR − χi)(x, v) df(t),

344

where the last two terms can both be dominated by ‖f0‖L1(Rd×Rd)ε. We thus arrive at345 ∣∣∣∣∫
Rd×Rd

fk(t, x, v)χ(x, v) dv dx−
∫
Rd×Rd

χ(x, v) df(t)
∣∣∣∣

≤ 2ε(‖χ‖L∞(Rd×Rd) + ‖f0‖L1(Rd×Rd))

+
∣∣∣∣∫

Rd×Rd
fk(t, x, v) χi(x, v) dv dx−

∫
Rd×Rd

χi(x, v) df(t)
∣∣∣∣

≤ 2ε(‖χ‖L∞(Rd×Rd) + ‖f0‖L1(Rd×Rd))

+ sup
j∈{1,...,mε}

∣∣∣∣∫
Rd×Rd

fk(t, x, v) χi(x, v) dv dx−
∫
Rd×Rd

χi(x, v) df(t)
∣∣∣∣ ,

346

for any χ ∈ W 1,∞(Rd × Rd), with ‖χ‖W 1,∞(Rd×Rd) ≤ 1. The last term can be made smaller than ε by347
choosing k ≥ Nε large enough. In other words, we can find Nε ∈ N such that348

sup
‖χ‖W1,∞≤1

∣∣∣∣∫
Rd×Rd

fk(t, x, v)χ(x, v) dv dx−
∫
Rd×Rd

χ(x, v) df(t)
∣∣∣∣

≤ 2ε(2 + ‖f0‖L1(Rd×Rd))
349

holds for any 0 ≤ t ≤ T , and k ≥ Nε: fk converges to f in C
(
[0, T ]; (W 1,∞(Rd × Rd))′

)
. According to350

Lemma 8, together with Lemma 1, it implies that Tf0(fk) converges to Tf0(f) in C([0, T ];L1(Rd × Rd)).351
By definition Tfk0 (fk) = fk so that352

‖fk − Tf0(f)‖C([0,T ];L1(Rd×Rd))

≤ ‖Tfk0 (fk)− Tf0(fk)‖C([0,T ];L1(Rd×Rd))) + ‖Tf0(fk)− Tf0(f)‖C([0,T ];L1(Rd×Rd)))

≤ ‖fk0 − f0‖L1(Rd×Rd) + ‖Tf0(fk)− Tf0(f)‖C([0,T ];L1(Rd×Rd)))

353

holds, where we have used Lemma 8 again. Letting k go to ∞, we realize that fk also converges to Tf0(f)354
in C([0, T ];L1(Rd×Rd)). It implies both f = Tf0(f) and f ∈ C([0, T ];L1(Rd×Rd)). By definition of Tf0 , f355
satisfies (8), and it also justifies that f is absolutely continuous with respect to the Lebesgue measure, which356
ends the proof.357

Proof of Lemma 2. Let (X, ξ) be the solution of (10) with (X(0), ξ(0)) = (x0, v0). We have358

d
dt

[
V (X(t)) + Φ(t,X(t)) + |ξ(t)|

2

2

]
= (∂tΦ)(t,X(t)).359

The right hand side is dominated by ‖∂tΦ‖C([0,t];L∞(Rd)). With t ≥ 0, integrating this relation yields360

|ξ(t)|2

2 ≤
(
V (x0) + Φ(0, x0) + |v0|2

2

)
− (V (X(t)) + Φ(t,X(t))) + t‖∂tΦ‖C([0,t];L∞(Rd)).361

Owing to (H2) we deduce that362

|ξ(t)|2 ≤ a(t) + 2C|X(t)|2363
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holds with364

a(t) = 2
∣∣∣V (x0) + Φ(0, x0) + |v0|2

2

∣∣∣+ 2t‖∂tΦ‖C([0,t];L∞(Rd)) + 2‖Φ(t, ·)‖L∞(Rd) + 2C.365

Next, we simply write366
d|X(t)|2

dt (t) = 2X(t) · ξ(t) ≤ X(t)2 + ξ(t)2367

so that the estimate just obtained on ξ yields368

|X(t)|2 ≤ |x0|+ (1 + 2C)
∫ t

0
|X(s)|2 ds+

∫ t

0
a(s) ds.369

By using the Grönwall lemma we conclude that370

|X(t)|2 ≤ |x0|2e(1+2C)t +
∫ t

0
e(1+2C)(t−s)a(s) ds371

holds. Going back to the velocity, we obtain372

|ξ(t)|2 ≤ 2C
(
|x0|e(1+2C)t +

∫ t

0
e(1+2C)(t−s)a(s) ds

)
+ a(t).373

It concludes the proof of Lemma 2-a).374
375

Next, let (X1, ξ1) and (X2, ξ2) be two solutions of (10) with the same initial data (x0, v0), but different376
potentials Φ1,Φ2. We already know that the two characteristic curves (Xi(s), ξi(s)), for i ∈ {1, 2}, belong377
to Bs(x, v). We have378 

d
ds |X1(s)−X2(s)| ≤ |ξ1(s)− ξ2(s)|,

d
ds |ξ1(s)− ξ2(s)| ≤ ‖∇ (Φ1(s, ·)− Φ2(s, ·)) ‖L∞(Rd)

+|X1(s)−X2(s)|‖∇2(V + Φ1(s, ·))‖L∞(Bs(x,v))

379

The Grönwall lemma yields the estimate380

|(X1(t), ξ1(t))− (X2(t), ξ2(t))|

≤
∫ t

0
‖(Φ1 − Φ2)(τ, ·)‖W 1,∞(Rd) exp

(∫ t

s

(
‖∇2(V + Φ1(u))‖L∞(Bu(x,v))

)
du
)

ds.381

Finally, we wish to evaluate the backward characteristics, looking at the state at time 0, given the posi-
tion/velocity pair at time t. Namely we consider ϕΦ,s

t (x, v) for s ≤ t, bearing in mind ϕΦ,t
t (x, v) = (x, v).

We set (
Y
ζ

)
(s) =

(
1 0
0 −1

)
ϕΦ,t−s
t (x, v).

We check that (Y, ζ) satisfies382 
d
dsY (s) = ζ(s), d

dsζ(s) = −∇V (Y (s))−∇Φ(t− s, Y (s)),

Y (0) = x, ζ(0) = v.

383

Changing Φ for Φ(t− ·), this allows us to obtain the same estimates on (Y, ζ) for all s ≥ 0. We conclude by384
taking s = t.385

Proof of Corollary 5. Theorem 4 constructs solutions to (8) in C0([0,∞);L1(Rd × Rd)). We have now386
the functional framework necessary to justify the manipulations made in Section 2. For Ψ0,Ψ1 verifying387
(H3), formula (9) defines a solution Ψ ∈ C([0,∞);L2(Rn × Rd)) of the wave equation, and finally (f,Ψ)388
satisfies (2)–(5). Conversely, if f ∈ C0([0,∞);L1(Rd ×Rd)) and Ψ ∈ C([0,∞);L2(Rn ×Rd)) is a solution of389
the system (2)–(5), then we can rewrite Φ = Φ0−L(f) and f verifies (8). This equivalence justifies the first390
part of the statement in Corollary 5.391
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It only remains to justify the energy conservation. We consider an initial data with finite energy:392

E0 = c2

2

∫
Rd×Rn

|∇yΨ0(x, y)|2 dy dx+ 1
2

∫
Rd×Rn

|Ψ1(x, y)|2 dy dx︸ ︷︷ ︸
Evib

0

+
∫
Rd×Rd

f0(x, v)
(
|v|2

2 + V (x) + Φ(0, x)
)

dv dx︸ ︷︷ ︸
Epart

0

∈ (−∞,+∞).
393

For the solutions constructed in Theorem 4, we have seen that the self–consistent potential remains smooth394
enough so that the characteristic curves t 7→ (X(t), ξ(t)) are well–defined. Therefore, we can write395 ∫

Rd×Rd
f(t, x, v)

(
|v|2

2 + V (x) + Φ(t, x)
)

dv dx

=
∫
Rd×Rd

f0(x, v)
(
|ξ(t)|2

2 + V (X(t)) + Φ(t,X(t))
)

dv dx.
396

For any (t, x, v) we have the following equality397

d
dt

[
V (X(t)) + Φ(t,X(t)) + |ξ(t)|

2

2

]
= (∂tΦ)(t,X(t)).398

Therefore, we get399 ∫
Rd×Rd

f(t, x, v)
(
|v|2

2 + V (x) + Φ(t, x)
)

dv dx

= Epart
0 +

∫
Rd×Rd

f0(x, v)
∫ t

0
(∂tΦ)(s,X(s)) dsdv dx

= Epart
0 +

∫ t

0

∫
Rd×Rd

f(s, x, v)(∂tΦ)(s, x) dv dxds

= Epart
0 +

∫ t

0

∫
Rd
ρ(s, x)(∂tΦ)(s, x) dx ds.

