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1 Introduction

Our study starts from the following system of equations, in which the un-
knowns are the function f ε(x, k, t) and the potential V ε(x, t):





∂tf
ε +

1

ε
(v(k) · ∇xf

ε + ∇xV
ε · ∇kf

ε) =
1

ε2
Q(f ε) for x ∈ Ω, k ∈ B, t ∈ R

+,

∆V ε =
∫

B
f ε(x, k, t) dk − D(x) for x ∈ Ω, t ∈ R

+,

f ε(x, k, 0) = fin(x, k) for x ∈ Ω, k ∈ B.

(1)
Such a system naturally arises when modeling the electrons transport in a
semiconductor device. Precisely, f ε(x, k, t) is the probability to find an elec-
tron with wave vector k ∈ B and position x ∈ Ω, at time t ≥ 0. Here, the
space variable x lies in some bounded subset Ω of R

N . In order to avoid diffi-
culties related to boundary conditions, we shall deal with periodic boundary
conditions: we set Ω = R

N/L, where L is a lattice of R
N . The wave vector

variable k lies in the first Brillouin zone, B, which can be essentially seen as
a torus in R

N . Then, the set B is considered as endowed with the normalized
Lebesgue measure ∫

B
dk = 1.

The velocity of the particles is defined by a smooth function of the wave vector,
which derives from an energy functional, k ∈ B 7−→ v(k) = ∇kE(k) ∈ R

N . The
right hand side in the first equation of (1) describes interactions phenomena of
the particles within the device, in particular collisions with impurities, phonons
or other particles. It takes the form of a nonlinear operator, non local with
respect to the variable k. It will be described more precisely in a few lines. An
important feature is the mass conservation property which means that

∫

B
Q(f) dk = 0 (2)

holds (at least formally). Accordingly, the solution satisfies

∫

Ω

∫

B
f ε dk dx =

∫

Ω

∫

B
fin dk dx.

On the other hand, the electrons are also submitted to an electric field Eε =
∇xV

ε, coupled to the probability f ε via the Poisson equation. The function
D is a given (nonnegative) doping profile. Throughout the paper, we assume
that D is a regular function, say C∞(Ω). We therefore assume in what follows
that ∫

Ω
D dx =

∫

Ω

∫

B
fin dk dx,

so that the Poisson equation with periodic boundary conditions makes sense
(note however that the case of null boundary conditions can be treated simi-
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larly).

The right-hand-side in (1) is given by the following Boltzmann-Pauli operator

Q(f)(x, k) =
∫

k′∈B

(
σ(x, k, k′)(1−f(k))f(k′)−σ(x, k′, k)(1−f(k′))f(k)

)
dk′,

(3)
where we omitted the x-dependence of f for the sake of clarity and σ is a given
non negative function. This operator models the collisions against other par-
ticles that electrons may suffer when crossing the device whereas the (1 − f)
terms in Q take into account the Pauli exclusion principle. This leads us to
deal with distribution functions satisfying naturally 0 ≤ f ≤ 1. For such
bounded functions, (3) clearly makes sense when σ is bounded, since B is
finitely measured. Note also that the mass conservation relation (2) is satis-
fied. The cross-section σ(x, k, k′) represents the probability that the scattering
event produces a transition of the state of the electron from the state k to the
state k′. All the information on the scattering processes is embodied in this
function. Our aim in the present paper is to deal with very general cross sec-
tion σ(x, k, k′). We quote the papers of F. Poupaud [13], A. Mellet [12] and
the references therein for details on the physical background concerning the
equation; we also refer to the classical treatise of P. Markowich-C. Ringhofer-
C. Schmeiser [11], and the recent lecture notes of P. Degond [3]. More details
on solid state physics can be found for instance in N. Ashcroft-N. Mermin [1].

The parameter ε involved in (1) is a scaled version of the mean free path
between two scattering events. In physical situation, this parameter is small
and we are interested in the behaviour of the solutions of (1) as ε goes to
0. Precisely, we are interested in a physical situation where the observation
length scale is large compared to the mean free path while the observation time
scale is large compared to the characteristic time of evolution of the particles.
In view of equation (1), one expects that f ε converges to an equilibrium state,
i.e. a function F satisfying Q(F ) = 0. The characterisation of such functions
is therefore an important issue in the asymptotic study of equation (1).

Usually, when modeling collision effects, the so-called detailed balance prin-
ciple (or microreversibility condition) is assumed; namely, it is supposed that
the collision kernel σ fulfills

σ(x, k, k′) exp(−E(k)/(kBT )) = σ(x, k′, k) exp(−E(k′)/(kBT )), (4)

where E is the energy functional, kB is the Boltzmann constant and T , pos-
sibly depending on x, stands for the lattice temperature. In such a situation,
the equilibrium states, solutions of Q(F ) = 0, are the following Fermi-Dirac
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distributions

F (µ, k) =
1

1 + exp((E(k) − µ)/(kBT ))

where µ is related to the density by ρ =
∫
B F (µ, k) dk. Note that in this situa-

tion, Q(F ) vanishes since the integrand σ(k, k′)(1−F (k))F (k′)−σ(k′, k)(1−
F (k′))F (k) vanishes. The corresponding asymptotic problem has been exten-
sively investigated by F. Golse-F. Poupaud [7], assuming a constant temper-
ature. Our main contribution in this paper is to remove the detailed balance
assumption (4). We consider the Boltzmann equation written under general
consideration as in (3) and we do not postulate that the system is driven
by Fermi-Dirac statistics. Some results in this direction have been obtained
in a linear situation by P. Degond-T. Goudon-F. Poupaud [4]. Reference [12]
deals with the non-linear Boltzmann-Pauli equation (1-3), with a given time-
independent electric potential V . In this work, we shall investigate the self-
consistent case.

We now precise our assumptions on the cross-section σ(x, k, k′):

Hypothesis 1 (i) There exist two positive constants σ , σ > 0 such that

σ ≤ σ(x, k, k′) ≤ σ

holds for almost all x ∈ Ω, k, k′ ∈ B.

(ii) The cross-section σ(x, k, k′) is smooth with respect to x, k, k′.

Note that Hypothesis 1-i) is fulfilled for instance when collisions are isotropic
(in such a case we have σ(x, k, k′) = σ0). When Hypothesis 1 is satisfied, the
existence and uniqueness of a solution f ε of (1) are given by the following
Proposition, for which we refer to F. Poupaud [13].

Proposition 2 [13] For all fin in W 1,1(Ω × B) such that 0 ≤ fin ≤ 1, there
exists a unique f ε ∈ W 1,1 ∩ W 1,∞(Ω × B × (0, T )) satisfying 0 ≤ f ε ≤ 1 and
V ε with ∇xV

ε ∈ W 1,∞(Ω× (0, T )) which solve (1) in the distributional sense.

As mentioned above, when the detailed balance principle holds, the equilib-
rium states are the Fermi-Dirac distributions. In the general case, we do not
have any explicit expression for equilibria and their existence is a non trivial
point. However, the following statement says that equilibrium functions ex-
ist for the general Pauli operator (3), and they can be parametrized by their
density.

Proposition 3 For all ρ(x) in L∞(Ω) satisfying 0 ≤ ρ(x) ≤ 1, there exists a
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unique F (ρ(x), x, k) in L∞(Ω, L∞(B)) which verifies





0 ≤ F (ρ(x), x, k) ≤ 1 ,
∫

B
F (ρ(x), x, k) dk = ρ(x) a.e. x ∈ Ω,

Q(F (ρ)) = 0.
(5)

Proposition 3 has been announced in [8]; a detailed proof is given in the
Appendix. Let us only say for the time being that the proof of Proposition 3
relies on the properties of the first derivative of Q with respect to f , which is
the linear integral operator Lf on L∞(B) defined by

(
∂Q

∂f

)

f

(g) = Lf (g) =
∫

B

(
sf(k, k′)g(k′) − sf (k

′, k)g(k)
)

dk′, (6)

where we set

sf (k, k′) = σ(k, k′)(1 − f(k)) + σ(k′, k)f(k) , (7)

for any function f satisfying 0 ≤ f(k) ≤ 1 for almost all k in B. The properties
of such a linear operator have been investigated in details in [4]. Here, we
will essentially use the following Fredholm alternative (see Lemma 17 in the
Appendix).

Lemma 4 Let f satisfy 0 ≤ f ≤ 1. Then, for any h ∈ L∞(B) such that∫
B h dk = 0 there exists a unique solution g ∈ L∞(B) of Lf (g) = h with∫
B g dk = 0.

