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Abstract

This paper is concerned with a system that couples the incompressible Navier-Stokes
equations to the Vlasov-Fokker-Planck equation. Such a system arises in the modeling of
sprays, where a dense phase interacts with a disperse phase. The coupling arises from the
Stokes drag force exerted by a phase on the other. We study the global-in-time existence
of classical solutions for data close to an equilibrium. We investigate further regularity
properties of the solutions as well as their long time behavior. The proofs use energy
estimates and the hypoelliptic structure of the system.

1 Introduction

We are concerned with the following PDEs system

ut+u-Vmu+V1p—Axu:/ (v—u)F dv, (t,z) € RT x T3,
RS

Ve u=0,

Fy+v - VoF +divy((u—v)F — V,F) =0, (t,z,v) € RT x T x R?.

The system is completed by the initial data:

uli=0 = uo, Vg - ug =0, Fli—o = Fo,



and we assume periodic boundary conditions with respect to the variable x € [, 7r]3 = T3.
The system is intended to describe the interactions of particles —droplets or bubbles — with
a viscous and incompressible fluid. The fluid is described by its velocity field u(t, z) € R?, and
its pressure p(t, z), which are both function of the time variable ¢ > 0 and the space variable
r = (x1,29,23) € T3, The particles are described by their distribution function in phase
space which depends additionally on the velocity variable v = (v1,ve,v3) € R3: at time ¢,
F(t,z,v) dvdz gives the number of particles having their position in the infinitesimal domain
centered on x with volume dx with velocity in the domain centered on v with volume dv. It
is assumed that the presence of particles does not affect the density of the fluid, supposed to
be constant, and collisions between particles are neglected as well as any size variation due to
coagulation-fragmentation phenomena. The coupling between the two phases is only due to
the drag force, which is proportional to the relative velocity (u — v). Here we restrict to the
simplest situation where the drag force is linear with respect to the relative velocity. This
framework corresponds to the modeling of the so-called thin sprays at moderate Reynolds
number. As a matter of fact, we observe that certain quantities are conserved or dissipated:

d
Mass conservation: — Fdxdv=0, (1.5)
dt T3 x R3
Momentum conservation: 4 (/ wdx + / vF dx dv> =0, (1.6)
dt T3 T3 « R3
d 2 2+ M,
Energy/Entropy dissipation: — (M + / (FInF + MF) dv> dx
dt T3 2 R3

—0)F — V,F[?
+/ |(u =) Vo F| d:z:dv—l—/ Voul?dz =0, (1.7)
T3 x R® F T

with My € R any constant. Of course, the analysis of (1.1)-(1.4) utilizes strongly these
remarkable properties.

We refer to [32] or [35] for an introduction to the physical background, with a specific
attention to the modeling of combustion phenomena. A large variety of models can be used
for modeling sprays, depending on the physical properties of the flows: compressible or in-
compressible fluid, viscous or inviscid fluid equations (which might sound strange since the
viscosity enters in the definition of the drag force, but it can be justified on scaling argu-
ments), with or without thermal diffusion acting on the particles... Anyway, the mathematical
analysis remains difficult since the systems always couple nonlinear evolution equations for
unknowns that do not depend on the same set of variables. Concerning the system (1.1)-
(1.4), the global existence of weak solutions dates back to [20]: neglecting the convection
term in the fluid equation and the Brownian motion in the kinetic equation, a solution of the
coupled system is obtained through a fixed point reasoning that uses the Schauder theorem.
The existence theory for weak solutions has been revisited and extended in [3], where the
full Navier-Stokes equation is treated. The method used in [3] is more constructive since the
solution is obtained by elaborating approximations with suitable cut-off and regularization
of the drag force term. This approximation step requires some care in order to preserve the a
priori estimates (energy /entropy dissipation) of the original system. The conclusion then re-
lies on compactness arguments. A compressible version of (1.1)-(1.4) is discussed in [6] where
the dissipative structure of the system is exhibited, that leads to stability properties. Global



existence of weak solutions for the compressible model is proved in [29], by using approxi-
mation procedures and fine compactness techniques. When viscosity effects are neglected in
the fluid equation, it seems natural to start with the local in time well-posedness of smooth
solutions, in the spirit of Majda’s analysis of hyperbolic systems [27]. Technicalities arise due
to the the fact that the unknowns do not depend on the same set of variables, and the proof
requires sharp estimates on characteristics and hydrodynamics fields. We refer to [1, 28] for
results of this type. System (1.1)-(1.4) also leads to investigate hydrodynamic limits: we can
identify physical parameters and asymptotic regimes, such that as the small parameter goes
to 0, the particle distribution function relaxes to an equilibrium. In turn, the dynamics can
be embodied into a fully macroscopic model, which is of multiphase flows type. Such scaling
issues and convergence analysis — either by compactness or relative entropy methods — are
discussed in [5, 16, 17, 6, 28, 30]. Such reduced models have motivated the introduction of
specific “asymptotic-preserving schemes” [7]. Finally, we also mention the traveling wave
analysis performed in [13, 14] for such type of coupled fluid /particles models.

This work aims at completing the existence theory for (1.1)-(1.4). We adopt a strategy

that differs from the above mentioned references and we focus here on global smooth solutions,
v\2

up to a certain smallness condition. We start by remarking that u =0, FF = M e“T with
M >0, is a (equilibrium) solution of (1.1)-(1.4). Then we are interested in solutions which
are perturbations of the equilibrium state. To be more specific, without loss of generality, we
consider the normalized Maxwellian

1 2
- v /2
o) = G TTpe

and we look at solutions of (1.3) which read

F=p+ Jif. (18)
Plugging (1.8) into (1.1), we obtain the following new system for (u, f):

ut+u‘qu+pr—A$u+u+u/ \/ﬁfdv—/ vy/pfdv =0, (1.9)

R3 R3

Ve u=0, (1.10)
v |v]? 3

ft+v'sz+u-(Vuf—§f)—u'v M:—Tf+§f+ﬁvf- (1.11)

In what follows, we shall consider the global existence of classical small solutions to (1.9)—
(1.11) together with the initial datum

uli=0 = uo, fli=o = fo, (1.12)

which is requested to satisfy

/Sugdx—l—/S 3v\/ﬁfbdval;r:0, and V-ug=0. (1.13)
T T° xR

This assumption will be crucial to the analysis. According to (1.6), it means that the per-
turbation has a vanishing momentum since we have

d
Cﬁ</rgudx+/r3XR3v\/ﬁfdvdx> =0.

3



Similarly, if we assume further

Vit fodvdz =0, (1.14)
T3 x R3
then the perturbation does not affect the global mass.

