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Abstract

In the so-called Spitzer-Härm regime, equations of plasma physics reduce to a non linear parabolic equa-
tion for the electronic temperature. Coming back to the derivation of this limiting equation through
hydrodynamic regime arguments, one is led to construct a hierarchy of models where the heat fluxes are
defined through a non-local relation which can be reinterpreted as well by introducing coupled diffusion
equations. We address the question of designing numerical methods to simulate these equations. The basic
requirement for the scheme is to be asymptotically consistent with the Spitzer-Härm regime. Furthermore,
the constraints of physically realistic simulations make the use of unstructured meshes unavoidable. We
develop a Finite Volume scheme, based on Vertex-Based discretization, which reaches these objectives.
We discuss on numerical grounds the efficiency of the method, and the ability of the generalized models
in capturing relevant phenomena missed by the asymptotic problem.
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1. Introduction

The evolution of a plasma can be described by the Vlasov-Maxwell-Fokker-Planck system which is a
set of coupled PDEs satisfied by the phase space distribution of charged particles and the electromagnetic
fields. The numerical simulation of such a system is highly challenging. Sources of numerical difficulties
are related on the one hand to the high dimensionality of the unknowns, and on the other hand to the
presence of stiff terms in many situations of practical interest. Indeed, working with distributions of
particles in phase space means that the unknown depends not only on time and space variables, but
also on the velocity variable. Discretizing this additional variable and the corresponding (differential and
integral) operators increases the size of the numerical unknowns. Next, from the physical properties of the
plasma a set of dimensionless parameters can be defined, which govern the stability of the simulation. In
many situations, like for instance for the simulation of ICF devices which has motivated the present work,
the stiffness induced by the values of the parameters can be highly demanding in numerical resources
and computational time. However, based on specific behavior of the parameters and using asymptotic
arguments, we can find reduced models. In particular when the particles’ distribution functions are driven
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to equilibrium (for instance due to the collisions mechanisms) we are led to models where the unknowns
depend only on the time and space variables. The Spitzer-Härm regime discussed in the seminal work
[1] is one of those regimes. We refer to [2, 3] for a detailed presentation of the scaling issues from the
framework of kinetic equations. The asymptotic regime we are considering in this work combines two
distinct effects:

• on the one hand, the small Debye length assumption leads to quasineutrality. The total current
vanishes, and the local density of positive and negative charges equilibrate. Throughout the paper,
we shall assume that the positive charges are in a given equilibrium state, with u = 0 as bulk velocity.
Therefore the electronic current vanishes: denoting by J(t,X) the first order moment of the electron
distribution function, we have

J = 0. (1.1)

This constraint is often used in practice, even in kinetic models; it defines self–consistently the
electric field, see e. g. [4, 5, 6, 7]. More elaborate models can be considered, possibly incorporating
a description of the fluctuations of the magnetic field [4, 8], but such refinements are beyond the
scope of the present work.

• on the other hand, small values of the mean free path introduce relaxation effects, which, in turn,
prescribe how the particles distribution function depends, at leading order, on the velocity variable.
For our purposes, the asymptotic discussion is embodied into a single parameter, that we denote
from now on by 0 < ε � 1. The parameter ε is the ratio between the mean free path ` and the
characteristic length of the considered flow L, see [2], i.e.

ε =
`

L
=

(
ε0kB θ̄L

)2
4πρ̄q4 ln Λ

,

where ε0 is the vacuum permittivity, kB , the Boltzmann constant, q, the elementary charge and
ln Λ the Coulomb logarithm, while ρ̄ and θ̄ stand for typical values of the electronic density and
temperature, respectively. This parameter measures the plasma thermalization.

It turns out that as ε goes to 0 the distribution of negative charges tends to a the local equilibrium and the
dynamics of the plasma is entirely described by the evolution of the electron temperature θ(t,X) which
obeys  ∂tθ +

2

3ρ
∇X ·Q = S,

Q = −κSH(θ)∇Xθ.
(1.2)

In (1.2), X 7→ ρ(X) > 0 and S(t,X) are God-given density and source term respectively. The diffusion
coefficient θ 7→ κSH(θ) > 0 keeps track of the microscopic description since its expression depends on
the details of the interparticles collisions. The scaling issues and the derivation of (1.2) from the kinetic
framework are detailed in [2, 3], which also contains further references.

Of course the limiting equation (1.2) is quite simple, and it can be solved numerically by using many
efficient methods. However, it turns out that it misses some phenomena that should be inherited form
the kinetic modeling, as it has been reported from comparizon with experiments or (1D or 2D) kinetic
simulations [9, 10, 4]. Indeed, as ε increases, the influence of the deviation of the distribution from the
equilibrium Maxwellian state become significant. Therefore, the objective consists in incorporating in the
model some ε−dependent correction terms, intended to capture the effects of these deviations, but bearing
in mind that the model should remain accessible to a reasonably costly numerical treatment. To this end,
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models based on “delocalized heat fluxes” have been proposed in the literature since the pioneering work
of Luciani, Mora and Virmont [11], see [12, 13, 14, 15]. The simplest non local models for heat transfer
add a correction, defined by a suitable convolution kernel, to the definition of the heat flux in (1.2): we
set Q = −κSH(θ)∇Xθ + Wε ? (κSH(θ)∇Xθ). The correction is intended to vanish as ε → 0, and there
are many derivations of relevant kernels Wε [12, 13, 14, 15, 16, 5, 2]. For such simple models, usually
the numerical treatment relies on IMEX approaches, the leading term being approached implicitly, the
correction explicitly [16, 5]. We also refer to [2] for the mathematical analysis of such models. However,
more refined reduced models have been proposed, which involve generalized heat fluxes depending on an
energy variable [15].

The derivation of such non-local models has been revisited recently in [3] where the following system
has been introduced as an alternative to the Spitzer-Härm equation:

∂tθ +
2

3ρ
∇X ·Q = S,

Q(t,X) =

∫ ∞
0

Q(t,X, ξ) dξ,

∂tQ+
Q
ε2µ
−∇X (ν∇X · Q)− ηE = − κ

ε2µ
∇Xθ.

(1.3)

The additional variable ξ ≥ 0 can be interpreted as an internal energy and Q (t,X, ξ) appears as to be
a generalized heat flux, as already introduced by Schurtz and Nicoläı in [15]. The coefficients µ, ν, κ, η
depend on both the energy variable ξ and the temperature θ, hence making the model non-linear (but they
are supposed independent on the scaling parameter ε). Their expressions again depend on the collision
processes; for our purposes, it is important to keep in mind that

µ(ξ, θ) > 0, ν(ξ, θ) > 0, κ(ξ, θ) ∈ R, η(ξ, θ) ∈ R

holds. It is convenient to define the electric field as

E = ESH + ε2E , ESH = θ

(
∇X ln ρ− 5

2
∇X ln θ

)
,

and the perturbation E is defined in connection to the constraint (1.1), which now takes the form (see [3]
for details)

J(t,X) =
1

θ

∫ ∞
0

Q(t,X, ξ)

ξ
dξ = 0. (1.4)

The problem (1.3)-(1.4) is completed with the initial condition

θ(0, X) = θ0(X), Q(0, X, ξ) = Q0(X, ξ), (1.5)

where Q0(X, ξ) is assumed to satisfy the constraint (1.4). The problem is set on a smooth bounded domain
Ω; on the boundary ∂Ω it is natural to use the Neumann condition

Q(t,X, ξ) · n∂Ω = 0, (1.6)

with n∂Ω the unit outward normal. As ε goes to 0, we formally recover (1.2), endowed with Neumann
boundary condition, from (1.3), once we have said that

κSH(θ) =

∫ ∞
0

κ(ξ, θ) dξ > 0.
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We point out that the integral is positive while κ(ξ, θ) changes sign so that (1.4) can be satisfied at the
asymptotic regime ε → 0. Remarkable properties of the model (1.3) are discussed in [3]. As a matter of
fact, we observe that the total thermal energy

∫
Ω

3ρθ dX satisfies the following balance relation:

d

dt

∫
Ω

3ρθ dX =

∫
Ω

3ρS dX. (1.7)

As said above, throughout this paper we assume that quasineutrality holds with a ionic background
without current: the electronic current vanishes (1.1) and the electronic density is prescribed. The con-
straint also defines the electric field perturbation. The model can be generalized in order to describe
more complex electromagnetic behaviors. For instance the expression of the Spitzer-Härm electric field
can be replaced by Ohm’s law and the perturbation E is obtained through a constraint J = Ji 6= 0. Note
however that the coefficients µ, ν, κ and η are functions of the electric field and their expression depend
on the electric model. It is also possible to deal with more complex electric models, like Poisson’s law,
with additional equations to compute the electronic density. The derivation of the model in [3] does not
consider the effects of the magnetic field, which would need to go back to the Maxwell system. Such an ex-
tension requires to define an adapted basis to decompose the electron distribution function, as introduced
in [17]. Such models based on a more intricate physics are beyond the scope of the present work, where we
focus on the design of specific numerical methods to solve (1.3). For discussion of non local models with
magnetic fields, we refer to [4, 5, 6, 7]. It is also worth pointing out that, while these non–local models of
heat transfer are quite popular in the modeling of laser produced plasmas, their applications to tokamaks’
plasmas has also been discussed [18, 19].

