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Abstract

We investigate the behavior of solutions of simple linear kinetic equations, subjected to a strong
and fast time-oscillating force field, in the diffusion regime. We consider quasi-periodic oscillations.
The asymptotic behavior is governed by a convection-diffusion equation, for which we can identify
the effective coefficients.

Key words. Hydrodynamic limits. High-field regime. Homogenization. Plasma physics.

2010 MSC Subject Classification. 35B27, 82D10, 35Q35, 35Q20, 82C40.

1 Introduction
We are interested in the behavior as € tends to 0 of the solution f. of the following PDE
1 1 9 1
atfs+gv’vmfs+?5(t/5 >x)’vvfs: ?Q(fs)a (1)
where t >0, 2 € RV, v € RV, In , the right hand side is either the linear Boltzmann operator

Q(f) = (f)M(v) - f, (2)

where < f > = fRN f dv stands for the velocity average, or the Fokker-Planck operator

Q(f) =Vy- (Uf + va) =V,- (MVU%)' (3)
In both cases,
e—v2/2
v— M(v) = W

stands for the normalized Maxwellian. This PDE, completed by an initial data

f€|t:0 = fO,s > 07

is a standard model from statistical physics (with applications in plasma physics, gas dynamics,
laden-flows...). The unknown f.(¢,x,v) > 0 is the distribution function in phase space of a large
set of particles subjected to both collisional mechanisms, embodied into the operator @), and an
acceleration field (t,z) — 5&(t/e?,x). Here, the small parameter 0 < ¢ < 1 describes the interac-
tion between various physical scales of the problem: there are many collision events per time units,
the force field is “strong” and it time-oscillates very fast, and the phenomena is considered on a
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large time scale of observation.

The question of the behavior of solutions of highly-collisional kinetic equations with space-
oscillating force fields has been addressed in [3] 26] 27, B5], which have revealed some unexpected
effect in the homogenization process. However, in these contributions the scaling differs from the
scaling in : in [3] 26], 27, 135], only the collision term Q(f.) scales like 1/¢2, the strength of the
force field is of the lower order 1/e. The present situation instead relies on high-field regimes, and the
balance between the acceleration term and the collision term modifies the shape of the equilibrium
states that govern the asymptotic behavior, a phenomena brought out, for non oscillating fields,
in [30] and [9], and further investigated in [ [I8, [29]. The question of strong and oscillating force
fields in collisionless models appears naturally in plasma physics, with specific motivations related
to the mathematical modeling of tokamaks [, [14] [I5]. We also refer the reader to [31] where differ-
ent oscillations mechanisms, of stochastic nature, asymptotically lead to effective collisional models.

The homogenization problem is addressed in [II] in the stochastic framework, £ being
a random quantity. In particular, [I1] offers an instructive overview of the interaction between
arguments from probability theory and PDE analysis. We wish to revisit this question when
dealing with deterministic oscillations, which might be complementary to the analysis performed
in [I1]. We distinguish the following settings, inspired from [7]:

® Periodic oscillations: we simply have £ = E where 7 — E(7,x) is 1-periodic,

® Finite number of modes: £(7,z) = E(wr, ) where w € R" \ {0} has rationally independent
components (which means that k-w = 0 holds with k € Q" iff k = 0), and § € R" — E(0,2) =

Dolkl<K E(k,z)e*™ for a certain finite K € N\ {0},

© Quasi-periodic oscillations: (1, z) = E(wT, ) where w € R"\ {0} has rationally independent
components and § — E(0,z) is Y = (0,1)"-periodic. In such a case, we will also assume the
following Diophantine condition

C
there exists C,~ > 0 such that |w- k| > —— for any k € Z",

R [ (4)
and, moreover, |k|YE(k) € (X(Z").

Observe that such a condition holds for almost every w.

Clearly, @ is a sub-case of (0), which itself is contained in (©). As it will be detailed below, general-
izing the framework induces difficulties and slightly different statements. Besides, throughout the
paper, we assume that E has enough regularity with respect to the space variable

(0,7) — 0°E(0,z) € L>=(Y x RY) for |a| < 2, (5)

and that its mean vanishes
/ E(8,2)df =0 for a. e. z, (6)
Y

(which can be equivalently cast as an assumption on the zeroth Fourier coefficient E(Ow) = 0).
This (quasi-)periodic setting differs from the stochastic framework. On the one hand, it leads
to difficulties for solving the “cell-problems” that define the effective coefficients. The stochastic
framework induces some hidden structure, so that the resolvant of the cell-problems is well-defined,
a property intensively used in [IT]. In the determistic case, we face small divisors issues, which
make the analysis more intricate, see [7] for related discussions. On the other hand, the asymptotic
analysis of the deterministic problem in itself is far simpler, since we can make use of the quite
systematic approach based on double-scale analysis [1l 28]. It leads to more complete results; in
particular, we completely identify the leading expression of the particle distribution function for
small €’s (in [II] the main results are only concerned with the convergence of the macroscopic



density (f:)). It also makes easier the treatment of cases where E depends on the space variable,
and stronger the statement when E is space homogeneous. The main result of the paper states as
follows.

