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PARTICLES INTERACTING WITH A VIBRATING MEDIUM: EXISTENCE OF
SOLUTIONS AND CONVERGENCE TO THE VLASOV-POISSON SYSTEM*

STEPHAN DE BIEVRE!, THIERRY GOUDON}, AND ARTHUR VAVASSEUR}

Abstract. We are interested in a kinetic equation intended to describe the interaction of particles with their environment.
The environment is modeled by a collection of local vibrational degrees of freedom. We establish the existence of weak solutions
for a wide class of initial data and external forces. We also identify a relevant regime which allows us to derive, quite surprisingly,
the attractive Vlasov—Poisson system from the coupled Vlasov-Wave equations
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1. Introduction. In [8], L. Bruneau and S. De Bi¢vre introduced a mathematical model intended
to describe the interaction of a classical particle with its environment. The environment is modeled by a
vibrating scalar field, and the dynamics is governed by energy exchanges between the particle and the field,
embodied into a Hamiltonian structure. To be more specific on the model in [8], let us denote by ¢(t) € R? the
position occupied by the particle at time ¢. The environment is represented by a field (¢, z,7) € RxR%xR"
U(t,z,y) € R: it can be thought of as an infinite set of n-dimensional membranes, one for each = € R%. The
displacement of the membrane positioned at x € R? is given by y € R + (¢, z,y) € R. The coupling is
realized by means of form factor functions x — o1 (z) and y — o2(y), which are supposed to be non-negative,
infinitely smooth, radially symmetric and compactly supported. Therefore, the dynamic is described by the
following set of differential equations

4(t) = -VV(q(t)) - /Rd o o1(q(t) — 2) o2(y) V2 V(t, 2,y) dydz,

FI(t,w,y) — AyT(t,2,y) = —0oa(y)or(z — q(t)), xR, yeR™

(1)

In (1), ¢ > 0 stands for the wave speed in the transverse direction, while ¢ € R? — V(q) € R is a
time-independent external potential the particle is subjected to. In [8], the well-posedness theory for (1)
is investigated, but the main issue addressed there is the large time behavior of the system. It is shown
that the system exhibits dissipative features: under certain circumstances (roughly speaking, n = 3 and ¢
large enough) and for a large class of finite energy initial conditions the particle energy is evacuated in the
membranes, and the environment acts with a friction force on the particle. Accordingly, the asymptotic
behavior of the particle for large times can be characterized depending on the external force: if V = 0, the
particle stops exponentially fast, when V' is a confining potential with a minimiser ¢y, then the particle stops
at the location ¢g, and for V(¢) = —F - ¢, a limiting velocity Vr can be identified.

Since then, a series of works has been devoted to further investigation of the asymptotic properties of a
family of related models. We refer the reader to [1, 10, 11, 12, 26, 31] for thorough numerical experiments
and analytical studies, that use random walks arguments in particular. The model can be seen as a variation
on the Lorentz gas model where one is interested in the free motion of a single point particle in a system
of obstacles distributed on a certain lattice. We refer the reader to [4, 9, 17, 20, 28] for results and recent
overviews on the Lorentz gas problem. Instead of dealing with periodically or randomly distributed hard
scatterers as in the Lorentz gas model, here the particle interacts with a vibrational environment, that cre-
ate the “soft” potential ®. The asymptotic analysis of the behavior of a particle subjected to an oscillating
potential is a further related problem that is also worth mentioning [16, 23, 25, 29].
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We wish to revisit the model of [8] in the framework of kinetic equations. Instead of considering a single
particle described by its position ¢t — ¢(t), we work with the particle distribution function in phase space
f(t,z,v) >0, with € R?, v € R?, the position and velocity variables respectively. This quantity obeys the
following Vlasov equation

(2) Of +v-Vaof =V (V+®) -V, f=0, t>0, R veR

In (2), V stands for the external potential, while ® is the self-consistent potential describing the interaction
with the environment. It is defined by the convolution formula

(3) O(t,x) = / U(t, z,y)o1(x — 2)o2(y) dy dz, t>0, r€R?
R xR?
where the vibrating field ¥ is driven by the following wave equation

(ORW — 2A V) (t, 2,y) = —02(y) / o1(x — 2)p(t,z)dz, t >0, z € RY y € R,
Rd
(4)
p(t,z) = [ [f(t z,v)dv.
Rd

The system is completed by initial data

(5) f0,z,v) = fo(z,v), U (0,z,y) = Yo(z,y), ¥ (0,z,y) = VUq(x,y).

A possible interpretation of the kinetic equation (2) consists in considering the model (1) for a set of N > 1
particles. The definition of the self-consistent potential has to be adapted since all the particles interact
with the environment, namely we have, for j € {1,..., N}

G0 =~V - [ et -2) o) V420 dy

N
at%\p(twrvy) - C2Ay\IJ(t,,’L‘7y) = _02(3/) Zoll(aj - Qk(t))'
k=1

Note that such a many-particle system is not considered in [8]. It is very likely that its asymptotic be-
havior is much more complicated than with a single particle because, even if the particles do not interact
directly, they do so indirectly via their interaction with the membranes. If we now adopt the mean—field
rescaling in which & — %CI), then (2) can be obtained as the limit as N goes to co for the empirical measure
In(tzv) = % Eszl d(z = qr(t),v = x(t)) of the N—particle system, assuming the convergence of the
initial state fn(0,z,v) — fo(x,v) in some suitable sense. Such a statement can be rephrased in terms of
the convergence of the joint distribution of the N—particle system. This issue will be discussed elsewhere
[32] and we refer the reader to the lecture notes [19] and to [21] for further information on the mean—field
regimes in statistical physics.

In this paper we wish to analyse several aspects of the Vlasov-Wave system (2)—(5). We warn the reader
that, despite the similarities in terminology, the model considered here is very different, both mathematically
and physically, from the one dealt with in [6], which is a simplified version of the Vlasov—-Maxwell system.
It is indeed crucial to understand that the wave equation in this paper is set with variables transverse to the
physical space: the waves do not propagate at all in the space where the particles move. This leads to very
different physical effects; we refer to [8] and references therein for more details on this matter. We add that
this paper is less ambitious than [8], since we do not discuss here the large time behavior of the solutions, only
their global existence. As mentioned above, since we are dealing with many particles, it is very likely that the
question cannot be handled in the same terms as in [8], and that the kinetic model inherits the same technical
and conceptual difficulties already mentioned for N > 1 particles. We only mention that a particular station-
ary solution (with f integrable) has been exhibited in [2], and that this solution is shown to be linearly stable.
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The paper is organized as follows. Section 2 contains a preliminary and largely informal discussion to
set up notation and to establish some estimates on the interaction potential needed in the bulk of the paper.
Section 3 establishes the well-posedness of the problem (2)—(5) (Theorem 4). We consider a large class of
initial data and external potentials with functional arguments which are reminiscient of Dobrushin’s analysis
of the Vlasov equation [15]. Section 4 is devoted to asymptotic issues which allow us to connect (2)—(5) to
Vlasov equations with an attractive self—consistent potential. In particular, up to a suitable rescaling of the
form function oq, we can derive this way the attractive Vlasov—Poisson system. This is quite surprising and
unexpected in view of the very different physical motivation of the models.

2. Preliminary discussion. Throughout the paper, we make the following assumptions on the model
parameters and on the initial conditions. First, on the coupling functions o1, 02, we impose:

o1 € C¥(R%R), oy € CF(R™,R),
(H1) o1(x) >0, oa(y) >0 for any = € R%, y € R",
01,09 are radially symmetric.

We require that the external potential fulfills

(H2) { Ve W (RY,

and there exists C' > 0 such that V(z) > —C(1 + |z|?) for any = € R?.

This is a rather standard and natural assumption. Note that it ensures global existence when g1 = 0 = o3:
it then implies that the external potential cannot drive the particle to infinity in finite time. For the initial
condition of the vibrating environment, we shall assume

(H3) Uy, U, € L2(RY x R™).

For the initial particle distribution function, we naturally assume

(H4) fo>0, fo € LY(R? x RY).

For energy considerations, it is also relevant to suppose

(H5) V, ¥ € L2(R? x R")  and ((m,v) — (V(2) + |v\2)f0(x,v)) e LY(R? x RY).

This means that the initial state has finite mass, potential and kinetic energy.

Our goal in this section is to rewrite the equations of the coupled system (2)-(5) in an equivalent manner,
more suitable for our subsequent analysis. The discussion will be informal, with all computations done for
sufficiently smooth solutions. The proper functional framework will be provided in the next section. First,
we note that it is clear that (2) preserves the total mass of the particles

d

— t dvdz = 0.
de Rdedf(’x7U) var

In fact, since the field (v, V.,V + V,®) is divergence—free (with respect to the phase variables (z,v)), any
L? norm of the density f is conserved, 1 < p < co. Furthermore, the PDEs system (2)—(4) inherits from the
Hamiltonian nature of the original equations of motion (1) the following easily checked energy conservation

property:
d (1 2
St [ iavtanP ey G [ 9wy dedy
dt 2 R4 xR™ 2 Rd xR™
2
+/ ft,z,v) (|U| +V(z)+ @(t,x)) dvdx} = 0.
R4 xR 2

As a matter of fact the energy remains finite when the full set of assumptions (H1)-(HS5) holds.
3
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For the Vlasov—Poisson equation it is well known that the potential can be expressed by means of a
convolution formula. Similarly here, the self-consistent potential ® can be computed explicitly as the image
of a certain linear operator acting on the macroscopic density p(t, ) fRd f(t,x,v) dv; this follows from the
fact that the linear wave equation (4) can be solved explicitly as the sum of the solution of the homogeneous
wave equation with the correct initial conditions plus the retarded solution of the inhomogeneous wave
equation. To see how this works, we introduce

0o plt) = s [ G ag

and

(6) Po(t,z) = ﬁ /n /Rd o1(z — 2) (\I/’B(z,ﬁ)cos(cﬂt) + \i\l(z’g)w

cl¢]
where the symbol ~ stands for the Fourier transform with respect to the variable y € R™. Note that @ is

the solution of the homogeneous wave equation with the given initial conditions for ¥. Finally, we define
the operator £ which associates to a distribution function f : (0,00) x R? x R? — R the quantity

) F3(€) dz d

(7) s = [ - s) ( | =a@=20(s.2) dz) s,

where

p(t,z) = ft,z,v)dv, Y =01 *0;.
Rd z

We can then check that the pair (f, ¥) is a solution of (2)—(4) iff f satisfies

(8) {atf+v'vzfvvf'vm(v+q)0£(f))
f(O,IE,’U):fO(LL',U)

and ¥ is the unique solution of (4).
We sketch the computation, which is instructive. Let (f, ¥) be a solution of (2)—(4). Applying the
Fourier transform with respect to the variable y we find

(07 + e Ut 2,€) = —(p(t, ) x 01)() T3(),

x

U(0,2,6) = Uo(z,6)  9U(0,,€) = Uy (x, ).
The solution reads

sin(cs|€])
cl¢]

_|_\i/\o(x, &) cos(c|€|t) + ‘i’:(x, 3|

V(a6 = - / (Pt — 5,) * 01)(x) 73(6) ds

9
) sinclélt)

cl¢]
To compute ® in (3), we use Plancherel’s equality:
Bt) = [ Wltnporls - Hoal)dyds
R4 xR™

::@iywédRn@@g@@aﬂx—zﬁgﬁﬁﬁdz

=— ((01 * 01) % /Ot (p(t —5,) /n sin((:|c;|§|) |6(g§f))n|2 df) ds) ()

e (10 [ (ot 9ol + 12,0 61 ae) o

= 7‘C(f)(tv x) + @O(ta ZL’)
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Inserting this relation into (2), we arrive at (8). Conversely, let f be a solution of (8) and let ¥ be the unique
solution of (4). The same computation then shows that ® in (3) is given by ® = ®, — L(f). Therefore f
satisfies (2).