400

Next, let Ψ be the unique solution of (4) associated to f . We first assume that the initial data Ψ0401
et Ψ1 are smooth, say in L2(Rd, H2(Rn)). Therefore, going back to (9), we can check that Ψ lies in402
C([0,∞);L2(Rd, H2(Rn))). Integrations by parts lead to403

d
dt

[
1
2

∫
Rd×Rn

|∂tΨ(t, x, y)|2 dy dx+ c2

2

∫
Rd×Rn

|∇yΨ(t, x, y)|2 dxdy
]

=
∫
Rd×Rn

∂tΨ
(
∂2
t Ψ− c2∆yΨ

)
t, x, y) dy dx

= −
∫
Rd×Rn

∂tΨ(t, x, y) ρ(t, ·) ∗
x
σ1(x) σ2(y) dy dx

= −
∫
Rd
ρ∂tΦ(t, x) dx.

404

Hence, we obtain405

1
2

∫
Rd×Rn

|∂tΨ(t, x, y)|2 dxdy + c2

2

∫
Rd×Rn

|∇yΨ(t, x, y)|2 dxdy

= Evib
0 −

∫ t

0

∫
Rd
ρ(s, x)(∂tΦ)(s, x) dxds.

406

It proves the energy conservation for such smooth data.407
We go back to general data with finite energy: Ψ0 ∈ L2(Rd, H1(Rn)) and Ψ1 ∈ L2(Rd × Rn). We408

approximate the data by Ψk
0 and Ψk

1 lying in L2(Rd, H2(Rn)). Using (9), one sees the associated sequence409
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(Ψk)k∈N of solutions to (4) converges to Ψ in C([0,∞);L2(Rd, H1(Rn))) and C1([0,∞);L2(Rd ×Rn)). This410
implies one can pass to the limit in the energy conservation.411

Remark 9. We point out that, whereas energy conservation is an important physical property, it was412
not used here in the existence proof. In particular, one should notice that it does not provide directly useful413
a priori estimates on the kinetic energy, since the potential energy associated to the external potential V can414
be negative and unbounded under our assumptions. In order to deduce a useful estimate the assumptions415
on the initial data need to be strengthened: in addition to (H5) we suppose416

M2 :=
∫
Rd×Rd

f0(x, v)|x|2 dv dx <∞.417

We set V−(x) = max(−V (x), 0) ≥ 0. Then (H2) implies418 ∫
Rd×Rd

f(t, x, v)V−(x) dv dx ≤
∫
Rd×Rd

f(t, x, v)C(1 + |x|2) dv dx

≤ C‖f0‖L1(Rd×Rd) + C

∫
Rd×Rd

f0(x, v)|X(t)|2 dv dx,

419

where X(t) stand for the first (space) component of ϕt0(x, v). Reproducing the estimates of the proof of420
Lemma 2, we get421

|X(t)| ≤ |x|e
√

2Ct + 1√
C

(
V (x) + |v|

2

2 + Φ(0, x)
)1/2

(e
√

2Ct − 1) + b(t)422

where423

b(t) =
√

2
∫ t

0

(
C + ‖Φ(s, ·)|L∞(Rd) + s‖∂tΦ‖C([0,s];L∞(Rd))

)1/2
e
√

2C(t−s) ds.424

It follows that425

|X(t)| ≤ 9|x|2e2
√

2Ct + 9
C

(
V (x) + |v|

2

2 + Φ(0, x)
)

(e
√

2Ct − 1)2 + 9b(t)2.426

Eventually, we find427 ∫
Rd×Rd

f(t, x, v)V−(x) dv dx ≤ Ce2
√

2CtM2 + 9(e
√

2Ct − 1)2E0 + C(9b(t)2 + 1)‖f0‖L1(Rd×Rd).428

Therefore the potential energy associated to the external potential cannot be too negative and all terms in429
the energy balance remain bounded on any finite time interval.430

4. Large wave speed asymptotics. This section is devoted to the asymptotics of large wave speeds.431
Namely, we consider the following rescaled version of the system:432

(16)


∂tfε + v · ∇xfε −∇x(V + Φε) · ∇vfε = 0,
Φε(t, x, y) =

∫
Rn×Rd

Ψε(t, z, y)σ2(y)σ1(x− z) dz dy,(
∂2
tt −

1
ε

∆y

)
Ψε(t, x, y) = −1

ε
σ2(y)

∫
Rd×Rd

σ1(x− z)f(t, z, v) dv dz,
433

completed with suitable initial conditions. We are interested in the behavior of the solutions as ε → 0. We434
shall discuss below the physical meaning of this regime. But, let us first explain on formal grounds what can435
be expected. As ε→ 0 the wave equation degenerates to436

−∆yΨ(t, x, y) = −σ2(y) σ1 ∗
x
ρ(t, x), ρ(t, x) =

∫
Rd
f(t, x, v) dv.437
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We obtain readily the solution by uncoupling the variables:

Ψ(t, x, y) = γ(y) σ1 ∗
x
ρ(t, x)

where γ satisfies the mere Poisson equation ∆yγ = σ2. At leading order the potential then becomes438

Φ(t, x) = −κ Σ ∗
x
ρ(t, x), Σ = σ1 ∗ σ1, κ = −

∫
Rn
σ2γ dy.439

Therefore, we guess that the limiting behavior is described by the following Vlasov equation440

∂tf + v · ∇xf −∇x(V + Φ) · ∇vf = 0.441

As long as the integration by parts makes sense (we shall see that difficulties in the analysis precisely arise442
when n ≤ 2), we observe that443

κ =
∫
Rn
|∇yγ|2 dy > 0.444

It is then tempting to make the form function σ1 depend on ε too, so that Σ resembles the kernel of (−∆x).445
We would arrive at the Vlasov–Poisson system, in the case of attractive forces. We which to justify such446
asymptotic behavior.447

4.1. Dimensional analysis. We now explain in which parameter regime the rescaled version (16) of
the equations (2)–(5) comes about. For that purpose, we first introduce explicitly the size of the support of
σ1 and σ2, respectively as L and `. We remind the reader that f in (2) is the density of particles in phase
space: it gives a number of particles per unit volume of phase space. We will suppose that the initial particle
distribution lives in the space variable on the same scale L and in the velocity variable on a scale V. In other
words, the “typical” speed of the particles, as well as their average speed is initially of order V. Defining the
dimensionless quantities x′ = x/L, v′ = v/V, we therefore set

f ′0(x′, v′) dx′ dv′ = f0(x, v) dxdv, or f ′0(x′, v′) = f0(x, v)LdVd.

It might help the intuition to think z as a length variable, and thus ` as a length unit and c has a velocity,448
but there is not reason to assume such privileged units and we can keep a general approach. Nevertheless,449
within this context, the model therefore has two typical time scales, given by450

(17) T = L

V
, τ = `/c.451

One should think of T as the time a typical particle needs to cross the support of σ1 and of τ as the time
needed by the waves to cross the support of σ2. We can therefore introduce the dimensionless parameter

ε = τ

T
,

that we shall take vanishingly small in the analysis of this section. Let us point out that this is a natural452
regime. Indeed, the time-asymptotic results in [8] are obtained under the assumption that ε is sufficiently453
(but not vanishingly) small. In what follows, we will measure time in units of T and therefore set t′ = t

T .454
Then, we set455

f ′(t′, x′, v′) L−d V−d = f(t, x, v)456

(or maybe more conveniently f ′(t′, x′, v′) dv′ dx′ = f(t, x, v) dv dx). The external and interaction potential,457
V and Φ, have both the dimension of a velocity squared. We set458

V (x) = V2
ext V

′(x′), Φ(t, x) =W2 Φ′(t′, x′),459

where Vext and W thus have the dimension of a velocity. We switch to the dimensionless equation460

∂t′f
′ + VT

L
v′ · ∇x′f ′ −

T

LV
V2

ext∇x′
(
V ′ +

( W
Vext

)2
Φ′
)
· ∇v′f ′ = 0.461
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The definition of the interaction potential Φ is driven by the product σ2(z)σ1(x) dx. We scale it as follows462

σ2(z)σ1(x) dx = Σ?Ldσ′2(z′)σ′1(x′) dx′.,463

with Σ? playing the role of a coupling constant. For the vibrating field, we set464

ψ(t, x, z) = Ψ? ψ
′(t′, x′, z′), z′ = z/`,465

still with the convention that primed quantities are dimensionless. Accordingly, we obtain466

W2 = Σ?LdΨ?`
n467

and the consistent expression of the dimensionless potential468

Φ′(t′, x′) =
∫
σ′1(x′ − y′)σ′2(z′)ψ(t′, y′, z′) dz′ dy′.469

With T defined in (17), the wave equation becomes470

(18) ∂2
t′t′ψ

′ − T 2c2

`2
∆z′ψ

′ = − T 2Σ?Ld

Ψ?
L−d︸ ︷︷ ︸

T 2Σ?
Ψ?

