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‘We consider the hydrodynamic limit for the VPFP sytem in dimension two, dealing with
general initial data having finite mass, energy and entropy. The limit equation consists
in a drift-diffusion equation, where the drift velocity is defined by means of the Poisson
relation. Our result is two-fold. In the case of repulsive (electrostatic) forces, we prove the
convergence globally in time in a weak L! setting. Considering attractive (gravitational)
forces, the same result applies provided a certain scaling parameter is large enough. This
is precisely the assumption which prevents from the formation of Dirac masses in finite
time in the limit equations, as recently shown by Dolbeault-Perthame.
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1. Introduction
We are interested in the behavior as the parameter ¢ > 0 tends to 0 of the solution
(fe, @) of the following Vlasov-Poisson-Fokker-Planck system (VPFP for short)
1 1 1
Opfe+ —v-Vafe— — Vz@6~vvfez—2 Lf. fort>0,zeRY, veRY,
€ X€ X€
Lf =V, - (vf +Vuf), (1.1)

—Ad, = vpe, pe(t,z) = / fe(t,z,v) dv.
]RN

The problem is supplemented with an initial data
feji=o = f2>0. (1.2)

This system models the evolution of Brownian particles, submitted to a self con-
sistent force field: f.(t,z,v) stands for the density of particles in phase space (po-
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sition x, velocity v) while the force derives from the potential ®.(t,z), defined
self-consistently through the Poisson equation. Here, «y is either +1 or —1 depend-
ing on the physical context: v = 41 corresponds to repulsive (electrostatic) forces
while ¥ = —1 corresponds to attractive (gravitational) forces. The former arises
in plasma physics, the latter arises in stellar dynamics. Of course, the equation is
written in dimensionless form: ¢ > 0 is a “small” parameter destined to tend to
0 while xy > 0 is a fixed parameter. This comes from a discussion on the physical
quantities arising in the system and a suitable choice of the units of observation
of the phenomena described by (1.1). The Poisson equation which determines the
potential by means of the macroscopic density p. should be understood in the sense
that

D (t,2) =7 (B #5 pe(t,-)) (@), (1.3)
E being the elementary solution of the Laplace operator in RY. In this work, we

shall concentrate on the two-dimensional case where

B(z) = —% n([z)). (1.4)

The problem has been treated by Poupaud-Soler?® in dimension 2 and 3. Re-

marking that the Fokker-Planck operator can be rewritten as follows
Lf =V,- (€7v2/2vv(f€+02/2))7
we can guess on formal grounds that the penalization ¢ — 0 leads to
6—1)2/2

(27T)N /2°
Hence, the limit equation satisfied by the macroscopic density p(t,z) can be ob-
tained from the following system

atpe + vw : Je = 07
1
ezatJe + Div, P, = ;(_pevzq)e - Je)

fe(t,z,v) ~ p(t, x) (1.5)

(1.6)

which is satisfied by the moments of the unknown f,

Je(t,fﬂ):/ v fedv, ]P’E(t,x):/ vRuv fdv.
RN RN

Taking into account the formal asymptotics (1.5), we get Pc(t,z) ~ p(t,z) I, so
that, assuming that nonlinearities pass to the limit we are led to

{ itpjjézé - g’%p, D)

coupled to the Poisson relation
—AD = qp. (1.8)
In the attractive case (y = —1), this system is intended to describe the dynamics