The operator £ in (7) plays a crucial role in our further analysis. Its precise definition on an appropriate
functional space and its basic continuity properties are given in the following Lemma.

LEMMA 1 (Estimates on the interaction potential). For any 0 < T < oo, the following properties hold:
i) L belongs to the space Ar of continuous operators on C([O,T]; (Wl’o"(]Rd X ]Rd))/) with values in
C ([0, T); W2=(R%)). Its norm is evaluated as follows:

T2
10y < HUlH%/V&?(]Rd)HUQH%%R") 7§

ii) L belongs to the space Br of continuous operators on C([0,T]; (W (R x Rd))/) with values in
C([0,T); L>=(R?)). Its norm is evaluated as follows:

T2
1Ellsr < o1z o2 F2eny (T+ )5

iti) ®¢ satisfies
[P0 (t, Mwzee ey < lorlwazrallozllz@ny (1Poll2@ny + %1l L2 @),
for any 0 <t < T, and, moreover
[Dollcr (0,100 rey) < llonllzz@eylo2llwrz@ny (201ollL2@ny + (1 + 1)1l L2 @) -

Proof. The last statement is a direct consequence of Héldgr and Young inequalities; let us detail th(?
proof of items i) and ii). We associate to f € (W*°(R% x R?))", the macroscopic density p € (W' (R%))
by the formula:

(P20 (W rWeo(Rd) T (fix® 1v>(W1’°°)’,W1’°°(Rd><Rd) ’ Vx € Wl’oo(Rd)-
( ) (R)

Clearly, we have HPfH(W1 () S ||f||(W1 o (Rt xcR))

For any x € C°(R%), and i € {0,1,2} , we can check the following estimates

(=290 = [0 (7)) < 10l gy | (7E) *Xlwrome

||f||(W1,m(RdXRd))’ IV Bl Lo (Ray + IV E| Lo rey) 11X 21 ).

IN

Since the dual space of L' is L>, for i = 0, we deduce that

IA

llp* E”LOO(]Rd) ||f|\(W1,oo(Rded)>' (||EHL<>C(]Rd) + HVEHLoo)

N

2
> ||Ul||W1,2(Rd) ||f|| (lem(Rded))/.
Reasoning similarly for ¢ = 1 and i = 2, we obtain

||P * 2:||W2’°°(IR‘1) < HalH%/V&?(]Rd)"f”(WLOO(]RdXRd))I'

We now estimate p. Plancherel’s inequality yields

1
(2m)"

0 = | [ costelel0FEE? de] < ool

5
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167 Since p(0) = 0, it follows that |p(t)| < HJQH%Q(R")t. Hence, for all 0 <t < T < oo, we have

t
108 I e oy < I8 = pllomawaeiaany [ Iple = )] ds
’ 2 2 T2
< Hf”c‘([O,T];(Wl’w(Rded))/) ||O—1||W3,2(]Rd)||0—2||L2(Rn) 7

169 This proves the estimate in i). That £(f)(¢) is continuous as a function of ¢ follows easily from the previous
170 argument. As a further by-product note that

171 LA L= < ||f||c([o,T];(Wlm(RdXRd))’) 7111312 ray 121 72 ey T?Z

172 holds. Since p(0) = 0, we have

173 QRL(f)() = /Ot Pt —s)T*p(s)ds

174 which gives:

- LD~ o8 = 161 g 1 (1m o)) 71 el ey T

176 This ends the proof of ii). |

177 3. Existence of solutions. The proof of existence of solutions to (8) relies on estimates satisfied by
178 the characteristics curves defined by the following ODE system:

) X(t) = (1),
179 (10) { E(t) = —VV(X(t) — VO(t, X (t)).

180 From now on, we adopt the following notation. The potential ® being given, we denote by p2-t(zg,vq) €
181 R%xR? the solution of (10) which starts from (g, vo) at time ¢ = a: the initial data is 92 (xq,v0) = (20, vo).
182 We use the shorthand notation t — (X(t),£(t)) for t — gz)g)’t(wo,vo), the solution of (10) with X (0) = xg
183 and V(0) = vg. Owing to the regularity of V, £ and @y, see Lemma 1, the solution of the differential system
184 (10) is indeed well defined for prescribed initial data; this also allows us to establish the following estimates,
185 where characteristics are evaluated both forward and backward.

186 LEMMA 2 (Estimates on the characteristic curves). Let V satisfy (H2) and let ® € C°([0, 00); W (R%))N]
187 CL([0,00); L (RY)).
188 a) There exists a function (N ,t,z,v) € [0,00) x [0,00) x R? x R? s R(AN,t,x,v) € [ ,00), non
189 decreasing with respect to the first two variables, such that the solution t — (X( ),&(t)) of (10) with
190 initial data X (0) = xo, £(0) = vg satisfies the following estimate, for any t € R,
191 (X(t) 5( )) €B (O R (”(I)HCI([O t];L°° (R%)) |t‘ .’1?0,’1)0)) C R? x RY.
192 b) Taking two different potentials ®1 and Do, the following two estimates hold for any t > 0:
(95" = ¢0™") (z0, v0)|

193
/ H Dy — (I)Q )HW1 oo (R4) €XP (/ ||V2 + V)||L°° (z0,v0)) dT) ds,
194 ® ®

(07 = 0720 (@, v))|
195

t s
< / (@1 — ©2)(5) 1. ety exp ( / v2<<1>1<7>+v>||Lw(Bt,<m,v»dr) ds,

6
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where we set
Br(z,v) = B (O»R (ggzg ||<1>i||c1<[o,r};L°°<Rd>>»T»%v))

and

Bt,r =B <O,R <g£1i,)§ ||¢)Z‘||Cl([7-)t];Loo(Rd)),t - 7',.73,11)) .

The proof of the lemma is postponed the end of this section. Given 0 < Ry < oo, and Wy, ¥; satisfying
(H3) (they enter into the definition of ®¢ in (6)), we set

(11) 7t x,0) = R([[Pollcr (0,52 rey) + I£ll5, Ros £, 2, ).

Proving uniqueness statements for the wide class of external potentials considered in(H2) requires to
strengthen the hypothesis on the initial data.

DEFINITION 3. Let 0 < T, Ry < oco. We say that an integrable function fy belongs to the set Er, r if
Jo = 0 satisfies || fol o1 (raxrey < Ro and, furthermore,

Hro,r(fo) = /

T
fo(z,v) exp (/ HV2V||L00(B(O,T(LWJ))) dt) dvdx < oo.
RY X RY 0
THEOREM 4. Assume (H1)-(H3). Let 0 < Ry, T < oco. Let fy € Egr,r. Then, there exists a unique
f € C([0,T); LY (RY x R)) weak solution of (8). The solution is continuous with respect to the parameters
L, ®y and fo, respectively in Ar 0 Br, C([0,00); W3>®(RY)) and Er, 7. If fo € L*(R? x R?) only, see
(H4), then there exists f € C([0,00); L'(R? x R%)), weak solution of (8).

The statement can be rephrased for the original problem (2)—(5). We also establish the conservation of

energy.

COROLLARY 5. Assume (H1)-(H3). Let 0 < Ry, T < oco. Let fo € Er, . Then, there exists a unique
weak solution (f, W) to the system (2)—(5) with f € C([0,T); L*(R? x R%)) and ¥ € C([0,T]; L*(R% x R™)).
The solution is continuous with respect to the parameters o1, o2, Vo, ¥y and fy in the sets W3’2(Rd),
L*R"), L2*(RY x R"), L*(R? x R") and Er, r, respectively. If fo satisfies (H4) only, then there exists a
weak solution with f € C(]0,00); L*(RY x R?)) and ¥ € C([0,T]); L*(R? x R™)). Furthermore, when the
initial data satisfies (H5) the total energy

1 2
f/ 0.0 (¢, 2, y)* dody + — IV, O (t,z,y)[* dedy
2 Rd xR 2 Rd xR"

|v]?
+/Rd><]Rd ft,x,v) (2 +Vi(x)+ @(t,x)> dvdz

is conserved.

Remark 6. Definition 3 restricts the set of initial data depending on the growth of the Hessian of the
external potential. Of course, any integrable data fy with compact support fulfils the criterion in Definition
3, and when the potential has at most quadratic growth, any data satisfying (H4) is admissible. As will be
clear in the proof, the continuity with respect to the initial data does not involve the L' norm only, but the
more intricate quantity g, r also arises in the analysis.

Remark 7. The present approach does not need a restriction on the transverse dimension (n > 3 in [8]).
The proof can be slightly modified to treat the case of measure-valued initial data fjy, thus including the
results in [8] for a single particle (fo(7,v) = d(z=z¢,u=vy)), and We can consider a set of N > 1 particles as well.
The measure-valued solution is then continuous with respect to the initial data in C([0, T]; (W1 (R?xR%))).
This viewpoint will be further detailed with the discussion of mean—field asymptotics [32].