σ′2(z′)
∫
σ′1(x′ − y′)f ′(t′, y′, v′) dv′ dy′.471

Note that472
T 2Σ?

Ψ?
= Σ?Ld`nΨ?

T 2

Ψ2
?L

d`n
=W2 T 2

Ψ2
?L

d`n
.473

Let us consider the energy balance where the following quantities, all having the homogeneity of a474
velocity squared, appear:475

• the kinetic energy of the particles
∫
v2f dv dx; it scales like V2,476

• the external potential energy
∫
V f dv dx; it scales like V2

ext,477
• the coupling energy

∫
Φf dv dx; it scales like W2,478

• the wave energy which splits into:479
a)
∫
|∂tψ|2 dz dx, which scales like Ψ2

?
Ld`n

T 2 ,480

b) c2
∫
|∇zψ|2 dz dx, which scales like c2Ψ2

?
Ld`n

`2 .481

Note that the kinetic energy in a) is ( `2

c2T 2 = τ2/T 2 = ε2) times the elastic energy in b).482
To recap, we have at hand five parameters imposed by the model (L, `, c,Vext,W) and two parameters gov-483
erned by the initial conditions V and Ψ? (note that the coupling constant Σ? can be computed from these484
quantities). They allow to define the five energies described above.485

486
Next we suppose that the kinetic energy of the particle, the energy of the particle associated to the487

external potential, the elastic energy of the wave as well as the interaction energy, all have the same strength,488
which can expressed by setting489

L

T
= V = Vext =W =

√
c2Ψ2

?L
d`n−2.490

As a consequence, it imposes the following scaling of the coupling constant491

Ψ?

T 2Σ?
= ε.492

It also means that the kinetic energy of the wave is small with respect to its elastic energy. Inserting this493
in (18) yields (16). Note that the vanishing of the kinetic energy of the wave as ε→ 0 explains why the wave494
equation governing ψ degenerates into a stationary Poisson equation : all vibrations in the field generated by495
the passage of the particles is “immediately” evacuated to infinity in the y variable because ε→ 0 corresponds496
to c→ +∞.497
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4.2. Statements of the results. Throughout this Section, we assume (H1), and we shall strengthen498
the assumptions (H2)–(H5) as follows (note that since we are dealing with sequences of initial data, it is499
important to make the estimates uniform with respect to the scaling parameter):500

(H7) the external potential V ∈W 2,∞
loc (Rd) is non negative,501

502

(H8)

f0,ε ∈ L1(Rd × Rd), with a uniformly bounded norm,
and Ψ0,ε,Ψ1,ε ∈ L2(Rd × Rn) are such that the rescaled initial energy

E0,ε =
∫
Rd×Rd

(v2

2 + V + |Φε|
)
f0,ε dv dx

+ ε

2

∫
Rn×Rd

|Ψ1,ε|2 dy dx+ 1
2

∫
Rn×Rd

|∇yΨ0,ε|2 dy dx

is uniformly bounded: 0 ≤ supε>0 E0,ε = Ē0 <∞.


503

504

(H9) f0,ε is bounded in L∞(Rd × Rd), uniformly with respect to ε.505

Theorem 10. Suppose n ≥ 3. Let (H1) and (H7)–(H9) be satisfied. Let (fε,Ψε) be the associated506
solution to (16). Then, there exists a subsequence such that fε converges in C([0, T ];Lp((Rd ×Rd)− weak))507
for any 1 ≤ p <∞ to f solution of the following Vlasov equation508

(19)
{
∂tf + v · ∇xf −∇x(V + Φ̄) · ∇vf = 0,
f(0, x, v) = f0(x, v),509

where510

Φ̄ = −κΣ ∗ ρ, Σ = σ1 ∗
x
σ1, κ =

∫
Rn

|σ̂2(ξ)|2

(2π)n|ξ|2 dξ,511

and f0 is the weak limit in Lp(Rd × Rd) of f0,ε.512

The statement involves a restriction on the dimension for the wave equation: n ≥ 3 is required to make513
the coefficient κ finite, as explained in Lemma 14.514

In order to derive the Vlasov–Poisson system from (16), the form function σ1 need to be appropriately515
defined and scaled with respect to ε. Let θ and δ be two radially symmetric functions in C∞c (Rd) verifying:516

0 ≤ θ, δ ≤ 1 θ(x) = 1 for |x| ≤ 1, θ(x) = 0 for |x| ≥ 2,
∫
Rd
δ(x) dx = 1.517

We set θε(x) = θ(
√
εx) et δε(x) = 1

εd/2
δ(x/
√
ε) and518

σ1,ε = Cdδε ∗
θε
| · |d−1 , with Cd =

(
|Sd−1|

∫
Rd

dx
|x|d−1|e1 − x|d−1

)−1/2
.519

The auxiliary functions θε and δε have different roles: θε cuts off the support of x 7→ 1
|x|d−1 , and δε has a520

regularizing role (it is nothing but a mollifier of the Dirac measure). What is important to note is that as521
ε tends to 0, the support of the form function σ1,ε spreads (it behaves in O(1/

√
ε)) and its L∞ norm blows522

up (it behaves like 1/εd/2). The construction is made so that σ1,ε ∗ σ1,ε approaches the elementary solution523
of (−∆), as Lemma 18 will make clear.524

Theorem 11. Let d = 3 and n ≥ 3. Assume (H1) and (H7)–(H9). Let (fε,Ψε) be the associated525
solution to (16). Then, there exists a subsequence such that fε converges in C([0, T ];Lp(R3 × R3) − weak)526
for any 1 < p <∞ to f solution of the attractive Vlasov–Poisson equation527

(20)

 ∂tf + v · ∇xf −∇x(V + Φ̄) · ∇vf = 0,
∆Φ̄ = κρ,
f(0, x, v) = f0(x, v)

528

where f0 is the weak limit in Lp(R3 × R3) of f0,ε.529
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Remark 12. In Theorem 10, if, furthermore, we assume that
(
f0,ε
)
ε>0 converge (in the appropriate weak530

sense) to f0, by uniqueness of the solution of the limit equation, the entire sequence
(
fε
)
ε>0 converges to f .531

For Theorem 10 and Theorem 11, if the initial data converges strongly to f0 in Lp(Rd × Rd), 1 ≤ p < ∞,532
then fε converges to f in C([0, T ];Lp(Rd × Rd)).533

Remark 13. The restriction on the space dimension (d = 3) in Theorem 11 can be explained as follows.534
In higher dimension, weak solutions of the attractive Vlasov–Poisson system (20) are not globally defined in535
the sense that the solutions can concentrate into Dirac masses in finite time. This phenomenom can be seen536
by manipulating energy estimates and space–moments estimates, see for instance [18, Section 4.6] and the537
references therein. Our proof, that uses energy estimates, can be adapted to treat d ≥ 4, as far as we consider538
small enough time intervals, but we prefer not to detail this issue. The case of the smaller dimensions d = 1539
and d = 2 relies on an obstruction of different nature. Roughly speaking, the form function is constructed540
so that σ1,ε ∗σ1,ε ≥ 0 approaches the elementary solution of (−∆) as ε→ 0. The latter is non negative when541
d ≥ 3, but is has no sign for d = 2 and it is non positive for d = 1.542

4.3. Convergence to the Vlasov equation with a smooth convolution kernel. Taking into543
account the rescaling, the analog of (8) for (16) reads544

(21) ∂tfε + v · ∇xfε −∇x
(
V + Φ0,ε −

1
ε
Lε(fε)

)
· ∇vfε = 0,545

with546

Φ0,ε(t, x) =
∫
Rd×Rn

Ψ̃ε(t, z, y)σ1(x− z)σ2(y) dy dz.547

where Ψ̃ε stands for the unique solution of the free linear wave equation (in Rn) with wave speed 1/ε and548
initial data Ψ0,ε and Ψ1,ε, and549

(22)

1
ε
Lε(fε)(t, x) = 1

ε

∫
Rd

Σ(x− z)
(∫ t

0
ρε(t− s, z)