The system (1.3) is not strictly of macroscopic type because it still involves the internal energy variable
ξ ≥ 0. The approach devised in [3] consists in replacing the continuous equations (1.3) by a discrete
version where the generalized heat flux is evaluated at a reduced set of quadrature points ξ1, ..., ξg, for
some g ∈ N \ {0}. This is motivated by the fact that the important quantities are defined by integrals of
the generalized heat flux. To be more specific, we use a Gauss-Laguerre quadrature approximation : given
α > −1, and g ∈ N \ {0}, we set ξ1, ..., ξg as to be the zeroes of the gth Laguerre generalized polynomials:

L (α)
g (ξ) =

g∑
j=1

(−1)
j

(
g + α
g − j

)
ξj

j!

For any smooth function ξ 7→ Q(ξ) the following Gaussian quadrature formula∫ ∞
0

Q(ξ) dξ =

g∑
j=1

ωjQ(ξj) +
g!Γ(g + α+ 1)

(2g)!
∂2g
ξ

(
Q(ξ)

eξ

ξα

)
(c),

holds for some c ≥ 0 where the weight ωj is associated to ξj by

ωj =
Γ(g + α)ξj

g!(g + α)
(
L

(α)
g−1(ξj)

)2

eξj

ξαj
.
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We obtain now a purely macroscopic model by introducing Q1(t,X), ...,Qg(t,X), intended to be approx-
imation of Q(t,X, ·) at the quadrature points ξ1, ..., ξg. The discrete model obtained that way reads

∂tθ +
2

3ρ
∇X ·Q = S,

Q =

g∑
j=1

ωjQj ,

∂tQj +
Qj
ε2µj

−∇X (νj∇X · Qj)− ηjE = − κj
ε2µj

∇Xθ,

(1.8)

where the coefficients are simply given by evaluating the original coefficients at the quadrature points:

µj (θ) = µ (ξj , θ) , νj (θ) = ν (ξj , θ) , κj (θ) = κ (ξj , θ) .

The constraint (1.4) becomes
g∑
j=1

ωjQj
ξj

= 0. (1.9)

For the boundary condition, we get
Qj · n∂Ω = 0. (1.10)

By contrast to other non local models where usually fluxes are solutions of stationary equations, like
for instance the Shurtz-Nicoläı system, (1.8) do not need any artificial and unphysical cut-off of the
coefficients to cure the observed numerical instabilities [16, 5]. Furthermore, [3] establishes well-posedness
and stability estimates statements which provide a rigorous basis to the model. Hence, (1.8) can be a
valuable alternative to delocalized models in plasmas simulations. As a first attempt a numerical scheme
on Cartesian grids is proposed in [3], which allows to validate the relevancy of the reduced model. However,
most applications need more elaborate discretizations based on unstructured meshes, because of complex
geometries, mesh refinement strategies or coupling of the plasma equations with other physical effects.
For this reason, we shall design a specific scheme based on a Finite Volume discretization, which can work
on unstructured tessellations.

Let us describe how our work takes place in a more ambitious program. To perform simulation of
ICF devices at the industrial level, the dynamic of ions has to be considered. Heating processes lead to
expansion of the plasma and, at the hydrodynamic scale, such phenomena are usually simulated by using
Lagrangian methods, hence with distorted meshes, see for instance [20, 21]. The work–plan to solve the
coupled ions-electrons system splits into two steps, assuming for the sake of simplicity thermal equilibrium
between positive and negative charges:

a) For a given ionic temperature, the dynamic of ions is computed on a unstructured grid by using a
Lagrangian method on a “coarse” time step.

b) According to the quasi-neutrality assumption, the electronic density is set equal to the ionic density.
It supposes that the electronic density does not vary too much on the “coarse” time step. Then, we
update the electronic temperature: we perform several “fine” time steps by using the model (1.3)
until we reach the “coarse” time step. We refer to [22] and the references therein for comments and
analysis on such “sub–cycling” strategies. Eventually, we close the system by considering that the
ionic temperature is equal to the electronic temperature.

In this program it might be questionable to make use of the quasineutrality assumption in order to impose
the electronic density with the density of ions, which itself is driven by an hydrodynamic system. However,
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this assumption is currently used in simulations of ICF devices, see [5]; it can be motivated by the fact
the evolution of the electrons is widely faster than the evolution of the ions, see [2]. Note also that volume
variations associated to the plasma expansion are described by source terms in the temperature equation.
The actual expression of those source terms, describing the heating processes in the temperature equation,
involves the electron distribution function F . According to the derivation and analysis in [3], we are able
to reconstruct an approximation of the electron distribution with the solution of the macroscopic model
(1.8). More precisely, given Ω in the unit sphere, we set

F (t,X, ξΩ) = M (t,X, ξ) + εf1 (t,X, ξ) · Ω + ε2f̃0 (t,X, ξ) ,

where the deviation from the Maxwellian

M(t,X, ξ) =
ρ(X)

(2πθ(t,X))
3/2
e−ξ

is defined by

f1(t,X, ξ) =
3Q(t,X, ξ)

16πθ(t,X)3ξ2
,

f̃0(t,X, ξ) = −2τ0
3

(√
2θ(t,X)ξ

2
∇x · f1(t,X, ξ) +

E0(t,X)√
2θ(t,X)ξ

· f1(t,X, ξ)

)
,

E0(t,X) = θ

(
∇X ln ρ+

5

2
∇X ln θ

)
(t,X),

with τ1 > 0 and τ2 > 0. We have adopted here the simplifying assumptions described in [3, §5.1, simpli-
fications b) and c)], which have been used to derive (1.3). Such a formula provides an expression of the
source term. However, it is likely that the simplifications which lead to a practical formula introduce a
gap with the real physical process of heating. The interpretation of the results could be challenging, and it
could be far from easy to distinguish whether discrepancies with observations are due to inabilities of the
numerical method of weaknesses of the adopted reduced model. Another source term in the generalized
heat flux equation is related to the heating process by the inverse bremsstrahlung effect induced by the
beam. To simulate physical devices, another critical data that must be provided in the numerical models
are the boundary conditions. However, measurements of the internal energy profile of the electronic dis-
tribution are not available, and thus it is not clear how to define a boundary condition for the non-local
models.

This work focuses on part b) of the program. We suppose that the density and the source term are
given and we pay attention to the numerical resolution on quite arbitrary grids of the generalized heat flux
equation. We propose a scheme of Finite Volume type to perform simulation of the system (1.8)-(1.10).
Of course numerical schemes for the Spitzer-Härm equation (1.2) are quite standard, so that a natural
requirement is to construct the scheme for (1.8)-(1.10) in such a way it degenerates as ε → 0 to one of
those simple schemes for (1.2). A difficulty consists in avoiding unnecessary spreading of the numerical
stencil: proceeding naively would lead to update fluxes and temperature at a given point by using a large
number of neighbors. In turn, it would increase the complexity of the underlying linear system and thus
would impact negatively the numerical efficiency, creating also spurious diffusion effects and ambiguities
for treating boundary terms. The method has also some flexibility and it can be readily adapted to treat
similar problems like the simulation of electrostatic potentials as arising in the modeling of the dielectric
properties of water [23, 24]. We remind that usually numerical methods for non local models are designed
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for systems where the heat fluxes are defined by stationary equations, which thus leads to different tech-
niques. For such stationary models, stability issues usually leads to impose an artificial cut–off in the
definition of the coefficients, which is however unphysical (in particular it contradicts the null–current hy-
pothesis). We refer for details on such numerical schemes, mainly based on Finite Differences approaches,
to [16, 5]. Further validation of the model and the scheme can be discussed through comparizon with
experiments or kinetic simulations [25]. Performing microscopic codes are available even in 2D: we refer
for instance to [26, 27] for a detailed presentation of numerical methods (on Cartesian grids) for solving
kinetic models in a similar physical context.

The paper is organized as follows. In section 2, we use a simple time discretization and define a
relevant space discretization which allows to reach our objectives. From a mesh made of triangles, the
temperature is evaluated at the vertices of the meshing (Vertex Based Method) while the heat fluxes
are evaluated on the interfaces of the corresponding control volumes. In this construction gradients are
simply approximated by using P1 interpolations in triangles. In section 3, we present a coupling strategy
which allows to use the Spitzer-Härm limit in a part of the computational domain and the generalized
Spitzer-Härm model everywhere else. We are able to couple the models thanks to the consistency of the
generalized Spitzer-Härm scheme to the Spitzer-Härm scheme. Section 4 is devoted to a series of numerical
tests which bring out the numerical performances of the scheme and show the ability of the model (1.8)-
(1.10) in capturing new effects. A more elaborate time discretization is discussed in Section 5.2: by using
an iterative procedure, which is reminiscient of the Jacobi method, we uncouple the resolution of the heat
fluxes equation, which substantially improves the performances of the scheme in terms of computational
time.

2. A Vertex-Based Finite Volume Scheme

2.1. Discretization

2.1.1. Time Discretization

To start with let us discuss the time discretization. Let ht > 0 denote the time step. Integrating

∂tθ +
2

3ρ
∇X ·Q = S, Q =

g∑
j=1

ωjQj(t,X) (2.1)

over [nht, (n+ 1)ht] we obtain

θ((n+ 1)ht, X)− θ(nht, X) =

∫ (n+1)ht

nht

S(t,X) dt− 2

3ρ
∇X ·

g∑
j=1

ωj

∫ (n+1)ht

nht

Qj dt.

The source term S is known, and we denote

Sn,n+1(X) =
1

ht

∫ (n+1)ht

nht

S(t,X) dt.