Moreover, differentiating (5) with respect to ρ (in the distributional sense),
we can check that

Lemma 5 The function F (ρ, x, k) is smooth with respect to ρ. More precisely,
all the derivatives ∂nF

∂ρn belong to L∞((0, 1) × Ω × B).

In the sequel, we shall denote by F ′(ρ) the first derivative of F with respect
to ρ. Important properties of F ′(ρ) are detailed in Remark 19. Finally, in the
discussion of the asymptotics, one needs the following null flux hypothesis on
the equilibrium state F (ρ).

Hypothesis 6 For all ρ ∈ [0, 1], we assume that

∫

B
v(k)F (ρ)(x, k) dk = 0

for almost all x ∈ Ω.

In view of Lemma 4, this hypothesis will appear later on as a solvability
condition for certain auxiliary equations (see (10) below). A formal analysis,
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performed in Section 2, shows that the system (1) tends to the following limit
system, the macroscopic unknowns being the density ρ(x, t) and the potential
V (x, t),





∂tρ − divx [Π(ρ, x)∇xρ + Θ(ρ, x)∇xV + χ(ρ, x)] = 0 for (x, t) ∈ QT ,

∆V (x, t) = ρ(x, t) − D(x) for (x, t) ∈ QT ,

ρ(x, 0) = ρin(x) for x ∈ Ω.

(8)
Here and below, we use the notation

QT = Ω × (0, T )

where 0 < T < ∞. For ρ ∈ [0, 1], the matrices Π(ρ, x), Θ(ρ, x), and the vector
χ(ρ, x) are defined by

Π(ρ, x) = −
∫

B
v(k) ⊗ λ(ρ, x, k) dk ,

Θ(ρ, x) = −
∫

B
v(k) ⊗ ν(ρ, x, k) dk ,

χ(ρ, x) = −
∫

B
µ(ρ, x, k)v(k) dk,

(9)

where λ(ρ, x, k), ν(ρ, x, k), µ(ρ, x, k) solve the auxiliary equations

LF (ρ)(λ(ρ)) = v(k)F ′(ρ) ,
∫

B
λ(ρ) dk = 0,

LF (ρ)(ν(ρ)) = ∇kF (ρ) ,
∫

B
ν(ρ) dk = 0,

LF (ρ)(µ(ρ)) = v(k) · (∇xF )(ρ) ,
∫

B
µ(ρ) dk = 0.

(10)

In (9), we have denoted, for a, b ∈ R
N , a ⊗ b for the N × N matrix with

coefficients aibj . Recall that F ′(ρ) stands for the derivative of F with respect
to ρ and, since Ω is a torus, equation (8) is understood with periodic boundary
conditions. We shall prove the convergence of f ε, V ε towards the solutions of
(8) as ε goes to 0.

The rigorous proof of the convergence, however, involves some L1 estimates for
the Poisson equation that are available only in a one-dimensional setting. We
shall therefore perform the proof only within this framework. More precisely,
if Ω is a torus in R, and Π11, Θ11, χ1 denote the first coefficient of Π, Θ, χ,
our main result states as follows.

Theorem 7 Let fin satisfy 0 ≤ fin ≤ 1 and Q(fin) = 0 and ρin =
∫
B fin dk

is a smooth function. Suppose that Hypotheses 1, 6 hold. Then, the solution
f ε(x, k, t) of the 1-D Boltzmann equation (1) converges as ε → 0 towards an
equilibrium state F (ρ(x, t), x, k), where the density ρ(x, t) solves the following
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asymptotic equation





∂tρ − ∂x [Π11(ρ, x)∂xρ + Θ11(ρ, x)∂xV + χ1(ρ, x)] = 0 for (x, t) ∈ QT ,

∂2
xV (x, t) = ρ(x, t) − D(x) for (x, t) ∈ QT ,

ρ(x, 0) = ρin(x) for x ∈ Ω.

(11)
Moreover for all T > 0 there exists a constant CT such that

|f ε(t) − F (ρ(t))|L1(Ω×B) ≤ CT ε for all t ∈ [0, T ].

As in [12], the convergence proof relies on an asymptotic expansion of f ε, and
the Chapman-Enskog method (see [2]). This method has also been used to deal
with a linearized version of (1) by F. Poupaud [14]. The main drawback of the
Chapman-Enskog method is that it requires some regularity for the solution
of the asymptotic equation, which is here a non-linear coupled system. It is
therefore crucial to establish the existence and regularity of the solution of
the asymptotic problem. This will be done in Section 3. In Section 2, we shall
formally derive the asymptotic model (8) by means of a Hilbert expansion,
and anticipating on the results of Section 3, we shall deduce Theorem 7.

2 Derivation of the asymptotic model

The first part of this section will be devoted to the formal derivation of (8),
relying on the usual Hilbert expansion. Unfortunatly, the expansion of the
quadratic term ∇xV

ε · ∇kf
ε gives rise to some singular term that prevents us

from leading the usual estimate of the remainder. The proof of the Theorem 7
therefore relies on a new formal development of f ε, first introduced by M. L.
Tayeb in [16]. Note however that [16] uses crucially entropy estimates which
are not available here; hence our proof needs another trick.

2.1 The formal derivation

For further purpose, let us introduce the following Taylor expansion of the
collision operator Q

Q(f + g) = Q(f) + Lf (g) + R(g, g),
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where Lf is the differential of Q with respect to f , introduced in (6)-(7). The
remainder R is defined by the following bilinear operator

R(g, h) =
∫

B

1

2
(σ(k′, k) − σ(k, k′)) [g(k)h(k′) + g(k′)h(k)] dk′.

The usual way to derive the asymptotic model is to expand f ε and V ε as
follows

f ε = f 0 + εf 1 + ε2f 2 + ...

V ε = V 0 + εV 1 + ε2V 2 + ...

We insert these expansions in (1). Identifying terms having the same order
with respect to ε, we are led to

Q(f 0)= 0, (12)

Lf0(f 1)= v(k) · ∇xf
0 + ∇xV

0 · ∇kf
0, (13)

Lf0(f 2)= ∂tf
0 + v(k) · ∇xf

1 (14)

+∇xV
0 · ∇kf

1 + ∇xV
1 · ∇kf

0 − R(f 1, f 1),

while the potentials satisfy

∆V 0 = ρ0(x, t) − D(x) =
∫

B
f 0(x, k, t) dk − D(x),

∆V i = ρi(x, t) =
∫

B
f i(x, k, t) dk.

The first equality (12) reads

f 0(x, k, t) = F (ρ(x, t), x, k) ,

where ρ(x, t) =
∫
B f 0(x, k, t) dk. Thus the right-hand side of (13) can be

rewritten as follows

∇xV
0(x) · (∇kF )(ρ(x, t), x, k)

+F ′(ρ(x, t))(x, k)v(k) · ∇xρ + v(k) · (∇xF )(ρ(x, t), x, k).

We recall that F ′(ρ) designates the derivative of F with respect to ρ. It can be
shown that F ′(ρ) belongs to the kernel of the linear operator LF (ρ). Precisely,
we have

Ker(LF (ρ)) = Span(F ′(ρ)), F ′(ρ) > 0,

see Remark 19. We now define λ(ρ, x, k) , ν(ρ, x, k) ∈ (L∞(Ω, L∞(B)))N and
µ(ρ, x, k) ∈ L∞(Ω, L∞(B)) by equations (10). In view of Lemma 4, it is worth
pointing out that Hypothesis 6 is crucial to guarantee that these auxiliary
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equations admit solutions. We then set

f 1 = λ(ρ) · ∇xρ + ν(ρ) · ∇xV
0 + µ(ρ). (15)

The solvability condition for f 2 is obtained by integrating (15) with respect
to k. Since

∫
B R(g, g)(k) dk = 0 for all g, we obtain

∂t

∫

B
f 0 dk+divx

(∫

B
v(k)f 1 dk

)
+∇xV

0·
∫

B
∇kf

1 dk+∇xV
1·
∫

B
∇kf

0 dk = 0.

(16)
The last two terms in the above expression vanish thanks to the periodicity
with respect to k, while (15) gives

∫

B
v(k)f 1 dk = − (Π(ρ)∇xρ + Θ(ρ)∇xV + χ(ρ)) , (17)

with Π(ρ), Θ(ρ) and χ(ρ) defined by (9), and V (x, t) = V 0(x, t). Note that

∫

B
f 0(x, k, t) dk =

∫

B
F (ρ(x, t), x, k) dk = ρ(x, t).