×
(∫

Rn

sin(|ξ|s/
√
ε)

|ξ|/
√
ε

|σ̂2(ξ)|2 dξ
(2π)n

)
ds
)

dz

=
(

Σ ∗
x

∫ t/
√
ε

0
ρε(t− s

√
ε, ·) q(s) ds

)
(x)

550

where we have set551

q(t) = 1
(2π)n

∫
Rn

sin(t|ξ|)
|ξ|

|σ̂2(ξ)|2 dξ.552

(it is nothing but p(t) as introduced in Section 2 evaluated with c = 1; of course when c = 1 and ε = 1, the553
operators 1

εLε in (22) and L in (7) coincide.)554

Lemma 14. Let n ≥ 3. Then q is integrable over [0,+∞[ with555 ∫ ∞
0

q(t) dt = 1
(2π)n

∫
Rn

|σ̂2(ξ)|2

|ξ|2
dξ := κ > 0.556

Proof. By virtue of the dominated convergence theorem, t 7→ q(t) is continuous on [0,∞). Bearing in557
mind that σ2 is radially symmetric, integrations by parts yield558

q(t) = |Sn−1|
(2π)n

∫ ∞
0

sin(tr)rn−2|σ̂2(re1)|2 dr

= |Sn−1|
(2π)n

∫ ∞
0

cos(tr)
t

d
dr
[
rn−2|σ̂2(re1)|2

]
dr

= −|S
n−1|

(2π)n

∫ ∞
0

sin(tr)
t2

d2

dr2

[
rn−2|σ̂2(re1)|2

]
dr.

559
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Hence, we can estimate as follows560

|q(t)| ≤ K

t2
with K = |S

n−1|
(2π)n

∫ ∞
0

∣∣∣∣ d2

du2

[
rn−2|σ̂2(re1)|2

]∣∣∣∣ dr <∞561

which proves q ∈ L1([0,∞)).562
Next, we compute the integral of q. For M > 0 we get:563 ∫ M

0
q(t) dt = 1

(2π)n

∫
Rn

(∫ M

0

sin(t|ξ|)
|ξ|

dt
)
|σ̂2(ξ)|2 dξ

= 1
(2π)n

∫
Rn

1− cos(M |ξ|)
|ξ|2

|σ̂2(ξ)|2 dξ

= κ− |S
n−1|

(2π)n

∫ ∞
0

cos(Mr)rn−3|σ̂2(re1)|2 dr

= κ− |Sn−1|
M(2π)n

∫ ∞
0

sin(Mr) d
dr
[
rn−3|σ̂2(re1)|2

]
dr.

564

We conclude by letting M tend to ∞.565

Note that κ is infinite for n = 2 since |σ2(ξ)|2
|ξ|2 ∼ξ→0 ‖σ2‖2L1(R2)

1
|ξ|2 does not belong to L1(B(0, a)) for any566

a > 0.567

We turn to the proof of Theorem 10. Of course we have568

sup
ε>0
‖fε(t, ·)‖L1(Rd×Rd) = sup

ε>0
‖f0,ε‖L1(Rd×Rd) := M0 <∞,569

and the Lp norms570
‖fε(t, ·)‖Lp(Rd×Rd) = ‖f0,ε‖Lp(Rd×Rd)571

are also bounded, for any 1 ≤ p ≤ ∞ by virtue of (H9). Furthermore, the energy conservation yields572

Eε(t) =
∫
Rd×Rd

(v2

2 + V + Φε
)
fε dv dx

+ ε

2

∫
Rn×Rd

|∂tΨε|2 dy dx+ 1
2

∫
Rn×Rd

|∇yΨε|2 dy dx ≤ Ē0.
573

Let us set574

Evib
0,ε = ε

2

∫
Rn×Rd

|Ψ1,ε|2 dy dx+ 1
2

∫
Rn×Rd

|∇yΨ0,ε|2 dy dx.575

As a consequence of (H1) and (H8), Evib
0,ε is bounded uniformly with respect to ε. Owing to the standard576

energy conservation for the free linear wave equation, we observe that ‖∇yΨ̃ε‖L∞(0,∞;L2(Rd×Rn)) ≤ (2Evib
0,ε )1/2.577

Then Sobolev’s embedding (mind the condition n ≥ 3) allows us to deduce the following key estimate on Ψ̃ε:578

(23) ‖Ψ̃ε‖L∞(R+;L2(Rd;L2n/(n−2)(Rn))) ≤ C
(
Evib

0,ε
)1/2 ≤ C(Ē0)1/2579

Applying Hölder inequalities, we are thus led to:580

(24) |Φ0,ε(t, x)| ≤ C‖σ2‖L2n/(n+2)(Rn)‖σ1‖L2(Rd)
(
Ē0
)1/2

,581

and similarly582

(25) |∇xΦ0,ε(t, x)| ≤ C‖σ2‖L2n/(n+2)(Rn)‖∇xσ1‖L2(Rd)
(
Ē0
)1/2

.583

Concerning the asymptotic behavior, we shall use the following claim. It is not a direct consequence of these584
estimates and it will be justified later on.585
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Lemma 15. Let χ ∈ C∞c ([0,∞)× Rd × Rd). Then, we have586

lim
ε→0

∫ ∞
0

∫
Rd×Rd

fε∇xΦ0,εχ(t, x, v) dv dxdt = 0.587

The cornerstone of the proof of Theorem 10 is the estimate of the self–consistent potential. By virtue588
of (22), for any 1 ≤ p ≤ ∞ we get589 ∥∥∥∥1

ε
Lε(fε)(t, ·)

∥∥∥∥
Lp(Rd)

≤ ‖Σ‖Lp(Rd)‖ρε‖L∞([0,∞),L1(Rd))

∫ ∞
0
|q(s)|ds

≤ ‖Σ‖Lp(Rd)M0‖q‖L1([0,+∞)),

590

as well as591 ∥∥∥∥1
ε
∇xLε(fε)(t, ·)

∥∥∥∥
Lp(Rd)

≤ ‖∇xΣ‖Lp(Rd)M0‖q‖L1([0,+∞)).592

Let χ ∈ C∞c (Rd × Rd). We have593 ∣∣∣∣∫
Rd×Rd

fε(t, x, v)χ(x, v) dv dx
∣∣∣∣ ≤M0‖χ‖L∞(Rd×Rd)594

and595 ∣∣∣∣ d
dt

∫
Rd×Rd

fε(t, x, v)χ(x, v) dv dx
∣∣∣∣ ≤M0‖v · ∇χ−∇V · ∇vχ‖L∞(Rd×Rd)

+
(
‖q‖L1([0,+∞))‖∇xΣ‖L∞(Rd)M

2
0 + CM0‖σ2‖L2n/(n+2)(Rn)‖∇xσ1‖L2(Rd)

(
Ē0
)1/2)

×‖∇vχ‖L∞(Rd×Rd).

596

Reproducing arguments detailed in the previous Section, we deduce that we can assume, possibly at the597
price of extracting a subsequence, that598

lim
ε→0

∫
Rd×Rd

fε(t, x, v)χ(x, v) dv dx =
∫
Rd×Rd

f(t, x, v)χ(x, v) dv dx599

holds for any χ ∈ Lp′(Rd × Rd) uniformly on [0, T ], 0 < T < ∞, with f ∈ C([0, T ];Lp(Rd × Rd) − weak),600
1 < p <∞, 1/p+ 1/p′ = 1.601

Next, we establish the tightness of
(
fε
)
ε>0 with respect to the velocity variable, which will be necessary602

to show that the macroscopic density ρε passes to the limit. Since Φ0,ε and 1
εLε(fε) are uniformly bounded603

and V ≥ 0, we infer from the energy conservation the estimate604 ∫
Rd×Rd

|v|2

2 fε(t, x, v) dv dx

≤ Ē0 + ‖q‖L1([0,+∞))‖Σ‖L∞(Rd)M
2
0 + CM0‖σ2‖L2n/(n+2)(Rn)‖σ1‖L2(Rd)

(
Ē0
)1/2

.