The proof of Theorem 4 relies on a fixed point strategy, the difficulty being to set up the appropriate
functional framework. It turns out that it will be convenient to work with the C([0,T]; (W' (R? x R%))’)

7
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norm. We remind the reader that the dual norm on (W1>°(R% x R?%))’ is equivalent to the Kantorowich—
Rubinstein distance

Wit =sw{ [ 1¢-¢lantc.¢)}

where the supremum is taken over measures 7 having f and g as marginals, see e. g. [33, Remark 6.5]. This
distance appears naturally in the analysis of Vlasov-like systems, as pointed out in [15]. In order to define
the fixed point procedure, we introduce the following mapping. For a non negative integrable function fy,
we denote by Ay, the application which associates to ® in C([0, 00); W2>(R%)) N C([0, 00); L°°(R?)) the
unique solution f of the Liouville equation

atf+v'va:f_vvf'vx(v+q))zoa

with initial data fy. We shall make use of the following statement, which provides useful estimates.

LEMMA 8. For any fo € LY (RYxRY), the application Ay, is continuous on the set C([0, 00); W2°°(R%))N
C1([0, 00); L*°(RY)) with values in C([0,00); L*(R? x R?)). Purthermore, we have

1A £ (®) = Ago (D)l ¢ 0,00311 R xRe)) = [l fo — Goll L1 (raxra),

for any ® € C(]0, 00); W2>=(R%)) N C1([0, 00); L= (R?)).

Proof. Let 0 < T < oo be fixed once for all. We begin by assuming that f; is C' and compactly
supported. For any 0 <t < T, we have

Ap(@)(t) = foowr

where we remind the reader that o °(z,v) stands for the evaluation at time 0 of the solution of (10)
which starts at time ¢ from the state (x,v). Accordingly any LP norm is preserved: |[A g, (®)(t)|1r(rdxra) =
| foll L» (re xRy holds for any ¢ > 0 and any 1 < p < co. By linearity, this immediately proves the continuity
estimate with respect to the initial data.

To establish the continuity properties with respect to ®, we first observe, denoting Ay (®) = f, that
(z,v) € supp(f(t,-)) iff o°(z,v) € supp(fo), that is (z,v) € 5 (supp(fo)). Therefore, by Lemma 2, we
can find a compact set K7 C R? x R? such that supp(f(t,-)) C Kr for any 0 <t < T. We are dealing with
potentials ®; and ®, in C([0, 00); W2°(R4)) N C1([0,00); L= (R?)). We can again find a compact set, still
denoted by K7 C R? x R?, such that the support of the associated solutions Ay, (®;) and Ay, (®2) for any
0 <t < T is contained in K. We infer that

1A o (@1) () = Ago (P2)(D)l| L1 (et ) =/ [foowr™® = foopr*"|dvda

Kr

< || follwr.e (maxray meas(K7)  sup  |op (2, v) — 0> (z,v)]
(z,v)EKT

holds. As 7 ranges over [0,¢] C [0,7] and (z,v) lies in K7, the backward characteristics " (,v) still
belong to a compact set. We introduce the following quantities

R= sup R(,_aX ”(I)iHCl([O,T];LOO(Rd))aTvxv'l))
(z,U)EKT 1—1,2

T
mr = exp </ V2@ 1 (w)]| o (ra) du) .
0

For 0 <t < T and any (z,v) € K7, Lemma 2-b) yields:

and

1,0 ®5,0
lor o (z,0) — @ 2 (2, 0))]

t s
< mT/ ||(CI)1 — q)Q)(S)”WI,oc(]Rd) exp (/ ||V2V||Loo(3(0’72)) dT) ds.
0 0
8
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We conclude with

@, @,
sup |30t10($,”)*90t20(377v)| 0.
(z,v)EKT [®1=®2l L oo (0, 7200 (mdy) 0

[|[ @1 |Po <M

o1 (0, 71; 200 may) N ®2ll 01 0, 71 Low (Rd)) <

(It is important to keep both the C([0,T]; L>°(R%)) and L*°(0,T; W2%>(R%)) norms of the potentials
bounded since these quantities appear in the definition of R and my.) This proves the asserted conti-
nuity of the solution with respect to the potential. By uniform continuity of the flow on the compact set
[0,T] x K7, we obtain the time continuity. Hence the result is proved when the initial data fy lies in CL.
We finally extend the result for initial data fo in L. Those can be approximated by a sequence (f§)

of functions in C!(R? x R?). We have

Ao (@) (2) = Api (R) ()] 1 (maxray = [[A¢go— g2y (R)(E)|| L1 (RaxRE) = [|.fo — Tl maxray-

Therefore, Ay, is the uniform limit of maps which are continuous with respect to ® and the time variable.
This remark ends the proof. 0

Proof of Theorem 4.
Ezistence—uniqueness for initial data in Er, 1.
We turn to the fixed point reasoning. For f given in C'([0,T]; (W>°(R? x R%))’), we set

7}o(f) = Afo((I’O - L(f))

It is clear that a fixed point of Ty, is a solution to (8). Note also that, as a consequence of Lemma 1 and
Lemma 8, Ty, (f)(t) € L'(R? x R?). More precisely, we know that f — 7(f) is continuous with values in
the space C([0,T]; L'(R? x RY)) c C([0,T]; (W (R? x R%))"). We shall prove that 7 admits an iteration
which is a contraction on the ball with centre 0 and radius Ry.

Let f; and fy be two elements of this ball. We denote @2t the flow of (10) with &, = ®¢ — L(f):
©®it(z9,v9) satisfies (10) with (zg,vp) as data at time ¢ = . Let x be a trial function in W1 (R? x R?).
We have

keN

L T ) = T() ko) (o, v) doda
= / (foogpfl’o —foogof’z’o) (z,v)x(z,v) dvdz
Rd x R4

= /]Rd e fo(z,v) (Xogog)l’t *XOQOE{;M) (2, 0) dv dar
X

< [ o o)Vl [ = 98] (2.0) dvd
Re x R4
It follows that
12 TR0 - TNy < [ foloo) o = o8| (2,0) dvd.
X
By using Lemma 2-b), we obtain
|08t = ¢8| (@,0)

t
<mr [ 1L(f1 = f2)llLoe (0,5;w2 0 (1))
0

t
2
X exp </ Hv V||L°OB(07R(H¢‘O+L(fi)”cl([oyu];Loo(]Rd))vuvIOvUO)) du) dS,
s

where we have used

T
exp ( / IV2(®o () — L) ()] = xet du>

T
< exp </ (IV2@o(w)| Lo ety + L0, 1 oll L1 (e xRy du) =mr.
0

9

This manuscript is for review purposes only.



291

292
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Plugging this estimate into (12) yields
T (f)() = T(fz)(t)||<w1,oc(u§ded>y

< ir / fola,v) / 10 S |
R4 xR 0

t
X exp (/ ‘|V2V||Loo(3(0,r(u)a:7v))) du> dsdvdz.

It recasts as

t
TGO =T roey < e Hrgr | 1= ollm o sy 35

with

By induction, we deduce that

_ 4
tm/Tji/Ro ,T) ‘

(
ITA (@) = T ) Ol wi s axpayy <
holds for any £ € N and 0 < ¢t < T'. Finally, we are led to

_ ¢

¢ ¢ (Tmip Hry,1)
|T°(f1) =T (f2)||L°°(07T;(W1v°°(le><Rd))’) < Tg! :
This shows that an iteration of 7 is a contraction. Therefore, there exists a unique fixed point f in
C ([0, T]; (Whee(R% xR?))’). Furthermore, f = 7(f) € C([0,T]; L* (R? xR%)), and the solution is continuous
with respect to the parameters of the system. Note that the continuity estimate involves the quantity in
Definition 3 which restricts the growth assumption of the initial data.

|f1 — f2||L°°(0,T;(W1»°°(]Rd XR))")

1f1 = f2||L°°(O,T;(W1>°°(Rd xR4))')

Step 2: Existence for an integrable data
We proceed by approximation. Let fo be in L*(R? x R?), with || fo|z: < Ro. Then,

(:E,U) = f(])c(xav) = fO(T/av)l\/mgk

lies in Eg, r (with a constant #g, r which can blow up as k — oc0). The previous step defines f*, solution
of (8) with this initial data. Of course we wish to conclude by passing to the limit & — oo. However, the
necessary compactness arguments are not direct and the proof splits into several steps.

We start by showing that the sequence (fk)keN is compact in C([0, T]; M (R? x R?) — weak — ). Pick
x € C°(R? x RY). For any 0 <t < T, we have, on the one hand,

[ e one) dods
R4 xRd

£ ()l 2 (rexrey XN Loe (R xRA)

13
(13 178 2 ety I
||f0HL1(Rd><Rd) ||X||L°°(]Rd XR4)s

INIA A

and, on the other hand,

i/ fk(tafﬂ)))((mﬂ)) dvdx
de R4 xRd

=1 it zv) (v Vax — VoV + @ — L(F)()) - Vox) (z,v) dvda

<l follx (||'U VX = VV - Vx| oo (i xraY)
o+ (BElaz I follzs + 190l o o . ey ) IVl o< ) -
Lemma 1 then ensures that the set
{t — /Rded it z,v)x(z,v) dvde, k€ N}

10
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316
317

318

336
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is equibounded and equicontinuous; hence, by virtue of Arzela—Ascoli’s theorem it is relatively compact in
C([0,T]). Going back to (13), a simple approximation argument allows us to extend the conclusion to any
trial function x in Co(R? x R%), the space of continuous functions that vanish at infinity.

This space is separable; consequently, by a diagonal argument, we can extract a subsequence and find a
measure valued function ¢ — df(t) € M!(R? x R?) such that

lim fEt, z,0)x(z,v) dvde = / x(x,v)df(t)

k—oo Jrd«Rd R4 x R4

holds uniformly on [0, 7], for any x € Co(R? x R?). As a matter of fact, we note that df is non negative
and for any 0 <t < T it satisfies

/ A7(t) < | follL: gers).
R4 xRd

Next, we establish the tightness of the sequence of approximate solutions. Let € > 0 be fixed once for

all. We can find M, > 0 such that
/ folz,v)dvde <e.
x2+v2>M2

Let us set
A, = sup{r(T, z,v), (x,v) € B(0, M)}

where we remind the reader that (7T, z,v) has been defined in (11): 0 < A, < oo is well defined by Lemma
1. Let ¢kt stand for the flow associated to the characteristics of the equation satisfied by f¥. For any

0 <t < T, we have ¢l (B(0,M.)) C B(0, A.) so that E(@f’O(B(O,AE))) = oF(CB(0, A.)) € CB(0, M,).