The use of fine energy estimates will lead to the global existence of smooth solutions, at the
price of a smallness condition on the perturbation. This approach is in the spirit of the striking
results [18, 19] for the Boltzmann and Landau equations. We also mention the analysis of
viscoelastic flows and polymeric fluids [23, 24, 25, 26]. We address three questions: firstly,
the global existence of a smooth solution, small perturbation of an equilibrium; secondly, we
discuss the asymptotic trend to the equilibrium, with an exponential rate and thirdly, we
investigate further regularity issues. The paper is organized as follows. In Section 2 we set
up the needed notation and we give the statements of our main results. Section 3 is devoted
to the existence theory. Section 4 deals with the large time behavior. The analysis relies
on the dissipative properties of the system, or more precisely on its hypocoercive structure,
which allows to appeal to the strategy detailed in [34]. This strategy has already been applied
successfully to many situations, see e. g. [12, 31]. Eventually, we discuss in Section 5 the
smoothing effect of the system. This Section is based on hypoellipticity arguments, according
to methods presented in [2] and further developed for many applications in plasmas physics
[8, 9, 10, 21]. We end this Introduction by mentioning that similar results (global existence
of smooth solutions with large initial data and asymptotic trend to equilibrium) have been
obtained in [22] for the two-dimensional case by using arguments based on Littlewood-Paley
analysis.

2 Notation and statements of the main results

We start by introducing the notation that will be used throughout the paper. Let a =
(a1, 9, 3) € N3 be a multi-index. The length of the multi-index is defined by |a| = a1 +
a9 + a3. We denote by 0 the corresponding space derivative

o = o1 oz o,
Similarly, for the velocity variable, we denote
Oy = 0y 0,2 0,3

Given two muti-indices o and 3, with 3; < «;, we denote
Q 5 ;!
J— (e
< p ) Eﬁi!(%—@')!
The same notation <-, > stands for the standard L? inner product on T2 or on T? x R?:

(fo)= [ foda oo (fa)= [ pedvdn

We denote by || - |2 the corresponding norms. Equally, given s € N, || - || = represents the
usual Sobolev norm either on T2 or on T2 x R3, based on the L? norm of all derivatives,



with respect to all variables, up to order s. For a function ¢ : T2 x R® — R, we shall need
the partial Sobolev norm

1
2

s = %% dx dv
=3 [, S 1ol

laf<s

Eventually, we use the convention that the same letter C' represents constants the value of
which might vary from a line to another, but bearing in mind it is uniform with respect to
the data.

Coming back to (1.9)-(1.11), it is convenient to define the mean fluid velocity

u(t) = T /1“3 u(t, x) dx.

Averaging (1.9), we check that

1 1
U+ U+ —= U uf dv dex — — vy/f dv dx = 0.

However, the momentum conservation (1.6) together with the condition (1.13) imply that

—/ v\/ﬁfdvda::/ u dx.
T3 x R® T

Hence the evolution equation for u recasts as

1
ﬂt+2ﬂ—|—3/ u/ Vif dvdz =0. (2.15)
’T ’ T3 R3

We are now ready to state our main results. We begin with the global existence of classical
solutions for small initial data.

Theorem 2.1 Let s > 2 be an integer. Let (ug, fo) satisfy (1.13). Then, there exists a
sufficiently small constant € such that if

ol + 1fol? < e, (2.16)

holds, then (1.1)-(1.4) has a unique global classical solution (u,F') with F' = p+ \/uf > 0
satisfying

t
_ v 2
sup(fu(t) .+ FOF) + [ [[aF + 19l + |Viu— (9o + 5[] ar < e (247)
Furthermore, if (2.16) holds with s > 3, then for any positive time t >ty > 0, we have
sup (@)= + 1 O Fs + 10 f O)117e-1)
F 0]

t+1
[ IVt + 31 + @ (uf + 50 5] dr < Cltoe), 219
t

where C(tg,€) blows up as ty goes to 0.



The second result is concerned with the large time convergence to equilibrium.

Theorem 2.2 There exists g > 0 and X\ > 0 such that for any initial data verifying (1.13),

(1.14) and (2.16) with s > 3 and 0 < € < &g, the following estimate of exponential convergence
holds:

lu@®lI72 + £ ()72 < Clto,e)e™,
for any t > tg > 0, with a positive constant C(tg,¢).

Let us comment on the estimate (2.18). It indicates that the system has an instantaneous
smoothing effect with respect to the velocity variable since the Sobolev norm ||-||s is controlled
while assuming initially the finiteness of the partial norm | - |5 only This effect is mainly
due to the nice structure of the Witten Laplacian operator % — 5 — /\,. Starting from the
fact that (V, + ) f can be estimated in L%(0,T;| - |s) norm, our main observation here is
to consider V, —|— 5 as the advection operator V, and make use of an iteration method to
obtain the uniform estimates characterizing the regularizing effect with respect to v. As a
consequence, we also gain information on the first order moment of f. Similarly, the quantity
Vof +vf/2 = JuV(f//H) has also a finite L%(to, T; H*(T? x R*)) norm. A statement
with a slightly different flavor can be obtained, by reasoning directly on the original system
(1.1)-(1.3) and by exploiting the hypoelliptic structure of the Fokker-Planck equation, in the

spirit of [2].

Theorem 2.3 Let (u, F') be a (local) solution to (1.1)-(1.4). If the initial data uy and Fy
satisfy for some integers n > 3 and q > 2 the following estimate

luollza + [ Fo ()" [3 < oo,

where (v) = (1 + |v| )% then, there ezists a time T' > 0 such that for all 0 < t, < T, < T,
the solution (u, F') of (1.1)-(1.4) satisfies:

T
sup (IIU(t)I%Iq+HF(t)<v>”_3II?{q)+/t [IUIIquH+||F<v>”_3||§{q+1 dr

L <t<Ty

< C(t*,T, HUOHHq, |F0<’U>n|q) < 00. (219)

Remark 2.1 Even if its proof is completely independent, this statement can be applied to
the solutions obtained in Theorem 2.1 and it justifies further smoothness. It shows that these
solutions become immediately smoother with respect to all variables, with a gain of one full
derivative. Indeed, (2.17) implies that, for s > 2 and for any integer n

iglg(llﬂ(t)!!qu +IFO()"[) < C1+e).

Thus, (2.19) implies a gain of regularity for the solutions obtained in Theorem 2.1 for any
positive time. Going further, we emphasize that the smoothing property of the solutions
obtained in Theorem 2.1 holds uniformly when the time goes to infinity. One may check
Remark 5.1 for the sketch of the proof.