For the fluxes the integral
∫ (n+1)ht
nht

Qj dt is approximated by interpolating between the values of Qj at

time nht and (n + 1)ht. Given a parameter 0 ≤ τ ≤ 1, we are thus led to the following semi-discrete
version of (2.1)

θn+1 − θn

ht
= Sn,n+1 − 2

3ρ
∇X ·

g∑
j=1

ωj(τQn+1
j + (1− τ)Qnj ). (2.2)

7



Proceeding similarly with the fluxes equations yields

Qn+1
j −Qnj
ht

+
τQn+1

j + (1− τ)Qnj
ε2µn+τ

j

−∇X
(
νn+τ
j ∇X ·

(
τQn+1

j + (1− τ)Qnj
))

−ηn+τ
j

(
τEn+1 + (1− τ) En

)
= −

κn+τ
j

ε2µn+τ
j

∇X
(
τθn+1 + (1− τ) θn

)
.

(2.3)

The coefficients are defined by
µn+τ
j = µj

(
τθn+1 + (1− τ) θn

)
νn+τ
j = νj

(
τθn+1 + (1− τ) θn

)
,

κn+τ
j = κj

(
τθn+1 + (1− τ) θn

)
.

The field En is defined as to maintain the constraint

g∑
j=1

ωjQnj
ξj

= 0. (2.4)

In the following, we shall use the shorthand notation

θn+τ = τθn+1 + (1− τ) θn, Qn+τ
j = τQn+1

j + (1− τ)Qnj , En+τ = τEn+1 + (1− τ) En.

It can be interpreted as an approximation of the corresponding unknowns at time (n+ τ)ht. The parame-
ter τ allows to tune how much the scheme is made implicit, in connection to stability and accuracy issues.
As τ = 0, the scheme is fully explicit. But, according to the analysis in [2] it is likely that the stability of
the scheme is constrained by a condition of parabolic type, where the time step have to be in order of the
square of the space step, which makes the computational cost prohibitive, especially for multi-dimensional
simulations. Hence, using 0 < τ ≤ 1 makes the scheme implicit and improves the stability properties.
However, due to the fact that the coefficients depend on θ, the system (2.2)-(2.4) is non linear for τ > 0.

To deal with the nonlinearities, we proceed iteratively. Knowing the unknowns at time nht, we con-
struct a sequence

(
θn,r,Qn,r1 , ...,Qn,rg

)
r∈N the limit of which as r → ∞ will define θn+1 and the Qn+1

j ’s.

We set θn,0 = θn, Qn,0j = Qnj and we define iteratively θn,r and Qn+τ,r
1 , ...,Qn+τ,r

g by solving the linear
system

Qn+τ,r+1
j − ε2µ̃n+τ,r

j ∇X
(
νn+τ,r
j ∇X · Qn+τ,r+1

j

)
− 2

3
κ̃n+τ,r
j τht∇X

(
1

ρ
∇X ·

g∑
l=1

ωlQn+τ,r+1
l

)

− ε2µ̃n+τ,r
j ηn+τ,r

j En+τ,r+1 =
ε2µ̃n+τ,r

j

τht
Qnj − κ̃

n+τ,r
j ∇X

(
θn + τhtS

n,n+1
)

g∑
j=1

ωjQn+τ,r+1
j

ξj
= 0,

θn+τ,r+1 = θn + τhtS
n,n+1 − 2τht

3ρ
∇X ·

g∑
j=1

ωjQn+τ,r+1
j ,

(2.5)
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where we have set

µn+τ,r
j (θ) = µj (θn+τ,r) , µ̃n+τ,r

j (θ) =
µn+τ,r
j (θ) τht

ε2µn+τ,r
j (θ) + τht

,

νn+τ,r
j (θ) = νj (θn+τ,r) ,

ηn+τ,r
j (θ) = ηj (θn+τ,r) ,

κn+τ,r
j (θ) = κj (θn+τ,r) , κ̃n+τ,r

j (θ) =
κn+τ,r
j (θ) τht

ε2µn+τ,r
j (θ) + τht

.

(2.6)

In practice, a few iterations are sufficent to obtain a good approximation of the limit of the iterative
process. We are thus led to solve a system of elliptic equations and we are going to discuss in the following
section the space discretization of (2.5) based on a Finite Volume formulation of the problem.

2.1.2. Finite Volume Discretization

For the sake of simplicity, we restrict the presentation to the two-dimension framework. We give some
hints for the generalization to the 3D case in Section 5.1 below. Since solutions of (1.3) are expected to
converge to those of (1.2) in the Spitzer-Härm regime ε → 0, we start by writing a scheme for the limit
equation.

We can rewrite the problem as a single equation for the temperature θ

3ρ∂tθ − 2∇X · (κSH∇Xθ) = S (2.7)

According to the discussion in Section 2.1.1, we are led to consider the following semi-discrete problem

θn+τ,r+1 − 2τht
3ρ
∇X ·

(
κn+τ,r
SH ∇X

(
θn+τ,r+1

))
= θn + τhtS

n,n+1, (2.8)

with κn+τ,r
SH =

∑g
j=1 κ

n+τ,r
j . Adopting the Finite Volume viewpoint, the numerical unknown will be in-

tended to approximate the mean value of the temperature over some control volume, and we will need
to introduce a suitable definition of the gradient of the temperature on the interfaces of the control volume.

In this work we consider a tessellation of the computational domain Ω , noted T, made of conform-
ing and isotropic triangles. It constitutes the so-called primal mesh.The temperature is estimated at the
vertices of the mesh. We denote by V the set of vertices of the tessellation T, and Ck the control volume
associated to the vertex k ∈ V. As shown in Figure (1), it is obtained by joining the centroids of all
the triangles having k as a vertex and the midpoint of the edges of these triangles. The segments of this
polygonal curve containing Ck are called the faces of the control volume, and |Ck| =

∫
Ck

dX stands for

the surface (volume in dimension 3) of the domain Ck. The set of the control volumes defines another
tessellation of Ω, named the dual mesh. Finally, we denote by FCk , the set of the faces of Ck which do not
belong to ∂Ω. Faces lying on ∂Ω can be disregarded due to the Neumann boundary condition (1.10).
Let us integrate (2.8) over a control volume Ck. By using the Stokes formula, we obtain

1

|Ck|

∫
Ck

ρθn+τ,r+1 dX − 2τht
3|Ck|

∑
f∈FCk

∫
f

(
κn+τ,r
SH ∇X

(
θn+τ,r+1

))
dσ ·

Nf
Ck

|f |

=
1

|Ck|

∫
Ck

ρθn dX + τht
1

|Ck|

∫
Ck

ρSn,n+1 dX,

(2.9)

9



: Triangle of T

: Face f

: faces connected to

the face

Figure 1: Example of control volume Ck and connectivity.

where Nf
Ck

is the normal to the face f outward of the volume Ck with norm |Nf
Ck
| = |f | =

∫
f

dσ, the
length of the face. We set

ρk =
1

|Ck|

∫
Ck

ρ dX, Sn,n+1
k =

1

ρk|Ck|

∫
Ck

ρSn,n+1 dX.

The numerical unknown θn+τ,r+1
k is intended to approximate the mean value 1

|Ck|
∫

Ck
θn+τ,r+1 dX. The

scheme will be defined by mimicking relation (2.9). To this end we need to define the numerical flux on the
faces of Ck which relies on constructing the gradient of the temperature on the faces. The idea consists is
using the three vertices of the triangle containing the considered interface to define a P1 approximation of
the temperature, then taking its derivative to obtain the gradient. Such a construction already appears in
fluid mechanics when dealing with non homogeneous incompressible viscous flows [28]. It can be compared
to DDFV construction which are usually based on Cell Center discretization see [29, 30] and the references
therein. More precisely, the construction proceeds as follows. Let K = #V be the cardinal of the set of
vertices of the mesh. Given ψ ∈ RK , we set

P [ψ] (X) =
∑
T∈T

(
∇T [ψ] ·

(
X −

∑
k∈VT Xk

3

)
+ CT [ψ]

)
1T , (2.10)

where VT is the set of the vertices of the triangle T and Xk is the vector of coordinates of the vertex k.
The definition is completed by imposing

P [ψ] (Xk) = ψk.

In other words we consider the piecewise P1 function having its values at the vertices prescribed by the
ψk’s. We have

(∇T [ψ])i =
det
(
W i
)

det (V )
, CT [ψ] =

∑
k∈VT ψk

3
,

with V the 2 × 2 matrix with coefficients Vj,k = (Xlk −Xl3)j while (li)1≤i≤3 are indices of vertices of

triangle T . W i is obtained from V by replacing its ith column by the column vector (ψl1 − ψl3 , ψl2 − ψl3)
t
.
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The definition makes sense because det (V ) vanishes iff the surface of T vanishes, and for a given mesh
this quantity is bounded from below. Observe that P [ψ] is continuous on Ω. Going back to the numerical
scheme, we write

θn+τ,r+1
k − 2τht

3ρk|Ck|
∑
f∈FCk

κn+τ,r
SH,f ∇Tf

[
θn+τ,r+1

]
·Nf

Ck
= θnk + τhtS

n,n+1
k , (2.11)

where Tf is the triangle which contains the face f , κSH,f = κn+τ,r
SH (P [θ] (Xf )) and Xf being the centroid

of the face f .

We shall use the scheme just derived for (1.2) as a starting point to develop a numerical method for
the more involved model (1.3). To this end, it is convenient to introduce the vectorial quantity, naturally
associated to faces f of the control volumes,

Qn+τ,r+1
SH,f = −κn+τ,r

SH,f ∇Tf
[
θn+τ,r+1

]
. (2.12)

It can be interpreted as an approximation of the heat flux in the direction of the normal to the face f at
time (n+ τ)ht, that is

1

|f |

∫
f

QSH ((n+ τ)ht, σ) dσ.