It follows that
/ it z,v) dvde
CB(0,A,)

/ FE(@E @, v)) doda
CB(0,A,)

= ¥, v) dvda
Cop°(B(0,A))

< folz,v)dvdz <.
CB(0,M.)

By a standard approximation, we check that the same estimate is satisfied by the limit f:

/ df(t) <e.
CB(0,A.)

Finally, we justify that f* converges to f in C([0,T]; (Wh>(R¢ x R%))). Pick x in WH>(R4 x R?),
with [[x||w1.0 (raxrey < 1. We introduce a cut-off function 0 as follows:

Or(z,v) =0(x/R,v/R), 6 € C(R? x RY),
(14) O(x,v) =1 for Va2 +0v2 <1, 6O(z) =0 for 2% +v? > 4,

0<0(z) <1 for any z € R,

Then, we split

/ fk(t,x,v)x(x,v) dvdz —/ x(x,v)df(t)
R4 xR4

Rd x R4
= fk(t7x7v)X9R($av) dvdz — XQR(J;7U) df(t)
Rd xRd R4 xRd
+ F*(t, 2, 0)x(1 = 0p) (z,v) dvdz — X(1 = 0r)(z,v)df(t).
R4 xRd R4 xR4

Choosing R > A, yields

/Rded FR(t, 2, 0)x(1 = 0g)(z,v) dvda — /

R4 x R4

(15) 21— ) () df(t)‘

< 2¢|[ x| oo (R xR -
11
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By virtue of the Arzela-Ascoli theorem, W1°°(B(0,2R)) embeds compactly in C(B(0,2R)). Thus, we
can find a family {x1,..., Xm,} of functions in WH°(R? x R9) such that, for any x € WH°(R? x R%),
[IX|lw1.oe (e xrey < 1, there exists an index i € {1,...,m.} with [[0rXx — XillL=(B(0,2r)) < € (since xOr lies in
a bounded ball of W12 (B(0,2R))). Therefore, let us write

/ fk(t,m,v))(HR(mm) dvdx —/ XOr(z,v)df(t)
R2 x R4

Rd xRd
= fk(t7x,v)xi(x7v) dvdz — Xi(z,v)df(t)x
Rded Rded
w [ Paeonor - @ dds- [ (0 ) df),
R4 xRd R4 x R4

where the last two terms can both be dominated by || fo|| 11 (r¢xraye. We thus arrive at

[ ey | x(m,v)df(ﬂ‘
R4 xRd R4 xRd
< 2¢(]|X Nl oo (R xRy + | foll L1 (R xRAY)
; Filt) xitew) dode = [ i) df<t>]

R xR Rd x R4
< 2e(lIxIl oo (re xray + [ foll 1 (rexre))
fk(t,:v,v) Xi(z,v) dvdx—/ xi(z,v) df(t)

R4 x R4

+ sup
je{lv-“vme}

)

Ra x R4

for any x € WH>(R4 x RY), with IxIlw1.0o(maxray < 1. The last term can be made smaller than e by
choosing k > N, large enough. In other words, we can find N, € N such that
sup

[ oo [y df(t)‘
Ixllyp1,00 <1 [JRE xR Ra xR
< 2e(2+ |l follor (re xre))

holds for any 0 < t < T, and k > N.: f* converges to f in C’([O,T]; (Whoo (R4 x Rd))'). According to
Lemma 8, together with Lemma 1, it implies that T, (f*) converges to Ty, (f) in C([0,T]; L'(R? x R%)).
By definition 7y (f*) = f* so that

1% = Tro (Do, (e xRY)
<N Tp (F5) = Tro (F) e oyt maxrayyy + 1 T50 (F5) = T (F)lle o7 L1 (i xcray))

< |1f§ = follr @axmay + 1T (fF) = Tt (H)llco.17:01 (R xRAY))
holds, where we have used Lemma 8 again. Letting k go to oo, we realize that f* also converges to Ty, (f)
in C([0,T]; L' (RY x RY)). It implies both f = T7,(f) and f € C([0,T]; L}(R¢ x RY)). By definition of Ty,, f
satisfies (8), and it also justifies that f is absolutely continuous with respect to the Lebesgue measure, which
ends the proof. [ |

Proof of Lemma 2. Let (X, &) be the solution of (10) with (X (0),£(0)) = (x0,v0). We have
d £
— = (0P)(t, X()).
< OB} = @) x )
The right hand side is dominated by [|0;®||¢((0,; ¢ (ray)- With ¢ > 0, integrating this relation yields
£
2
Owing to (H2) we deduce that

[V(X(t)) +O(t, X(t)) +

|U0|2

< (Vi(@o) + @(0,m0) + 15 ) = (V(X (1)) + ©(t, X (1)) + 0:®ll o, g0z

€)1 < a(t) +2C1X (1)
12
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381

382

383

384
385

386
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holds with

Jvo|?

a(t) = 2|V (zo) + ®(0,70) + + 2t)|0: @ || ¢ ([0,4; Loe (rty) + 2/ (L, *) || Loo () + 2C.

Next, we simply write ,
PO 1) < ax)- ) < x (07 + €0)°

so that the estimate just obtained on & yields

IX(1)* < |z0\+(1+20)/0 |X(s)|2ds+/0 a(s)ds.

By using the Gronwall lemma we conclude that

t
X < fao?e429 4 [ e1420a(s) ds
0

holds. Going back to the velocity, we obtain
t
l€()]? < 2C (|x0|e<1+20>t + / e H200(E=9) 4 (s) ds) +a(t).
0
It concludes the proof of Lemma 2-a).

Next, let (X7,£&1) and (X3, &2) be two solutions of (10) with the same initial data (xg,vo), but different
potentials @1, ;. We already know that the two characteristic curves (X;(s),&;(s)), for ¢ € {1,2}, belong
to Bs(z,v). We have

L1X1(5) — Xals)] < fa(s) ~ E2(5)]

d
35 161(8) = &2(s)[ < [V (21(s, ) = @2(5,)) [l pow )
+HX1(s) = Xa()IVHV + i(s, ) Lo (Baw,0))
The Gronwall lemma yields the estimate

(X1 (8),0(0)) — (Xa0), £2(0) t
/ 101 = @) by ex0 [ (1920 + @10 1) ) .

Finally, we wish to evaluate the backward characteristics, looking at the state at time 0, given the posi-
tion/velocity pair at time ¢. Namely we consider ¢ *(z,v) for s < t, bearing in mind ¢} (z,v) = (z,v).

We set
(D=0 L) wo.
d

SV (s) = (), () = ~VV(Y(s) ~ V(i .Y (5)),

Y (0) =z, ¢(0) = w.

We check that (Y, () satisfies

Changing ® for ®(t — -), this allows us to obtain the same estimates on (Y, () for all s > 0. We conclude by
taking s = t. [ |

Proof of Corollary 5. Theorem 4 constructs solutions to (8) in C°([0, 00); L*(R¢ x R?)). We have now
the functional framework necessary to justify the manipulations made in Section 2. For Wy, Uy verifying
(H3), formula (9) defines a solution ¥ € C([0,00); L?(R™ x R%)) of the wave equation, and finally (f, V)
satisfies (2)-(5). Conversely, if f € C°([0,00); L} (R? x RY)) and ¥ € C([0, 00); L?(R™ x R%)) is a solution of
the system (2)—(5), then we can rewrite & = ®, — L(f) and f verifies (8). This equivalence justifies the first
part of the statement in Corollary 5

13
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It only remains to justify the energy conservation. We consider an initial data with finite energy:

1
=5 [ Wy dydet g [ ) dyds
Rd xR™ Rd xR™

vib
E(J

+/Rdx]Rd fo(z,v) <|U2|2 +V(z)+ ¢(0,$)> dvdz € (—o0, +00).

part
50

For the solutions constructed in Theorem 4, we have seen that the self-consistent potential remains smooth
enough so that the characteristic curves ¢ — (X (¢),£(¢)) are well-defined. Therefore, we can write

/Rded [t z,v) <|v2|2 +V(z)+ ‘I)(Lx)) dvdz

= / fo(z,v) (|6(2)|2 +V(X(t) + @(t,X(t))) dvdzx.
R4 xR

For any (t,z,v) we have the following equality

4
dt

2
Vo) + otx) + S0 - @ xo)

Therefore, we get

/Rded f(t,z,v) <|1}2|2 +V(z) + (I)(t,x)) dv da

= 5(Ij)art + AdXRd fo(l?,l))/ (at(I))(S,X(S)) dsdvdx

0

t
=&+ / / F(s,2,0)(0:®) (s, 2) dvdz ds
0 R4 xRd

t
_ gart_,_/ / p(s’x)(atCI))(s’(E)dedS
0 JR4

Next, let ¥ be the unique solution of (4) associated to f. We first assume that the initial data ¥y
et ¥ are smooth, say in L?(R? H?(R")). Therefore, going back to (9), we can check that ¥ lies in
C(]0,00); L2(R4, H?(R™))). Integrations by parts lead to

d [1 2
— */ 0.0 (1, 2,y)* dydz + = IV, U (t, z,y)[* dedy
dt |2 Rd xR™ 2 R4 xR™

= / OV (OF¥ — AV t,x,y) dy da
Rde’!L
= 7/ WY (t, z,y) p(t,-) x o1(x) o2(y) dy dz
R xR™ z

:—/ pO®(t, x) de.
Rd

Hence, we obtain

1 2
5[ atay) deay+ S [ 9w dedy
2 RdXRn 2 RdXRn

_ gib_/ot /]R o, 2)(0,0)(s, ) dz s,

It proves the energy conservation for such smooth data.
We go back to general data with finite energy: Uy € L?(RY HY(R")) and ¥; € L2(R? x R"). We
approximate the data by U% and % lying in L2(R?, H2(R")). Using (9), one sees the associated sequence

14
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(UF)en of solutions to (4) converges to ¥ in C([0, 00); L2(R?, HY(R™))) and C([0, 00); L2(R? x R™)). This
implies one can pass to the limit in the energy conservation. [ ]

Remark 9. We point out that, whereas energy conservation is an important physical property, it was
not used here in the existence proof. In particular, one should notice that it does not provide directly useful
a priori estimates on the kinetic energy, since the potential energy associated to the external potential V' can
be negative and unbounded under our assumptions. In order to deduce a useful estimate the assumptions
on the initial data need to be strengthened: in addition to (H5) we suppose

My = / fo(z,v)|z|* dvde < co.
R x R4
We set V_(z) = max(—=V (z),0) > 0. Then (H2) implies

/ ft,z,v)V_(x)dvdz S/ ft,z,v)C(1 + |z|*) dvdx
Ré x R4

R xRd
< Ol foll s i) + C / Jolz, v)| X (1)]2 dv da,

dwRd

where X (¢) stand for the first (space) component of ¢f(z,v). Reproducing the estimates of the proof of
Lemma 2, we get

X(0)] < [a]e¥™C + (V( )+ a0 >)1/2< VICL 1y (1)
> |rje \/6 X B , T e

where ,
1/2 s
b(t):\/i/o (C +|®(s, )| oo (met) + 51106 ((0.5]: 1< (m4)) ) /2 V2C(t=s) g

It follows that
v]?