Remark 2.2 The results generalize to cases where the global momentum does not vanish.
Indeed, let us assume that the initial data for (1.1)-(1.4) verifies

/ Fodx dv = po, / uod:c—i—/ vFy dx dv = M.
T3 x R3 T3 T x R3

Owing to (1.5) and (1.6) mass and momentum are conserved. Therefore, we seek an equilib-
rium state with the same mass and momentum as the initial data that s

N My . £0 ”U_UOOP
Voo = TP+ 10 “”(U)_(2w)3/2|T|3eXp(_ )

Then, we define the perturbation by

F(t,{L‘, U) = Moo(v) + v /LOO(U)f(tv Z, U)a
with

[1‘3 R3w/,uoofdvdx:0.
X

It turns out that (u(t,z — tUso) — Uso, f(t, 2 — tUso, v + Uso)) satisfies (1.9)-(1.11). We refer
to [22] where this remark is used too.

3 Global existence and regularity theory

In this section we present the proof of Theorem 2.1. It uses the conservation and dissipation
properties (1.5)-(1.7). The proof splits into two parts. Firstly, we detail the derivation of
(2.17) which is the key estimate for justifying the global existence of solutions. Secondly, we
prove the strengthened regularity estimate (2.18).

3.1 Existence of global solutions to (1.9)-(1.12)

It is well-known that the existence of solutions to a nonlinear PDE can be obtained by con-
structing solutions to approximated problems and proving estimates which are uniform with
respect to the approximation parameter. For (1.9)-(1.13), one can construct such approx-
imate solutions via Galerkin’s approximation, like in [25]. For simplicity, we do not detail
this part. Instead, we assume that there is a positive time 7" such that (1.9)-(1.12) has a
unique smooth enough solution on [0, 7], and we shall present the a priori estimates for such
solutions. Obtaining estimates uniform with respect to 7" allows to construct global solutions.
The main issue is summarized in the following claim.

Proposition 3.1 Let s > 2. Let (u, f) be a solution of (1.9)-(1.13). We have

1d i ) o
o (ol + L2 +101) + Ve + 20al? + |/~ 97 — 2]
2 —12 v |2
< C(fls + lulle) (IVullfys + 10 + |uy/i = Vof = 51| ). (3.20)



Proof. The proof is based on energy estimates. Let s > 2 be a positive integer and let
o € N? with |a| < s. We first apply 0% to (1.9), then multiply the resulting equation by
9%, and integrate over T3. We get

Ld

5 7107 ullLz + (0%(u- Vu), 0%) + [ VO™ ul7 + [[0%ullZ:

+<8a (u /R3 Viuf dv),aau> — </R3 vy/po* f dv,aau> =0. (3.21)

Similar arguments applied to (1.11) yield

i+ (7 (u (Vf = 50)).0°8) = (oo o)
2

e

(3.22)

Note that V-u = 0, and thus integrating by parts we have <u-qu, u> = 0. Since s > 2 > 3/2,
we can estimate as follows

\(aa(u . qu),aauﬂ = ‘<8O‘(u -Vu) —u -0V u, Go‘u>| < CHu||Hs||Vquqs

Furthermore, since p is normalized and satisfies V,, = —35/1, by using an integration by
parts we obtain

[0°ullfe = 207w - v/, 0 ) + || V0™ f + 507,
= [|oruii = Voo = S0 f 7.
We can also write
(0% (6% (0% v (0%
(o, it ac)ray (o 9 501
= (0 (uf), 0%yl = V0" f = S0°f ).

Then owing to (3.21) and (3.22), we are led to

1 d (6% (6% (6% (6%
57 (19%ulLz + 07 [12) + VO ull Lz + [|0%u /it = Vo0 f — ga 713
< Ol s | Vel + ‘<8a(uf),8au [~ Va0 f — %8“f>‘. (3.23)

Still using s > 2, we get (see Lemma 3.1 of [26] for a similar estimate)

10% ()l < lufls < Cllullms[fls < CUlullpz + [Voullgs-1)]fls:

Now, we make use of the mean velocity u. By the Poincaré-Wirtinger inequality, there exists
a constant C'p such that

lull 2 < llu = allz2 + /I T°] |a] < Cp(|[Vaullr2 + [al) < Cp(|Voull g + ),



since s — 1 > 0. Hence, we obtain
10%(uf)llzz < CIVaulgs—1 + u])|f]s.

Summing over «, (3.23) leads to

1d .
5 g Ullies + 1F12) + 1 Vullfys + fuv/i = Vo f = S f[

< O(S1s + ull) (I ulliye + 1872 + Juyia = Vol = 572). (3:24)

It remains to derive an estimate for the mean fluid velocity. To this end, we go back to (2.15).
We deduce the following estimate

]. d _12 _12 . u
1
< WHUHL?WHLAW
< Clfll2(IVaullZe + [af), (3.25)

where the last line follows from the Poincaré-Wirtinger inequality. Combining (3.24) with
(3.25), we obtain (3.20). This completes the proof of Proposition 3.1. [

Having disposed of this preliminary step, we are in position to present the proof to the
existence part of Theorem 2.1.

Proof of Theorem 2.1 (Existence and estimate (2.17)).  According to what is stated
at the beginning of this subsection, the crucial point consists in proving (2.17). Indeed, this
estimate provides all the necessary compactness on the sequence of approximations which
allows to pass to the limit in the equations, and thus we obtain a solution which still satisfies
(2.17). We skip the discussion of this point and switch to the proof of (2.17), assuming a
smallness condition on the initial data. Clearly (2.16) combined to the Sobolev imbedding
H?(T3) c LY(T?) yields

luol7= + |aol* + | folz < Coe, (3.26)
for some Cy > 0. Then using continuity with respect to time, we define
« def ~ _
T Esup {T 205 sup (Ju(): +[af + | ()2) < 2Coe |, (3.27)
0<t<T

However, (3.20) can be recast as

1d
§£(||UH%{S + I f1Z + |al?)
+(1=C (If]s + llullas)) <||VUH§15 +2|a]* + |uy/B— Vo f — %f’i) <0.

Let us fix € such that 0 < e < 1/(2C,C). Hence, on 0 < ¢t < T™ we have 1—-C (| f|s+||u|lgs) >
0 and it follows that

()1 Frs + [F@)Z + @) < lluollrs + [uol® + 1 olZ < Coe,

holds on 0 <t < T™*. It prevents T* for being finite. Thus, the proof to the existence part of
Theorem 2.1 is complete. |



3.2 Estimates of full Sobolev norms

Up to now, we have only obtained a partial regularity for the particles distribution function,
since only space derivatives are involved in the norm | f|;. We wish to strengthen the regularity
analysis, showing that for positive time, the regularity of f with respect to the space variables
can be transferred to the velocity variables. We make use of the nice structure of the Fokker-
Planck operator, which allows to avoid any estimates on the moment of the distribution,
like it is done in [24] for the Dumbbell model. We start by introducing convenient functions
spaces and justify a useful statement on real variable functions.