of collisionless stellar systems: it is referred to as the Smoluchowski equations.
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We refer to Chandrasekhar® and to the more recent paper of Chavanis-
Sommeria-Robert? and the references therein for a discussion on physical grounds of
(1.7), (1.8) and its derivation from (1.1) presented there as a high friction asymp-
totics. These limit equations have also been proposed as a model describing the
evolution of certain biological systems by Keller-Segel?’. On a mathematical view-
point, this system is very interesting since the solution can exhibit concentration as
a Dirac mass in finite time. In particular, the value of the coefficient x is crucial: a
large enough y prevents from these concentration effects. We refer on these questions
to Jiger-Luckhaus, 9 Gajewski-Zacharias, > Herrero-Velazquez, '® Rascle-Ziti, 3!
Senba-Suzuki, 33 and to the very recent work of Dolbeault-Perthame 3. A lot of
informations both on the modeling in biology and on the mathematical results can
be found in the survey of Perthame?®. Concerning applications to biology note
however that the Fokker-Planck operator should certainly be replaced by a more
involved scattering operator, as in !, 7. Analysis of the diffusion limit in a linear
situation goes back to 2°. Poupaud-Soler?® established the convergence of (f., ®.) to
solutions of (1.7-1.8) on a small enough interval of time (0, T%), under a suitable as-
sumption on the initial data. Precisely, if, for some p > N, e(p_l)”2/2f60 is bounded
in LP(RY x RY), then, there exists T, > 0 such that a subsequence satisfies

pe—p L0, T L7 (RY)), 1<r<p 1<g<oo,
fo(t,m,v) = p(t,z) (2m)~N/2e=v*/2 in L9(0, T,; L7 (RN x RN))
2<r<p 2<qg<o0.

Here, the question of the asymptotic behavior of (1.1) as e goes to 0 is addressed
again. The aim of this work is two-fold. First, we wish to prove a global conver-
gence result, without any restriction on the time interval. Second, we weaken the
assumption on the data, considering only bound on entropy and energy. This can
be done when restricting to the two dimensional case, and, if v = —1, for any data
which do not develop singularities for the limit system (1.7), (1.8).

In dimension N = 2, a specific difficulty consists in obtaining useful estimates

from the quantity
/ p® dx
]R2

which appears naturally within the problem: it is physically interpreted as the
potential energy of the system. It would be tempting to perform some integration
by parts and to write it as the integral of |V, ®|?. However, such a computation is
misleading. Indeed, let p € L!(R?), with p > 0 and let ® be a solution of —A® = 7p
in R2. Then V@ belongs to L?(R?) iff p = 0. The main result of the paper states as
follows.
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Theorem 1.1. Set N = 2. Let f° > 0 satisfy

/ fPdvdr =1,
R2JR2 (1.9)
sup / o1+ 0%+ |z + [ In(f2)]) dv da = My < oo.
e>0 JR2JR2
In the attractive case (y = —1), we suppose furthermore that x > 1/(8m). Let

0 <T < co. Then, up to a subsequence, p. converges in C°([0,T]; L*(R?) — weak)
to p, solution of the limit system (1.7-1.8).

Remark 1.1. As it will be clear in the sequel, assumption (1.9) implies that

sup [ [ 2@)oe) |nlle =) dy da

e>0

is finite. This quantity will be denoted by M} < cc.

The meaning of the convergence as well as the sense in which the limit equa-
tion should be understood will be precised later on (see Lemma 3.1 and eq. (3.1)).
Focusing on the attractive case, the remarkable fact is that we obtain the conver-
gence in a weak L! sense exactly in the same situation in which concentrations are
avoided in the system (1.7-1.8). This is the meaning of the assumption y > 1/(87),
see 13. In the repulsive case, apparition of such singularities does not occur, and the
convergence can be obtained without restriction on x. Note also that the conver-
gence result holds globally in time. Eventually, the paper is organized as follows.
In Section 2, we derive the a priori estimates on the solutions from the evolution of
physical quantities associated to the system. As mentioned above, the main difficul-
ties rely on the treatment of the potential energy. Therefore, the main ingredient of
the proof is the use of a trick due to Dolbeault'? when dealing with the repulsive
case, and the use of an entropy inequality due to Beckner? and Carlen-Loss® when
dealing with the attractive case. Note that this argument appears also in the anal-
ysis of the limit system by Dolbeault-Perthame'3. Then, we detail the passage to
the limit in Section 3. The difficulty relies on the non linear term p.V,®.. Then, we
use a suitable weak formulation for this term, following the idea of Poupaud-Soler?®

which has been used in various contexts3?, 27, 17 .