Then, inserting (17) in (16), the solvability condition becomes






∂tρ − divx (Π(ρ)∇xρ + Θ(ρ)∇xV + χ(ρ)) = 0 ,

∆V = ρ − D(x) ,

which is the asymptotic equation (8).

This equation is a non-linear diffusion equation, for which we are able to prove
the following existence and uniqueness result, which applies in any dimension
(in the statement Ω is a torus in R

N).

Proposition 8 For all T > 0, there exists a unique pair of functions ρ(x, t) ∈
L2(0, T ; H1(Ω))∩H1(0, T ; H−1(Ω)) and V (x, t) ∈ L2(0, T ; H1(Ω)) solutions of
the asymptotic equation:





∂tρ − divx [Π(ρ, x)∇xρ + Θ(ρ, x)∇xV + χ(ρ, x)] = 0 for (x, t) ∈ QT ,

∆V (x, t) = ρ(x, t) − D(x) for (x, t) ∈ QT

ρ(x, 0) = ρin(x) for x ∈ Ω.

(18)
Furthermore, this solution satisfies 0 ≤ ρ(x, t) ≤ 1 for almost all (x, t) ∈ QT .

Moreover, we shall see that this solution is C∞ smooth, as stated in the fol-
lowing lemma.
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Lemma 9 The solutions (ρ(x, t), V (x, t)) given by Proposition 8 are C∞ with
respect to (x, t).

These statements are the cornerstone of the rigorous derivation of the asymp-
totic regime. The proofs are postponed to Section 3, we first derive the limit
system.

2.2 Rigorous derivation: Proof of Theorem 7

A first attempt towards the rigorous proof.

As in [12], a first idea would be to estimate the remainder

rε = f ε − F (ρ) − εf 1 − ε2f 2 , (19)

where (ρ(x, t), V (x, t)) are the solutions of the limit problem given by Propo-
sition 8. Since the solution of (13) is defined up to an element of Ker(LF (ρ)),
we define the first order corrector by:

f 1 = λ(ρ) · ∇xρ + ν(ρ) · ∇xV + µ(ρ) + qF ′(ρ) , (20)

where q(x, t) is an arbitrary (smooth) function that will be suitably chosen
later on. Thanks to the null-flux assumption, this last term in (20) does not
give any contribution in the expression of the flux

∫
B v(k)f 1 dk. Then we define

the second order corrector by

LF (ρ)(f
2) = ∂tF (ρ) + v(k) · ∇xf

1 + ∇xV · ∇kf
1 − R(f 1, f 1) . (21)

We also introduce a new splitting of the non-linear term Q(f ε):

Q(f + g)= Q(f) +
∫

B

(
σ(k, k′)(1 − (f + g))g′ − σ(k′, k)(1 − (f ′ + g′))g

)
dk′

+
∫

B

(
σ(k′, k)fg′ − σ(k, k′)f ′g

)
dk′

where f stands for f(k) and f ′ for f(k′). We define the operators

Nf(g) =
∫

B

(
σ(k, k′)fg′ − σ(k′, k)f ′g

)
dk′ ,

N ′
f(g) =

∫

B

(
σ(k′, k)fg′ − σ(k, k′)f ′g

)
dk′ = −Ng(f).

Then, writing f ε = (F (ρ) + εf 1 + ε2f 2) + rε, we get

Q(f ε) = Q(F (ρ) + εf 1 + ε2f 2) + N1−fε(rε) + N ′
(F (ρ)+εf1+ε2f2)(r

ε).
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Inserting the expansion (19) of f ε in (1), simplifications arise from (13) and
(21), and we see that rε(x, k, t) solves





∂tr
ε +

1

ε
(v(k) · ∇xr

ε + ∇xV
ε · ∇kr

ε) =
1

ε2
N1−fε(rε) +

1

ε2
N ′

(F (ρ)+εf1+ε2f2)(r
ε)

+εSε −
1

ε
∇x(V

ε − V ) · ∇k(F (ρ) + εf 1),

rε(t = 0) = rε
in,

(22)
where the source term Sε(x, k, t) is given by

Sε = R(f 1, f 2) + R(f 2, f 1) + εR(f 2, f 2) − ∂tf
1 − ε∂tf

2

−v(k) · ∇xf
2 −∇xV

ε · ∇kf
2.

In [12], the potential V is given and does not depend on time. In this case, we
are led to the same formulae with V ε = V . Hence, the convergence to zero of
the L1-norm of rε can be established from the corresponding equation (22).
But here, the method breaks down, due to the singular term

1

ε
∇x(V

ε − V ) · ∇k(F (ρ) + εf 1).

In order to get rid of this term, we shall modify the expansion of f ε.

A modified Hilbert expansion.

In the spirit of Tayeb [16], we use an hybrid Hilbert expansion for f ε. We
define new correctors f̃ 1,ε and f̃ 2, solutions of

LF (ρ)(f̃
1,ε) = v(k) · ∇xF (ρ) + ∇xV

ε · ∇kF (ρ),

LF (ρ)(f̃
2) = ∂tF (ρ) + v(k) · ∇xf

1 + ∇xV · ∇kf
1 − R(f 1, f 1) ,

leading to a new expansion of f ε

f ε = F (ρ) + εf̃ 1,ε + ε2f̃ 2 + r̃ε. (23)

With the notations of the previous sections, we have

f̃ 1,ε = λ(ρ) · ∇xρ + ν(ρ) · ∇xV
ε + µ(ρ) + qF ′(ρ), (24)

which has to be compared with (20). The ε−dependence of the first corrector
will help us to get rid of the singular term of the previous expansion. On the
other hand, we point out that f̃ 2 does not depend on ε, and its definition
involves the previous first order corrector f 1 defined in (20).
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Then, a careful computation yields the following equation for the remainder





∂tr̃
ε +

1

ε
(v(k) · ∇xr̃

ε + ∇xV
ε · ∇kr̃

ε)

=
1

ε2
N1−fε(r̃ε) +

1

ε2
N ′

(F (ρ)+εf̃1,ε+ε2f̃2)
(r̃ε) + εUε + W ε,

r̃ε(t = 0) = r̃ε
in.

(25)

The source term Uε(x, k, t) is now given by

Uε = R(f̃ 1,ε, f̃ 2)+R(f̃ 2, f̃ 1,ε)+εR(f̃ 2, f̃ 2)−ε∂tf̃
2−v(k) ·∇xf̃

2−∇xV
ε ·∇kf̃

2,

while W ε reads

W ε = v · ∇x(f
1 − f̃ 1,ε) + ∇x(V − V ε) · ∇kf

1 + ∇xV
ε · ∇k(f

1 − f̃ 1,ε)

+R(f̃ 1,ε, f̃ 1,ε) − R(f 1, f 1) − ε∂tf̃
1,ε.

(26)

As a first remark, we stress the fact that the source term εUε + W ε in (25)
does not contain (formally) singular terms. Next, in Uε the only differentiated
terms involve f̃ 2. Then, we can combine the regularity of the solutions of the
auxiliary equations with respect to ρ, x, k as studied in [12], see Proposition
11, to the smoothness of ρ(x, t), see Lemma 9. It leads to L∞ estimates on
∂αf 1 and ∂αf̃ 2. Combining these informations with the natural estimates on
V ε and f̃ 1,ε, we can check that

sup
0≤t≤T

|Uε(t)|L1(Ω×B) ≤ C.

The final remark is devoted to W ε. The treatment of W ε is not so easy, since
the smoothness of f̃ 1,ε is far from obvious and it is not clear at all that W ε

goes to 0 as ε → 0. However, since R is bilinear and symmetric, we have

R(f̃ 1,ε, f̃ 1,ε) − R(f 1, f 1) = R(f̃ 1,ε + f 1, f̃ 1,ε − f 1).

Hence, we realize that W ε involves differences between f̃ 1,ε and f 1, and be-
tween V and V ε and ε times the time derivative of f̃ 1,ε. Restricting ourselves
to the 1-Dimensional framework, we will establish that

sup
0≤t≤T

|W ε(t)|L1(Ω×B) ≤ C
(
|r̃ε(t)|L1(Ω×B) + ε

)

holds. Here and below, C stands for a quantity which may vary from a line to
another but remains independent on ε. We will see that this estimate suffices
to conclude by using the Gronwall lemma.
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2.3 Proof of Theorem 7

From now on, we assume that the problem reduces to the one-dimensional
Boltzmann equation (this occurs, for instance, when the cross-section and the
initial data are invariant in the two other directions). Thus, Ω is a torus in R

(Ω = R/Z) and kx, vx(k) denotes the first coordinates of the wave vector k
and velocity v(k). Equation (1) reads in this context





∂tf
ε +

1

ε
(vx(k)∂xf

ε + ∂xV
ε∂kxf

ε) =
1

ε2
Q(f ε) for x ∈ Ω, k ∈ B, t ∈ R

+,

∂2
xV

ε =
∫

B
f ε(x, k, t) dk − D(x) for x ∈ Ω, t ∈ R

+,

f ε(x, k, 0) = fin(x, k) for x ∈ Ω, k ∈ B.