Definition 3.1 We consider the cone of non negative continuous functions

crre)={recm): 120}

Then, for any K,r > 0, we set

t+1

B(K,r):= {fEC'+(R+): (T)dTSK,VtZT}.

t

Lemma 3.1 Let ((t),£(t) € B(K,r), and n(t) € C+(R4) satisfy
¢'(t) +n(t) < K(1+£(1)). (3.28)

Then for all tg > r, there exists a constant K depending on tg,r and K, such that

sup((t) < K and n(t) € B(K, to).

t>to N

Proof. We first prove the uniform estimate on (. Let n be the smallest integer such that
to <7+ n. Since ( € B(K,r), we have

to r+n
C(T)dTS/ ¢(r)dr < nK.

T

Hence the mean value theorem allows us to find some 7y €]r, to[ such that:

nk
¢(10) < Pt

Then for ¢ € [ty, 79 +n + 1] we have

1) = () + / ¢'(r) dr

IN

o+ [ KO e ar

0
nk

+ (n+1)(K + K?),

to—r

by using (3.28) and the fact that £ is non negative.

10



Fort>m+n+1>r+1,since ¢ € Z(K,r) we have

t ((r)dr < K.
t—1

Thus there exists ¢ € [t — 1,¢[ such that ((f) < K. Integration of (3.28) over [f,1] yields
t
() < O+K [(arem)ar
7
t

< K+ K (1+&(7))dr
t—1

< K+K(1+K),

where we used the definition of £ and again the fact that & € Z(K,r) and n > 0.
Summarizing the obtained estimates, we get

K
sup ¢(7) < max <2K+K2, tn

T>to o—Tr

Finally, let us integrate (3.28) over [t,t + 1]. It follows that, for any t > ¢,

+(n+1)(K + K2)> =K.

t+1 t+1 ~
/ n(T)dTSQ(t)+K[1+/ §(7‘)dT]SK1+K(1—|—K)::K.
t t
This concludes the proof of the Lemma 3.1. |

Lemma 3.1 will be useful for proving the transfer of regularity. The argument is based
on an induction reasoning.

Lemma 3.2 Let s > 3. Let (u, f) be a solution to (1.9)-(1.11), satisfying for any t > 0

2 2 b U2
sup([lu(®)|[7s + [ f()]5) +/ Vof + §f!s dr < A. (3.29)
t>0 t

Then for any tg > 0 and t > tg, there holds:
9 9 t+1 v 2
Sup(’aviﬂsfl + ’Uif’sfl) +/ |:‘vvav1f + iavzf
t s—

t>to

VRV |2

+‘U®va+ /

S—

1] dr < C(to, A). (3.30)

Proof. Let h def Vuf + 5f. Then a simple calculation shows that
v |v]? 3
Oth +v -V h+u- (Vvh—ih)—uf—u W= —Th+§h+Avh—h—fo.

Let |a] < s —1. We remark that

« |’U|2 3 le' _ le' 2_£ |2 § ap |2
/338( —h+§h+Avh)6hdv_ R3(|a Voh(? = S 10%h ] + 510 h!)dv

/ 4

2
fo! 2_7)7 a2 1 . a2
3(|a Vohl? = <0"h2 4+ 5V, - v]0 hy)dv
—j; (vya h+ 50 h) dv.

11



Thus, the following energy estimate holds

thllaahllp + [0k + SHI 7 + 10°h 2

—(0°[u- (Vuh = 5h )},aa )+ (0 uf],0°R) + (9 uy /i, 0°R) — (9°V, f,0°R).

The third and the fourth term in the right hand side can be estimated by C|h|s—1||u|| gs—1
and C|f|s||u||gs-1 respectively. Moreover, we observe that

(02w~ (Vo = $0)],070) | = (0 (uh), 0 (Vuh + Sh) )|
< Cllull e [V + Eh\ Bl

< Cllullfrealhliy + 5 \V h+ h\s v
and, since s —1 > 3/2,
(0% (uf), 0°h)| < Cllullzre=s1 flsalhlsr < Cllullzres (1£3-1 + BI-).
Therefore, by using (3.29), we obtain
d
IR+ [Voh o+ ShIT (B2 < Ca(l+ [ y).

We apply lemma 3.1 with ¢ = £ = |h|?_; which belongs to %(A4,0) by virtue of (3.29), and
n=|Vyh+ %h‘iil. We get for t > t9 >0

t+1
sup |h(t)|?_; + / |Voh + %hﬁ_l dr < C(tg, A). (3.31)
t

t>1g

Now we make use of the following formulae

v
|h‘s 1= |va|§—1 + |§f|§—1 |f‘s 15

v, 2
’vvh + §h’371 = |vvh|§—1 + |§h|s—1 ’h|s 19

b = 00, (00, 1) + 2101, ) + 0L
v U v;
§hi 8v,f + = 29 f

consequently, (3.31) leads to

U .2
Vo fl2 -
sup (19 [5712)

IN

3
sup |h2_; + = Sup!fl
t>to 24>

< C(t07 A) + 3A7

and

(00, 1) + 2@ |+ |sdud o] ]T

/t—i-l Z |:
t,j=1

t+1 v 9 3
4/t [‘vvhzl + }*h}s_l + 2|f’§1} dr

4/t+1[

IN

IN

s 3!f!§71] dr < 4C(to, A) + 12A.

12



It completes the proof Lemma 3.2. [ |

Thanks to Lemma 3.2, we now can present the estimate for mixed derivatives of f via an
inductive argument.

Lemma 3.3 Under the assumptions of Lemma 3.2, for any t >ty > 0 we have
Sup (a1 + 1F O + [l f@OI5-1)
Zto

VR
2

t+1
+/t [vaf + %inIS + v @ Vo f + fIIZ_ | dr < Clto, 4).  (3.32)

Proof. We wish to estimate the mixed derivatives 8295 f with |a| + 8] < s. Lemma 3.2
already tells us that for any |a| + |5] < s with || < 1 we have

t+1 v
sup 102007 8+ [ |Vu(0202) + 5020l fadr < Clta ). (33
t

t>to>0

For N € {1,...,s}, we define P(NN) as the following property:

For all ¢; > 0 there exists a constant C(¢1, A) such that:

1. For all multi-indices o and /3 such that |a| +|5] <s, 0 <|B] < N <s,

t+1
o 1500515+ [ | Vu(@5000) + S080ls Ldr < O A) (33
t>t1>0 t

2. For all multi-indices o and 3 such that |a|+ [f] <s—1, 0< || < N —1< s and
t>1t > 0,

t+1
sup [v030] f175 +/ v ® vV, (350] f) + %agam; dr < C(t, A). (3.35)
0 t

t>t1>

Property P(1) holds true, due to Lemma 3.2: see (3.30) and (3.33). Let us now assume that
P(N) is satisfied.