Remark that ψ ∈ RK 7→P[ψ] is a linear operator. We replace θn+τ,r+1 in (2.12) by the expression given
in (2.11) to obtain

Qn+τ,r+1
SH,f −

2κn+τ,r
SH,f τht

3
∇Tf

 1

ρ|C |
∑

f?∈FCk

Qn+τ,r+1
SH,f? ·Nf

C


= −κn+τ,r

SH,f ∇Tf
[
θn + τhtS

n,n+1
k

]
,

θn+τ,r+1
k = θnk + τhtS

n,n+1
k − 2τht

3ρk|Ck|
∑
f∈FCk

Qn+τ,r+1
SH,f ·Nf

Ck
.

(2.13)

Obviously (2.13) defines the same sequence θnk as (2.11). However, as a numerical scheme it is not relevant
to make use of (2.13) because it involves more unknowns and the linear system to be inverted has a larger
stencil and loses some advantageous proporties as symmetry, Figure (1). Nevertheless, formula (2.13) is
interesting because it provides a natural way to evaluate the consistency of a scheme for (1.3) with the
Spitzer-Härm regime ε → 0: letting ε go to 0 in the definition of the flux for (1.3) we should recover
(2.13). As already noticed, the heat flux in (2.12) is naturally discretized on the faces of the control
volumes. Therefore, the new numerical unknown for (1.3) Qn+τ,r+1

j,f is interpreted as an approximation of

the mean value of Qn+τ,r+1
j on the face f . Remark we do not associate a control volume to the discrete

unknown Qn+τ,r+1
j,f . However, we are able to define discrete second order differential operators on the

generalized heat fluxes on the faces, need to the resolution of (1.3). To this end, we first remark that
for any Q : R2 → R2 smooth enough vector function, the integration of the Jacobian matrix ∇XQ on a
bounded surface could be estimated using a Stokes formulae by its mean value on the boundary of the
surface. In particular, on a control volume k, we have∫

Ck

∇XQdX =

∫
∂Ck

Q⊗ n dσ =
∑
f∈FCk

1

|f |

∫
f

Qdσ ⊗Nf
Ck
,

11



with n the outward normal to the boundary ∂Ck. Mimicking this formulae, we proceed into two steps.

1. Let q = (q1, ..., qM ) be a given set of M vectors in R2, with M the number of faces of the mesh.
Hence each qj is associated to a unique face of the dual mesh. We associate to q the piecewise
constant matrix-valued function which is defined of each volume control by

Gk [q] =
1

|Ck|
∑
f∈FCk

qf ⊗Nf
Ck
. (2.14)

This quantity is intended to define the (discrete) mean derivative of a function on a control volume
from the values on the faces.

2. The previous step defines G1 [q] , ...,GK [q], associating to each vertex k of the primal mesh. Then
we can use the operator P to construct a function which is P1 on each triangle T ∈ T and next
consider ∇Tf [G [q]] for each face of the dual mesh.

Coming back to the equations under consideration, Step 1 defines Tr
(
Gk
[
Qn+τ,r+1
j

] )
: on each control

volume Ck, this quantity is intended to approximate 1
|Ck|

∫
Ck
∇X · Qn+τ,r+1

j dX. Then using the recon-

struction by triangle P, we are able to define on each T ∈ T an approximation of the second order

derivative of the generalized heat fluxes with ∇T
[

Tr
(
G
[
Qn+τ,r+1
j

] )]
. With these notations, we arrive

at the following definition of the scheme: for any face f we have

Qn+τ,r+1
j,f − ε2µ̃n+τ,r

j,f ∇Tf
[
νn+τ,r
j Tr

(
G
[
Qn+τ,r+1
j

] )]
−

2κ̃n+τ,r
j,f τht

3
∇Tf

[
1

ρ
Tr

(
G

[
g∑
l=1

ωlQn+τ,r+1
l

])]
− ε2µ̃n+τ,r

j,f ηn+τ,r
j,f En+τ,r+1

f

=
ε2µ̃n+τ,r

j,f

τht
Qnj,f − κ̃

n+τ,r
j,f ∇Tf

[
θn + τhtS

n,n+1
k

]
,

g∑
j=1

ωjQn+τ,r+1
j,f

ξj
= 0,

(2.15)

and for k ∈ {1, ...,K} we have

θn+τ,r+1
k = θnk + τhtS

n,n+1
k − 2τht

3ρk
Tr

Gk

 g∑
j=1

ωjQn+τ,r+1
j

 . (2.16)

The coefficients are given by

µ̃n+τ,r
j,f =

1

|f |

∫
f

µ̃n+τ,r
j (P [θ] (X)) dσ, κ̃n+τ,r

j,f =
1

|f |

∫
f

κ̃n+τ,r
j (P [θ] (X)) dσ,

ηn+τ,r
j,f =

1

|f |

∫
f

ηn+τ,r
j (P [θ] (X)) dσ, νn+τ,r

j,k =
1

|Ck|

∫
Ck

νn+τ,r
j (θk) dX = νn+τ,r

j (θk) .
(2.17)

The linear system (2.15) is the heart of the scheme; it is the main source of numerical cost because this is
only step in the scheme which requires to solve a linear system. It is made of g+ 1 equations (generalized
heat fluxes + constraint) and g + 1 degrees of freedom (generalized heat fluxes + field perturbation) at
each face. The perturbation of the electric field plays the role of the Lagrangian multiplier associated to

12



the constraint of vanishing current. It is incorporated in the linear system to be solved. Other methods
could be used based on the optimization viewpoint : Uzawa algorithm, augmented Lagrangian methods...
The method we use guarantees that the constraint is exactly satisfied, see [3]. The numerical resolution
could be generalized to more intricate electromagnetic models, while the discretization of the electric field
is realized at the faces. Remark that the Neumann boundary condition is naturally taken into account by
imposing

Qn+τ,r+1
j,f ·Nf

Ck
= 0 when f ∈ ∂Ω

and k is the index of the volume which admits f as a face. Accordingly, the boundary terms are also
incorporated in the summation over the faces. We can check that the scheme satisfies the discrete analog
of the energy balance relation (1.7).

Proposition 2.1. The solution of the scheme (2.15)-(2.16) satisfies∑
k∈V

3|Ck|ρkθn+1
k =

∑
k∈V

3|Ck|ρkθnk + ht
∑
k∈V

3|Ck|ρkSn,n+1
k .

Proof. Let us replace the temperature by its expression given by (2.16). We write for any r ≥ 0

∑
k∈V

3|Ck|ρkθn,r+1
k =

∑
k∈V

3|Ck|ρk

1

τ

θnk + τhtS
n,n+1
k − 2τht

3ρk
Tr

Gk

 g∑
j=1

ωjQn+τ,r+1
j

− 1− τ
τ

θnk


=
∑
k∈V

3|Ck|ρkθnk +
∑
k∈V

3|Ck|ρkhtSn,n+1
k − 2ht

g∑
j=1

ωj
∑
k∈V

∑
f∈FCk

Qn+τ,r+1
j,f ·Nf

Ck

In the last sum, the contribution of the boundary faces vanishes owing to the Neumann boundary condition.
Let us consider an internal face f ∩ ∂Ω = ∅, common to two control volumes C f

k1
and C f

k2
. The outward

normal of these control volumes on the face f are in opposite directions: Nf
Ck1

= −Nf
Ck2

. It follows that∑
k∈V

∑
f∈FCk

Qn+τ,r+1
j,f ·Nf

Ck
=
∑
f∈F
Qn+τ,r+1
j,f ·

(
Nf

Ck1
+Nf

Ck2

)
= 0,

where F is the set of faces in the interior of Ω. Eventually we conclude by passing to the limit r →∞.

Remark 2.1. We observe that the quantity Tr
(
G [q]

)
depends only on the inner products qf ·Nf

Ck
. Pre-

cisely, we have

Tr
(
G [q]

)∣∣
Ck

=
1

|Ck|
∑
f∈FCk

qf ·Nf
Ck
.

Therefore it appears clearly that Qn+τ,r
j,f · Nf

Ck
is the only relevant variable to be used in the numerical

scheme (2.15). It means that the unknowns reduce to a scalar quantity associated to each vertex of the
primal mesh and g scalar quantities associated to each face of the dual mesh.
Moreover, it is worth pointing out that the strategy, with the operators P and G , can be used to treat more
general non-local equations, involving more complicated second order derivatives of the heat fluxes, see [3].
For instance ∇X · ∇XQn+τ,r+1

j becomes in the scheme

Tr
(
∇Tf

(
G
[
Qn+τ,r+1
j

]) )
.
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Let us discuss what the scheme (2.15)-(2.16) does when ε goes to 0. Formally we obtain

Qn+τ,r+1
j,f −

2κn+τ,r
j,f τht

3
∇Tf

[
1

ρ
Tr

(
G

[
g∑
l=1

ωlQn+τ,r+1
l

])]
= −κn+τ,r

j,f ∇Tf
[
θn + τhtS

n,n+1
k

]
,

θn+τ,r+1
k = θnk + τhtS

n,n+1
k − 2τht

3ρk
Tr

G

 g∑
j=1

ωjQn+τ,r+1
j

 .

(2.18)

Since the operator P is linear, we can rewrite the first equation using the second and we get Qn+τ,r+1
j,f =

−κn+τ,r
j,f ∇Tf

[
θn+τ,r+1

]
. Finally we replace Qn+τ,r+1

j,f in the equation for the temperature by its expression
and we arrive at (2.11).