Then, with the notation of the previous part, we have the following lemma.

Lemma 10 There exists a constant C > 0 such that





sup
0≤t≤T

|Uε(t)|L1(Ω×B) ≤ C

sup
0≤t≤T

|W ε(t)|L1(Ω×B) ≤ C
(
|r̃ε(t)|L1(Ω×B) + ε

)
.

Note that we do not get the convergence to zero of the source term. How-
ever, Lemma 10 will be enough to conclude the proof by evoking the Gronwall
Lemma.

PROOF. The key points in the proof rely on uniform estimates satisfied by
V ε and V −V ε. First, the Poisson equation directly tells us that ∂2

xV
ε = ρε−D

lies in a bounded set in L∞(QT ) and we have

|∂xV
ε|L∞(QT ) ≤ C.

(We note that the same estimate holds in any dimension by using Sobolev
embedding). As a consequence, one obtains

|f̃ 1,ε|L∞(QT ×B) ≤ C.

Moreover, f 1, f̃ 2 and their derivatives belong to L∞. The estimate on Uε fol-
lows easily.

13



Next, we use the following consequence of the Poisson equation

∂2
x(V − V ε) = ρ −

∫

B
f ε dk =

∫

B
(F (ρ) − f ε) dk

= −
∫

B
r̃ε dk − ε

∫

B
(f̃ 1,ε + εf̃ 2) dk.

(27)

It yields, on the one hand

|∂2
x(V − V ε)|L1(Ω) ≤ C

(
|r̃ε(t)|L1(Ω×B) + ε

)
,

and, on the other hand,

|∂x(V − V ε)|L1(Ω) ≤ C
(
|r̃ε(t)|L1(Ω×B) + ε

)
.

By (20) and (24), we have

f 1 − f̃ 1,ε = ν1(ρ)∂x(V − V ε),

so that, we get

|f 1 − f̃ 1,ε|L1(Ω×B) ≤ C|∂x(V − V ε)|L1(Ω) ≤ C
(
|r̃ε(t)|L1(Ω×B) + ε

)
.

Note that, by using the symmetry of the bilinear map R,

|R(f̃ 1,ε, f̃ 1,ε)−R(f 1, f 1)|L1(Ω×B) ≤ C|f̃ 1,ε−f 1|L1(Ω×B) ≤ C
(
|r̃ε(t)|L1(Ω×B) +ε

)
.

Furthermore, we can also estimate

|∂kx(f
1 − f̃ 1,ε)|L1(Ω×B) ≤ |∂x(V − V ε) ∂kxν1(ρ)|L1(Ω×B)

≤ C|∂x(V − V ε)|L1(Ω) ≤ C
(
|r̃ε(t)|L1(Ω×B) + ε

)
,

and

|∂x(f
1 − f̃ 1,ε)|L1(Ω×B) ≤ |∂x(V − V ε) ∂xν1(ρ)|L1(Ω×B)

+|∂2
x(V − V ε) ν1(ρ)|L1(Ω×B)

≤ C
(
|∂x(V − V ε)|L1(Ω) + |∂2

x(V − V ε)|L1(Ω)

)

≤ C
(
|r̃ε(t)|L1(Ω×B) + ε

)
.

It follows that the first four terms of (26) are bounded by C(|r̃ε(t)|L1(Ω×B)+ε).

It remains to deal with ∂tf̃
1,ε. By differentiating (24), we obtain

|∂tf̃
1,ε|L1(Ω×B) ≤ |∂t(λ1∂xρ + µ + qF ′

ρ)|L1(Ω×B) + |∂t(ν1∂xV
ε)|L1(Ω×B)

≤ C
(
1 + |∂t∂xV

ε|L1(Ω)

)
.

14



We can estimate the last term by using the Poisson equation again. Integration
of (1) with respect to k ∈ B gives the conservation relation

∂tρ
ε + ∂xj

ε = 0,

where the current jε is given by

jε =
1

ε

∫

B
v(k)f ε dk =

∫

B
v(k) (f̃ 1,ε + εf̃ 2) dk +

1

ε

∫

B
v(k) r̃ε dk,

by using the null-flux assumption. Therefore the Poisson equation yields

∂t∂
2
xV

ε = ∂x(∂t∂xV
ε) = ∂tρ

ε = −∂xj
ε

It follows that

|∂t∂xV
ε|L1(Ω) ≤ |jε|L1(Ω) ≤ C

(
1 +

1

ε
|r̃ε|L1(Ω×B)

)
.

Hence, we conclude that

|ε∂tf̃
1,ε|L1(Ω×B) ≤ C

(
ε + |r̃ε|L1(Ω×B)

)
.

This ends the proof of Lemma 10. 2

The remainder of the proof follows now straightforwardly from [12] and the
Gronwall lemma. We recall that ∂xV

ε and f̃ 1,ε belong to bounded sets in
L∞(QT ) and L∞(Ω × B × [0, T ]) respectively. According to [12], we have
F ′(ρ) ≥ σ

σ
and we can choose the function q(x, t) in (20) so that f 1 and f̃ 1,ε

remain non-negative. Repeating the reasoning for f̃ 2, we can choose f̃ 2 ≥ 0 on
[0, T ], by the addition of a constant times F ′(ρ). Hence, F (ρ)+εf̃ 1,ε+ε2f̃ 2 ≥ 0.
Moreover, as stated in Proposition 2, 0 ≤ f ε ≤ 1. In turn, the kernels
σ(k, k′)(1 − f ε(k)) and σ(k′, k)(F (ρ)(k) + εf̃ 1,ε(k) + ε2f̃ 2(k)) of the opera-
tors N1−fε and N ′

(F (ρ)+εf̃1,ε+ε2f̃2)
, respectively, are non-negative. Therefore, the

classical L1 estimate for the transport equation (25), together with Lemma 10
gives

|r̃ε(t)|L1(Ω×B) ≤ |r̃ε
in|L1(Ω×B)

+
∫ t

0

(
ε|Uε(s)|L1(Ω×B) + |W ε(s)|L1(Ω×B)

)
ds

≤ |r̃ε
in|L1(Ω×B) + Cε + C

∫ t

0
|r̃ε(s)|L1(Ω×B) ds.

(28)

The assumption on the preparation of the data means that the initial value

r̃ε
in = fin − F (ρin) − ε(f̃ 1,ε|t=0 + εf̃ 2|t=0) = −ε(f̃ 1,ε|t=0 + εf̃ 2|t=0)
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has L1 norm of order ε. By using the Gronwall lemma we conclude that

sup
0≤t≤T

|r̃ε(t)|L1(Ω×B) ≤ C ε.

This completes the proof of Theorem 7. 2

3 Existence and regularity of the solution of (8)

This section is devoted to the proofs of Proposition 8 and Lemma 9, namely,
we justify existence and regularity of the solution of equation (8). Let T > 0
be fixed; we recall the notation

QT = Ω × (0, T ).

We firstly note that the coefficients Πi,j(ρ, x), Θi,j(ρ, x) and χj(ρ, x), defined
by (9) are only defined on [0, 1] × Ω, and satisfy

Θ(ρ = 0, x) = Θ(ρ = 1, x) ≡ 0 , and χ(ρ = 0, x) = χ(ρ = 1, x) ≡ 0 . (29)

In order to deal within the general framework of the functional space L2(QT ),
we set Π(ρ) = Π(0) if ρ ≤ 0, Π(ρ) = Π(1) if ρ ≥ 1, and we extend Θ and
χ in the same way. We point out that this implies Θ(ρ) = 0 and χ(ρ) = 0,
for all ρ /∈ [0, 1]. The following Proposition (the proof can be found in [12])
summarizes the properties of the coefficients.