2. A priori Estimates

Let us start with a few words about the existence theory for the system (1.1), with a
given € > 0. The subject has been widely investigated. Global existence results have
been obtained in the two dimensional framework by Neunzert-Pulvirenti-Triolo??
who used a probabilistic approach. Considering a model where the friction force
is neglected, Degond!! proved with deterministic arguments global existence and
uniqueness of smooth solutions, still in the 2D situation for the repulsive case.
The system (1.1) is analyzed by Victory-O’Dwyer?* who established existence-
uniqueness results, globally in time in dimension two, locally in time in dimension
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three, for both cases v = +1. Global results are then extended to dimension three
by Bouchut?, and smoothing effects of the system are bring out in 4. Concerning
weak solutions, we refer to Carrillo-Soler® and Victory®*. In what follows, we can
use classical solutions as obtained by Victory-O’Dwyer?* (see sp. Theorem III.2 and
I11.3, p. 149) which requires an initial data verifying f° € C! N L}(R? x R?) and

(L+ 022 (2 + [V 2l + [V, f2]) € L= (R? x R?)

for some v > 2.

The aim of the Section is the derivation of a priori estimates, uniform with
respect to €, on the solutions f. and the associated macroscopic density p.. Presicely,
we will justify the following claim.

Proposition 2.1. Suppose (1.9). In the attractive case, we suppose moreover that
x> 1/(87). Let 0 < T < oo. Then,

i) pe(1+ |z| +In(pe)) is bounded in L>°(0, T; L1 (R?));

i) ‘Vv\/feevg/ﬂz e=v"/2 s bounded in L1 ((0,T) x R? x R2).

These crucial estimates are deduced from the evolution of physical quantities
associated to the VPFP system.

e Mass conservation:
d
— / fedvdx =0.
dt R2JR2

Hence, from now on, we assume that

/ fsdvdx:/ f2dvde =1.
R2J/R2 R2/R2
e Kinetic Energy:

// fedvda:———Q// (vfe +Vyfe) -vdvde
R2J/R2 X€ R2JR2

- v- VP, fe dvda.
X€ Jr2JR2

e Potential Energy:

d d
— ®
dt/]Rszfe cdv dx

— pe®c do
R2

dt
7/]Rz - E(z—y) (p(y)atp(x) + P(J:)atp(y)) dy dz
= 27 (I)eatpe dx

= /JR/ vV, P, fedvde.
€ JR2JR2
Vo fe

G L ey ddr = [ [ r o) T du e,
R2JR2 X€ Jr2J/R2 Je

| DO

e Entropy:
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Therefore, summing up these relations yields

d{/ feln(fe) dv dx—l—// — fe do d:r—i—— fe®. dv dx}
dt ]R2 Ri R2 ]R2 R2

:_@/]1@2/ (vfe 4+ Vo fo)? f—dvdm

. (2.1)
:7?/ (v fe + 2V, /f)? dv da
z—;isz ’Vu\/feevz/Q‘ e~ /2 dy da.

R2JR2

Note that this relation is consistent with the formal asymptotics (1.5).
In order to exploit this relation, we will also need some control on the behavior
of f. at infinity (with respect to the space variable). To this end, we remark that

/ |z|fe dv dr = — / / f6 dv dz
R2 ]R2 RrR2JR2

_ //2 (\/F. 42V /T) - \/ﬁdudx (2.2)

€ JRr2
v\/f€+2Vu AL 1z
— 1 dvdx .
€

(L rwe (L

Then, we will search for an estimate on the macroscopic density p., while we
remark that V,4/f.e"”/2 yet appears as a dissipation term in (2.1). Keeping this
objective in mind, we evaluate the macroscopic entropy by means of the microscopic
entropy.