2.2. Schurtz-Nicoläı Model

The Schurtz-Nicoläı model has been introduced in [15] as a relevant simplified model for ICF simulation.
It can be recovered from (1.3) by neglecting the time derivative and the perturbation E in the equation
for the heat fluxes. Therefore, the Schurtz-Nicoläı model reads

∂tθ +
2

3ρ
∇X ·Q = S,

Q− ε2µ∇X (ν∇X · Q) = −κ∇Xθ,

Q =

∫ ∞
0

Qdξ.

(2.19)

Remark that the constraint (1.4) is not satisfied anymore. Furthermore it has been noticed that negative
values of the coefficient κ might lead to instabilities (which is not the case for the time evolution problem,
as shown in [3]), see [14], [9, Section III]. However, (2.19) is widely used in ICF codes, usually at the
price of truncating κ in order to keep positive values only [15, Section III.C]. The delocalized operator
is simplified and it makes the divergence of the generalized heat flux appear. Hence it is convenient to
introduce the new scalar quantity θ̃ (t, x, ξ) = ∇X · Q(t, x, ξ). It can be interpreted as the contribution to
the evolution of the temperature of the generalized heat flux with a given internal energy ξ. We obtain a
closed system involving the new variable by applying the divergence operator to the generalized heat flux
equation. We are led to the following 2× 2 system:

∂tθ +
2

3ρ

∫ ∞
0

θ̃ dξ = S,

θ̃ − ε2∇X ·
(
µ∇X

(
νθ̃
))

= −∇X · (κ∇Xθ) ,

14



We derive a numerical scheme for this problem by following the reasoning proposed for the classical
Spitzer-Härm equation. It yields

θ̃n+τ,r+1
j,k − ε2

|Ck|
∑
f∈FCk

µn+τ,r
j,f ∇Tf

[
νn+τ,r
j θ̃n+τ,r+1

j

]
·Nf

Ck

− 1

|Ck|
∑
f∈FCk

2κn+τ,r
j,f τht

3
∇Tf

[
1

ρ

g∑
l=1

ωlθ̃
n+τ,r+1
l

]
·Nf

Ck

= − 1

|Ck|
∑
f∈FCk

κn+τ,r
j,f ∇Tf

[
θn + τhtS

n,n+1
k

]
·Nf

Ck
,

θn+τ,r+1
k = θnk + τhtS

n,n+1
k − 2τht

3ρk

g∑
j=1

ωj θ̃
n+τ,r+1
j,k .

(2.20)

On the same token, it is worthwhile showing that the scheme (2.15)-(2.16) adapts readily to treat (2.19).
Since we neglect the time derivative of the generalized heat flux, we obtain

Qn+τ,r+1
j,f − ε2µn+τ,r

j,f ∇Tf

νn+τ,r
j

|C |
∑
f?∈FC

Qn+τ,r+1
j,f? ·Nf

Ck


−

2κn+τ,r
j,f τht

3
∇Tf

 1

ρ|C |
∑
f?∈FC

g∑
l=1

ωlQn+τ,r+1
l,f? ·Nf

Ck


= −κn+τ,r

j,f ∇Tf
[
θn + τhtS

n,n+1
k

]
,

θn+τ,r+1
k = θnk + τhtS

n,n+1
k − 2τht

3ρk|Ck|
∑
f∈FCk

g∑
j=1

ωjQn+τ,r+1
j,f ·Nf

Ck
.

(2.21)

We remark that (2.21) leads to (2.20) when summing the flux equations over the faces of the control volume

Ck and defining the discrete version of the new variable θ̃ as to be θ̃n+τ,r+1
j,k =

∑
f?∈FC

Qn+τ,r+1
j,f? ·Nf

Ck
. In

practice the formulation (2.20) has to be preferred over (2.21) for simulating the Schurtz-Nicoläı model
because the corresponding linear system is symmetric, and, for a given mesh, it has both a smaller size
and a smaller stencil. The method adapts to more complicated delocalized operators, as presented in [3].
For instance we can introduce as a new unknown the jacobian of the generalized heat flux Θ̃ (t, x, ξ) =

∇XQ(t, x, ξ) or its discrete version Θ̃n+τ,r+1
j,k = G

[
Qn+τ,r+1
j

]
= 1
|Ck|

∑
f∈FCk

Qn+τ,r+1
j,f ⊗ Nf . Then the

previous construction can be repeated to define a numerical scheme. However, the new variable is now
a matrix and it is not clear that the resulting scheme is more effective than a version of (2.21) with a
discretization of the complete delocalized operator.

3. Coupling of models: domain decomposition approach

For many applications, for instance for ICF computations and the design of devices of energy deposit
by laser beams, the asymptotic Spitzer-Härm approximation is valid on a large part of the simulation
domain. As discussed above, the Spitzer-Härm model is quite simple, and it can be numerically treated
for a reasonable cost. However, the zones where the Spitzer-Härm model does not apply are precisely
located at places where discrepancies can have a major impact on the studied physics. A simulation based
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on the generalized model on the full domain is certainly unnecessarily costly. For these reasons, we explain
now how we can combine the two modeling, just using the complex model where it is needed, through
a coupling strategy. Since the scheme (2.15)-(2.16) is asymptotically consistent to the scheme (2.11) for
the Spitzer-Härm equation, we do not need too much additional numerical tools. The discussion relies on
the definition of coupling conditions and on finding a practical method to detect where the interface has
to be placed. We propose an “a priori” estimator to decide where the asymptotic Spitzer-Härm equation
has to be used.

3.1. Coupling strategy

Let us first suppose that the scheme is well-defined on each triangle of the mesh. We note by ΩSH the
part of the domain where the Spitzer-Härm model is valid and ΩSHG the remainder of the computational
domain. We suppose that the interface Σ between the two subdomains ΩSH and ΩSHG is made of a set
of vertices of triangles of the primal mesh T. Obviously, far from the interface Σ, we do not modify the
models. However, close to the interface, the updating of the numerical unknowns from one subdomain
depends on the values on the complementary subdomain. Hence, we need to adapt the definition of
the operator G . Remark that with the scheme (2.11), the numerical unknowns depend on their direct
neighbors.

Σ

ΩSH ΩSHG

: Interface Σ

Numerical unknowns

: θn+1,r+1
k on ΩSH

: Qn+1,r+1
j,f on ΩSHG

: θn+1,r+1
k depending values on ΩSHG

: Qn+1,r+1
j,f depending values on ΩSH

Figure 2: Numerical discretization near to the interface.

Depending whether a given volume belongs to ΩSH or ΩSHG we apply the scheme (2.11) or (2.15)-
(2.16). We are now interested in the definition of the scheme on the interfaces. First we slightly generalize
the operator G so that we can approach gradient on control volumes involved by the interface. We split
the summation in (2.14) according to the two subdomains. Coming back to (2.18), Qn+1,r+1

j,f becomes

−κn+1,r+1
j,f ∇Tf

[
θn+τ,r+1

]
in the subdomain ΩSH . We define

G ?
k

[
Qn+τ,r+1
j

]
=

1

|Ck|

( ∑
f∈FCk

∩ΩSHG

Qn+τ,r+1
j,f ⊗Nf

Ck

−
∑

f∈FCk
∩ΩSH

κn+τ,r
j,f ∇Tf

[
θn+τ,r+1

]
⊗Nf

Ck

)
.

(3.1)

Notice that κn+τ,r+1
j,f is well defined even in the subdomain ΩSH since κ depends on ξ and θ only. Then

we are able to define the same operator on the hydrodynamic heat flux which appears in (2.11). Since G ?
k
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is a linear operator, we have

G ?
k

[
Qn+τ,r+1

]
=

1

|Ck|

( ∑
f∈FCk

∩ΩSHG

g∑
j=1

ωjQn+τ,r+1
j,f ⊗Nf

Ck

−
∑

f∈FCk
∩ΩSH

κn+τ,r
SH,f ∇Tf

[
θn+τ,r+1

]
⊗Nf

Ck

)
.

(3.2)

The coupled scheme summarizes as follows

θn+τ,r+1
k + 2τht

3ρk
Tr
(
G ?
[
Qn+τ,r+1

])
= θnk + τhtS

n,n+1
k , for any k ∈ ΩSH ,

Qn+τ,r+1
j,f − ε2µ̃n+τ,r

j,f ∇Tf
[
νn+τ,r
j Tr

(
G ?
[
Qn+τ,r+1
j

])]
− 2κ̃n+τ,r

j,f τht

3 ∇Tf
[

1
ρ Tr

(
G ?
[
Qn+τ,r+1

] )]
− ε2µ̃n+τ,r

j,f ηn+τ,r
j,f En+τ,r+1

f

=
ε2µ̃n+τ,r

j,f

τht
Qnj,f − κ̃

n+τ,r
j,f ∇Tf

[
θn + τhtS

n,n+1
]
, for any f ∈ ΩSHG,

(3.3)

and furthermore

θn+τ,r+1
k = θnk + τhtS

n,n+1
k − 2τht

3ρk
Tr
(
G ?
[
Qn+τ,r+1

])
, for any k ∈ ΩSHG \ Σ.

Remark that the evaluation of the temperature on ΩSHG \Σ can be performed explicitly having at hand
the quantities determined by solving the system (3.3). Reproducing the proof of Proposition 2.1. we
justify the energy balance.

Proposition 3.1. The solution of the scheme (3.3) satisfies the following discrete analog of (1.7)∑
k∈V

3|Ck|ρkθn+1
k =

∑
k∈V

3|Ck|ρkθnk + ht
∑
k∈V

3|Ck|ρkSn,n+1
k .