X ()] < 9|z[2e2V2C" 4 % (V(:c) + % + <I>(0,:c)> (e¥2C — 1)% + 9b(t)2.

Eventually, we find
/d Stz o)V (1) dvda < Ce>V2P My 4+ 9(eY2C —1)285 + C(96(t)? + )|l foll 11 (e ey -
R4 xR

Therefore the potential energy associated to the external potential cannot be too negative and all terms in
the energy balance remain bounded on any finite time interval.

4. Large wave speed asymptotics. This section is devoted to the asymptotics of large wave speeds.
Namely, we consider the following rescaled version of the system:
Oufe +v-Vyfe— Vm(v + q)e) “Vofe=0,

(pe(taxay) = / \Ile(tazay)JQ(y)o—l(xiz) dZdya
(16) R xRd

(0 - 28,)0tto) = —2oale) [ orlo = 2)f(t ) dud,
€ € R4 xRd

completed with suitable initial conditions. We are interested in the behavior of the solutions as ¢ — 0. We
shall discuss below the physical meaning of this regime. But, let us first explain on formal grounds what can
be expected. As ¢ — 0 the wave equation degenerates to

7Ay\1/(taxay) = 702(y) 01 * p(tvx)a p(t,I) = 4 f(t,z,v) dv.
v R
15
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We obtain readily the solution by uncoupling the variables:
V(t,z,y) =(y) o1 % p(t, )

where v satisfies the mere Poisson equation A,y = o9. At leading order the potential then becomes
O(t,z) = —k L x* p(t,x), Y =01 %01, K:—/ ooy dy.
x n

Therefore, we guess that the limiting behavior is described by the following Vlasov equation
Of+v-Vuf =V, (V+®)-V,f=0.

As long as the integration by parts makes sense (we shall see that difficulties in the analysis precisely arise
when n < 2), we observe that

K= / |Vy7/? dy > 0.
R"n,

It is then tempting to make the form function o1 depend on € too, so that 3 resembles the kernel of (—A,).
We would arrive at the Vlasov—Poisson system, in the case of attractive forces. We which to justify such
asymptotic behavior.

4.1. Dimensional analysis. We now explain in which parameter regime the rescaled version (16) of
the equations (2)—(5) comes about. For that purpose, we first introduce explicitly the size of the support of
o1 and o9, respectively as L and ¢. We remind the reader that f in (2) is the density of particles in phase
space: it gives a number of particles per unit volume of phase space. We will suppose that the initial particle
distribution lives in the space variable on the same scale L and in the velocity variable on a scale V. In other
words, the “typical” speed of the particles, as well as their average speed is initially of order V. Defining the
dimensionless quantities 2’ = x/L,v" = v/V, we therefore set

fi(@ vy da’ dv' = fo(z,v) d dv, or  fi@',v') = fo(x,v) LWV

It might help the intuition to think z as a length variable, and thus ¢ as a length unit and ¢ has a velocity,
but there is not reason to assume such privileged units and we can keep a general approach. Nevertheless,
within this context, the model therefore has two typical time scales, given by
L

17 T=—, T=1{/c.

(1) 5 /
One should think of 7" as the time a typical particle needs to cross the support of o1 and of 7 as the time
needed by the waves to cross the support of o5. We can therefore introduce the dimensionless parameter

T
€=
that we shall take vanishingly small in the analysis of this section. Let us point out that this is a natural
regime. Indeed, the time-asymptotic results in [8] are obtained under the assumption that e is sufficiently
(but not vanishingly) small. In what follows, we will measure time in units of 7" and therefore set ¢’ = %
Then, we set

fl(t, 2 v) L= v=d = f(t, z,v)

(or maybe more conveniently f'(¢',z’,v")dv’ da’ = f(t,x,v)dvdx). The external and interaction potential,
V and @, have both the dimension of a velocity squared. We set

V(z)=V2, V'(2), O(t,x) = W? d' (', ),

ext
where Veyt and W thus have the dimension of a velocity. We switch to the dimensionless equation

A f + %M N f %Vﬁxtvx/ (V’ n (%)2@’) Vo f = 0.
16
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The definition of the interaction potential ® is driven by the product oo(z)o1(z) dz. We scale it as follows
oo (2)o1 (z) de = B, L4h (2ol («) da’.,
with X, playing the role of a coupling constant. For the vibrating field, we set
Wt z) =W, ' (U, 2,2, 2 =z/L,
still with the convention that primed quantities are dimensionless. Accordingly, we obtain
W? =5, L, "

and the consistent expression of the dimensionless potential

(t,) = [ ol =)oyl o) A dy

With T defined in (17), the wave equation becomes

722 25,14
(18) D2 — E—QAZ/W = TL d U'Q(z’)/ai (@ —y")f' (¢, ,v")dv' dy'.
*
%3,
v,
Note that 2%, 2 72
=N LN, e =W
U, W2 [dgn w Y2 [dgn

Let us consider the energy balance where the following quantities, all having the homogeneity of a
velocity squared, appear:
the kinetic energy of the particles [ v?f dvdz; it scales like V2,
the external potential energy f V f dvdz; it scales like V2,
the coupling energy [ @ f dvdx; it scales like W2,
the wave energy which splits into:
a) [ 10,02 dz dz, which scales like W2L2L"

* T2
b) ¢® [ |V.|*dz da, which scales like ¢?W? Lan.
Note that the kinetic energy in a) is (% = 72/T? = €2) times the elastic energy in b).
To recap, we have at hand five parameters imposed by the model (L, ¢, ¢, Vext, VW) and two parameters gov-
erned by the initial conditions V and ¥, (note that the coupling constant ¥, can be computed from these
quantities). They allow to define the five energies described above.

Next we suppose that the kinetic energy of the particle, the energy of the particle associated to the
external potential, the elastic energy of the wave as well as the interaction energy, all have the same strength,

which can expressed by setting
L
7=V = Ve =W = /AWI L2,

As a consequence, it imposes the following scaling of the coupling constant

v,
%, ¢

It also means that the kinetic energy of the wave is small with respect to its elastic energy. Inserting this
in (18) yields (16). Note that the vanishing of the kinetic energy of the wave as e — 0 explains why the wave
equation governing 1 degenerates into a stationary Poisson equation : all vibrations in the field generated by
the passage of the particles is “immediately” evacuated to infinity in the y variable because € — 0 corresponds
to ¢ = +o0.

17
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4.2. Statements of the results. Throughout this Section, we assume (H1), and we shall strengthen
the assumptions (H2)—(H5) as follows (note that since we are dealing with sequences of initial data, it is
important to make the estimates uniform with respect to the scaling parameter):

(H7) the external potential V' € W™ (R?) is non negative,

fo.e € LY(R? x RY), with a uniformly bounded norm,
and ¥o .,V € L?(R? x R™) are such that the rescaled initial energy

1)2
oo = (— % @E) dvd
1
+f/ \\11176|2dyd33+7/ IV, o2 dy da
2 R” xRd 2 R” xRd

is uniformly bounded: 0 < sup,.-q &, = & < 00.

(H9) fo.c is bounded in L*°(R? x R?), uniformly with respect to .

THEOREM 10. Suppose n > 3. Let (H1) and (H7)-(H9) be satisfied. Let (fe,Ue) be the associated
solution to (16). Then, there exists a subsequence such that f. converges in C([0,T]; LP((R? x R?) — weak))
for any 1 < p < oo to f solution of the following Viasov equation

(19) {atf+v-vwf—vw(v+¢>)-vvf=o,
f(O,SC,'U) = fo(l?,’l))7
where o
P = —kY % p, 2201:017 m:/Rn(;f)(fﬁg'de,

and fo is the weak limit in LP(R? x R?) of fo..

The statement involves a restriction on the dimension for the wave equation: n > 3 is required to make
the coefficient x finite, as explained in Lemma 14.

In order to derive the Vlasov—Poisson system from (16), the form function o need to be appropriately
defined and scaled with respect to e. Let # and § be two radially symmetric functions in C°(R?) verifying:

0<6,6<1 O(z) =1 for |z] <1, 0(z) =0 for |z| > 2, / d(z)dx = 1.
Rd

We set 0. (z) = 0(\/ex) et 6.(x) = ed%é(x/ﬁ) and

0 dz —1/2
=Cyf, % ——— ith Cy = [ |S%! )
= Cibor iz i Co= (191 et

The auxiliary functions . and 0. have different roles: 6. cuts off the support of z +— \w\%’ and d, has a

regularizing role (it is nothing but a mollifier of the Dirac measure). What is important to note is that as
€ tends to 0, the support of the form function o spreads (it behaves in ¢'(1/1/€)) and its L* norm blows
up (it behaves like 1/€%/2). The construction is made so that oy . * o . approaches the elementary solution
of (—A), as Lemma 18 will make clear.

THEOREM 11. Let d = 3 and n > 3. Assume (H1) and (H7)-(H9). Let (f.,P.) be the associated
solution to (16). Then, there exists a subsequence such that f. converges in C([0,T]; LP(R3 x R3) — weak)
forany 1 <p < oo to f solution of the attractive Vlasov—-Poisson equation

Wf+v-Vof =Vao(V+@)-V,f =0,
(20) AD = kp,
f(07 z, U) = fo(xa U)
where fo is the weak limit in LP(R3 x R3) of fo...
18
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Remark 12. In Theorem 10, if, furthermore, we assume that ( fo,e) converge (in the appropriate weak

€>0
sense) to fo, by uniqueness of the solution of the limit equation, the entire sequence ( f€)€>0 converges to f.
For Theorem 10 and Theorem 11, if the initial data converges strongly to fo in LP(R% x R9), 1 < p < oo,
then f. converges to f in C([0,T]; LP(R? x R%)).