Lemma 2.1. Let f : RN xRN —— R, with f > 0. Set p(z) = [on f(z,v) dv. Then,
we have

/RN pln(p) dz < / Fin(f) dv dz

RNJRN

N

+—1n(27r)/ fdvd:ch// —fdvd:c
2 RNJRN RN

Proof. The statement is a direct consequence of the Jensen inequality applied
to the convex function ¥(s) = slIn(s) and the probability measure on RY
(2m)~N/2e=v"/2 du = M (v) dv. We get

pinte) = w(p) = w( [ - v av)
< /RN \y(%) M dv = f( +1n(f)) dv + gln(%r) [ S e

We conclude by integrating with respect to x. O



April 18,2008 17:33 WSPC/INSTRUCTION FILE M3AS'01'04'63

Hydrodynamic Limit for the VPFP System: Analysis of the 2D Case 7

Integrating (2.1) with respect to time yields

/ feln(fe) dv dx+/ / —f. dv dx+ — fe®. dv dx
R2/R2 A R2 R2J/R2
—2/// |V \/fe”2/2| e " /2dvdmds

X€

/R2/2f01n(f0 dvdx+//R2—f0dvdm+—/ ,z) dv dz

Thus, using Lemma 2.1 leads to

/ peIn(pe) dx—l——/ pe®. dx
R2

(2.3)
2// Vo fe ev2/2\ —v*/2 qy da ds < My + M), + In(2n).
Xf R2JR2

Next, we are left with the task of discussing a bound from below on the potential

energy
/p@dm*f—// y) In(lz — y) dy da.
R2 R2JR?2

Let us distinguish the repulsive and the attractive cases.

2.1. Attractive case: v = —1

Lemma 2.2. Let p: R? — R such that p > 0 and [, p dz = 1. Then, there exists
a constant C, > 0 such that

74// y) In(|lz — y|)dy dz < C, +2/ pln(p) dz.
R2JR2 R?

The proof follows from a direct application of Theorem 2 of 2 (see also °),
the constant C, being C, = 2In(7w) + 2(¢0(2) — (1)) — 2In(T'(2)/T(1)), ¥(z) =
I(2)/T(z). (Hence, here C, = 2In(mw) + 1 ~ 3.289459772). Accordingly, we get in
the attractive case

c, 1
ddr>-——- - — In(p) dz.
/Rzp ST an pn(p)z

Then, using this inequality in (2.3), we get

(1—i>/ peIn(pe) dx+—// |V \/fev2/2| —*/2 4y dz ds
R2 RrR2JR2

8mx
< My + MO + 1H(27T)

167rx

where the role of the constraint x > 1/(87) becomes clear. From now on, we assume
that this property is fulfiled.
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Besides, integrating (2.2) yields

/|x\pedx<// |x|f0dvdx+f

_‘_,i// |V \/fe“2/2| e™"/2 du dz ds.

2 €2

Let v > 0 to be determined later on. We have

1
(1—%)/ peIn(pe) dx—|—1// || pe dx:
NE- 62// |v W| e™/? dv dz ds
R2JR2

<1+ Z/)MO + M0 + In(27)

16

To conclude, we use the classical trick of Carleman: for kK > 0, we write

pln(p)| = pIn(p) — 2pIn(p)Xc-rizi<p<1 — 20 () Xo<p<enlel
< pIn(p) + 26lz[p + K\/PXo< p<enial
< pln(p) + 2klz|p + Ke "l71/2,

for some K > 0. Hence, we are led to

(1- %) /R peln(po)] de + (v = 2r(1 = 1/(87x)) /R [alp. da

1 4 [t
+(* - Z)*// ’V fger/Q‘2 e=""/2 du da ds
X 2 62 0 JR2 R2C 1
< (14 )Mo + M/ +1n(2 Ll (k—)K/ —rlzl/2 gq.
< (L4 v)Mo + Mo +1In(27) + 167y + o+ s/ S © o

Now, we choose the parameters as follows: first, pick 0 < v < 2/y, then, fix Kk > 0
such that v — 2k(1 — 1/(8mx)) > 0. This concludes the proof of Proposition 2.1 in
the attractive case.