3.2. “A priori” estimator

We wish now to discuss a relevant definition of the interface Σ. A rough method simply consists
in splitting the domain once for all at the beginning of the simulation according to the knowledge of
experimental data. The subdomain ΩSH corresponds to a region where the perturbation are expected
to remain small, with small variation of the temperature θ: the asymptotic Spitzer-Härm model is likely
accurate enough. However, this method does not adapt to numerical results and leads to make use of
a subdomain ΩSHG larger than needed. A more refined method defines dynamically the subdomains by
using a local estimate of the variation of the heat flux. The subdomains can be defined at each iteration
or after a fixed number of time iterations, in order to keep a number of numerical unknowns as small as
possible in the scheme (2.15)-(2.16).

Let us denote Ωn,rSH and Ωn,rSHG the subdomains at iteration (n, r). We know the solution θn+τ,r on

the subdomain Ωn+1,r
SH and Qn+τ,r

j,f on the subdomain Ωn+1,r
SHG . We now construct an “a priori” estimator

En+1,r+1
T which will be used to update the new subdomain Ωn+1,r+1

SH and Ωn+1,r+1
SHG . Note that since

the subdomains change from one iteration to another, we shall need to define the value of Qn,rj,f in the
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subdomain Ωn+1,r
SH ∩ Ωn+1,r+1

SHG . We start by expanding the definition of the generalized heat flux to the

subdomain Ωn+1,r
SH by equating it to the asymptotic value of Qn+τ,r

j,f as ε goes to 0. Using (2.18), we write

Qn+τ,r
j,f = −κn+1,r−1

j,f ∇Tf
[
θn+τ,r

]
, for any f ∈ ΩSH . (3.4)

Obviously the perturbation of the field vanishes on Ωn+1,r
SH . Since ε is not vanishing, the generalized heat

flux Qn+τ,r
j,f on Ωn+1,r

SH is not solution of (2.15). Then we compare in any triangle, the solution of the two
schemes. Using (2.15), we are able to compare the solution of (2.15) to its asymptotic value given by
(3.4), it yields ∣∣∣Qn+τ,r+1

j,f + κn+τ,r
j,f ∇T

[
θn+τ,r+1

]∣∣∣
= ε2µ̃n+τ,r+1

j,f

∣∣∣∣Qnj,f + κn+τ,r
j,f ∇T

[
θn+τ,r+1

]
τht

+∇T
[
νn+τ,r
j Tr

(
G
[
Qn+τ,r+1
j

])]
+ ηn+τ,r

j,f En+τ,r+1
f

∣∣∣∣,
(3.5)

where we used the definition (2.6) of coefficients to compare the diffusion coefficients of the two models,

i.e. κn+1,r
j,f − κ̃n+1,r

j,f =
ε2µ̃n+1,r

j,f κn+1,r
j,f

τht
. Eventually, we define the following estimator function, En+1,r+1

T ,
stepwise constant on any triangle of the whole domain Ω,

En+1,r+1
T =ε2 max

f∈T
j∈[[1,g]]

µ̃n+τ,r+1
j,f

∣∣∣∣Qnj,f + κn+τ,r
j,f ∇T

[
θn+τ,r+1

]
τht

+∇T
[
νn+τ,r
j Tr

(
G
[
Qn+τ,r+1
j

])]
+ ηn+τ,r

j,f En+τ,r+1
f

∣∣∣∣.
(3.6)

Since the generalized heat flux Qn+τ,r
j,f on Ωn+1,r

SH obtained by using formulae (3.4) is not solution of the

scheme (2.15), the equality (3.5) does not hold in the subdomain Ωn+1,r
SH . The estimator function vanishes

on a triangle iff the solution of the scheme (2.15) estimated in the whole domain corresponds to the
solution of the scheme (2.11).

However, we cannot use directly this definition because it depends on the unknown at iteration
(n+ τ, r + 1), which has not yet be estimated. However, according to [3, Theorem 5.1], the solution
can be expected to have some regularity. Thus, the estimator at the previous iteration En+1,r is an
effective approximation to define the subdomains. Eventually we fix a threshold 0 < δ � 1, and for any
T ∈ T we set

T ∈
∣∣∣∣ Ωn+1,r+1

SH , if En+1,r ≤ δ,
Ωn+1,r+1
SHG , otherwise.

This method will be further discussed in Section 4.3.

4. Numerical Results

In this section, first we check numerically the stability and consistency properties of the scheme (2.15)-
(2.16). Then we perform simulations illustrating some kinetic effects not taken into account by the
Spitzer-Härm equation. For all the simulations, the linear systems are inverted using the MUMPS library
[31].
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Struc 1: h =
√

2
2 , Struc 2: h =

√
2

4 , Struc 3: h =
√

2
8 , Struc 4: h =

√
2

16 .

Unstruc 1: h ≈ 0.25, Unstruc 2: h ≈ 0.156, Unstruc 3: h ≈ 0.09, Unstruc 4: h ≈ 0.062.

Figure 3: Examples of mesh used to estimate the consistence. In the first line, structured meshes obtained with iterative
process, Struc n is the union of four Struc n−1 scaled by 1/2. In the second line, unstructured meshes obtained by Delaunay
triangulation using the mesh generator Triangle.

4.1. Validation of the Scheme

4.1.1. Consistency

In order to validate the scheme and to investigate its consistency properties we start with a simple
situation where all coefficients are constants. Precisely, we set

ρ = µ = ν = η = 1, κ(ξ) =
ξ4 (ξ − 4)

24
, κSH =

∫
R+

κdξ = 1.

As time goes to ∞, we can expect that the solution of (1.3) tends to an asymptotic profile determined by
the following system 

∫
Ω

θ∞ dX =

∫
Ω

θ0 dX +

∫ ∞
0

∫
Ω

S dX dt,

2

3ρ
∇X ·Q∞ = S,

Q∞ − ε2µ∇X (ν∇X ·Q∞) = −κSH∇Xθ∞,
E∞ = 0.

(4.1)

The computational domain is the square Ω = [0, 1]2 and the initial condition is θ0(X) = 100 and Q0
j (X) =

0. We work with the following source term

S(x1, x2) =
4 (2π)

2
κSH

3ρ
cos (2πx1) cos (2πx2) . (4.2)
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Figure 4: Errors in the L2 norm and in the H1
0 norm between the numerical and the analytical results.

We can easily check that the corresponding solution of (4.1) is given by

θ∞(x1, x2) =

∫
Ω

θ0 dX +
(

1 + 2ε2 (2π)
2
µν
)

cos (2πx1) cos (2πx2) .

We perform two sets of simulations, in a stuctured grid presented in the first line of Figure 3, and in a
unstructured grid shown for some value of h, the size of the smallest edge of the mesh. We denote θ∞h
the solution produced by the scheme (2.15)-(2.16) with a mesh characterized by h. We estimate the error
θ∞ − θ∞h with both the L2 (T) norm and the H1

0 (T) norm, the discrete norms being defined by

|θnh − θ∞|L2(T) =

(∑
Ck∈C

|Ck||θnk − θ∞ (Xk) |2
)1/2

, |θnh − θ∞|H1
0 (T) =

(∑
T∈T
|T | |∇T [θn − θ∞]|2

)1/2

.

(4.3)
The simulations are performed using g = 2 points in the energy discretization with α = 3. The time
step is set to 1and we use τ = 1 (fully implicit scheme) while ε is set to 10−1. Figure 4 shows that the
numerical scheme (2.15)-(2.16) reaches second order accuracy for the L2 (T) norm and first order for the
H1

0 (T) norm. Further tests show that this conclusion remains unaffected by making ε vary.

4.1.2. Influence of the Energy Discretization

We now wish to investigate on numerical grounds the influence of the energy discretization, embodied
into the fitting parameters α and g. We specify how the coefficients µ, ν, η, κ depend on the energy variable
ξ as follows

µ =
23/2τ1
ρ

ξ3/2θ3/2, ν =
2τ0
3
ξθ

κ =
16τ1
3
√
π
ξ4 (ξ − 4) e−ξθ5/2, η =

4ρ

3
√
π
ξ5/2e−ξθ,

(4.4)

where we set τ0 = 200 and τ1 = 1. These parameters can be interpreted as relaxation time respectively in
the isotropic and anisotropic direction. Such expressions can be derived from the kinetic modeling dealing
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g 2 3 4

N inc 36864 49152 61440

Stencil 45 75 107

0 101.812 103.642 103.647
1 101.535 103.674 103.666

α 2 103.766 103.729 103.708
3 103.806 103.774 103.751
4 103.825 103.804 103.784

Number of unknowns,

stencil and L∞ norm.

 96

 97

 98

 99

 100

 101

 102

 103

 104

 0  0.2  0.4  0.6  0.8  1

(SpHa)

(0,2)

(1,2)

(0,3);(0,4);(1,3);(1,4);(2,2);(2,3);

(2,4);(3,2);(3,3);(3,4);(4,2);(4,3);(4,4)

Numerical solutions on y = 0.5

for several value (α, g).

Figure 5: Numerical results for several value of (α, g). The left tabular is the L∞ norm of the solution. The right figure is
the temperature profile on the hyperplan x2 = 0.5.

with a BGK-like collision operator, see [3]. To treat the non-linear coefficients we proceed by using the
iterative procedure (2.5) until a numerical tolerance is reached; for the numerical tests the threshold is set
to 10−10 and we do not need more than 6 iterations.