Remark 13. The restriction on the space dimension (d = 3) in Theorem 11 can be explained as follows.
In higher dimension, weak solutions of the attractive Vlasov—Poisson system (20) are not globally defined in
the sense that the solutions can concentrate into Dirac masses in finite time. This phenomenom can be seen
by manipulating energy estimates and space-moments estimates, see for instance [18, Section 4.6] and the
references therein. Our proof, that uses energy estimates, can be adapted to treat d > 4, as far as we consider
small enough time intervals, but we prefer not to detail this issue. The case of the smaller dimensions d = 1
and d = 2 relies on an obstruction of different nature. Roughly speaking, the form function is constructed
so that o1 ¢ *x 01 > 0 approaches the elementary solution of (—A) as e — 0. The latter is non negative when
d > 3, but is has no sign for d = 2 and it is non positive for d = 1.

4.3. Convergence to the Vlasov equation with a smooth convolution kernel. Taking into
account the rescaling, the analog of (8) for (16) reads

(21) atfe +v- vzfe - vm (V + (I)O,e - %‘Ce(fé)) : vvfe = 07

with

Dot 7) = / . (t, 2, y)or (& — 2)oaly) dy dz.
Rd xR"

where \T/g stands for the unique solution of the free linear wave equation (in R™) with wave speed 1/e and
initial data Wo . and ¥, , and

éﬁe(fe)(t,x) = %/RdE(x—z) (/Otpe(t—SvZ)

2 <[ YD gp ) as) 4

t/ Ve
— (2 */ pe(t — sv/e,-) q(s) d8> (2)

zJo

where we have set

SR S A (5 JO
o) = o [ IO de.

(it is nothing but p(¢) as introduced in Section 2 evaluated with ¢ = 1; of course when ¢ =1 and € = 1, the
operators 2L, in (22) and £ in (7) coincide.)

LEMMA 14. Let n > 3. Then q is integrable over [0, +oo[ with
- 1 72§
q(t)dt = n/ d¢ ==k > 0.
./0 @2m)™ Jrn €2

Proof. By virtue of the dominated convergence theorem, t — ¢(t) is continuous on [0,00). Bearing in
mind that o9 is radially symmetric, integrations by parts yield

Snfl 00 ) o
q(t) = |(271-)n| ; sin(tr)r" = 2|oz(req)|? dr
ISP [ cos(tr) d [, o~
[ A ] an
ISn=L [ sin(tr) A2 o, 5 -
- [ e o
19
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Hence, we can estimate as follows

K Sn 1 .
lg(t)] < ) with K = | | / T2 [ ”_2|02(r61)|2]‘ dr < oo

which proves ¢ € L'(]0, 0)).
Next, we compute the integral of q. For M > 0 we get:

S T A (S VTLT TS I W
/ WMt(%w[(A 5 mygmwm

1 1 —cos(MIE]) |~ 1
T (@) / 145 7OF e
- m—|(827;_)1| 0 cos(Mr)r"=*[az(rer)|* dr

|Sm=1| /:: . d g~ 2
_ N S & pn .
K M@/, sin(Mr) e (7" loz(rer)|?] dr

We conclude by letting M tend to co.

Note that « is infinite for n = 2 since % ~ES50 ||02||%,1(R2)% does not belong to L'(B(0, a)) for any
a> 0. d

We turn to the proof of Theorem 10. Of course we have
sup || fe(t, ) |21 (ra xray = sup || fo.ell L1 (e xray = Mo < 00,
e>0 e>0

and the LP norms
| fe(ts ) lr@exray = || fo.ellLr®axra)

are also bounded, for any 1 < p < oo by virtue of (H9). Furthermore, the energy conservation yields

2
6€(t)=/ (% +V+®)fdods
RixRd N 2
1
+E/ |8t\pe|2dyd517+ / |V v, | dy dx <5()
2 JrexRra 2 Jrn xR
Let us set )
& = E/ |‘I’1,e|2dyd9€+7/ |Vy\I/0’E|2dydx.
’ 2 JrnxRra 2 JrnxRra

As a consequence of (H1) and (H8), &% is bounded uniformly with respect to e. Owing to the standard
energy conservation for the free linear wave equation, we observe that ||V, V|| o (0, 00512 (R xR7)) < (25(‘)’2’)1/2.
Then Sobolev’s embedding (mind the condition n > 3) allows us to deduce the following key estimate on \flez

viby 1/2 1/2
(23) 2 | oo (R, ;12 (R 120/ (-2 (m )y < C(E5 ) / < C(&) /

Applying Holder inequalities, we are thus led to:

1/2
(24) |@o.c(t,2)| < Clloa]| ponsinsa g lon | 2z (E0) 7,

and similarly
c\1/2
(25) |V1<I>07€(t,x)| < C||02||L2n/(n+2)(Rn)||V;EO-]_HL2(]Rd) (50) /

Concerning the asymptotic behavior, we shall use the following claim. It is not a direct consequence of these
estimates and it will be justified later on.

20
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LEMMA 15. Let x € C°([0,00) x R? x RY). Then, we have

lim / / feVa®o ex(t,z,v)dvdadt = 0.
0 JRixRre

e—0

The cornerstone of the proof of Theorem 10 is the estimate of the self-consistent potential. By virtue
of (22), for any 1 < p < oo we get

IN

1 o0
AT IZlzs el osarcaen | la)lds

Lp (R?)

IN

12 r ey Moll gl L1 ([0,4-00))

as well as

[ETAIe

< VX Lo @eyMollgll 1 ([0,4-00)) -
Lr(R%)

Let x € C°(R? x R?). We have

< Mo |lx|l oo (re xR

/ fo(t 2, 0)x (@, v) dvde
R2 xRd

and
d

pr < Mol|v - VX = VV - Vx| poo (R e

/ fe(tvxav)x(x,v) dvdx
R xR9

c\1/2
+(”q”Ll([0’+°°))HVIEHLOO(R"[)M(?+CM0||02||L2"/("+2)(Rn)||V¢£O'1||L2(Rd)(50) / )

XHVUXHLOO(Rded)~

Reproducing arguments detailed in the previous Section, we deduce that we can assume, possibly at the
price of extracting a subsequence, that

lim fet,z,v)x(z,v) dvde :/ ft, z,v)x(z,v) dvde

€0 JRdxRd Rd xR

holds for any y € L? (R? x R%) uniformly on [0,7], 0 < T < oo, with f € C([0,T]; LP(R% x RY) — weak),
l<p<oo, 1/p+1/p =1.
Next, we establish the tightness of ( f6)5> o With respect to the velocity variable, which will be necessary

to show that the macroscopic density p. passes to the limit. Since ®y . and %Ee( fe) are uniformly bounded
and V > 0, we infer from the energy conservation the estimate

o[
e 2 (t,x,v)dvdx
X

= S \1/2
< &0 + gl Lt (0,400 Il oo ey MG + CMo |02l p2n/ 2 @y lon || L2 (rey (€0) 2

Hence, we can check that pe(t, ) = [pu fe(t, ,v) dv dz satisfies

(26) tim [ p(tont@)de = [ pt.aix(a)da

for any x € Co(R?), with p(t,z) = [pa f(t,z,v) dv. As a matter of fact, we note that (H1) and (26) imply
(27) liII’(lJ Vol pe(t,x) = VX % p(t,z) for any (t,z) € [0,T] x RY.
€e—>

Furthermore, we have
[DZ( % po)(t, )| < Mo [|Z]lwz.00 (may,
21
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614
615

616

617

618

619

and, by using mass conservation and the Cauchy-Schwarz inquality,

)t = | [ D250 ([ ontemoao) ay

1/2 1/2
< 1Sl wrzoo (e (/Rded fe dvdx) </Rdxw v f. dvd:z:)

< Sty V2 (o + 21 0,400 Il o ety ME

1\ 12
+COMo||o2|| p2n /2 meyllon || L2ty (E0) ) .

Therefore convergence (27) holds uniformly on any compact set of [0, 00) x R%.
We turn to examine the convergence of %Vwﬁe (fe) to KV ;X % p. We have

vaﬁe(fg)(t,x) VLS # p(t )

NG
/ VX # pe(t — sve, x)q(s) ds — kV 2 * p(t, x)
0

<

t/ e
/0 (VX % pe(t — sv/e,x) — VX * p(t, x)) q(s) ds

/ q(s)ds
t//e

t/ve
g/ (VoS 4 pe — Va3 p)(t — sv/e, )] [q(s) ds
0

+ V22 % pll Los ((0,00) xRY)

t/ e
+/ VX p(t — sv/e,x) — VX p(t, z)| |q(s)| ds
0

[ 1518 1922 % plusoeyney
/e

Let us denote by I.(¢,z), II.(¢,z), III.(¢), the three terms of the right hand side. Firstly, for any ¢ > 0,
I (t) tends to 0 as € — 0, and it is dominated by #[|X][yy1.00 (mayMo. Secondly, for any 0 < T' < oo and any
compact set K C R% when (¢,z) lies in [0,7] x K, we can estimate

[Te(t, )| < [[V2X * pe — Vo2 # pll Lo (0,11x ) 191 21 ([0,00)

which also goes to 0 as e — 0. Eventually, still considering (¢,2) € [0,T] x K, we write

t/v/e
M) < [ sup V2 6 p(t = s6,2) = VS plt, )] )] d.
0 zeK

By using the Lebesgue theorem, we justify that it tends to 0 as € — 0 since (¢, z) — VX *p(t, ) is uniformly
continuous over any compact set, the integrand is dominated by 2||X||yy 1.0 (ra)yMo|q(s)|, and ¢ € L*([0,00)).
Therefore, for any 0 < t < T' < oo and any compact set K C R,

1
sup | =V Lc(fe) — KV Z % p|(t,2) — 0,
zeK | € e—0

and this quantity is bounded uniformly with respect to 0 <t < T < oo and € > 0.
22
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We go back to the weak formulation of (16). Let x € C2°([0,00) x R? x R?). We suppose that
supp(x) C [0,7] x B(0, M) x B(0, M). We have

—/ fo,ex(0, z,v) dvdx—/ / feOirx dvdz dt
R4 xR 0 R4 xR

_/ / fEU'VdeUd.rdt“‘/ / /vaUX'vz(V+¢)O7€)dUd$dt
0 R4 xRd 0 Ré xRd
o 1
= / / fe Ve=L(f) - Vyxdvdazdt.
0 R4 xRd €

Obviously, there is no difficulty with the linear terms of the left hand side. For the non linear term we
proceed as follows:

o0 1 o0
/ / fe waﬁe(feyvvxdvdmdt—/ / f VY *p-Vyxdvdrdt
0 Rd xR € 0 Rd x R4
° 1
= / / fe (vwf‘ce(fe) — KV, 2 * p) . VUX dvdxdt
0 Re x R4 €

"‘/ / (fe—f) KV * p- Vyxdoda dt.
0 Jraxre

The last term directly passes to the limit. The first integral in the right hand side is dominated by
r 1
MOHVDX”L‘X’([O,OO)X]RE‘XRG’) / sup ‘VI*EE(fe) */{vzz*p (tvy) dt.
0 yeB(0,M) €

We conclude by a mere application of the Lebesgue Theorem.