2.2. Repulsive case: v = +1

Lemma 2.3. Let p: R? — R such that p > 0. Then, for any k > e, we have

1 1
/pCIJdavz—M (/ pdx) —&-f/ pdx/ |z|p dz| .
R2 e 2 R2 k R2 R2

Proof. We follow the reasoning of Dolbeault!? by introducing the parameter k > e.
ln(k)

Since the function k — is non increasing on (e, +00), we obtain

/p@dx——— / dydx—— / .. dy dx
R2 |z— y\<k: |z— y\>k

2—122)/]1%2/[%0( )p(y) ﬂk ) ylp(z)p(y) dy dz
S ( [ o) dx)2 -2 [ oty do [ falp(o) da, .
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Inserting this estimate in (2.3) leads to
/ pelnpe d.23—|— /// ’V erv2/2‘ - /Qd’UdedS
< My + M} +1 ) dvd
< My + 0+n(7r)—|— 27rkx/‘| v dx.

Using (2.2), we obtain, for some v > 0,

/peln(pe)dxwL Qk /Ix\pdx
+(1/x —v/2) 7/// V. feevz/zl e /% dv da ds
< (1+v)Mo+ My + In(k)

47TX

First, choose 0 < v < 2/, and then k large enough to obtain v > In(k)/(2kmy). We
end the proof of Proposition 2.1 in the repulsive case by reproducing the arguments
of the previous subsection.

2.3. FEstimate on the Kinetic Energy

As a consequence of Proposition 2.1, we deduce a bound on the kinetic energy.

Corollary 2.1. Let the assumptions of Proposition 2.1 be fulfilled. Then v f. is
bounded in L1((0,T) x R? x R?).

Proof. We note that

0</// v f. dv dx ds
R2R2

//Rz/wlvx/ﬁmv \/ﬁ\dedxds+0+4//R2 szedvdxds.

Hence, by using Proposition 2.1, this is dominated by Cpe?+4T, with C7 depending
only on T" and (1.9). We point out that this is an estimate of the kinetic energy in
L! norm with respect to time, and not in L>°(0, T'). |

3. Passage to the Limit

Now, we aim at passing to the limit ¢ — 0 in the moments system (1.6). Of course,
as a consequence of Corollary 2.1, J and P, are bounded in L!((0,7) x R?). More
precisely, we can rewrite the kinetic pressure as follows

po= [ owEo VRV =2 [ o/E eV
:jiv T (0T + 2V /D) do b pe T

R
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Then, we remark that the L! norm (with respect to time and space variables) of
the first integral in the right hand side is dominated by

¢ 1/2 = 12 1/2
(// / v? f. dv dz ds) <|v Jet 22vv Jel dv dz ds> X €.
0 JR2JR2 €

Therefore, according to Proposition 2.1 and Corollary 2.1, we have

Pe = pe T4+ Or1(0,1)xr2)(€).

The uniform bounds established on the macroscopic quantities allow us to consider
converging subsequences

Pe = P, Je — J,

the convergence being understood in the vague topology for bounded measures on
(0,T) x R?. (We will see that the convergence of the macroscopic density can be
improved, and in particular that traces on the initial time make sense.) Letting
e — 0in (1.6) yields

Op+Vg-J=0,
J+XxVep=— hr% PV Pe

in the D’((0, T') x R?) sense. It remains to deal with the nonlinear term p.V,®. and
the Poisson relation.

To this end, we first improve the convergence property satisfied by the sequence
of macroscopic densities.

Lemma 3.1. Possibly at the price of extracting subsequences, p. converges to p in
CO([0, T]; LY (R?) — weak), which means that for any test function p € L>°(R?), we
have

lim [ pe(t,z)e(x) do = / p(t,z)p(x) do
e—0 JRr2 R2

uniformly on [0, T].

Note in particular that for any time ¢, the limit p(¢) belongs to L (R?), and thus
concentration effects do not appear in the limit system. This fits completely with
the results in '® concerning the attractive case: concentrations do not occur when
x > 1/(87). We also point out that with this statement the initial condition for the

limit problem makes sense: we have
Pli=o = lim [ fodv weakly in L' (R?).
e—0 R2
We postpone the details of the proof to the Appendix.