The density ρ is still assumed to be constant (ρ(X) = 1). The initial condition and the source term
we are using are still defined by (4.2). Again we work with the structured mesh presented in Figure 3;

the space step is h =
√

2
64 , the time step is ht = 10−5 and the scheme is used in the fully implicit version

τ = 1. Finally we set ε = 10−2.

Figure 5 shows the numerical results on the hyperplane x2 = 0.5 for several values of g, the number
of points in the energy discretization, and several value of α. The figure shows that the solution could be
very bad when the number of points and the weight mismatch. For instance the results with (α, g) = (0, 2)
are unphysical and it is worth pointing out that these parameters are violating hypothesis of [3, theorem
5.1] during the iteration process: we have at some moment κn,r1,f + κn,r2,f < 0. We also observe that the
amplitude of the solution is slightly modified by the weight of the Laguerre quadrature method. The
amplitude is an appropriate indicator of the impact of the non-local model. Defining the L∞ norm of the
solution by

|θnh |L∞(T) = max
Ck∈C

θnk ,

results are displayed at the last line of Figure 5. The convergence rate and the appropriate weight are not
clearly identifiable. Thorough investigations with a larger number of points in the energy discretization
are needed. However such simulations are quite expensive both in terms of CPU time and memory storage
requirements. In particular, the stencil of the linear systems and thus the CPU time of the simulation
increase with the number of points in the energy discretization, while they do not depend on the weight of
the Laguerre polynomials. The first line in Figure 5 gives the number of punknowns of the linear system to
be inverted. Obviously it is proportional to g+1 (generalized heat fluxes + field perturbation). The second
line is the mean stencil, that is the ratio between the number of non-zero element of the linear system by
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the number of lines. This result shows that the stencil increases proportionally to the number of points
in the energy discretization. Then it becomes prohibitive to use a large number of quadrature points.
Anyway, it seems appropriate to use parameter α which exactly estimates the asymptotic Spitzer-Härm
regime with just 2 points, i.e α ∈ {2, 3, 4}, while the parameter of delocalization ε is not too large.

4.2. Relaxation Profile and Kinetic Effect

SpHa

ε = 10−4

ε = 5× 10−4

ε = 10−3

t = 5ht t = 10ht t = 15ht t = 20ht

Figure 6: Temperature isoline (from 1.491 to 1.509 every 2 × 10−3) with (2.11) (first line) and for several value of ε with
(2.15)-(2.16) at some time iterations.

The following test case is closer to the simulation of plasma in practical situations. Indeed it has been
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reported that the Spitzer-Härm model (1.2) is marginally valid for ICF plasmas [9]. As said above this
remark has motivated the development of richer reduced models that include some delocalization effects.
The relevancy of such models is evaluated by their ability in reproducing “antidiffusive effects” which are
typical of the kinetic simulation: in some circumstances, the inner product between the heat flux and the
temperature gradient is not necessarily negative, a feature that cannot be captured by the Spitzer-Härm
equation (1.2) because QSH · ∇XθSH = −κSH |∇XθSH |2 is always negative.

Hence, we consider data that produce a strong gradient initially, like

θ0(x1, x2) =
3 + 7 cos(πx1)e−100|X−Xc|2

2
, Q0

j (X) = 0,

where Xc is the centroid of the computational domain. Like in the previous section, the parameters are set
as follows: τ0 = 200, τ1 = 1, ρ(X) = 1, ht = 10−5, τ = 1, (α, g) = (2, 2) and we use a structured mesh with

a space step h =
√

2
1024 . The tolerance for the iterative process is set to 10−10. The results we discuss below

are qualitatively interesting, but they should be considered with caution because on the one hand the non-
linear definition of the coefficients highly depends on the physical context and they can influence the shape
of the solution, and on the other hand the initialization of the heat flux we have chosen is unphysical; defi-
nitely finding relevant initial values for the Qj is a difficulty when using this kind of hydrodynamic models.

Figure 6 shows the temperature contour lines for several values of ε. As ε goes to 0, the solution of
(2.15)-(2.16) (first line in Figure 6) goes to the solution of (2.11) (second and fourth lines of Figure 6). For
ε as small as 10−4, the numerical discrepancies between the two solutions are not significant. In addition,
we clearly identify that the spreading of temperature with the non local model (1.3) is reduced significantly
as ε increases. This effect is more important in areas with large temperature gradients. Simulation with
ε = 5×10−4 in Figure 6 illustrates this remark. When temperature gradients are smaller, the solution looks
like the solution of the classical Spitzer-Härm model, yet the large gradient area (X = .5) is preserved. We
observe that the number of iterations needed to obtain the tolerance in the iterative procedure depends
on the value of the scaling parameter ε. For ε = 0, the maximum number of iterations increases to 11,
exactly as for the Spitzer-Härm scheme (2.11) with the same iterative method to treat non linearities.
As ε increases, the maximum number of iterations decreases (7 steps for ε = 10−3). According to the
intuition, more iterations are needed during the few first time steps of the simulation. In fact, the number
of iterations decreases during the simulation because the evolution of the temperature becomes slower. For
the last time steps and whatever the value of ε we use, the iterative procedure needs 3 iterations, which is
the least number of steps imposed by the construction: the first iteration does not consider non-linearity
of coefficients, and the last iteration does not modify significantly the result but is needed to perform the
convergence test.

In [2, 3], simulations in one dimension have shown that (1.3) can reproduce “antidiffusive effects”.
Here, a difficulty comes from the fact that the numerical scheme (2.15)-(2.16) does not estimate the heat
flux but rather its projection to the normal direction to the faces of the control volume (see Remark 2.1:

the numerical unknown for the fluxes is actually Qn,rj,f · N
f
Ck

). Hence the definition of the inner product
between the heat flux and temperature gradient at the discrete level is ambiguous. Therefore, we consider
the following quantity, evaluated on the faces of the dual mesh

〈Qf ;∇Tf θ〉 =

 g∑
j=1

ωjQnj,f ·N
f
Ck

(∇Tf θn ·Nf
Ck

)
. (4.5)

For the Spizer-Härm equation this quantity becomes, see (2.12), QnSH,f ·N
f
Ck
×∇tθnSH ·N

f
Ck

= −κSH
(
∇tθnSH ·N

f
Ck

)2

.
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Figure 7: Product 〈Qf ;∇tθ〉 defined by (4.5) with (2.11) (first figure) and with (2.15)-(2.16) for several value of ε (second
and fourth figure) zoomed on the central area at t = 5ht. Dotted lines are faces with 〈Qf ;∇tθ〉 ≤ 0 and full lines are faces
with 〈Qf ;∇tθ〉 > 0.

Figure 7 shows that the product (4.5) can become positive when running (2.15)-(2.16) with ε > 0: on
the faces marked with full lines in Figure 7 the heat flux goes in the opposite direction compared to the
Spitzer-Härm flux. As expected these effects are very localized in regions of large temperature gradi-
ents. Nevertheless the impact of such effects in applications can be important because it generally occurs
precisely where the main part of energy is deposited by the source (Laser Beam).

4.3. Domain decomposition impact

Let us point out that using (1.3) in the whole domain could be needlessly expensive. In view of
the numerical results it is likely relevant to adopt a domain decomposition approach, using the standard
Spitzer-Härm equation (1.2) in the main domain and the more involved system (1.3) in regions where
large temperature gradients are observed, as it is described in Section 3.2. We remind that, for most
applications we are aware of, such regions are very localized.

To illustrate the accuracy of the coupling strategy, we now perform a test case with a very localized
source term. More precisely we set

S(x1, x2) = 107 cos (πx1) e−1000|X−Xc|2

where Xc is the centroid of the computational domain. Note that the average of the source term over
the whole domain vanishes. Then we estimate the solution provided by the schemes at equilibrium. The
parameters are set as follows: τ0 = 200, τ1 = 1, ρ(X) = 1, τ = 1, (α, g) = (2, 2) and we use a structured

mesh with a space step h =
√

2
512 .

Figure 8 shows the solution of the simulation with the models (1.2) (scheme (2.11), left figure) and
(1.3) (scheme (2.15)-(2.16), right figure), respectively. The diffusion of the temperature is less important
for the generalized Spitzer-Härm model and the temperature remains larger in the region of the source
term. Figure 9 shows the accuracy of the coupling strategy. On the left part of the figure, we plot the
error in the L2-norm and H1

0 -norm between the solutions obtained with the coupled scheme (3.3) and
the solution obtained with the non-local model (2.15)-(2.16) used everywhere in the domain, for several
values of the threshold parameter δ. For a small enough value of δ (< 10−4), the coupling strategy leads
exactly to the same result than the scheme (2.15)-(2.16). This has to be compared with the right part
of the figure where we plot informations about the linear systems like the number of unknowns and the
stencil of the coupling resolution for several values of the threshold parameter δ. Remark that for small
values of δ (< 10−4), the linear system is the same than the one of the scheme (2.15)-(2.16), and for large
values of δ (≥ 104), it is the same than the one of the scheme (2.11).
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Figure 8: Isoline of the numerical solutions for the two different models (1.2) (scheme (2.11), left) and (1.3) (scheme (2.15)-
(2.16), right) from 9.992 to 10.008 every 0.002.
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domain.
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In the intermediate range 10−2 ≤ δ ≤ 1, the coupling strategy leads to results quite close to the solution
of (2.15)-(2.16) and the linear system is substantially smaller in number of unknowns and in stencil than
when using (2.15)-(2.16). In addition, the linear system can be organized block–wise, according to the
sub-domain ΩSH , with symmetric blocks. This remark makes the use of parallelization strategies very
appealing to solve the linear system. Eventually, note that for 10−4 < δ < 10−2, the iterative process
needed to estimate the non-linearity and the sub-domains converges with some difficulties. The number of
iterations can grow up to several tens. It is due to the fact that the space variation of the estimator (define
in (3.6)) is small in a large region where the value of the estimator is close to δ. The iterative process
needs more iterations to determine the sub-domain interface and the efficiency of the strategy is limited.
Figure 10 shows the sub-domain interfaces for several values of the parameter δ. For 10−4 ≤ δ ≤ 10−2,
the sub-domains are not symmetric according to the axes y = 0.5, as the solution needs to be. The sub-
domains interfaces oscillate from close contours. For larger values of δ, these oscillations do not appear
and the convergence of the iterative process is quite fast.