Proposition 11 (i) Π(ρ, x), Θ(ρ, x) and χ(ρ, x) are Lipschitz continuous func-
tions with respect to ρ ∈ R and measurable with respect to x ∈ Ω. Moreover,
σ(x, k, k′) being smooth with respect to x, we have the same regularity for the
coefficients. Finally, these coefficients are smooth with respect to ρ in (0, 1).
(ii) The coefficients Πi,j(ρ, x), Θi,j(ρ, x), and χj(ρ, x) belong to L∞([0, 1]×Ω).
(iii) Π(ρ, x) is a positive matrix, and there exists a positive constant β such
that for all ξ ∈ R

N we have

Π(ρ, x)ξ · ξ ≥ β|ξ|2 , ∀x ∈ Ω , ∀ρ ∈ [0, 1] . (30)

Proof of Proposition 8. The existence part will be obtained by a two-step
fixed-point procedure:

1) First, we solve a non-linear parabolic equation where both the potential V
and the matrix Π are given; hence the nonlinearities appear only through Θ
and χ. This step follows from a simple application of the Banach fixed point
theorem, by using the fact that Θ and χ are Lipschitz functions with respect
to ρ.
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2) Second, we define, thanks to the first step, a mapping ρ1 7−→ Π(ρ1), V (ρ1) 7−→
ρ and we show the existence of a fixed point by a Schauder argument. The
regularity of this solution is the object of Lemma 9.

The following claim corresponds to the first step.

Lemma 12 Let ρ1 be a function in L2(QT ) satisfying 0 ≤ ρ1(x, t) ≤ 1 and∫
Ω ρ1(x, t) dx =

∫
Ω ρin(x) dx =

∫
Ω D(x) dx. Let V ∈ L∞(0, T ; H2(Ω)) solves

∆xV (x, t) = ρ1(x, t) − D(x). (31)

Then there exists a unique solution ρ(x, t) ∈ L2(0, T ; H1(Ω))∩H1(0, T ; H−1(Ω)),
of






∂tρ − divx [Π(ρ1)∇xρ + Θ(ρ)∇xV + χ(ρ)] = 0 for (x, t) ∈ QT

ρ(x, 0) = ρin(x) for x ∈ Ω.
(32)

We point out that in equation (32), the matrix Π(ρ1) is fixed, so that the
terms of order 2 are linear.

PROOF. The proof of Lemma 12 relies on the Banach fixed point theorem.
Let ρ̃(x, t) in L2(QT ), then there exists a unique ρ(x, t) ∈ L∞(0, T ; H1(Ω)),
solving the following parabolic linear equation






∂tρ − divx (Π(ρ1)∇xρ) = divx [Θ(ρ̃)∇xV + χ(ρ̃)] for (x, t) ∈ QT ,

ρ(x, 0) = ρin(x) for x ∈ Ω.

We define the application Λ : L2(QT ) 7−→ L2(QT ) by Λ(ρ̃) = ρ, and we assert
that Λ is a contraction on L∞(0, T ; L2(Ω)) endowed with a suitable norm.

First of all, we remark that since ρ1 lies in L∞(QT ), it also belongs to L∞(0, T ; Lp(Ω))
for all p ∈ [1,∞]. Therefore, V (x, t) belongs to L∞(0, T ; W 2,p(Ω)) for all
p ∈ [1,∞[ (since V solves (31)). In particular, ∇xV ∈ L∞(0, T ; W 1,p(Ω))
for some p > N , and Sobolev’s imbedding leads to ∇xV ∈ L∞(QT ).
Let now ρ̃ and ρ̃′ be two functions in L2(QT ), we define ρ = Λ(ρ̃) and
ρ′ = Λ(ρ̃′). Then ρ − ρ′ solves






∂t(ρ − ρ′) − divx (Π(ρ1)∇x(ρ − ρ′)) = divx [(Θ(ρ̃) − Θ(ρ̃′))∇xV + χ(ρ̃) − χ(ρ̃′)]

for (x, t) ∈ QT ,

ρ(t = 0) − ρ′(t = 0) = 0 for x ∈ Ω.
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Multiplying by ρ − ρ′ and integrating with respect to x ∈ Ω we get

1

2

d

dt
|ρ(t) − ρ′(t)|2L2(Ω) + β|∇x(ρ − ρ′)|2L2(Ω)

≤ |(Θ(ρ̃) − Θ(ρ̃′))∇xV + χ(ρ̃) − χ(ρ̃′)|L2(Ω)|∇x(ρ − ρ′)|L2(Ω)

≤ Cβ|(Θ(ρ̃) − Θ(ρ̃′))∇xV + χ(ρ̃) − χ(ρ̃′)|2L2(Ω) +
β

2
|∇x(ρ − ρ′)|2L2(Ω)

by using (30), Cauchy-Schwarz and Young inequalities. Since Θ and χ are
Lipshitz functions with respect to ρ, we deduce that

1

2

d

dt
|ρ(t) − ρ′(t)|2L2(Ω) ≤ C|ρ̃(t) − ρ̃′(t)|2L2(Ω)

holds where C is a constant depending on β, |∇xV |2L∞(QT ) and the Lipschitz
constants LΘ, Lχ of the functions Θ(ρ) and χ(ρ), respectively. Integrating with
respect to t, we get

1

2
|ρ(t) − ρ′(t)|2L2(Ω) ≤ C

∫ t

0
|ρ̃(s) − ρ̃′(s)|2L2(Ω) ds.

Let us introduce the following norm on L∞(0, T ; L2(Ω))

|f |2b = sup
t∈(0,T )

{
e−bt|f(t)|2L2(Ω)

}
.

The above computation yields

|ρ(t) − ρ′(t)|2L2(Ω) ≤ 2C
∫ t

0
ebse−bs|ρ̃(s) − ρ̃′(s)|2L2(Ω)ds

≤ 2C
∫ t

0
ebsds|ρ̃ − ρ̃′|2b ≤ C

ebt − 1

b
|ρ̃ − ρ̃′|2b

and therefore, we get

|Λ(ρ̃) − Λ(ρ̃′)|2b ≤ 2C sup
t∈(0,T )

(
1 − e−bt

b

)
|ρ̃ − ρ̃′|2b ≤

2C

b
|ρ̃ − ρ̃′|2b .

We now readily check that as soon as we have b > 2C, the application Λ
is a contraction on L∞(0, T ; L2(Ω)) for the norm | · |b. Therefore there ex-
ists a unique fixed point in L∞(0, T ; L2(Ω)), which obviously is the unique
solution ρ(x, t) of equation (32). One also verifies easily that ρ belongs to
L2(0, T ; H1(Ω)) ∩ H1(0, T ; H−1(Ω)). 2

Remark 13 In view of (29), we check that ρ ≡ 0 and ρ ≡ 1 are respectively
sub- and upper-solutions of equation (32). Therefore, the solution ρ given by
Lemma (12) satisfies 0 ≤ ρ(x, t) ≤ 1 for almost all (x, t) ∈ QT . We also have∫
Ω ρ(x, t) dx =

∫
Ω ρin(x) dx.
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We can now deduce the existence part of Proposition 8. Let us introduce the
following closed bounded convex subset of L2(QT )

F =
{
g ∈ L2(QT ) ; 0 ≤ g(x, t) ≤ 1 a.e. x ∈ Ω, t ∈ [0, T ],

∫

Ω
g(x, t) dx =

∫

Ω
D(x) dx

}
.

We define an application F : F → F by F(ρ1) = ρ, where, for ρ1 in F and
V (x, t) solving (31), ρ is the solution of (32) given by Lemma 12 (this solution
still belongs to F , see Remark 13). Then we have the following lemma, which,
together with the Schauder fixed point theorem easily yields the existence part
of Proposition 8.

Lemma 14 The application F is continuous and compact on F .

PROOF. Let ρ1 be in F , and ρ = F(ρ1). We can estimate ρ(x, t) by multi-
plying equation (32) by ρ, and integrating over QT . Precisely, one has

1
2
|ρ(t)|2L2(Ω) + β

2
|∇xρ|

2
L2(QT ) ≤ Cβ|Θ(ρ)∇xV + χ(ρ)|2L2(QT ) + 1

2
|ρin|

2
L2(Ω)

≤ Cβ|Θ|2L∞|∇xV |2L2(QT ) + meas(QT )2|χ|2L∞ + 1
2
|ρin|

2
L2(Ω)

≤ Cβ|Θ|2L∞(|ρ1|
2
L2(QT ) + |D|2L2(QT ))

+meas(QT )2|χ|2L∞ + 1
2
|ρin|

2
L2(Ω).

(33)
Therefore, as ρ1 lies in a bounded subspace of L2(QT ), ρ belongs to a bounded
subspace in L2(0, T ; H1(Ω))∩H1(0, T ; H−1(Ω)), and Aubin’s lemma provides
the compactness of the application F .