In order to treat the nonlinear term, we need now to precise the meaning of
the distribution p.V,®.. According to an idea of Poupaud-Soler, 2® we exploit the
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symmetry properties of the Poisson kernel E and we write, for any test function

€ (C(R?)7,

<pevmq>6790> = 7/ / pe(t, z)pe(t,y) 3 p(z) dy d
i )C | |
-y
=f//petxpety) 5 - (p(x) — »(y)) dy da.
R2JR2 |z =y
This idea is reminiscient to the study of weak solutions of the two-dimensional

t32. It also appears as the basis of the notion of solutions

Euler equations by Schoche
introduced recently by Poupaud?”. It has been used successfully by Nieto-Poupaud-
Soler®® and Goudon-Nieto-Poupaud-Soler!” when performing the high-field limit
from the VPFP. (This kind of idea also has also been used to define notion of weak
solutions for the Boltzmann equation without cut-off, see e.g. 16.) Then, we realize
that the function

R? x R2 — R2

r—y

(r,y) T (p(x) = »(y))
belongs to L>°(R? x R?) (it is bounded by ||[V¢| L~ and not well-defined on the
diagonal {(x,z), © € R?} which is a negligeable set of R? x R?). Therefore, by
using the convergence stated in Lemma 3.1, we readily obtain

- - Ty _
lim (pcVo®e, ) = - /R/R p(t,z)p(t,y) F—" (p(z) = ¢(y)) dy dz,

for any time ¢t € [0,7]. We conclude that p is a solution of (1.7-1.8) in the sense
that

5 | pttaete) dr=x | rbelete) a

+7/ / (t,z)p(t,y) | y|2 . (Vgp(x) — Vgo(y)) dy dz, (3.1)
/ p(t, z)p(x) ‘ T = lim / 2(z)p(x) dv da.
R2 -

e—0 RrR2JR2

holds in D’([0, +00)) for any test function ¢ € C°(R?) (p being of class C? would
be enough...).

Let us end with the following consequence of our analysis, which provides some
information on the behavior of the microscopic density.

Corollary 3.1. Under the assumptions of Theorem 1.1, the corresponding subse-
quence fe converges to p(t, ) %e’”Q/Q in the following sense: for any test function
¢ € L®(RY), we have
—v?/2

T
lim/ / fe(t, z,v)p(x) dx—/ p(t,x)e o(x) dz| dv dt = 0.
«=0Jo Jr2 !l Jr2 R2 2

Note that this statement does not give a convergence pointwise with respect to
time, but only in average.
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Proof. Let us denote M (v) = %e‘”Q/Q At first, we expand
fe(tv €, U) - p(t, (E)M(’U) = (ff(tv €, U) - pe(tv ‘T)M(’U)) + (pe - P) (ta ac)M(v),

where we already know that p. — p tends to 0, in C°([0, T]; L*(R?) — weak). Hence,
it remains to study the difference fc(t,2,v) — pe(t,x) M(v). Second, we use the
logarithmic Sobolev inequality, see e.g. 2! (Th. 8.14, p. 223), which yields

0< /R? {p;f;\/[ 111([:;\/[) - p;f];\/[ +1} Pe Mdv:/]Rz feln(pefzew) dv
§2/ ‘VUW‘ e~V /2 du.
R2

By Proposition 2.1-ii), after integration with respect to time and space, this quantity
is dominated by Cr €. Eventually, we conclude by using the Csiszar-Kullback-

Pinsker inequality '°, 2°, which implies that

2
fe
"~ pM| dv da §4/ In do .
([Lv=paavar) <a [ (L) g

Remark 3.1. It remains an interesting and open issue to investigate the asymptotic
problem when concentrations occur. A nice framework to define solutions in such a
case, with stability properties, has been introduced by Poupaud?” (see also Senba-
Suzuki®?) and one may wonder if the sequence p, converges to a solution defined in
such a sense.