The example is quite specific. For real cases, it is difficult to predict how large is the domain in which
heat transfer is indeed non local. It is likely that in ICF experiments the plasma evolves with non local
features in a more dynamical way and in a larger region. However, this test shows that it is possible
to couple the generalized model to the standard Spitzer-Härm equation, so that significant gain on the
numerical cost can be obtained for a simulation made on a domain larger by several order of magnitude
than the hohlraum.

5. Generalizations and Comments

5.1. Higher Dimensions and General Meshes

The scheme presented in Section 2.1.2 can be generalized to the three dimensions framework. In this
context, the mesh is composed by tetrahedrons which replace the triangles used in two dimensions. The
numerical unknowns corresponding to the temperature are still stored at the vertices of the mesh. The
control volume of a given vertex k is the set of points in R3 limited by an assembly of triangular facets,
where each facet is formed by connecting edge midpoints, element centroids and face centroids in the
primal mesh, in such a way that only the node k is contained within the dual mesh cell, see [32]. The
generalized heat fluxes are thus stored at the centroids of the faces of the volume control (hence they
are 12 values per tetrahedron instead of 3 per triangle in two dimensions). Since tetrahedrons have four
vertices, we can build the P operator as we did in two dimensions, it now defines a piecewise P1 function
depending on the three space coordinates. Remark that the Matrix operator G is well defined in any
dimension and for any bounded control volume. The scheme can be generalized as well to meshes made
of elements more complex than triangles or tetrahedrons. Indeed the key issue relies on the construction
of the P operator on the elements which are determined by d+ 1 vertices and faces. When the problem
becomes overdetermined, well-documented approximation techniques can be used, e. g. least squares
methods or projections, see [29, 30].

5.2. Uncoupling the Generalized Heat Fluxes

The system (2.5) is macroscopic, but it is made of (g + 1) coupled equations; the resolution could
be expensive, especially in multi-dimensional frameworks, for cases where the heat fluxes are vectorial
unknowns (see Remark 2.1). Indeed, in (2.15), the number of unknowns and the stencil of the linear
system are proportional to the number of points used in the energy discretization, as it is illustrated
in Figure 5. In this Section we present a decoupling strategy so that (2.15) is replaced by an iterative
process, which relies on solving g uncoupled equations at each iteration. This decoupling strategy can be
interpreted as a block-Jacobi method applied to the linear system (2.15), where the blocks are defined by
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the index of the energy variable. In this approach, the field needs to be estimated explicitly by means of
the other unknowns. To this end we multiply the equations for the heat fluxes in (2.5) by

ωj
ξj

and we sum

over j ∈ {1, ..., g}. It yields

En+τ,r+1 = −

g∑
j=1

[
ωjµ̃

n+τ,r
j

ξj

(Qnj
τht

+∇X
(
νn+τ,r
j ∇X ·

(
Qn+τ,r+1
j

)))]
g∑
j=1

[
ωj µ̃

n+τ,r
j ηn+τ,r

j

ξj

] . (5.1)

Then we replace En,r+1 in the equation on the generalized heat fluxes in (2.5) by its expression given by
(5.1). At this step, we have written a coupled system of g (generalized heat fluxes) vectorial equations,
without any approximation from (2.5). In particular, the scheme satisfies exactly the constraint (2.4).
Next, we approximate the generalized heat fluxes at the quadrature point j, Qn,r+1

j , by Q̂n,r+1
j , within all

generalized heat fluxes at other quadrature points are estimating at the known iteration in the iterative
process (2.5) (same iteration number as the one used to solve non-linearities). Q̂n,r+1

j are now defined
using

Q̂n+τ,r+1
j − ε2µ̂n+τ,r

j ∇X
(
νn+τ,r
j ∇X · Q̂n+τ,r+1

j

)
− 2

3
κ̃n+τ,r
j τht∇X

(
1

ρ
∇X · ωjQ̂n+τ,r+1

j

)

=
ε2µ̂n+τ,r

j

τht
Q̂nj − κ̃

n,r
j ∇X

(
θ̂n + τhtS

n,n+1
)

+
2

3
κ̃n+τ,r
j τht∇X

1

ρ
∇X ·

g∑
l=1
l 6=j

ωlQ̂n+τ,r
l


−

ε2µ̃n+τ,r
j ηn+τ,r

j
g∑
l=1

[
ωlµ̃

n+τ,r
l ηn+τ,r

l

ξl

] g∑
l=1
l 6=j

[
ωlµ̃

n+τ,r
l

ξl

(
Q̂nl
τht

+∇X
(
νn+τ,r
l ∇X ·

(
Q̂n+τ,r
l

)))] (5.2)

where we have set

µ̂n,rj =

1−
ωj µ̃

n,r
j ηn,rj
ξj∑g

l=1

[
ωlµ̃

n,r
l ηn,rl
ξl

]
 µ̃n,rj .

The differential operators in (5.2) have the same structure than the differential operators in (2.5). Finally,
we write the numerical scheme following the discretization introduced in (2.1.2). We write

Q̂n+τ,r+1
j,f − ε2µ̂n+τ,rj,f ∇Tf

νn+τ,rj

|C |
∑

f?∈FC

Q̂n+τ,r+1
j,f? ·Nf?

Ck

− 2

3
ωj κ̃

n+τ,r
j,f τht∇Tf

 1

ρ|C |
∑

f?∈FC

Q̂n+τ,r+1
j,f? ·Nf?

Ck



=
ε2µ̂n+τ,rj,f

τht
Q̂nj,f − κ̃

n+τ,r
j,f ∇Tf

[
θ̂n + τhtS

n,n+1
k

]
+

2

3
κ̃n+τ,rj,f τht∇Tf

 1

ρ|C |
∑

f?∈FC

g∑
l=1
l 6=j

ωlQ̂n+τ,rl,f? ·Nf?

Ck


−

ε2µ̃n+τ,rj,f ηn+τ,rj,f

g∑
l=1

[
ωlµ̃

n+τ,r
l,f ηn+τ,rl,f

ξl

] g∑
l=1
l 6=j

ωlµ̃n+τ,rl,f

ξl

 Q̂nl
τht

+∇Tf

νn+τ,rj

|C |
∑

f?∈FC

Q̂n+τ,rj,f? ·Nf?

Ck



θ̂n+τ,r+1
k = θ̂nk + τhtS

n,n+1
k −

2τht

3ρk|Ck|
∑

f∈FCk

g∑
j=1

ωjQ̂n+τ,r+1
j,f ·Nf

Ck
,

(5.3)
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with θ̂nk an approximation of 1
|Ck|

∫
Ck
θ̂n dX, Q̂n+τ,r

j,f an approximation of 1
|f |
∫
f
Q̂n+τ,r
j dσ and

µ̂n,rj,f =

1−
ωj µ̃

n,r
j,f η

n,r
j,f

ξj∑g
l=1

[
ωlµ̃

n,r
l,f η

n,r
l,f

ξl

]
 µ̃n,rj,f .

In summary, we replace (2.15) which requires, at each iteration of fixed point, to solve implicitly one system
of g + 1 unknowns (generalized heat fluxes plus field perturbation) at each face of the control volume by
(5.3) where we have to solve implicitly g (approximated generalized heat fluxes (5.2)) equations at each
face of the control volume. In (5.3), the size and the stencil of the linear systems do not depend of the
number of points in the energy discretization. In addition, since the computation of the heat fluxes (5.2)
are totally independent, the method can be easily parallelized, the resolution using as many processors
as the number of points in the energy discretization. Note that this strategy can be used in combination
with the domain decomposition approach presented in 3.2, using at least one processor for the sub-domain
ΩSH and as many processors as the number of the energy discretization for the sub-domain ΩSHG.
However, the method has some drawbacks. In particular, now the constraint (2.4) is not exactly satisfied
at each iteration, even though it holds at convergence of the iterative process.

Conclusion

This paper is concerned with non-local versions of heat transfer equations arising in plasma physics.
The heat flux is obtained by solving a coupled system of parabolic-like equations, constrained by a con-
dition of vanishing current. The model we investigate generalizes the Schurtz-Nicoläı system, which is
quite popular in the ICF community. In this paper, we have introduced a Vertex-Based finite volume
scheme for solving the generalized non-local Spitzer-Härm equations on multidimensional unstructured
grids. Numerical experiments validate the accuracy and the asymptotic consistency of the scheme, and
demonstrate the possible occurrence of anti-diffusive effects. We also discuss adaptations of the method
that are relevant from a practical viewpoint.
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Figure 10: Product 〈Qf ;∇tθ〉 defined by (4.5) and sub-domains interface for several value of δ. Dotted lines are faces with
product 〈Qf ;∇tθ〉 negative, thick plain lines are faces with product 〈Qf ;∇tθ〉 positive and thin plain lines are sub-domains
interface.
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