Let us set dof
e
Jop = 050 f

with |o| + 6] <s—1, |B] =N <s. We use the generalized Leibniz formula

() = > <:> 0" 0%,

0<y<a
Let us define the operators
v v
K:VU+§, L:Vv—i.

13



We apply 8:?05 to (1.11). Then g, g satisfies:

04908 TV Vagas
+ Z (?)%magaif — 0%u- 9% (v /) + O [u . L(E)ff)} _ % 3 (?) o [ui(‘)f";if}
|2

_ |’U 3 1 ﬁ a 0B—26; B aaqfB—0d;
= 4 —Gap3 T+ ga,,@+Avga,B_ 2; 2, amav [+ 5; 'Uzaa:au Il

where ¢; is the multi-index whose ith component is 1, and the others are 0.

Before going further, we set H, g def Vo9a,3 + 59a,8- Noticing that:

H! ;= Kj(gap) and K;0% = 09K,

we apply K; to the previous equation so that H, g{ 3 satisfies

atHjﬁ-f—’U VH B—Faxjga,ﬁ—f—f |1;!2H] gHiﬁ"_AvH(i HJ/B_’_IIJ’
where
=3 |(5)m (eevorir) | - oz | (a2ovm) | + ot [u s 2000)]
1 BY aa s,
32 <5> 0z |tk (92701,
and

11 = —% Z [(5) K (0205724 f) + <§ ) vik; (92057 1) ]

LB\ qanB-0;
2(5j)axau r

We now multiply the previous equation by H (]1 3 and standard energy estimates will tell us
that

1d

—|Hapll72 + [VoHap +
2dt

H,ﬁ

72+ 5 HH B

3 < 5 0a sl + 3200+ 117, 0)]
J

2

holds.

Let us estimate the components of the last sum, term by term. By Young’s inequality,
we only need to bound the L? norm of each term contained in the I j and I1;’s. To this end,
we use the estimates contained in P(NN). More precisely, we have for ¢ > t;:

D

lal+|b| <51,
1<[bj<N

| (o005 f)”iﬁ”f(j (on0-2) ; V(0205 f) + S 0L f |2

2$’U

IN
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and

(03 —03 2 a U®U a
ok (02000 f)| < DD Jee va@iahn + S asab .
la|+[b| <52,
1<[b|<N-1
e 8 2 2
oz K; (05 (vy/i)) o S Ol
a B—0; 2
oo V||, < Ol A).

The last non linear term in I; reads

i

2
L ajtaz=a

e [uKJ (85‘5" f)} 901, K (35;205—51' f) I,

When |a| < 1, it can be estimated as follows

2

o ok, (021 |

LQ

IN

Cllul 0y 12| K5 (95701

o]

a v a
Clullf. " |[Vul@zohs) + Somobs]7..
lal+b|<s—1,
1<[b|<N

IN

Now we turn to the case |a| > 2 > 3/2. We have

2

o¢ [uirc; (0-57)] ||

L2

IN

Cllullf

K; (35757) N

a v a
Clullf. - |[Vul@z0hs) + Somobs]7..
lal+[b]<s—1,
1<[b|<N

IN

Therefore, we conclude that

2
oc [wi; (o0s)] | < chr S |wacezat) + Gonake]e
L2 lal+[bl<s—1,
1<[b|<N

Eventually, for the non lincar terms of I; which involve L, we proceed as follows
(o [o- 58 02)] 12,0 = S| 0 s ()] 120
< S |(08 [untnt; (221)] ,;gﬂ>] (o2 [us5; (021)] 1)
< é (02 [t (021)] 16t | + (0 [ (021)] 1)

<Clu( X IVu@30h) + 00k ) + Ko + T l22),
g

15



with € > 0, where we use the fact that K} = —L; , and [Kj,L;] = —0;; in the second
inequality.
Combining together all the above estimates, we end up with

1d
2dt
sc(nvxga,ﬁuiﬁ S lve V@) +

la|+[b]<s—2,
1<[p|<N-1

1 v 1
|Haol3a + 51V s + 2 Hagl3: + 7| Hopll2s

L osdb s

+ Y va(aganggagagfu;H). (3.36)
R

Let us now prove that P(N + 1) holds true. Estimate (3.34) in P(NV) implies for all ¢ > ¢;
t+1

t+1
/ |HaplZedr < C(t,A)  and / | Hopl22 dr < Ct1, A).
t t

We also have

IVagaslie = V20507 fI7 = D 11027%0)f| 72 < O(tr, A).

Since now |a| + |#] < s —1 and |B] = N < s so that (3.34) in P(N) can be used again.
Therefore, we can exhibit a a constant (still denoted by C(¢1, A)) such that (3.36) becomes

d v
D gl 4 oy + Yo gl < (11, A)(1+6).
where by using now the second assumption (3.35) in P(N), the non negative function ¢
belongs to B(C(t1, A),t1).
We use Lemma 3.1 with ((¢) = ||Ha,gl|32, which lies in #(C(t1, A),t1), and

n(t) = [VoHag + $Ha gl|72. Then for all ¢ >ty > ¢y, there exists a constant denoted C(tz, A)
such that:

t+1 v
| Hes(®) 172 + /t IVoHop + 5 Hagllz dr < Clts, A). (3.37)
Observe that

; 1
|H 5122 = 100,90,6132 + |15 gaﬁlle = 5l19a.slIZ2,

3
IVoHa,s + 5 ~Ho gl = Vo Ha 32 + H apllTe = 51 Hayp 7

’L2a
— ga?ﬁ
%Ha,ﬁ—wa@jgam Yy + 05722,
Uj ; ’U
5 Hap =7 O Oy Gy + 2L 2 2ga5

16



Hence, we rewrite (3.37) as follows

v
sup <Z HavigaﬂH%? + ||§Z : )

/ Z Havz nga,ﬁ) + av]ga,ﬁHLz + H vzga,ﬁ + 2 5 gaﬁHLz dr
i.J

< C(ta, A).