Appendix A. Proof of Lemma 3.1

Lemma 3.1 follows from the following general statement.

Lemma Appendix A.l. Let n. : (0,7) x RN — R such that
SUP,~o, o<t<7 Me(t)lLimyy < M < co. We suppose also that there exists a weakly
compact set K in LY(RN) such that for a.a. t € (0,T), n.(t) belongs to K. Further-
more, suppose that

me= 3" 909,
la|<k

where, for any compact set K C RV,

sup{// 19{| da: dt} —0 as |E| — 0.
e>0 EJK

Then, the sequence n. is compact in C°([0, T]; LY(RY) — weak).

In view of (1.6), we justify Lemma 3.1 by applying this result with n. = pe,
k =1 and g, given by the components of J.. Indeed, on the one hand, Proposition
2.1-1) garantees that {n.(t), 0 <t < T, € > 0} belongs to a weakly compact set
of L1(RY), as a standard consequence of the Dunford-Pettis theorem, see e.g. 14
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(Th. 4.21.2, p. 274). On the other hand, we are able to prove the following property,
which strengthens the estimate on J..

Lemma Appendix A.2. Let the assumptions of Proposition 2.1 be fulfilled. Then,

sup{/ﬂ/ |Je| dx dt} —0 as |E| — 0.
e>0 R2

Proof. This is an immediate consequence of Proposition 2.1 and Corollary 2.1 since
the Cauchy-Schwarz inequality yields, for any measurable set E C (0,7T),

/E/R2\J€|dxdt:/E/RQ %/R2(v\/ﬁ+2vv\/ﬁ)\/ﬁdv

< ([ [ TN o) ([ [ [ savarar)”

S C'T ‘E|1/27

we have

dx dt

where the constant Cp depends only on T and (1.9). |
Proof of Lemma Appendix A.1l. Let ¢ € C°(RY). Clearly, we have
swp | [ et )o(e) do] < Milglnqan) < o (A1)
>0, 0<t<T | JRN

Furthermore, we have
| [ nelt e ha)pla) do = [ it a)ota) dal
RN RN
t+h
< Z 10%pl|Lee ) ‘/ / 19{9] dz ds|,
t supp(¢)

la|<k

which proves that the family

{/RN ne(t, 2)0(x) dz, € > 0}

is equicontinuous on [0, T']. Therefore, for a given test function ¢, the family is com-
pact in C°([0,T]), as a direct consequence of the Arzela-Ascoli theorem.

By density and using (A.1), the compactness property extends to any test func-
tion ¢ in CY(RY). Since CY(RY) is separable, by using a diagonal argument, we can
extract a subsequence such that

/ o(x)ne, (t,x) de — e(x)n(t, z) dz as £ — oo (A.2)
RN RN

in C°([0, T7), for any test function ¢ in D, a demombrable dense subset of C2(RY).
(Note that for the time being, the limit n can only be considered as a family of mea-
sures on RV parametrized by t € [0, T]; we do not know if it is absolutely continuous
with respect to the Lebesgue measure.) Coming back to (A.1) and by density, we
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realize that the convergence (A.2) applies to any test function ¢ € CO(RY).

Now we use the fact that n. enjoys better integrability property than the sole
LY(RY) bound. Indeed, {n.(t,-), € > 0, t € [0,T]} C K, a weakly compact set of
LY(RY). Consequently, the Dunford-Pettis theorem implies that

sup / [n(t,z)| dz p — 0 as |E| — 0,
e>0, 0<t<T ‘,L"SR, reFR

holds for any given 0 < R < oo, and

sup / [n(t,z)|dz p — 0 as R — oo.
>0, 0<t<T | J|z|>R

Then, let ¢ € L>°(RY). It can be approached pointwise by a sequence of test func-
tions ¢,, € CURYN) (with lomllLee @y < [|@llLeemn)). By applying the Egoroff
theorem, see e.g. 2! (Th. 1.16, p. 31), for any 0 < R < 0o, we can find a measur-
able set £ C B(0, R) with arbitrarily small measure such that ¢, converges to ¢
uniformly on 0 B(o,r) (E). Hence, we split

‘/RN ne(t,z) (¢(x) — om(x)) dx‘

< 2|6l ) / Ine(t, z)] dz

lz|=R

12)6 e v / ne(t, z)]| da
|z|<R, z€E

¢ = emllLoe €0 (2)) [n(t,z)| du.
RN

It follows that

sup {/RN ne(t,2) (&) — om()) dx} 0

€>0, 0<t<T

as m — oo. We deduce that n(t) € L'(RY) and that (A.2) can be extended to any
test function ¢ € L>°(RY).