Let us now check that F is continuous for the L2(QT ) norm. Let ρ1,n be a
(strongly) convergent sequence in L2(QT ) and set ρn = F(ρ1,n). Estimate (33)
yields the boundedness of ρn in L2(0, T ; H1(Ω))∩H1(0, T ; H−1(Ω)). Therefore,
by using Aubin’s lemma again, this sequence lies in a compact set of L2(QT )
and, possibly at the cost of extracting subsequence, we can assume that

ρ1,n −−−→
n→∞

ρ1 L2(QT ) strongly and almost everywhere,

ρn −−−→
n→∞

ρ L2(QT ) strongly and almost everywhere.

The continuity of Π and the almost everywhere convergence of ρ1,n gives

Π(ρ1,n(x, t), x) −−−→
n→∞

Π(ρ1(x, t), x) almost everywhere.

Since Π is bounded in L∞, by applying the Lebesgue theorem we deduce that

Π(ρ1,n)ϕ −−−→
n→∞

Π(ρ1)ϕ L2(QT ) strong
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holds for all ϕ(x, t) ∈ L2(QT ). Furthermore, since ρn is bounded in L2(0, T ; H1(Ω)),
we also have

∇xρn −−−→
n→∞

∇xρ L2(QT ) weak,

which yields

Π(ρ1,n)∇xρn −−−→
n→∞

Π(ρ1)∇xρ L2(QT ) weak.

The same argument gives Θ(ρn)∇xVn ⇀ Θ(ρ)∇xV and χ(ρn) ⇀ χ(ρ) in
L2(QT ). We deduce that ρ is the (unique) solution of (32), and therefore that
ρ = F(ρ1). By unicity of the solution of (32), a standard argument proves that
the convergence applies to the whole sequence ρn, thus F is continuous. 2

Before we prove the uniqueness of the so-obtained solution of equation (18),
we have to investigate its regularity, as stated in Lemma 9. The proof of
this Lemma essentially relies on results proved in the classical book of O.A.
Ladyzenskaya-V.A Solonnikov-N.N. Ural’ceva [9]. Before beginning the proof,

let us recall the definition of some Hölder spaces used in [9]. Let Hl, l
2 be

the space of functions f(x, t) such that for all r ∈ N and s ∈ N
N satisfying

2r + |s| ≤ l, we have Dr
t D

s
xf ∈ L∞(QT ), and for all r ∈ N and s ∈ N

N

satisfying 2r+ |s| = l, the function Dr
t D

s
xf is (l− [l])-Hölder with respect to x,

and l−[l]
2

-Hölder function with respect to t. We are now ready to prove Lemma
9.

Proof of Lemma 9. Throughout the proof, ρ and V will denote the solutions
of equation (8), obtained in Proposition 8. First of all, ρ can be viewed as the
solution of the following linear equation

∂tρ − divx

[
Π̃(x, t)∇xρ

]
= divx

[
Θ̃(x, t)∇xV + χ̃(x, t)

]
, (34)

where the coefficients are actually defined by Π̃(x, t) = Π(ρ(x, t), x), Θ̃(x, t) =
Θ(ρ(x, t), x) and χ̃(x, t) = χ(ρ(x, t), x). Note that the regularity of the coeffi-
cients appearing in equation (34) depends on that of ρ(x, t) and V (x, t).

Certainly, the coefficients belong to L∞(QT ). Then, Theorem 4.2, Chapter 3 in
[9] yields that the generalized solution ρ(x, t) given by Proposition 8 belongs
to C0(0, T ; L2(Ω)). We can therefore apply Theorem 12.1, Chapter 3 in [9]

which says that ρ(x, t), together with ∇xρ belong to Hl, l
2 for some l > 0.

Finally, Theorem 5.2, Chapter 4 in [9] states that, as soon as the coefficients,

together with their derivatives, belong to Hl, l
2 with l ≥ 0, then the solution

ρ(x, t) belongs to Hl+2, l
2
+1.

In turn, we readily check (see [10]) that, if ρ ∈ Hl, l
2 , then the solution V (x, t),

of (31) satisfies Ds
xV ∈ Hl, l

2 for all s ∈ N
N such that |s| ≤ 2. Therefore, as long
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as the derivative of Π, Θ and χ with respect to x are bounded in [0, 1]×Ω, and
that of ρin, are bounded in Ω, we can increase the regularity of the solution
ρ(x, t) of equation (8). 2

We can now obtain the proof of Proposition 8, by proving the uniqueness of
the solution. In that purpose we remark that, as a consequence of the above
Lemma 9, for all solution ρ of (18), ∇xρ and ∇xV belong to L∞(QT ).

Let ρ and ρ′ be two solutions of equation (18). Then, we have






∂t(ρ − ρ′) − divx (Π(ρ′)∇x(ρ − ρ′)) = divx [(Π(ρ) − Π(ρ′))∇xρ + Θ(ρ′)∇x(V − V ′)

+(Θ(ρ) − Θ(ρ′))∇xV + χ(ρ) − χ(ρ′)] ,

for x ∈ Ω, t ∈ [0, +∞[

ρ(t = 0) − ρ′(t = 0) = 0 for x ∈ Ω.

By standard manipulation, one obtains the following estimate

d

dt
|ρ(t) − ρ′(t)|2L2(Ω) + β|∇x(ρ − ρ′)|2L2(Ω)

≤ Cβ

[
|(Π(ρ) − Π(ρ′))|2L2(Ω)|∇xρ|

2
L∞(QT ) + |(Θ(ρ) − Θ(ρ′))∇xV |2L2(Ω)

+|Θ(ρ′)∇x(V − V ′)|2L2(Ω) + |χ(ρ) − χ(ρ′)|2L2(Ω)

]
+

β

2
|∇x(ρ − ρ′)|2L2(Ω).

Since Π, Θ and χ are Lipshitz functions, one deduces that

d

dt
|ρ(t) − ρ′(t)|2L2(Ω) ≤ C|ρ(t) − ρ′(t)|2L2(Ω)

[
|∇xV |2L∞(QT ) + |∇xρ|

2
L∞(QT ) + C

]

holds. However, the initial condition ρ(t = 0) − ρ′(t = 0) = 0 vanishes so
that Gronwall’s lemma leads to |ρ(t) − ρ′(t)|2L2(Ω) = 0 for all t ∈ [0, T ]. This
completes the proof of Proposition 8, and ends this section. 2
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A Appendix - Existence of equilibrium states.

This section is devoted to the proof of Proposition 3. For the sake of simplic-
ity, throughout this section we shall drop the space dependence. We aim at
justifying the existence of a family of equilibrium states parametrized by the
mass, namely {Fρ : B → R, ρ ∈ [0, 1]} such that

Q(Fρ) = 0,
∫

B
Fρ dk = ρ.

In this Section, the kernel σ is supposed to satisfy the following properties:

(A1) σ is a measurable function defined on B × B with value in R such that

0 < σ(k, k′) for almost all k, k′,

(A2) There exists a constant σ > 0 such that

sup
k∈B

∫

B
σ(k, k′) dk′ ≤ σ, sup

k∈B

∫

B
σ(k′, k) dk′ ≤ σ,

(A3) For any measurable set A ⊂ B such that meas(A) > 0, one defines





Σ(A) = inf
k∈B

∫

A
σ(k, k′) dk′, Σ(A) = sup

k∈B

∫

A
σ(k, k′) dk′,

Σ∗(A) = inf
k∈B

∫

A
σ(k′, k) dk′, Σ∗(A) = sup

k∈B

∫

A
σ(k′, k) dk′.

Then, there exists a constant σ > 0 satisfying for any such set A,

Σ∗(A)/Σ(A) ≥ σ, Σ(A)/Σ∗(A) ≥ σ,

(A4) There exists a measurable negligeable set N ⊂ B such that the families

{σ(k, ·), k ∈ B\N} and {σ(·, k), k ∈ B\N} are relatively compact in L1(B).

In this general framework, we are able to show the existence of equilibrium
states parametrized by the mass.

Theorem 15 Suppose (A1-A4). Then, for any ρ ∈ [0, 1], there exists a unique
0 ≤ Fρ ≤ 1 verifying

∫
B Fρ dk = ρ and Q(Fρ) = 0.

Remark 16 The assumptions introduced above need some comments:

• Since meas(B) < ∞, the embeddings Lp(B) ⊂ L1(B) holds for any 1 ≤ p ≤
∞.