As a consequence, P(N + 1) holds. More precisely, we have
1. For all multi-indices o and 3 such that |a| + [6] < s, || < N+1,and ¢t >1t2 >0,

t+1
oup_ 720211 +/ V(@202 ) + 20808 f|[3 dr < C(ta, A).

t>to>

2. For all multi-indices a and 3 such that |o| + 3] < s—1,|8] < N and t > t3 > 0,

v®v

t+1
sup [[vdg ) fI|72 + / v ® Vo030 f) + —— 0502 [} dT < C(ta, A).

t>t2>0

The induction is proved and this procedure stops when |3| = s, which gives (3.32). This
completes the proof of Lemma 3.3. |

Remark 3.1 The proof does not involve the commutator [v -V, Ay]. The main reason for
this lies in the fact that the inductive method depends only on the structure of the Fokker-
Planck operator (and the basic Lemma 3.1), which also can be applied to treat other models

(see[23]).

End of proof of Theorem 2.1: proof of (2.18)). Owing to Lemma 3.3, we are left with
the task of justifying that (3.29) holds. Actually, due to (2.17), it only remains to exhibit a
positive constant A such that

t+1 v o9
/ Vof +5f[0dr < A, (3.38)
t

holds for any ¢t > 0. Remarking that ‘va + %f’ ‘V fF 2f’ F 3|f|?, we deduce from
(3.22) that

SR Vo + 2 < Ol 71 (19 + 5 11,)

holds. Using the basic inequality |ab| < a?/2 + b%/2, we conclude that

d VL2
CAPE+ [Vof + S 1[2 < Cllulle £15(1+ Jull el £1,)-

Integrating this inequality over [¢,t 4 1] yields that

t+1 .
/ ‘va+§f‘SdT§Ce(1+5)
t

as a consequence of (2.17). It proves (3.38) and concludes the proof of Theorem 2.1. [
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4 Large time behavior

In this section, we consider the large time behavior of the solutions to the nonlinear system
(1.9)-(1.11) and prove Theorem 2.2. The key obstacle is that there is no dissipation terms
to control the microscopic solution f. However, the diffusion operator in (1.11) takes the
abstract form K*K + P, with P a skew-symetric operator P* = —P. This specific form
makes appealing the use of the hypocoercivity method, see [34]. ;From now on, we denote

K=V.+35. P=v-V. S =[K.P|=0,

We remark that K*K f = (=V,+v/2)- [(Vv+v/2)f] = _Avf_VU'(%f)—i_%'v”f—F%f:
—Avf—%f—g-vvf—k%-vvf-i-%f so that

2
K Kf=—Ay—24"

5 T P*=—-P, [S,P]=0=[S,K].

Accordingly, the microscopic equation (1.11) can be rewritten as
of+Pf+K'Kf=g (4.39)

where
g=u-vy/p+u-K*f.
Note also that
Ker(K*K + P) = Span{1l(z)\/p(v)},
since (K*K + P)f, [) = 1K f|3. = [ IVo(f//R)|* pdvdz. Let us set

N =Ker (K*K + P) = {g € L*(T3 x R3);/
T3 x R3

g/pdxdv = O}.

Bearing in mind Propositon 4.2, we introduce a new inner product ((+,-)) on .4 defined as
follows

((f.9)) 2K [, Kg) + (K[.Sg) + (SF, Kg) + (S, Sg).
We can find two constants C* > C, > 0 such that
Co(IK fl72 +11S£172) < (£, ) < C(IK fI72 + ISFII72)- (4.40)

Then, the key ingredient for obtaining the exponential convergence to equilibrium relies on
the following statement.

Proposition 4.1 Let the assumptions of Theorem 2.1 be fulfilled with s > 3 and 0 < € < &g
small enough. Furthermore, we assume that (1.14) holds. Then, there exists a strictly positive
constant \1 such that

d
S (L D)+ MUK PG + 1SF172 + 1K FI72 + 1KSFI172)
< CON (Il + IVaullZe + 1K f172). (441)

18



We begin with the proof of a weighted Poincaré inequality.

Proposition 4.2 There exists a constant Cp > 0 such that for any f € L?(T3 x R®) wveri-
fying ng «re JV/rdvdr =0, we have

IF1Z2 < CRUIKFIZ2 + ISFIZ2). (4.42)

Proof. We argue by contradiction: suppose that for any integer n, there exists a function
fn such that ||f,]|z2 =1 and

1

1K fallZz + 1S Fallfz < (4.43)

Since 5
v 2
IVuf 3 + |2 12 = 15712 + 21712,

we immediately deduce that

13
+=

Vo fallZe + |5 AlZe + 1V fale < 5 + 5

Since this estimate controls both the derivatives of f,, and the tails for large velocities, we can
assume, as a consequence of the Rellich-Kondrazhov theorem, that a subsequence satisfies

fn, — [ strongly in L*(T? xR?),
Vaefn, = Vaf and Vi fo, — Vo f weakly in L?(T? x R?)

with furthermore || f||;2 = 1. Coming back to (4.43), we obtain
Vof + = f|[%2 + Ve fl2a < lminf(| K fn, |22 + 1S fn[22) = 0
IVof + 5 Flle + IVafllze < lminf([[K fo, 72 + 1S faill72) = 0.

We deduce that f(x,v) = M+/u(v) for some M € R. Eventually, assuming that the f,,’s are
orthogonal to /i we get

/ fyv/prdvdr = lim fr/pdvdx = 0.
T3 x R? R3

k—oo Jp3

Hence f = 0, which contradicts the fact that f is normalized. This completes the proof of
Proposition 4.2. |

Proof of Proposition 4.1. Multiply (4.39) by f and use the new scalar product. It yields

1d

S (U P + (PF+ KK F,1) = (9, ). (1.49)

We shall estimate the quantities of this equality, term by term.
Firstly, by definition of the scalar product, we have

((Pf,f) = 2KPf,Kf)+(KPf,Sf)+(SPf,Kf)+ (SPf,Sf).
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Since P is skew-symmetric, for any u we have (Pu,u) = —(u, Pu) = 0 so that (SPf,Sf) =
(PSf,Sf)=0and (KPf Kf)= (K, P|f,Kf). Wecan also write (SPf, Kf) = (PSf,Kf) =
—(PKf,Sf). We thus arrive at

(Pf.f)) = 2(K, PIf,Kf)+ (K, Pl|fSf)
= 2(Sf,Kf)+|Sf]2

3
1ISFIze = AIEfI .