If the initial data fy . converge strongly to fo in LP (R x RY), the nature of the convergence of f. to f
can be improved by applying general stability results for transport equations, see [13, Th. 11.4 & Th. I1.5],
or [7, Th. VI.1.9].

Proof of Lemma 15 As a matter of fact, the variable x € R? just appears as a parameter for the wave
equation, and Y. (¢,z,y) = (o1 * Uc(¢,-,y))(x) solves the linear wave equation

€Y — AT =0,

with the data
TE(O,I, y) =01 * \IIO,E(:Cay>7 6tTe(07I7y) =01 * \Ill,e(x7y)'

The parameter x being fixed, we appeal to the Strichartz estimate, see [24, Corollary 1.3] or [30, Theorem
4.2, for the case n = 3],

1/p

1 e e} p/q -
- q vib
) (/O (/ ITe(t, z,y)| dy) dt) < Cy/ &P ()

& (x) = 6/, o1 % Uy (2, y)|* dy +/ o1 % Vy Po.c(,y)[* dy.

n

where we set

(That ﬁ appears in the inequality can be checked by changing variables and observing that Y. (¢t1/€, x,y)
satisfies the wave equation with speed equals to 1 and data (o1 * o, \/€oq * ¥1 .).) This inequality holds
for admissible exponents:

1 n n 2 n-—1 n—1
2<p<q<oo, —+—-—=--1, —+ < ,

p q 2 p q 2
23
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Observe that
[ 6@ < lorllas) &2 < lorlrges o
It follows that
2/p

o p/q )
/ / (/ [Yelt 2 9)l* dy) d dz < CQH‘TlHLl(Rd) &oel/P —— 0.
R 0 " e—0

A similar reasoning applies to V, Y. with Vo, replacing ;. Let x € C°([0,00) x R? x R?). We suppose
that supp(x) € {0 <t < M, |z| < M, |v] < M} for some 0 < M < oco. We are left with the task of
estimating

/ / feV@o,ex(t, z,v)dvdzdt = / R (t,2)V ;Do (t,z) da dt
Rd x R4 Rd

Re(t, ) :-/Rd fex(t,z,v) dv

With the standard notation 1/p + 1/p’ = 1, using Holder’s inequality twice, we get

where we have set

Qﬂvkéoﬁx@¢mv)dvdxd4
R4 x R4

< </}R (/Om R(t,2) dt)w dm)

We readily obtain

</Rd (/ooo [Re(t, )" dt) v dgg) 1z

which is thus bounded uniformly with respect to € > 0. Furthermore, with 1/¢+ 1/¢’ = 1, we have

oo 2/p 2/p
/ (/ |Vx<1>076(t,x)|1’dt) da::/ </ ’/ oa(y (t,x,y dy‘ dt) dx
R4 \Jo n
/aq /p
<loalesy [ (][ 19ttt af” dt) dr

which tends to 0 like €1/P. [

1/2 1/2

(/Rd (/om [Va®o,c(t, z)" dt) . dx>

Md+d/2+l/p'

IN

||feX||L°o((0,oo)dede)

IN

MR | fo

)xR4XR?)

4.4. Convergence to the Vlasov—Poisson system. The existence theory for the Vlasov—Poisson
system dates back to [3]; an overview of the features of both the repulsive or attractive cases can be found
in the lecture notes [5]. The following statements are classical tools of this analysis, that will be useful for
our purposes as well.

LEMMA 16 (Interpolation estimates). Let f € L' N L¥°(R? x RY) be such that [v|™f € L'(R? x RY).
Then p = [pq f dv lies in L™+ D/4RT) with

d/(d+m)
oIl s gy < C(m, )| fI[LH™ED ( / o™ f dv dm)

where C(m,d) = 2|B(0, 1)/ (m+d),

24
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LEMMA 17 (Hardy-Littlewood-Sobolev inequality). Let 1 < p,r < o0 and 0 < A < d. Assume 1/p +
1/r =2 — \/d. There exists a constant C > 0 such that for any f € LP(R?) and g € L"(R?) we have

f(@)g(y)
———=dydz| < C » r(RA)-
[ R dyda] < O awgeo ol e

We refer the reader to [5, Lemma 3.4] and [27, Th. 4.3], respectively, for further details. Next, we check
the convergence of the approximate kernel defined by o ..

LEMMA 18. Let d > 3. For any d/(d — 1) < g < 0o, we have:

Cdee Cdee T
ey T — ) —— 0.
HV (7 ) @+ - D "

e—0

La(R4)

Proof. We remind the reader that the convolution by |x|'~% is associated to the Fourier transform of the
operator with symbol 1/|¢|, see [27, Th. 5.9]. The convolution of radially symmetric functions is radially
symmetric too. For d > 3, we compute as follows

( }1—1* tl—l>(x) = / a—1 4 a—1
|- |- re Y|4z =yl

_ / |z|* dy B 1
— Jra [zl ey — yld- Ayl Aot T |SASY CF fafd2

Ci  Cu d-2
v(|*> () =

P ) B T

Differentiating yields

Hence, we can write

o) = 9 (i 1) 0+
- v (i ) @
- cipm (ppe -0 ) @
Let p > 1. On the one hand, we have
Hwe Tl / Vo)
|1l o ey re |z[P(=1)
< VO IVOlL /1<\/€z|<2|33|;35‘1)
< (\ﬁ)d(p’l)llwllpm(m /1<z|<2 |xp(il§—1)'
On the other hand, we get
(Oc(z) — D)z

P dx dx
dr < / e (ﬁ)d(pfl) / .
/]Rd Velzi>1 |z [P z)>1 |2[Pe

Accordingly, the following estimate holds:

|.’I?|d+1

(06 B 1)'
‘ . |d+1
L
25

(28)

Vo,
|+ a-a)

B

< Cetr=1)/(p)
P
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where C' > 0 depends on p and d only. Finally we remark that 0 < e‘fz(lﬂ)fll < |I|g,1. By coming back to

Lemma 17, we deduce that there exists a constant C' > 0 such that

| [ gt da| < Cllglur ey (VO o7 ;
R

holds for any g € L"(R%), with 1/r = (d +1)/d — 1/p > 1/d, r > 1. Therefore, by duality, it means that &,
converges to 0 in LI(R?) for any d/(d — 1) < ¢ < oc.

Proof of Theorem 11. From now on, we restrict to the case of space dimension d = 3. Compared to the
previous Section, additional difficulties come from the dependence of the form function o7 with respect to €
so that deducing uniform estimates from the energy conservation is not direct.
Step 1. Establishing uniform estimates.

We start by observing that f. is bounded in L°°(0, co; LP(R3 x R3)) for any 1 < p < oo, since

[ fe(, ) Le e xrs)y = || fo,ell Lr (3 xra)-

Next, the energy conservation becomes

1
Et) = E/ |00 (t, 2, y)|* dy do + —/ IV, W (t, z,y)* dyda
2 Jraxme ) 2 Jraxrr
Jr/ fe(t,:r,v) <U|+V($)+(I)E(t,z)> dvdx
R3xR3_ 2

Let us study the coupling term:

/ fet,x,0)® (t,z) dvdx = / Pe(t, )P (t, x) dr = Sc(t) + Te(t)
R3 xR3 R3

where we have set

Se(t) = *l/ﬂkspeﬁe(fe)(tax)dx

€

= — /Rs (0176 * 07 ¢ * /Ot/\ﬁ q(8)pe(t — sv/e, ) ds) (2)pe(t, x) dz
= — /Rs (0176 % /Ot/ﬁ q(8)pe(t — sv/e, ) ds) (x) 01¢ * pe(t,z) da

and

10 = [ oot @0l = (oo [ Bl ot i) @)

Like in the previous Section, \Tle stands for the solution of the free linear wave equation with wave speed 1/e
and initial data ¥ . and ¥, .. Firstly, we establish a bound for

|Se(t)| < ”anl([O,oo))”Ul,e * pﬁll%w((],t;L2(R3))'
However, Lemma 17 yields

0.
- ]2

* Oe * Pe < C||p€HLG/5(R3)-

L2(R3)

Hffl,e * Pe||L2(R3) = 03

Let us set

Efin(t) = / \v|2f€(t,x,v) dvdzx
R3 xR3

for the particle kinetic energy. Lemma 16 leads to

2/5 in)3/5
(29) 1pell zora(zay < C(2, 3 £ell 722 g ey (£197)
26

This manuscript is for review purposes only.



The Holder inequality allows us to estimate ||pc || 1o/5ra) < ||p6|\2/11(%3) ||p€H‘Z/$§ gs)- Combining these inequal-

ities, we arrive at
iny 1/4
(30) los.e % pelliages) < C(€57)",
for a certain constant C' > 0, which does not depend on €. Therefore, we obtain
1/2
1Se(®)] < Cllall L qo.con €512 0.0
Secondly, we estimate the term involving ®q :

T = [ (peror(6a) Tt p)oaly) dy
Rd xRN
is dominated by
[01,¢ * pell oo (0,622 ®3)) [ Well Lo (R ;12 (RE; 20/ (-2 (R Y |02 20/ (2 (R -

Using (23) and (30), we get

IT.(8)] < C' (€50 (1)) (42)/*

where the constant C’ > 0 does not depend on e. It remains to discuss how (H7)—(HS8) implies a uniform
estimate on the initial state. Note that S.(0) = 0. Hence, by using (H8), we are led to

1 .. _ )
ESL + SEE(0) < EL0) + |T.(0)| < & + ' (€ 0)) (e 2,
It allows us to infer

sup E5M(0) = & < oo, sup &P =& <
0<e<1 0<e<1

Coming back to the energy conservation, with(H7)—-(HS8) together with the estimates on T, and S, we
deduce that

1 in o in in 1/4 vib) 1/2
SE(E) < E0 4 Cllalla ooon 1E5™ 2 0, + €' (€7 (1) (E51) .

holds, which, in turn, establishes the bound

sup  ENN(E) = EMN < o0
0<e<1, t>0

Going back to the interpolation inequalities, it follows that p. is bounded in L>(0, 00; L' N L5/3(R3)).