• Assumption (A2) implies that, for any f ∈ L∞(B), Q(f) is well defined in
L∞(B) (with ‖Q(f)‖∞ ≤ 2σ‖f‖∞(1 + ‖f‖∞)).

• Assumption (A3) is a non-degeneracy condition of the collision kernels. In
particular, it is fulfilled when 0 < σ1 ≤ σ(k, k′) ≤ σ2 (with σ = σ1/σ2), as
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assumed in Hypothesis 1.
• According to the classical Weil criterion (see [5], Th. 4.20.1), assumption

(A4) reads






For any ε > 0, there exists ηε > 0 such that, for any h ∈ R
N and a.a. k ∈ B,

if |h| ≤ ηε, then
∫

RN
|σ(k, k′ + h) − σ(k, k′)| dk′ < ε,

∫

RN
|σ(k′ + h, k) − σ(k′, k)| dk′ < ε

(A.1)
(where σ has been extended by 0 out of B×B and dk stands for the Lebesgue
measure divided by meas(B)).

• Assumption (A4) is fulfilled if one assumes

σ(k, k′) ∈ C0(Bk; L
1(Bk′)) ∩ C0(Bk′; L1(Bk)).

In particular all assumptions (A1-A4) are satisfied when σ ∈ C0(B × B).
In this case, the equilibrium states Fρ are continuous on B.

Let us introduce the following mapping

Φ : R × L∞(B) −→ R × L∞(B)



ρ

f


 7−→




∫

B
f dk − ρ

Q(f)




defined on [0, 1]×{f ∈ L∞(B), 0 ≤ f ≤ 1} with values in [−1, 1]×L∞
0 . Here,

L∞
0 stands for the subspace

L∞
0 =

{
f ∈ L∞(B),

∫

B
f dk = 0

}
.

Determination of equilibrium state F having mass ρ reduces to searching for
the zeros of Φ. First, note that Φ(0, 0) = (0, 0) = Φ(1, 1). We shall use the
implicit function theorem to construct a family {(ρ, Fρ), ρ ∈ [0, 1]} such that






F0 = 0, F1 = 1,

Φ(ρ, Fρ) = (0, 0).

furthermore, we will obtain that 0 ≤ Fρ ≤ 1 (precisely 0 < Fρ < 1 for
ρ ∈ (0, 1)).

The derivative of Φ with respect to f reads

∂Φ

∂f
(ρ, f)(h) =




∫

B
h dk

Lf (h)



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where Lf is the operator from L∞(B) to L∞
0 defined by






Lf (h) = Kf (h) − νf(k)h,

Kf (h) =
∫

B
sf (k, k′)h(k′) dk′,

νf (k) =
∫

B
sf(k

′, k) dk′.

(A.2)

The kernel sf depends on the function f as follows

sf(k, k′) = σ(k, k′)(1 − f(k)) + σ(k′, k)f(k).

For 0 ≤ f ≤ 1, notice that sf is nothing but the barycenter of σ(k, k′) and
σ(k′, k). We aim at proving that ∂Φ

∂f
is inversible from L∞(B) to R × L∞

0 . Let

(a, q) ∈ R × L∞
0 (B). We should prove existence-uniqueness of h ∈ L∞(B)

verifying 


∫

B
h dk

Lf (h)


 =




a

q


 .

By linearity, and using
∫
B dk = 1, the problem reduces to the invertibility of

Lf on L∞
0 .

Lemma 17 For any f verifying 0 ≤ f ≤ 1, the operator Lf : L∞
0 −→ L∞

0 is
invertible.

The proof uses the following claim.

Lemma 18 Let f verifying 0 ≤ f ≤ 1. Then

i) There exist constants ν ≥ ν > 0 such that for a.a. k ∈ B,

0 < ν ≤ νf(k) ≤ ν < ∞

(and ν does not depend on f).

ii) The integral operator

Tfg(k) =
∫

B
tf(k, k′)g(k′) dk′, tf(k, k′) = sf (k, k′)/νf(k

′)

is compact on L∞(B).

Proof of Lemma 17. Let g(k) = νf (k)h(k). The equation Lf(h) = Kf(h)−
νfh = q recasts (Tf − I)g = q where Tf is the integral operator involved in
Lemma 18. One deduces from Lemma 18-ii) that Ran(Tf −I) = [Ker(T ∗

f −I)]⊥

where

T ∗
f φ(k) =

∫

B
tf (k

′, k)φ(k′) dk′ =
∫

B
sf (k

′, k)
(
νf(k)

)−1
φ(k′) dk′.
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Moreover, by (A1) and Lemma 18-ii), the Krein-Rutman Theorem (see [15],
Th. 6.6) applies to T ∗

f . The spectral radius r is a positive eigenvalue, associated
to a eigenfunction > 0. The associated eigenspace has dimension 1 and the
other eigenvalue have a modulus < r. Next, (A.2) gives T ∗

f (1) = 1. Therefore,
one obtains

Ker(T ∗
f − I) = R, Ran(Tf − I) = L∞

0 .

This proves, for q ∈ L∞
0 , the existence of a solution g ∈ L∞(B) of (Tf −I)g = q

(respecively, with Lemma 2-i, h ∈ L∞(B) solution of Lfh = q).

The Krein-Rutman Theorem also garantees that Tf−I has a mono-dimensional
kernel, spanned by a normalized eigenfunction Gf > 0. Hence, solutions
g ∈ L∞(B) of (Tf − I)g = q can be written g = g0 + αGf , α ∈ R, and
the condition h = g/νf ∈ L∞

0 yields uniqueness since
∫
B Gf/νf dk 6= 0. There-

fore,the operator Lf is invertible on L∞
0 . 2

Proof of Lemma 18. For f = 0, by using (A1-A3), one gets

0 < σ Σ(B) ≤ Σ∗(B) ≤ ν0(k) ≤ σ.

A similar reasoning applies to f = 1.

Let 0 ≤ f ≤ 1, with f 6= 0, f 6= 1. Then, there exist δ > 0 and a measurable
set Aδ ⊂ B such that f(k′) ≥ δ on Aδ and meas(Aδ) > 0. It follows that

2σ ≥ νf(k) ≥ δ Σ(Aδ) > 0,

holds, still by using (A1-A3). This justifies Part i) of the statement.

Let ϕ ∈ L∞(B) (which is destined to represent f or 1−f). We shall show that

the integral operator with kernel σ(k, k′)ϕ(k)
(
νf(k

′)
)−1

is compact on L∞(B).

According to the characterization given by Eveson [6], we have to establish
that the set {

σ(k, k′)ϕ(k)

νf (k′)
, k ∈ B\N

}
,

where N ⊂ B is a negligeable set, is relatively compact in L1(B). Of course,

the same reasoning applies to the operator with kernel σ(k′, k)ϕ(k)
(
νf(k

′)
)−1

.

Let h ∈ R
N . Extending functions by 0 outside of B, we have

∫

RN

∣∣∣∣∣
σ(k, k′ + h)ϕ(k)

νf (k′ + h)
−

σ(k, k′)ϕ(k)

νf(k′)

∣∣∣∣∣ dk′

≤ ‖ϕ‖∞

∫

RN

∣∣∣∣∣
σ(k, k′ + h)νf(k

′) − σ(k, k′)νf (k
′ + h)

νf (k′ + h) νf(k′)

∣∣∣∣∣ dk′

≤
‖ϕ‖∞

ν2

(
I(k, h) + J(k, h)

)
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where ν is the bound from below on νf (k) obtained in Part i) and we have set

I(k, h) =
∫

RN
|σ(k, k′ + h) − σ(k, k′)| νf(k

′) dk′,

J(k, h) =
∫

RN
σ(k, k′) |νf(k

′ + h) − νf (k
′)| dk′.

Let ε > 0. We shall exhibit ηε > 0 such that, if |h| ≤ ηε, then for a.a. k ∈ B,
I(k, h) ≤ ε and J(k, h) ≤ ε. Estimation of I is a direct consequence of (A.1)
since

sup
k∈B

I(k, h) ≤ ν sup
k∈B

∫

RN
|σ(k, k′ + h) − σ(k, k′)| dk′ −−−→

|h|→0
0.

To treat J , let us introduce the set EM (k) = {k′ ∈ R
N , σ(k, k′) ≥ M} where

M ≥ 0. We denote FM(k) = ∁(EM(k)) and we split

J(k, h) =
∫

EM (k)
... dk′ +

∫

FM (k)
... dk′ = K(k, h, M) + L(k, h, M).