Appendix B. Dimension Analysis

A few words deserve to be said about the scaling of the equations and the physical
meaning of the parameters €, x. The scaling discussion is made on the most physical
case of the three space dimension; restrictions to the 2D framework can be made
by standard arguments.

B.1. FElectrostatic case

Let us write the equation in physical variables. The problem involve the following
physical (positive) quantities
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- €9, the vacuum permittivity,

- ¢, the elementary charge of the electrons,

- m, the mass of the electrons,

- Te, the relaxation time characteristic of the interactions of the particles with the
thermal bath,

- kp, the Boltzmann constant,

- Ty, the temperature of the thermal bath.

The unknown f(¢,x,v) is the electron density in a plasma, which means that
Jo [y, fdvdv gives the number of electrons occupying at time ¢ the domain Q x V
of the phase space R3 x R3. The electrons are submitted to the force -4V, ®.
Therefore, we get

1 kpT;

Of +0-Vof = LV, @V, f = ~V, - (vf + =19, ),
m T Me

while the Poisson relation reads

Ap=1 / fdv.

€0

Let us introduce time, length and velocity units denoted by T, L, V, respectively.
Then, we define dimensionless variables and unknowns by the following relations

t=T1¢t, x=Lua, v=V,

N
f(t,z,v) = e ()T, z/L,v/V), O(t,x,v) =U P'(t/T,z/L)
where U stands for a typical value of the potential, and N stands for a typical value
for the number of electrons within the plasma. (Hence, the primmed quantities are
dimensionless and order one.) Writting the equations in dimensionless form, we
obtain, dropping the primes,

VT qZ/[T - T kBTth
8tf+T’Uvmf*m qu)vvf*? vv' (Uf+ ’ITLV2 va>7

60[/{

Five dimensionless parameters appear in the system. We recover (1.1) when setting

UL kT, T 1
€0 _1, v = )T T_ L
N m T Xe
Vi1 ar T
L €’ mLV ~ xe’

Note that the velocity unit coincides with the thermal velocity 4/ ’“’jﬂﬂ

The plasma is characterized by the mean free path £ = 4/ k’fni 7 and the Debye
length A = w/é(’kq%#. Hence, it turns out that in our analysis the mean free path
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is small compared to both the length of observation and the Debye length. The
meaning of x also becomes clear. Indeed, we get

/ T A kpTin l
—_ = — = 1 — = = — = 1.
L T X€ <1 L qZ/l \/%7 A ﬂ e

Note that these relations imply that NL=37 < ggm./q®> where the value of this
universal constant is 3.1 1074 s? m~3.
Eventually, we restrict to the 2D framework by considering solutions of the form
2
~ e—v3/2

ft,z,v) = [t 21, 22,01,02) S

B.2. The gravitational case

The problem involve the following physical (positive) quantities

- G, the gravitational constant,

- m the mass of a particle,

- 7, the relaxation time due to collisions of the particles with the thermal bath,
- kg, the Boltzmann constant,

- Typ, the temperature of the thermal bath.

We have

kTin

1 1
8tf+v~me—%Vz<I>-va:;Vv-(vf+ va),

and the Poisson relation reads
AD = m2¢ / fdv.

Therefore, we are led to

u N, ke r_t: Iv_1 ur _ 1
m2G L’ n m T xe?’ L € mVL e

We recover that x is the ratio kT, /U and we are dealing with a small mean free
path asymptotics.
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