605

Hence, we can check that ρε(t, x) =
∫
Rd fε(t, x, v) dv dx satisfies606

(26) lim
ε→0

∫
Rd
ρε(t, x)χ(x) dx =

∫
Rd
ρ(t, x)χ(x) dx607

for any χ ∈ C0(Rd), with ρ(t, x) =
∫
Rd f(t, x, v) dv. As a matter of fact, we note that (H1) and (26) imply608

(27) lim
ε→0
∇xΣ ∗ ρε(t, x) = ∇xΣ ∗ ρ(t, x) for any (t, x) ∈ [0, T ]× Rd.609

Furthermore, we have610
|D2

x(Σ ∗ ρε)(t, x)| ≤M0 ‖Σ‖W 2,∞(Rd),611
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and, by using mass conservation and the Cauchy-Schwarz inquality,612

|∂t(∇xΣ ∗ ρε)(t, x)| =
∣∣∣∣∫

Rd
D2
xΣ(x− y)

(∫
Rd
vfε(t, y, v) dv

)
dy
∣∣∣∣

≤ ‖Σ‖W 2,∞(Rd)

(∫
Rd×Rd

fε dv dx
)1/2(∫

Rd×Rd
v2fε dv dx

)1/2

≤ ‖Σ‖W 2,∞(Rd)
√

2M0

(
Ē0 + ‖q‖L1([0,+∞))‖Σ‖L∞(Rd)M

2
0

+CM0‖σ2‖L2n/(n+2)(Rn)‖σ1‖L2(Rd)
(
Ē0
)1/2)1/2

.

613

Therefore convergence (27) holds uniformly on any compact set of [0,∞)× Rd.614
We turn to examine the convergence of 1

ε∇xLε(fε) to κ∇xΣ ∗ ρ. We have615 ∣∣∣1
ε
∇xLε(fε)(t, x)− κ∇xΣ ∗ ρ(t, x)

∣∣∣
=

∣∣∣∣∣
∫ t/

√
ε

0
∇xΣ ∗ ρε(t− s

√
ε, x)q(s) ds− κ∇xΣ ∗ ρ(t, x)

∣∣∣∣∣
≤

∣∣∣∣∣
∫ t/

√
ε

0

(
∇xΣ ∗ ρε(t− s

√
ε, x)−∇xΣ ∗ ρ(t, x)

)
q(s) ds

∣∣∣∣∣
+

∣∣∣∣∣
∫ ∞
t/
√
ε

q(s) ds

∣∣∣∣∣ ‖∇xΣ ∗ ρ‖L∞((0,∞)×Rd)

≤
∫ t/

√
ε

0
|(∇xΣ ∗ ρε −∇xΣ ∗ ρ)(t− s

√
ε, x)| |q(s)|ds

+
∫ t/

√
ε

0
|∇xΣ ∗ ρ(t− s

√
ε, x)−∇xΣ ∗ ρ(t, x)| |q(s)|ds

+
∫ ∞
t/
√
ε

|q(s)|ds ‖∇xΣ ∗ ρ‖L∞((0,∞)×Rd).

616

Let us denote by Iε(t, x), IIε(t, x), IIIε(t), the three terms of the right hand side. Firstly, for any t > 0,
IIIε(t) tends to 0 as ε→ 0, and it is dominated by κ‖Σ‖W 1,∞(Rd)M0. Secondly, for any 0 < T <∞ and any
compact set K ⊂ Rd, when (t, x) lies in [0, T ]×K, we can estimate

|Iε(t, x)| ≤ ‖∇xΣ ∗ ρε −∇xΣ ∗ ρ‖L∞([0,T ]×K)‖q‖L1([0,∞)

which also goes to 0 as ε→ 0. Eventually, still considering (t, x) ∈ [0, T ]×K, we write617

|IIε(t, x)| ≤
∫ t/

√
ε

0
sup
z∈K
|∇xΣ ∗ ρ(t− s

√
ε, z)−∇xΣ ∗ ρ(t, z)| |q(s)|ds.618

By using the Lebesgue theorem, we justify that it tends to 0 as ε→ 0 since (t, x) 7→ ∇xΣ∗ρ(t, x) is uniformly
continuous over any compact set, the integrand is dominated by 2‖Σ‖W 1,∞(Rd)M0|q(s)|, and q ∈ L1([0,∞)).
Therefore, for any 0 < t < T <∞ and any compact set K ⊂ Rd,

sup
x∈K

∣∣∣1
ε
∇xLε(fε)− κ∇xΣ ∗ ρ

∣∣∣(t, x) −−−→
ε→0

0,

and this quantity is bounded uniformly with respect to 0 ≤ t ≤ T <∞ and ε > 0.619
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We go back to the weak formulation of (16). Let χ ∈ C∞c ([0,∞) × Rd × Rd). We suppose that620
supp(χ) ⊂ [0, T ]× B̄(0,M)× B̄(0,M). We have621

−
∫
Rd×Rd

f0,εχ(0, x, v) dv dx−
∫ ∞

0

∫
Rd×Rd

fε∂tχdv dx dt

−
∫ ∞

0

∫
Rd×Rd

fεv · ∇xχdv dxdt+
∫ ∞

0

∫
Rd×Rd

∫
fε∇vχ · ∇x(V + Φ0,ε) dv dxdt

=
∫ ∞

0

∫
Rd×Rd

fε ∇x
1
ε
Lε(fε) · ∇vχdv dx dt.

622

Obviously, there is no difficulty with the linear terms of the left hand side. For the non linear term we623
proceed as follows:624 ∫ ∞

0

∫
Rd×Rd

fε ∇x
1
ε
Lε(fε) · ∇vχdv dxdt−

∫ ∞
0

∫
Rd×Rd

f κ∇xΣ ∗ ρ · ∇vχdv dx dt

=
∫ ∞

0

∫
Rd×Rd

fε

(
∇x

1
ε
Lε(fε)− κ∇xΣ ∗ ρ

)
· ∇vχdv dxdt

+
∫ ∞

0

∫
Rd×Rd

(fε − f) κ∇xΣ ∗ ρ · ∇vχdv dxdt.

625

The last term directly passes to the limit. The first integral in the right hand side is dominated by626

M0‖∇vχ‖L∞([0,∞)×Rd×Rd)

∫ T

0
sup

y∈B̄(0,M)

∣∣∣∇x 1
ε
Lε(fε)− κ∇xΣ ∗ ρ

∣∣∣(t, y) dt.627

We conclude by a mere application of the Lebesgue Theorem.628
If the initial data f0,ε converge strongly to f0 in Lp(Rd × Rd), the nature of the convergence of fε to f629

can be improved by applying general stability results for transport equations, see [13, Th. II.4 & Th. II.5],630
or [7, Th. VI.1.9].631

632
Proof of Lemma 15 As a matter of fact, the variable x ∈ Rd just appears as a parameter for the wave633
equation, and Υε(t, x, y) = (σ1 ∗ Ψ̃ε(t, ·, y))(x) solves the linear wave equation634

ε∂2
ttΥε −∆yΥε = 0,635

with the data636
Υε(0, x, y) = σ1 ∗Ψ0,ε(x, y), ∂tΥε(0, x, y) = σ1 ∗Ψ1,ε(x, y).637

The parameter x being fixed, we appeal to the Strichartz estimate, see [24, Corollary 1.3] or [30, Theorem638
4.2, for the case n = 3],639

1
ε1/(2p)

(∫ ∞
0

(∫
Rn
|Υε(t, x, y)|q dy

)p/q
dt
)1/p

≤ C
√

E vib
1,ε (x)640

where we set641

E vib
1,ε (x) = ε

∫
Rn
|σ1 ∗Ψ1,ε(x, y)|2 dy +

∫
Rn
|σ1 ∗ ∇yΨ0,ε(x, y)|2 dy.642

(That 1
ε1/(2p) appears in the inequality can be checked by changing variables and observing that Υε(t

√
ε, x, y)643

satisfies the wave equation with speed equals to 1 and data (σ1 ∗ Ψ0ε,
√
εσ1 ∗ Ψ1,ε).) This inequality holds644

for admissible exponents:645

2 ≤ p ≤ q ≤ ∞, 1
p

+ n

q
= n

2 − 1, 2
p

+ n− 1
q
≤ n− 1

2 , (p, q, n) 6= (2,∞, 3).646
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Observe that647 ∫
Rd

E vib
1,ε (x) dx ≤ ‖σ1‖L1(Rd) E vib

0,ε ≤ ‖σ1‖L1(Rd) Ē0.648

It follows that649 ∫
Rd

(∫ ∞
0

(∫
Rn
|Υε(t, x, y)|q dy

)p/q
dt
)2/p

dx ≤ C2‖σ1‖L1(Rd) Ē0ε
1/p −−−→

ε→0
0.650

A similar reasoning applies to ∇xΥε with ∇xσ1 replacing σ1. Let χ ∈ C∞c ([0,∞) × Rd × Rd). We suppose651
that supp(χ) ⊂ {0 ≤ t ≤ M, |x| ≤ M, |v| ≤ M} for some 0 < M < ∞. We are left with the task of652
estimating653 ∫ ∞

0

∫
Rd×Rd

fε∇xΦ0,εχ(t, x, v) dv dxdt =
∫ ∞

0

∫
Rd
Rε(t, x)∇xΦ0,ε(t, x) dx dt654

where we have set655

Rε(t, x) =
∫
Rd
fεχ(t, x, v) dv.656

With the standard notation 1/p+ 1/p′ = 1, using Hölder’s inequality twice, we get657 ∣∣∣∣∫ ∞
0

∫
Rd×Rd

fε∇xΦ0,εχ(t, x, v) dv dxdt
∣∣∣∣

≤

(∫
Rd

(∫ ∞
0
|Rε(t, x)|p

′
dt
)2/p′

dx
)1/2(∫

Rd

(∫ ∞
0
|∇xΦ0,ε(t, x)|p dt

)2/p
dx
)1/2

.