The integral on EM(k) is estimated by

K(k, h, M) ≤ 2ν
∫

EM (k)
σ(k, k′) dk′.

Then, the compactness assumption (A4) guarantees in particular that the
equi-integrability criterion

sup
k∈B

∫

EM (k)
σ(k, k′) dk′ −−−−→

M→∞
0

is fulfilled. Thus, we can choose M = Mε large enough to obtain supk,h K(k, h, M) <
ε/2. It remains to deal with the integral on FM(k). By definition of νf , with
0 ≤ f ≤ 1, we get

|νf(k
′ + h) − νf (k

′)|

=

∣∣∣∣
∫

B

{(
σ(k′′, k′ + h) − σ(k′′, k′)

) (
1 − f(k′′)

)
+
(
σ(k′ + h, k′′) − σ(k′, k′′)

)
f(k′′)

}
dk′′

∣∣∣∣

≤
∫

B
|σ(k′′, k′ + h) − σ(k′′, k′)| dk′′ +

∫

B
|σ(k′ + h, k′′) − σ(k′, k′′)| dk′′.

Hence, we are led to

L(k, h, M) ≤
∫

FM (k)

∫

B
σ(k, k′) |σ(k′′, k′ + h) − σ(k′′, k′)| dk′′ dk′

+
∫

FM (k)

∫

B
σ(k, k′) |σ(k′ + h, k′′) − σ(k′, k′′)| dk′′ dk′

≤ M
∫

B
dk′′

×

(
sup
k′′∈B

∫

RN
|σ(k′′, k′ + h) − σ(k′′, k′)| dk′ + sup

k′′∈B

∫

RN
|σ(k′ + h, k′′) − σ(k′, k′′)| dk′

)
.
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By (A.1), we can find η = ηε such that, for |h| ≤ ηε, this quantity is < ε/2,
uniformly with respect to k ∈ B. This ends the proof of ii). 2

In particular, Lemma 17, applies to f(k) = 0 (and of course also to f(k) = 1).
Then, the implicit function theorem jusitifies the existence of an application
ρ 7−→ Fρ, belonging to class C1 on a certain interval ]− ρ0, ρ0[, with values in
L∞(B), and such that Fρ satisfies

∫

B
Fρ dk = ρ, Q(Fρ) = 0. (A.3)

It remains to show that the function Fρ verifies 0 ≤ Fρ ≤ 1, at least for
“small enough” ρ ≥ 0, and then to extend the function on the whole interval
ρ ∈ [0, 1]. To this purpose, we will use the following remarks.

Remark 19 By derivating (A.3) with respect to ρ, one is led to the following
remarkable identities

∫

B
F ′

ρ dk = 1 et DFρ(F
′
ρ) = 0,

where F ′
ρ = ∂Fρ

∂ρ
. Thus, F ′

ρ(k) is a normalized eigenfunction of the operator
DFρ. Arguments used in the proof of Lemma 17, allows us to deduce that
F ′

ρ(k) > 0 for a.a. k ∈ B, as soon as 0 ≤ Fρ ≤ 1.

Remark 20 The chemical potential associated to a function F is given by

Π(F ) =
1 − F

F
.

Then, the relation Q(F ) = 0 leads to

Π(F )(k) =

∫

B
σ(k′, k)(1 − F (k′)) dk′

∫

B
σ(k, k′)F (k′) dk′

. (A.4)

Now, we can complete the proof of Theorem 15. Since ρ 7−→ Fρ is contin-
uous, with values in L∞(B), and F0 = 0, we have |Fρ(k)| < 1 for ρ small
enough. Moreover, ρ 7−→ Fρ being C1, we have Fρ(k) = ρ(F ′

0(k) + ε(ρ, k)),
with limρ→0 ‖ε(ρ, ·)‖∞ = 0. If we can find some δ0 > 0 such that F ′

0(k) ≥ δ0

almost everywhere on B, then, we can deduce that Fρ(k) ≥ ρδ0/2 > 0 for
ρ > 0 small enough.

However, by definition, F ′
0 > 0 satisfies (see the proof of Lemma 17)

K0(F
′
0)(k) = ν0(k)F ′

0(k) =
∫

B
σ(k, k′)F ′

0(k
′) dk′ =

∫

B
σ(k′, k) dk′ F ′

0(k).
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Suppose that for any δ > 0, there exists a measurable set Aδ ⊂ B such that
meas(Aδ) > 0 and 0 < F ′

0(k) ≤ δ on Aδ. Then, for k ∈ Aδ, one has

∫

B
σ(k, k′)F ′

0(k
′) dk′ ≤ δ

∫

B
σ(k′, k) dk′.

Integrate this relation over Aδ. Since
∫
B F ′

0 dk = 1, one obtains

Σ∗(Aδ) ≤
∫

B

(∫

Aδ

σ(k, k′) dk
)

F ′
0(k

′) dk′ ≤ δ
∫

B

(∫

Aδ

σ(k′, k) dk
)

dk′ ≤ δΣ(Aδ).

This contradicts (A3).

In this way, we construct for ρ ≥ 0 in a neighborhood of 0, Fρ ∈ L∞(B) solving
(A.3) and verifying 0 ≤ Fρ ≤ 1. Note also that ρ 7−→ Fρ(k) is non decreasing
(and bounded from below by a positive constant when ρ > 0). Furthermore, as
soon as 0 ≤ Fρ ≤ 1, we can apply the implicit function theorem and extend the
application ρ 7−→ Fρ. Let ρ0 ∈ (0, 1] such that [0, ρ0] is the maximal interval
on which Fρ remains between 0 and 1. To complete the proof, we shall use the
following argument.

Lemma 21 If 0 ≤ Fρ ≤ 1 and ρ 6= 1, then, there exists δ > 0 such that
Fρ ≤ 1 − δ almost everywhere on B.

Before the proof of this claim, let us end the proof of Theorem 15. Since 0 ≤
Fρ0

≤ 1, the operator DFρ0
is invertible. Hence, we can extend the application

ρ 7−→ Fρ on the interval [0, ρ1) for a certain ρ1 > ρ0. Suppose ρ0 6= 1. The
function ρ 7−→ Π(Fρ) lies in C0((0, ρ1]; L

∞(B)) (and is non increasing). By
using Lemma 21, we check that Π(Fρ0

) ≥ δ
1−δ

> 0. Then, by continuity with
respect to ρ, the chemical potential Π(Fρ) remains non negative on an interval
ρ ∈ [ρ0, ρ

′
1], ρ0 < ρ′

1 ≤ ρ1. Since Fρ ≥ 0, we have Fρ ≤ 1 for ρ ∈ [0, ρ′
1), where

ρ′
1 > ρ0, which contradicts the definition of ρ0. We conclude that ρ0 = 1 and

the proof of Theorem 15 is now finished. 2

Proof of Lemma 21. Suppose that for any δ > 0, there exists a mesurable
set A(δ) ⊂ B such that meas(A(δ)) > 0 and Fρ(k) ≥ 1 − δ for all k ∈ A(δ).
Then, the left hand side in (A.4) leads to 0 ≤ Π(Fρ)(k) ≤ δ

1−δ
for k ∈ A(δ).

On the other hand, by using the right hand side in (A.4), one obtains

0 ≤
∫

B
σ(k′, k)(1 − Fρ(k

′)) dk′ ≤
δ

1 − δ

∫

B
σ(k, k′)Fρ(k

′) dk′,
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still for k ∈ A(δ). Integration over A(δ) yields

0 ≤ Σ∗(A(δ))(1 − ρ) ≤
∫

B

(∫

A(δ)
σ(k′, k) dk

)
(1 − Fρ)(k

′)) dk′

≤
δ

1 − δ

∫

B

(∫

A(δ)
σ(k, k′) dk

)
Fρ(k

′) dk′

≤
δ

1 − δ
Σ(A(δ)) ρ.

However, we have supposed meas(A(δ)) > 0 ; thus (A2) leads to

0 ≤ σ(1 − ρ) ≤
δρ

1 − δ
.

Letting δ go to 0, one is led to ρ = 1 which concludes the proof. 2

Regularity of F with respect to ρ, see Lemma 5 is obtained reasoning by
induction on the formulae satisfied by ∂n

ρ F (ρ). We have
∫
B ∂n

ρ F (ρ) dk = 0
while LF (ρ)(∂

n
ρ F (ρ)) equals a term depending on the derivatives of order <

n. 2
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semi-conducteurs”, Thèse Ecole Nationale d’Ingénieurs de Tunis, 2001.

30