Y

Secondly, we get
(K*Kf,f) = 20KK'Kf,Kf)+(KK"Kf,Sf)+(Kf,SK*Kf)+ (SK"Kf,Sf)
+2(KG K f, KjSif) + (Sl f, K Sif)
= 2K fl72 + 20 K3 fl72 + ISK fll72 + (K f,Sf) + 2(K>f, SK f)
3 1 1 1
DI A3 + SIR IR + SISKFIRa = 1S

Y

where we used the identity
[Ki, K] = 0i5. (4.45)

We treat now the right hand side of (4.44). We have, for any € > 0,

(o = [2(K @ oy, Kf) + (K- vy, Sf)

(S vym), Kf) + (S(u-vyi), SF)|
< (K12 + 1SF122) + CelllulZa + [ Vaulla),

since ||K(u - vy/@)|r2 < Cllullz2 and ||S(u - vy/m)| 2 < C||Vaul[z2. Next, by virtue of of
(4.45), we can write

(K(u-K*f),Kf) =(K*(u-Kf),Kf)+{[K,K*uf, Kf) = (u- Kf, K*f) + (uf, K f).
Therefore, we are led to the following estimate
(K f ) = [2lu K £ K2 )+ 2(uf, K f) + (K (u- K*£), SF)

H(S(u- K ), Kf) + (S(u-K*f), Sf>j

lull s (1K £ + 1S FIZ2 + IKSFIZe + K2 £IIZ2)

<
< Ce(|Kflgz + ISFI72 + IKSFlZ2 + K2 flI72),

Here we combine (4.42), the Sobolev embedding H?(T?) ¢ W1H*(T?) and the Young’s
inequality.
Combining all together the estimates concludes the proof of Proposition 4.1. |

We now are in position to prove Theorem 2.2.
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Proof of Theorem 2.2. Thanks to Theorem 2.1, we can revisit the basic energy estimates.
Coming back to (3.23) with a = 0 (so that there is no contribution from the convection term
in (1.9)) we obtain:

1d
S (ulie + 1£17) + I Vulf + fuvii = Vof = 2£]7,
< ‘<uf7u u—Vyf — §f>‘ < CHUHL2|f’5HU u—Vyf — %fHLQ

< Ce(llul?a + [luy/ii = Vof = S ]I72)-

We have used successively the Sobolev embedding H*(T?) ¢ L>(T?) for s > 3/2 and (2.17).
Similarly, (2.17) allows to deduce from (3.25)

Ld

S i+ 200 < O Vul3a + [af).

Since K = V,+ & we expand [[u\/i— Vo f — 5 fl|22 = [Jull2s + | K f]|22 — 2{uy/i, K f). Hence,
we deduce that

d _ a
—(ullZe + 1172 + 1a1) + 20 Vaullze + 20al” + 2fullz2 + 20K £IIZ

< Huy/i, K f) + Ce(2]|ullFe — 2(uy/i, K f) + | K fl72 + [ Vaull72 + [al?)
holds. Let a > 1 to be determined later. By using the Young inequality, we arrive at

d _ ;
2 (ullZz + 1£172 + [al*) + 2 = CO(IVaulzz + [af?)

(4.46)
+((2—-Ce)(1 —a) —2C¢)|[ull3. + (2 — Ce)(1 = 1/a) || K f||5. < 0.

The last step uses the Poincaré-Wirtinger inequality which tells us that for any x > 0,
kllull72 — kCp ([ Vaul?: + [a]?) <O0.

Therefore, we can modify (4.46) as follows

d _ _
SlullZs + 17132 +1a) + (2 = Ce = xCp) (V22 + Jaf?)
H(h+ (2 CO —a) —200)[ulfs + (2~ CO(L ~ 1) |K[3: < 0.
Let us now choose the parameters in a suitable way. We proceed as follows:
e Firstly we pick x small enough to ensure 2 — kCp > 0,

e Secondly, we pick € small enough to ensure both 2 — kCp — Ce > 0 and k — 2Ce > 0,
that is 0 < e < % min(2 — kCp, §),

e Thirdly, we pick & > 1 such that the coefficient in front of |ul|7, is positive that is

k—2Ce+2—Ce __ k—2Ce
l<a< 2—Ce _1+2—Ce'
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Summarizing, we exhibit a constant Ao > 0 such that

d _ _
Zr(lullZa + I£11Z2 + %) + Aa(Vaul L2 + [ + [ K f72) < 0. (4.47)

To finish the proof of Theorem 2.2, we pick A > 0 such that
2C(A1) +2C(A1)Cp < A,
with A1 and C()\1) defined in Proposition 4.1, and we introduce
E(t) = Alu(®)Iz2 + IFOIZ2 + [a®)) + (£(8), £(1))-
Thanks to Proposition 4.2, (4.40) and Poincaré-Wirtinger’s inequality, we see that
& < C(|Vullfz + [af® + [|K flI72 + ISFII72)-

Combining estimates (4.41) and (4.47), the Poincaré-Wirtinger inequality again, and the
definition of A\, we have

d _
26O < Mo(IVulie + [al® + 1K £I172) + CONuliz + IVaulLz + 1K fI72) = MlISFIT2
< —CO)(IVullZe + [af + K FI72) = Ml SFI7
< —min(C(Ar), M) (IVoullFe + @ + K fI72 + 1S f]72).
At last, one obtains the existence of a constant A3 (:%ﬁ))‘l)) such that
d
gé"(t) + A38(t) <0, (4.48)

so that, by using (2.18),
E(t) < C(to, e)e st

This completes the proof of Theorem 2.2.

5 Smoothing effect

In this section, we wish to investigate the smoothing effect of system (1.1)-(1.3). The analysis
is based on the hypoellipticity property of (1.3) We start the proof of Theorem 2.3 with the
following claim.

Proposition 5.1 Let s > 2. Let f,g € H*t(T?) and set D} = (—A\,)"/? with 0 < v < 1.
Then

1Dz (fllms < 1Dz fllmsllgllms + [ f e | Dzgll as-
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Proof.  We introduce the operator A, ;. defined by
fla+k)— fz)

k72

)

A'y,kf =

so that (see e. g. [33], Lemma 16.3)

1D fllL2(z) = 18k fll 22 (k)

It implies
1D (follms = Dy k(fO L2k ms ()
< (A ke f)g(@ + B 20 () + 1 (@) Dq k9l 22035 (2))
< NAy k2 s @pllgll s + 1l 1A k9l L2 (s 15 (2))
= DI flla=llglas + | fllm=l1DIgll =,
so that Proposition 5.1 is proven. |

Proof of Theorem 2.3. Let s > 2 be a positive integer and |a| < s. For every integer
n > 3, we can derive from (1.1) the following energy estimate

1d
5 g 10% iz + [Va0ulle < CllullIVullms + CIF )" |sllullFe + CLE @) s ull -

By using the Young inequality, we deduce that

1d 1 .
5 g 1l + SIVaullze < C(llullze + llullfs + 1F()"[) (5.49)

holds. Treating similarly (1.3), we get

Ly O < Ol + IR 550
< C(lullgs + 1F )3 + [F(0)"5)-
Let us set
X () = [lu(®)[l and V(1) =|F(t)(v)"[3.