658

We readily obtain659 (∫
Rd

(∫ ∞
0
|Rε(t, x)|p

′
dt
)2/p′

dx
)1/2

≤ Md+d/2+1/p′‖fεχ‖L∞((0,∞)×Rd×Rd)

≤ Md+d/2+1/p′‖f0,ε‖L∞(Rd×Rd)‖χ‖L∞((0,∞)×Rd×Rd)

660

which is thus bounded uniformly with respect to ε > 0. Furthermore, with 1/q + 1/q′ = 1, we have661 ∫
Rd

(∫ ∞
0
|∇xΦ0,ε(t, x)|p dt

)2/p
dx =

∫
Rd

(∫ ∞
0

∣∣∣ ∫
Rn
σ2(y)∇xΥε(t, x, y) dy

∣∣∣p dt
)2/p

dx

≤ ‖σ2‖Lq′ (Rd)

∫
Rd

(∫ ∞
0

∣∣∣ ∫
Rn
|∇xΥε(t, x, y)|q dy

∣∣∣p/q dt
)2/p

dx
662

which tends to 0 like ε1/p.663

4.4. Convergence to the Vlasov–Poisson system. The existence theory for the Vlasov–Poisson664
system dates back to [3]; an overview of the features of both the repulsive or attractive cases can be found665
in the lecture notes [5]. The following statements are classical tools of this analysis, that will be useful for666
our purposes as well.667

Lemma 16 (Interpolation estimates). Let f ∈ L1 ∩ L∞(Rd × Rd) be such that |v|mf ∈ L1(Rd × Rd).668
Then ρ =

∫
Rd f dv lies in L(m+d)/d(Rd) with669

‖ρ‖L(d+m)/d(Rd) ≤ C(m, d)‖f‖m/(d+m)(Rd)
L∞

(∫
|v|mf dv dx

)d/(d+m)
.670

where C(m, d) = 2|B(0, 1)|m/(m+d).671
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Lemma 17 (Hardy-Littlewood-Sobolev inequality). Let 1 < p, r < ∞ and 0 < λ < d. Assume 1/p +672
1/r = 2− λ/d. There exists a constant C > 0 such that for any f ∈ Lp(Rd) and g ∈ Lr(Rd) we have673 ∣∣∣ ∫

Rd×Rd

f(x)g(y)
|x− y|λ

dy dx
∣∣∣ ≤ C‖f‖Lp(Rd)‖g‖Lr(Rd).674

We refer the reader to [5, Lemma 3.4] and [27, Th. 4.3], respectively, for further details. Next, we check675
the convergence of the approximate kernel defined by σ1,ε.676

Lemma 18. Let d ≥ 3. For any d/(d− 1) < q <∞, we have:677 ∥∥∥∥∇( Cdθε
| · |d−1 ∗

Cdθε
| · |d−1

)
(x) + (d− 2) x

|Sd−1||x|d

∥∥∥∥
Lq(Rd)

−−−→
ε→0

0.678

Proof. We remind the reader that the convolution by |x|1−d is associated to the Fourier transform of the679
operator with symbol 1/|ξ|, see [27, Th. 5.9]. The convolution of radially symmetric functions is radially680
symmetric too. For d ≥ 3, we compute as follows681 (

1
| · |d−1 ∗

1
| · |d−1

)
(x) =

∫
Rd

dy
|y|d−1|x− y|d−1

=
∫
Rd

|x|d dy
|x|d−1|e1 − y|d−1|x|d−1|y|d−1 = 1

|Sd−1| C2
d |x|d−2 .

682

Differentiating yields683

∇
(

Cd
| · |d−1 ∗

Cd
| · |d−1

)
(x) = − d− 2

|S|d−1
x

|x|d
.684

Hence, we can write685

Oε(x) := ∇
(
Cdθε
| · |d−1 ∗

Cdθε
| · |d−1

)
(x) + (d− 2)x

|Sd−1||x|d

= C2
d∇
(
θε + 1
| · |d−1 ∗

θε − 1
| · |d−1

)
(x)

= C2
d

θε + 1
| · |d−1 ∗

(
∇θε
| · |d−1 + (1− d) (θε − 1)·

| · |d+1

)
(x).

686

Let p > 1. On the one hand, we have687 ∥∥∥∥ ∇θε| · |d−1

∥∥∥∥p
Lp(Rd)

=
∫
Rd

|∇θε(x)|p

|x|p(d−1) dx

≤ (
√
ε)p ‖∇θ‖p

L∞(Rd)

∫
1≤
√
ε|x|≤2

dx
|x|p(d−1)

≤ (
√
ε)d(p−1)‖∇θ‖p

L∞(Rd)

∫
1≤|x|≤2

dx
|x|p(d−1) .

688

On the other hand, we get689 ∫
Rd

∣∣∣ (θε(x)− 1)x
|x|d+1

∣∣∣p dx ≤
∫
√
ε|x|≥1

dx
|x|pd

= (
√
ε)d(p−1)

(∫
|x|≥1

dx
|x|pd

)
.690

Accordingly, the following estimate holds:691

(28)
∥∥∥∥ ∇θε| · |d−1 + (1− d) (θε − 1)·

| · |d+1

∥∥∥∥
Lp
≤ Cεd(p−1)/(2p),692
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where C > 0 depends on p and d only. Finally we remark that 0 ≤ θε(x)+1
|x|d−1 ≤ 2

|x|d−1 . By coming back to693

Lemma 17, we deduce that there exists a constant C̃ > 0 such that694

∣∣∣ ∫
Rd

Oε(x)g(x) dx
∣∣∣ ≤ C̃‖g‖Lr(Rd) (

√
ε)d(p−1)/p

695

holds for any g ∈ Lr(Rd), with 1/r = (d+ 1)/d− 1/p > 1/d, r > 1. Therefore, by duality, it means that Oε696
converges to 0 in Lq(Rd) for any d/(d− 1) < q <∞.697

Proof of Theorem 11. From now on, we restrict to the case of space dimension d = 3. Compared to the698
previous Section, additional difficulties come from the dependence of the form function σ1 with respect to ε699
so that deducing uniform estimates from the energy conservation is not direct.700
Step 1. Establishing uniform estimates.701

We start by observing that fε is bounded in L∞(0,∞;Lp(R3 × R3)) for any 1 ≤ p ≤ ∞, since702

‖fε(t, ·)‖Lp(R3×R3) = ‖f0,ε‖Lp(R3×R3).703

Next, the energy conservation becomes704

Eε(t) = ε

2

∫
R3×Rn

|∂tΨε(t, x, y)|2 dy dx+ 1
2

∫
R3×Rn

|∇yΨε(t, x, y)|2 dy dx

+
∫
R3×R3

fε(t, x, v)
(
|v|2

2 + V (x) + Φε(t, x)
)

dv dx

= Eε(0) ≤ Ē0.