Step 2. Passing to the limit.
The kinetic equation can be rewritten

1
8tfe +v- foe - Vz(V-i-‘Do,e - E‘CE(fe)) 'vvfe = 0.

We start by establishing that V,fe - Vo®oe = V, - (feVaPo,) converges to 0 at least in the sense of
distributions.

LEMMA 19. Let x € C°([0,00) x R% x RY). Then, we have

lim / / [V ®o e x(t, z,v) dvdadt = 0.
R4 xR4

e—0 0

Proof. 1t is convenient to split
Boclta) = [ )Gty ¢ dor Bt dy

(1, 2) + (1, )
27
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. 1 -
B2 (ta) = [ oa()Cor + b Teltiy) .
754 : 0 1
i) = [ oaCa St vs Tt
755 and we remind the reader that W, (t,z,y) is the solution of the free wave equation (ed — A,)¥,. = 0 with

6 initial data (g, ¥q,). Accordingly, we are going to study the integral
/ / feVu®o ex(t, x,v) dvdadt
0 JRIxRd

_ / Re(t, 2) (V@050 4 V,85m)(¢, 2) da dt
0 R4
with

R (t,z) = /]Rd fex(t,z,v) dv

58 where x is a given trial function, supported in {0 <t < M, |z| < M, |v| < M} for some 0 < M < oo.
59 We observe that

760 Vs (03

2(0. — 1)

b >:<VZ9€_ |.'|4)*g.

- ]2 |- ]2
761 Thus, by using (28) with d = 3 and p = 2, we are led to
5 1/2
762 V. @p (8, 2)| < Ce/* ( / dx’) :
Rd

763  However, by (23) we have

‘ 56 */ {17602(:[/) dy

(6.6 [ et @)

L= ([0,00);L*(R?))

1/2
764 ~
76 < ||5e||L1(R3) ||0’2||L2V,L/(V,L+2)(Rn) sup (/ 1. (t, -)|‘%2n/(n72)(Rn) dCL’)
>0 \JRd

ovi 1/2
< CHUQHL(nH)/zn(Rn)(gaub) / -

It implies that V,®§™ (¢, ) converges uniformly on (0,00) X R? to 0. Since R. is clearly bounded in
L'((0,00) x R? x RY), we conclude that

/ / RV, &5 da dt — 0.
0 Rd ’ e—0

765 We need a more refined estimate to deal with the leading term @g}‘?i“. We begin with

] / / Revx@gljindxdt]
0o Jrd '
0 ) 2/p’ 1/2 o . 2/p 1/2
< /(/ IR.|P dt> dz /(/ |VICI>31';““|1’dt> dz | .
Rd \Jo Re \Jo '

We realize that the components of qu)gfin are given by the solutions T; . of the wave equation

(€0} = Ay) T =0

766

with data

S Uoi(ary),  OTye(0 ) = 0, T xS x U (a,y),

Tj ,‘2

Tj,e(oaxay) = (9 03

zj|,|2
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768

769

770

3 = =
g =9
Tt = W

781
782

783

784

785

787

788

789

and the space variable 2 € R? has only the role of a parameter. It satisfies the following Strichartz estimate

1/p

1 i p/a .
el/(2p)</0 (/ |Te(t,x,y)|qdy> dt) gc\/m

gﬁib(x):e/R latn(o,x,y)Ide/R VyXe(0, z,)* dy

where

(for admissible exponents as detailed above). The Fourier transform of z leg—‘% is %, see [27, Th.
5.9], which implies that the convolution operator g — Vzlg—f’z * g, is an isometry from L?(R?) to (L?(R3))3.
Furthermore, we have [|d * g||z2®s) < [|0¢|| 13y [|9] L2®3) = 9]l L2(r3). It follows that

[VyTe(O)[ L2z xrn) < [[VyWo,ellz2rs xrr), 10T (0)]| 22 (re xrp) < [[W1,e]

Strichartz’ estimate then leads to

o 2/p 1/2 _
( /R ) < /O |V$®3fji“|pdt) d:c> < et/ ) gy < 0t/ r)y [ Gy

Since f. is bounded in L°°(0, 0o; LP(R? x R4)) for all 1 < p < oo, and Y is bounded and compactly supported
we conclude that

L2(R3 xR7)-

/ / RV, @02 dz dt — 0.
0 Rd ’ e—0

(Note that the same argument can be applied to show that V,®{"" vanishes faster than what has been
obtained with the mere energy estimate.) ]

Next, we study the non linear acceleration term. Let us set

t/ Ve
De(t, ) = ¢ * e * / pe(t — svVe, x) q(s)ds.
0

It is clear, with Lemma 14, that p, inherits from p. the uniform estimate L>(0,00; L' N L%/3(R3)). We also

denote E(z) = ﬁgl‘, the elementary solution of the operator —A, in R®. Note that V,E(z) = R
Bearing in mind Lemma 18, the self-consistent field can be split as follows
1 Cs30.  Cs0. - ~
(31) VL)t 2) = [vm(f’? o 3‘2 ) - VIE} % pelt, ) + Vo E * pelt, z).
In the right hand side, the L™ norm of the first term is dominated by ||pc|| L ([0,00;L1 (r3)) H [] | Lr (RS hence,

owing to Lemma 18 it tends to 0 as € — 0 in L>(0, 0o; L"(R?)) for any 3/2 < r < co. Next, Lemma 17 tells
us that

V.E * p. is bounded in L™ (0, oo; L'*/4(R?)).

Therefore, adapting the reasoning made in the previous sections, we deduce that we can extract a subse-
quence, such that, for any trial function x € L (R* x R?), 1/p' +1/p=1, 1 < p < o0,

lim felt,z,v)x(z,v)dvde = / flt,z,v)x(x,v)dvde

€0 Jr3xRr3 R3 xRS
holds uniformly on [0, 7], for any 0 < T < oco. Since the uniform estimate on the kinetic energy imply the
tightness of f. with respect to the velocity variable, we also have

i [ ptmo)i@ e = [ plta))de  pta) = [ St do
e—0 R3 R3 R3

uniformly on [0,7], for any 0 < T < oo and any ¢ € LY(R?), ¢ > 5/2 or ¢ € Cy(R?). Clearly, for any
¢ € CX(R3), 6 * 0 x ¢ converges to ¢ in LI(R3), 5/2 < ¢ < oo, and in Cp(R3). Therefore

/}Ra(éE % 0c % pe)(t, 2)((x) de = /RS Pe(t, ) (de * 0 * () (x) dz — /]RB p(t,x) ((x)dx
29
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790 uniformly in [0, T]. Then, we look at the difference

b)) o~ [ plt)o(o)ds

R3
t/\/e
< /o /RS (8e * O * pe)(t — VVes, x)¢(z) dz — /]RB p(t — Ves, x)¢(z) dz

t/\/g
/
0

wf laolas | [ peacea.

792 Let us denote by I.(¢), IT.(¢) and III.(¢) the three integrals in the right hand side. By using Lemma 14 and
793  the available estimates, we obtain, for any 0 <t < 7T < oo

/ (8¢ * b % pe — p) (u, 2)¢(x) dw
RS

R3

lq(s)] ds

791

[ ot~ Ves,ai@do - [ ot as
RS

R3

lg(s)[ ds

— 0,
e—0

794 Le@)] < llallz1(jo,00)) sup
0<u<T

795 while a direct application of the Lebesgue theorem shows that, for any 0 <t < T < o0
796 21_13(1) II.(t) =0 = ll_r)% III(1).

797 Therefore, for any ¢ € LI(R?), 5/2 < ¢ < oo and any ¢ € Cy(R3),

798 lim [ pe(t,z)((z)dz = I*i/ p(t, z)¢(x) dx

e—0 R3 R3
799 holds for a. e. t € (0,T), with the domination

/ Pt 2)C(x) da
RS

800

< ¢l gsy  sup (e s,

”pe
>0, 0<t<T

8(

1 forany 1 <p<5/3.

802 In oder to justify that the limit f is a solution of the Vlasov—Poisson equation, the only difficulty relies
803 on the treatment of the non linear acceleration term:
o0
1
804 NL.(x) = / / fVe=Le(fe) Vexdvdz dt
0 R3 xR3 €

805 where  is a trial function in x € C2°([0,00) x R? x R?). Bearing in mind (31), it is convenient to rewrite

806 NL.(x) = / / ( fVaux dv) -V E x p.dedt + Z., lim Z. = 0.
0o Jrs \JR? =0

807 Lemma 17 implies that V,E * p, is bounded in L>°(0,T; L*®/4(R%)). For p > 0, we introduce the cut—off
808 function 6, (x) = 6(x/p). Then we split

- ~ T—Y - ~ T—y -
809 sExpe(t,x)= [ 0,(x—y)——=p(t,y)d 1-0,(z—y)———=P
: Vs iltn) = [ -0 it dyt [ (1= )

R3
810 The first term in the right hand side can be made arbitrarily small in LP norm, 1 < p < 5/3, uniformly with
811 respect to €, since it can be dominated by

T—y
i pPety)dy
~/|a:—y§2u 47T|$ - y‘3

In the second term, for fixed z € R® and pu, y +— (1 —0u(x — y))ﬁllr—y%u is a continuous function

(t,y) dy.

dy

— < Cpu.
drlz—y? = F

< 1Bt ) o s /

Lp(]R:!) Iw_y|22ﬂ

which vanishes as |y| — oo, so that, for any ¢t > 0,
. 5 y - = T—y
1 1-0,(r—y)——=p(t,y)dy = 1-0,(r—y)———=p(t,y)dy.
lim Ra( (@ y))4w|x_y‘3p( y) dy /Rg( (@ y))4ﬂ|m_y|3p( y) dy
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829
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839
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870
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By standard arguments of integration theory (see for instance [22, Th. 7.61]), we deduce that (a suitable
subsequence of) V, E x p. converges to V,E*p a. e. and strongly in L ((0,7) x R?), for any 1 < p < 15/4.
On the other hand, [;; feVyxdv is compactly supported and converges to [ps feVyx dv weakly in any
L4((0,T) x R3). (In fact this convergence, as well as p. — p can be shown to hold strongly, by applying

average lemma techniques, see [14, Th. 5].) We conclude that

lim NL.(x) = / / ( vaxdv> -V E % pdzdt.
=0 o Jr3 \JR3

It ends the proof of Theorem 11. ]
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