Then X and Y satisfy the following system of differential inequalities

%X(t) <SC(XO?+X()+Y(1),
%Y(t) SC(X@*+Y (1) +Y(t)?),

so that

%(X(t) 1Y (1) < O((X0) +Y(H)* + (X() + Y (1)),
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Therefore we can estimate
Xt)+Y(t) <C(T,X(0)+Y(0)) < oo,

at least on a (small enough) time interval 0 < ¢ < T (related to the lifespan of the solution of
%z = C(22 + z) with initial data 2(0) = X(0) + Y(0)). Accordingly, coming back to (5.49),
(5.50), we have, for every integer n > 3,

T
sup_(||u(t)ll7 +|F(t)<v>”|§)+/ [HUH%—IS-H +(VoF)(0)"[7| dr
0<t<T 0

< O(T, JJuol s, [Fo(v)"|s)- (5.51)

Let us introduce
peN and ¢ € CZ((0,T7).

We set
9" = o(t)0y F(v)*,

which satisfies
OhgP + v - Vyg? = divy(Vyeg? + hY) + hb, (5.52)
where

W = 6(1)0° (v — W) FI(0)? — 20()0° Fp(v)P 2o,
Wy = —p{o)P 2 $(1)0°[(v — w)F] - v+ 26()9 Fdiv[p(v)P~v]
—HOFAL((0)) + ¢ (10 F ()P

Owing to (5.51), we check that

197l L2 13 x B3) + 108 L2 2 xm®) + 1RSIl L2 (R < 79 o mE) < O, o], [Eo ()P ).
Then the basic energy estimate for (5.52) yields

IVod”l 2w « 0 x ?) < CUG N 2R x T8 x RY) T HhZfHL?(RxTS xR3) T HhZQ)HH(RxT?’ < R?))-

Thus, we can make use of Theorem 2.1 from [2]. It allows to control the L? norm, with

1
respect to time, space and velocity variables, of D2 gP by quantities depending on the L?
norms of g?, V,g?, hi, hf}. We obtain

1
ID2 Pl r2(m x 12 x v3) < C(T, ol ms, [ Fo{0)P ). (5.53)

We shall repeat the argument in order to estimate a full space derivative of gP. We
introduce another cut-off function

@1 € C((0,T]),  supp(p1) C supp(e),

and we set .
g? = ¢1(t) D3 gP.
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The function g¢P verifies
~ ~ ~ 1 1 1
OGP + v - VygP = divy (Vyg? + 1(t)DERY) + o1 (t)DERS + o (1) D2 gP.  (5.54)
Due to the Proposition 5.1, we have

2 2
Dyoury]| < C(IDjully [o@Fw)| + lullh:

DY [¢(t)F (v)"]

Integrating with respect to time, it follows that

2

s

T 2
2
| pzteuror[ e < e(IDuug pma) s [6(0F ()

jdt).

T

By using this formula, we obtain the following estimate

T 2
[/ fom

L2(T3 x R3)

2

dt < O(ID2ul sy S0 |1 (OF (@)

s

).

since hY involves a higher moment with respect to v. Therefore, coming back to (5.53) we
are led to

T
0+ Nl e [ P2 @F @)

1
3 2
1) DERT |20,y xrs w3y < C(T [luolls, 1 Fo ()72 (5.55)

By the same calculation, we also get

1 2 1 2
H901<t)D5§ thL?((O,T)xT?’ x R?) + H‘/’ll (t)Dz ngL’Z((o,T)xT3 x R3) (5.56)
< C(T |luollrr= [ Fo(w)P*25).

Consequently, the basic energy estimate for (5.54) yields
IVog?ll L2100y < O(T, [l s, [Fow)?*2]s).

With this estimate, together with (5.55) and (5.56), we can apply Theorem 2.1 of [2] again
1

to equation (5.54). It allows to estimate D3 gP by means of hY, b, gP, gP and V,gP and thus
it finally leads to

1

|DEG| o sy < CCT ol [Fo o)), (5.57)

Let us consider

@2 € C°((0,T]),  supp(p2) C supp(p1) C supp(9).

Set

~

2
9" = w2(t)Di g".
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Then gP verifies

~ . - 2 2 2
OgP + v - VogP = div, (vap + pao(t) D3 h]f) + pa(t)DE hh + o4 () D3 gP.

Repeating the previous argument and using (5.57) we show that

2

IN

2
| D2 U\\;(O,T;Hs(Ra)) sup [pa(t)F(v)?

2 502
|p2(t) D hIfHLz((O,T)xT?’ x R?) 0<t<T

s

T, 2 2
+(Hu||%oo(07T;Hs(R3)) + 1)/0 ‘D;;’ (02 (t) F (v)P ] sdt
< O(T, |luollas, |Fo(w)P*2|s)
holds. Therefore, we can prove
1
D2 9Pl 20,y xx 13 xm?) < C(T [luol| s, | Fo(w)*25).
In other words, for all 0 < t, < Ty < T, we have
T
/ |F(r){0)P 241 dr < C(tx, T, [[uo]| s, | Fo(0)P*2]). (5.58)
tx

(The constant depends on ¢, through the cut off functions the supports of which do not reach
t = 0. Of course (2.19) breaks down as t, goes to 0.) Once this estimate of a higher full space
derivative has been obtained, it becomes quite standard to justify (2.19), by using (5.51)
and (5.58), and the parabolic structure with respect to the variable v of the Fokker-Planck
equation (1.3). [ |

Remark 5.1 As a final comment, let us mention that an alternative proof of the smoothness
of the solution in Theorem 2.1 can be proposed. This proof is based on the averaging lemma,
see [15] and [4], and does not use explicitly the hypoellipticity result of [2]. Let us sketch the
proof, referring for details to [10] and [11] where this approach has been successfully used.
Let us assume we already know that, for all t > t; > 0, u(t) and F(t) belong to H*(T?) and
H*(T? x R3), respectively, with s > 3.

e Firstly, thanks to the diffusion term in (1.1), we see that, for all t > t1, u(t) €
Hs+1(T3).

e Secondly, thanks to the diffusion term with respect to v in (1.3), we get V,F(t) €
H3(T? x R3), still fort > t;.

o Writing the equation satisfied by any derivative of order < s of F, we can apply the
averaging lemma (see [15] and [}]) and get that the averages with respect to the v
variable of this derivative lie in HY/S(T3).

o Interpolating this result with the estimate of reqularity that we obtained for the v vari-
able, we get that F(t) € HTYV/20(T3 x R?) fort > t;.

o [terating this result 20 times (it requires to write down the equation satisfied by transla-
tions of the derivatives of F' of order less than s), we end up with F(t) € H*T'(T3 x R?),
for allt > t1 and, finally, that f is of class €.
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