705

Let us study the coupling term:706 ∫
R3×R3

fε(t, x, v)Φε(t, x) dv dx =
∫
R3
ρε(t, x)Φε(t, x) dx = Sε(t) + Tε(t)707

where we have set708

Sε(t) = −1
ε

∫
R3
ρεLε(fε)(t, x) dx

= −
∫
R3

(
σ1,ε ∗ σ1,ε ∗

∫ t/
√
ε

0
q(s)ρε(t− s

√
ε, ·) ds

)
(x)ρε(t, x) dx

= −
∫
R3

(
σ1,ε ∗

∫ t/
√
ε

0
q(s)ρε(t− s

√
ε, ·) ds

)
(x) σ1,ε ∗ ρε(t, x) dx

709

and710

Tε(t) =
∫
R3
ρεΦ0,ε(t, x) dx, Φ0,ε(t, x) =

(
σ1,ε ∗

∫
Rn

Ψ̃ε(t, ·, y)σ2(y) dy
)

(x).711

Like in the previous Section, Ψ̃ε stands for the solution of the free linear wave equation with wave speed 1/ε712
and initial data Ψ0,ε and Ψ1,ε. Firstly, we establish a bound for713

|Sε(t)| ≤ ‖q‖L1([0,∞))‖σ1,ε ∗ ρε‖2L∞(0,t;L2(R3)).714

However, Lemma 17 yields715

‖σ1,ε ∗ ρε‖L2(R3) = C2
d

∥∥∥∥ θε
| · |2

∗ δε ∗ ρε
∥∥∥∥
L2(R3)

≤ C‖ρε‖L6/5(R3).716

Let us set717

Ekin
ε (t) =

∫
R3×R3

|v|2fε(t, x, v) dv dx718

for the particle kinetic energy. Lemma 16 leads to719

(29) ‖ρε‖L5/3(R3) ≤ C(2, 3)‖fε‖2/5L∞(R3×R3)
(
Ekin
ε

)3/5
720
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The Hölder inequality allows us to estimate ‖ρε‖L6/5(R3) ≤ ‖ρε‖
7/12
L1(R3)‖ρε‖

5/12
L5/3(R3). Combining these inequal-721

ities, we arrive at722

(30) ‖σ1,ε ∗ ρε‖L2(R3) ≤ C
(
Ekin
ε

)1/4
,723

for a certain constant C > 0, which does not depend on ε. Therefore, we obtain724

|Sε(t)| ≤ C2‖q‖L1([0,∞))‖Ekin
ε ‖

1/2
L∞([0,t]).725

Secondly, we estimate the term involving Φ0,ε:726

Tε(t) =
∫
Rd×RN

(ρε ∗ σ1,ε)(t, x)Ψ̃ε(t, x, y)σ2(y) dy727

is dominated by728

‖σ1,ε ∗ ρε‖L∞(0,t;L2(R3))‖Ψ̃ε‖L∞(R+;L2(Rd;L2n/(n−2)(Rn)))‖σ2‖L2n/(n+2)(Rn).729

Using (23) and (30), we get730

|Tε(t)| ≤ C ′
(
Ekin
ε (t)

)1/4(Evib
0,ε
)1/2

731

where the constant C ′ > 0 does not depend on ε. It remains to discuss how (H7)–(H8) implies a uniform732
estimate on the initial state. Note that Sε(0) = 0. Hence, by using (H8), we are led to733

Evib
0,ε + 1

2E
kin
ε (0) ≤ Eε(0) + |Tε(0)| ≤ Ē0 + C ′

(
Ekin
ε (0)

)1/4(Evib
0,ε
)1/2

.734

It allows us to infer735

sup
0<ε<1

Ekin
ε (0) = Ēkin

0 <∞, sup
0<ε<1

Evib
0,ε = Ēvib

0 <∞.736

Coming back to the energy conservation, with(H7)–(H8) together with the estimates on Tε and Sε, we737
deduce that738

1
2E

kin
ε (t) ≤ Ē0 + C2‖q‖L1([0,∞))‖Ekin

ε ‖
1/2
L∞([0,t]) + C ′

(
Ekin
ε (t)

)1/4(Ēvib
0,ε
)1/2

,739

holds, which, in turn, establishes the bound740

sup
0<ε<1, t≥0

Ekin
ε (t) = Ēkin <∞.741

Going back to the interpolation inequalities, it follows that ρε is bounded in L∞(0,∞;L1 ∩ L5/3(R3)).742
743

Step 2. Passing to the limit.744
The kinetic equation can be rewritten745

∂tfε + v · ∇xfε −∇x
(
V + Φ0,ε −

1
ε
Lε(fε)

)
· ∇vfε = 0.746

We start by establishing that ∇vfε · ∇xΦ0,ε = ∇v · (fε∇xΦ0,ε) converges to 0 at least in the sense of747
distributions.748

Lemma 19. Let χ ∈ C∞c ([0,∞)× Rd × Rd). Then, we have749

lim
ε→0

∫ ∞
0

∫
Rd×Rd

fε∇xΦ0,εχ(t, x, v) dv dxdt = 0.750

Proof. It is convenient to split751

Φ0,ε(t, x) =
∫
Rn
σ2(y)C3

θε
| · |2

∗ δε ∗ Ψ̃ε(t, x, y) dy

= Φmain
0,ε (t, x) + Φrem

0,ε (t, x)
752
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with753

Φmain
0,ε (t, x) =

∫
Rn
σ2(y)C3

1
| · |2

∗ δε ∗ Ψ̃ε(t, x, y) dy,

Φrem
0,ε (t, x) =

∫
Rn
σ2(y)C3

θε − 1
| · |2

∗ δε ∗ Ψ̃ε(t, x, y) dy,
754

and we remind the reader that Ψ̃ε(t, x, y) is the solution of the free wave equation (ε∂2
tt −∆y)Ψ̃ε = 0 with755

initial data (Ψ0,ε,Ψ1,ε). Accordingly, we are going to study the integral756 ∫ ∞
0

∫
Rd×Rd

fε∇xΦ0,εχ(t, x, v) dv dxdt

=
∫ ∞

0

∫
Rd
Rε(t, x)(∇xΦmain

0,ε +∇xΦrem
0,ε )(t, x) dx dt

757

with

Rε(t, x) =
∫
Rd
fεχ(t, x, v) dv

where χ is a given trial function, supported in {0 ≤ t ≤M, |x| ≤M, |v| ≤M} for some 0 < M <∞.758
We observe that759

∇x
(
C3
θε − 1
| · |2

∗ g
)

=
(∇xθε
| · |2

− 2(θε − 1) ·
| · |4

)
∗ g.760

Thus, by using (28) with d = 3 and p = 2, we are led to761

|∇xΦrem
0,ε (t, x)| ≤ Cε3/4

(∫
Rd

∣∣∣ (δε ∗ ∫
Rn
σ2(y)Ψ̃ε(t, ·, y) dy

)
(x′)

∣∣∣2 dx′
)1/2

.762

However, by (23) we have763 ∥∥∥∥δε ∗ ∫
Rn

Ψ̃εσ2(y) dy
∥∥∥∥
L∞([0,∞);L2(R3))

≤ ‖δε‖L1(R3)‖σ2‖L2n/(n+2)(Rn) sup
t≥0

(∫
Rd
‖Ψ̃ε(t, x, ·)‖2L2n/(n−2)(Rn) dx

)1/2

≤ C‖σ2‖L(n+2)/2n(Rn)
(
Ēvib

0
)1/2

.

764

It implies that ∇xΦrem
0,ε (t, x) converges uniformly on (0,∞) × Rd to 0. Since Rε is clearly bounded in

L1((0,∞)× Rd × Rd), we conclude that∫ ∞
0

∫
Rd
Rε∇xΦrem

0,ε dx dt −−−→
ε→0

0.

We need a more refined estimate to deal with the leading term Φmain
0,ε . We begin with765 ∣∣∣ ∫ ∞

0

∫
Rd
Rε∇xΦmain

0,ε dxdt
∣∣∣

≤

(∫
Rd

(∫ ∞
0
|Rε|p

′
dt
)2/p′

dx
)1/2(∫

Rd

(∫ ∞
0
|∇xΦmain

0,ε |p dt
)2/p

dx
)1/2

.

766

We realize that the components of ∇xΦmain
0,ε are given by the solutions Υj,ε of the wave equation

(ε∂2
t −∆y)Υj,ε = 0

with data

Υj,ε(0, x, y) = ∂xj
C3

| · |2
∗ δε ∗Ψ0,ε(x, y), ∂tΥj,ε(0, x, y) = ∂xj

C3

| · |2
∗ δε ∗Ψ1,ε(x, y),
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and the space variable x ∈ R3 has only the role of a parameter. It satisfies the following Strichartz estimate767

1
ε1/(2p)

(∫ ∞
0

(∫
Rn
|Υε(t, x, y)|q dy

)p/q
dt
)1/p

≤ C
√

E vib
1,ε (x)768

where769

E vib
1,ε (x) = ε

∫
Rn
|∂tΥε(0, x, y)|2 dy +

∫
Rn
|∇yΥε(0, x, y)|2 dy770

(for admissible exponents as detailed above). The Fourier transform of x 7→ ∇x C3
|x|2 is ξ

|ξ| , see [27, Th.
5.9], which implies that the convolution operator g 7→ ∇x C3

|x|2 ∗ g, is an isometry from L2(R3) to (L2(R3))3.
Furthermore, we have ‖δε ∗ g‖L2(R3) ≤ ‖δε‖L1(R3)‖g‖L2(R3) = ‖g‖L2(R3). It follows that

‖∇yΥε(0)‖L2(R3
x×Rny ) ≤ ‖∇yΨ0,ε‖L2(R3

x×Rny ), ‖∂tΥε(0)‖L2(R3
x×Rny ) ≤ ‖Ψ1,ε‖L2(R3

x×Rny ).

Strichartz’ estimate then leads to(∫
Rd

(∫ ∞
0
|∇xΦmain

0,ε |p dt
)2/p

dx
)1/2

≤ Cε1/(2p)
√

E vib
0,ε ≤ Cε1/(2p)

√
Ē vib

0 .

Since fε is bounded in L∞(0,∞;Lp(Rd×Rd)) for all 1 ≤ p ≤ ∞, and χ is bounded and compactly supported
we conclude that ∫ ∞

0

∫
Rd
Rε∇xΦmain

0,ε dxdt −−−→
ε→0

0.

(Note that the same argument can be applied to show that ∇xΦrem
0,ε vanishes faster than what has been771

obtained with the mere energy estimate.)772

Next, we study the non linear acceleration term. Let us set

ρ̃ε(t, x) = δε ∗ δε ∗
∫ t/

√
ε

0
ρε(t− s

√
ε, x) q(s) ds.

It is clear, with Lemma 14, that ρ̃ε inherits from ρε the uniform estimate L∞(0,∞;L1 ∩L5/3(R3)). We also773
denote E(x) = 1

4π
1
|x| , the elementary solution of the operator −∆x in R3. Note that ∇xE(x) = − x

4π|x|3 .774
Bearing in mind Lemma 18, the self–consistent field can be split as follows775

(31) 1
ε
∇xLε(fε)(t, x) =

[
∇x
(C3θε
| · |2

∗ C3θε
| · |2

)
−∇xE

]
∗ ρ̃ε(t, x) +∇xE ∗ ρ̃ε(t, x).776

In the right hand side, the Lr norm of the first term is dominated by ‖ρ̃ε‖L∞([0,∞;L1(R3))
∥∥[...]∥∥

Lr(R3), hence,777

owing to Lemma 18 it tends to 0 as ε→ 0 in L∞(0,∞;Lr(R3)) for any 3/2 < r <∞. Next, Lemma 17 tells778
us that779

∇xE ∗ ρ̃ε is bounded in L∞(0,∞;L15/4(R3)).780

Therefore, adapting the reasoning made in the previous sections, we deduce that we can extract a subse-781
quence, such that, for any trial function χ ∈ Lp′(R3 × R3), 1/p′ + 1/p = 1, 1 < p <∞,782

lim
ε→0

∫
R3×R3

fε(t, x, v)χ(x, v) dv dx =
∫
R3×R3

f(t, x, v)χ(x, v) dv dx783

holds uniformly on [0, T ], for any 0 ≤ T < ∞. Since the uniform estimate on the kinetic energy imply the784
tightness of fε with respect to the velocity variable, we also have785

lim
ε→0

∫
R3
ρε(t, x, v)ζ(x) dx =

∫
R3
ρ(t, x)ζ(x) dx, ρ(t, x) =

∫
R3
f(t, x, v) dv,786

uniformly on [0, T ], for any 0 ≤ T < ∞ and any ζ ∈ Lq(R3), q ≥ 5/2 or ζ ∈ C0(R3). Clearly, for any787
ζ ∈ C∞c (R3), δε ∗ δε ∗ ζ converges to ζ in Lq(R3), 5/2 ≤ q <∞, and in C0(R3). Therefore788 ∫

R3
(δε ∗ δε ∗ ρε)(t, x)ζ(x) dx =

∫
R3
ρε(t, x) (δε ∗ δε ∗ ζ)(x) dx −−−→

ε→0
κ

∫
R3
ρ(t, x) ζ(x) dx789
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uniformly in [0, T ]. Then, we look at the difference790 ∣∣∣∣∫
R3
ρ̃ε(t, x)ζ(x) dx− κ

∫
R3
ρ(t, x)ζ(x) dx

∣∣∣∣
≤
∫ t/

√
ε

0

∣∣∣∣∫
R3

(δε ∗ δε ∗ ρε)(t−
√
εs, x)ζ(x) dx−

∫
R3
ρ(t−

√
εs, x)ζ(x) dx

∣∣∣∣ |q(s)|ds
+
∫ t/

√
ε

0

∣∣∣∣∫
R3
ρ(t−

√
εs, x)ζ(x) dx−

∫
R3
ρ(t, x)ζ(x) dx

∣∣∣∣ |q(s)|ds
+
∫ ∞
t/
√
ε

|q(s)|ds
∣∣∣∣∫

R3
ρ(t, x)ζ(x) dx

∣∣∣∣ .
791

Let us denote by Iε(t), IIε(t) and IIIε(t) the three integrals in the right hand side. By using Lemma 14 and792
the available estimates, we obtain, for any 0 ≤ t ≤ T <∞793

|Iε(t)| ≤ ‖q‖L1([0,∞)) sup
0≤u≤T

∣∣∣∣∫
R3

(
δε ∗ δε ∗ ρε − ρ

)
(u, x)ζ(x) dx

∣∣∣∣ −−−→ε→0
0,794

while a direct application of the Lebesgue theorem shows that, for any 0 < t ≤ T <∞795

lim
ε→0

IIε(t) = 0 = lim
ε→0

IIIε(t).796

Therefore, for any ζ ∈ Lq(R3), 5/2 ≤ q <∞ and any ζ ∈ C0(R3),797

lim
ε→0

∫
R3
ρ̃ε(t, x)ζ(x) dx = κ

∫
R3
ρ(t, x)ζ(x) dx798

holds for a. e. t ∈ (0, T ), with the domination799 ∣∣∣∣∫
R3
ρ̃ε(t, x)ζ(x) dx

∣∣∣∣ ≤ ‖ζ‖Lp′ (R3) sup
ε>0, 0≤t≤T

‖ρε(t, ·)‖Lp(R3),800

for any 1 ≤ p ≤ 5/3.801
In oder to justify that the limit f is a solution of the Vlasov–Poisson equation, the only difficulty relies802

on the treatment of the non linear acceleration term:803

NLε(χ) =
∫ ∞

0

∫
R3×R3

fε∇x
1
ε
Lε(fε) · ∇vχdv dxdt804

where χ is a trial function in χ ∈ C∞c ([0,∞)× Rd × Rd). Bearing in mind (31), it is convenient to rewrite805

NLε(χ) =
∫ ∞

0

∫
R3

(∫
R3
fε∇vχdv

)
· ∇xE ∗ ρ̃ε dx dt+ Rε, lim

ε→0
Rε = 0.806

Lemma 17 implies that ∇xE ∗ ρ̃ε is bounded in L∞(0, T ;L15/4(R3)). For µ > 0, we introduce the cut–off807
function θ̃µ(x) = θ(x/µ). Then we split808

∇xE ∗ ρ̃ε(t, x) =
∫
R3
θ̃µ(x− y) x− y

4π|x− y|3 ρ̃ε(t, y) dy +
∫
R3

(
1− θ̃µ(x− y)

) x− y
4π|x− y|3 ρ̃ε(t, y) dy.809

The first term in the right hand side can be made arbitrarily small in Lp norm, 1 ≤ p ≤ 5/3, uniformly with810
respect to ε, since it can be dominated by811 ∥∥∥∥∥

∫
|x−y|≤2µ

x− y
4π|x− y|3 ρ̃ε(t, y) dy

∥∥∥∥∥
Lp(R3)

≤ ‖ρ̃ε(t, ·)‖Lp(R3)

∫
|x−y|≤2µ

dy
4π|x− y|2 ≤ C µ.812

In the second term, for fixed x ∈ R3 and µ, y 7→
(
1 − θ̃µ(x − y)

)
x−y

4π|x−y|3|1|x−y|≥µ is a continuous function
which vanishes as |y| → ∞, so that, for any t > 0,

lim
ε→0

∫
R3

(
1− θ̃µ(x− y)

) x− y
4π|x− y|3 ρ̃ε(t, y) dy =

∫
R3

(
1− θ̃µ(x− y)

) x− y
4π|x− y|3 ρ(t, y) dy.
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By standard arguments of integration theory (see for instance [22, Th. 7.61]), we deduce that (a suitable813
subsequence of) ∇xE ∗ ρ̃ε converges to ∇xE ∗ρ a. e. and strongly in Lploc((0, T )×R3), for any 1 ≤ p < 15/4.814
On the other hand,

∫
R3 fε∇vχdv is compactly supported and converges to

∫
R3 fε∇vχdv weakly in any815

Lq((0, T ) × R3). (In fact this convergence, as well as ρε → ρ can be shown to hold strongly, by applying816
average lemma techniques, see [14, Th. 5].) We conclude that817

lim
ε→0

NLε(χ) =
∫ ∞

0

∫
R3

(∫
R3
f∇vχdv

)
· ∇xE ∗ ρdxdt.818

It ends the proof of Theorem 11.819
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