Theorem 1.1 Suppose that the sequence of initial data is such that (1 + |v|¥)fo.. is bounded in
LY (RN x RYN), for some k > 2. Then, possibly at the price of extracting a subsequence, f- double-
scale converges to p(t,x)®(0,z,v), where

i) ® is the positive and normalized solution of (w-Vg+E -V, —Q)® =
i) pe = Jgn fodv converges to p in CO([0,T); 4" (RY) — vaguely),

iii) p is the solution of the convection-diffusion problem
0p+ Vo - (pU — DV,p) = 0, (7)

with effective coefficients U and D defined by auzilliary equations that involve E, and initial
data p|t:0 = lim._,q fRN fo.e dv (in the vague sense of measures on RY ).

The suitable notions of compactness and double scale convergence are detailed in Section [ see
in particular Proposition [£.3] and Proposition [4.5] The definition of the effective coefficients U and
D, which are space-dependent vector-valued and matrix-valued functions, respectively, is given in
Section [2| see formula 7 @[), . In particular, D has a positive symmetric part.

The paper is organized as follows. In Section [2| we guess the asymptotic behavior by using a
formal double scale ansatz. This discussion makes the cell equations appear, which are discussed
in details in Section The analysis relies a/ on the identification of the eigenfunction ® which
is possible for the simple collision operators considered here (we also give some hints on possible
generalizations when such explicit form is not available); b/ on the identification of a dissipation
structure of the cell equations. We also investigate the properties of the diffusion matrix D. Sec-
tion [4 is devoted to the asymptotic analysis and the proof of Theorem In Section [5} we go
back to the specific situation where the force field E is space-homogeneous, a case where we are
able to establish the strong convergence of (a modified version of) the macroscopic density, and to
rigorously identify the first order corrector.

2 Formal asymptotics

In order to guess the asymptotic behavior of the solution f. for small €’s, we insert the following
formal double-scale ansatz

(t,x,v) ZekF (wt/e?,t,2,v)

into the equations, where the functions F*) are assumed to be Y-periodic with respect to the first
variable. It makes the following operator

ﬂE:w-Vg—s—E(H,x)-VU—Q

appear. In what follows, we shall denote 77 the adjoint operator, for the standard L? inner
product. We identify terms which appear with the same order of magnitude with respect to e. We
are led to

a) Leading order ﬁ(l/e ): TpFO =0,
b) Order 0(1/e): TgFM) = —v .V, FO),
¢) Order 0(1/e°): FgF? = —9,F©) — 4.V, F1 etc.



Then, the analysis relies on the following two key ingredients:

e We need to identify the leading term F(?), which means to characterize the kernel of the
operator Jr. We shall see that we can exhibit a positive function ®(6,x,v), periodic with
respect to the first variable, such that

Tp® = 0, // ddvdf =1
YXRN

Ker(.7g) = Span{®}.

and in fact

The variable z plays only the role of a parameter in the equation; for further purposes, it will
be necessary to study the regularity of ® with respect to x, as a consequence of the regularity
assumption on the coefficients.

e We observe that
Ran(75) C {G .Y x RY, // Gdvdf = o}.
YxRN

Hence, [, gy G'dvdf = 0 is a necessary condition for the solvability of the equation T F =
G. We expect it is also sufficient so that the equation determines a unique function F' with
the selection criterion [f,, o~ F dvdf = 0.

Based on these properties, we guess that

e At leading order F©O(0,t,2,v) = p(t,z)®(,z,v), and the asymptotic behavior will be de-
scribed through an evolution equation for the macroscopic density p.

e The equation for F(!) can be recast as TpF() = —v®-V,p— pv- V,®. The equation makes

sense under the condition
/ / v®&dvdfd =0
YxRN

that needs to be fulfilled by the function ®. This will be obtained as a consequence of (@:
the fact that the ballistic velocity vanishes is crucial for the analysis. It allows us to introduce
the auxilliary functions x = (x1, ..., x5 ) and 3 defined on Y x RY x R solution of

Tex; =v,;®, TeB=v- -V, (8)

Then, we get
F(l)(67t,.’£,”[}) = —X(O,x,v) ! Vzp(t,x) - B(Q,x,v)p(t,x).

e The compatibility condition for Ty F®) = —9,F©) — ¢ .V, F1 yields

o, // FOdydo+ v, - // vFM dvdd = 0,
YxRN Y xRN

which, in view of the expressions obtained for F(°) and F(!) becomes the convection-diffusion
equation for p, with the effective coefficients

D(z) = //YxRN v® x(0,x,v)dvdd, (9)

and

Ue) = — //Mw v3(0, 2, v) dv o, (10)
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3 Cell equations

This Section is concerned with the analysis of the cell equation g F = G. Since the space variable
appears only as a parameter, we disregard it during the discussion, bearing in mind that the
solutions we are going to discuss are also parametrized by z. In particular, we shall establish
estimates which will be uniform with respect to the space variable x.

3.1 Equilibrium states

We search for solutions of Jg® = 0. It turns out that, for the simple collision operators dealt
with here, we can find explicit solutions (see also [IT, Theorem 3.1]). Of course, the presence of
the acceleration field modifies substantially the shape of the equilibrium function, compared to the
case where E = 0. This is reminiscent to phenomena pointed out in [30].

3.1.1 Boltzmann operator

We seek the equilibrium function by imposing the strengthened normalization condition

/ ®(0,v)dv =1,
RN

which amounts to consider the equation
w-Vo@+E -V, &4+ =M.

We define the characteristics curves (0, %), solution of the ODE system
d d
—0 = —Y¥ = E(©).
ds O=w, ds (©)

Then, the problem can be cast as

d
= es@((a(s),”//(s))} — & M(¥(5)).
In fact, we simply have

O(s) = 0 + ws, ”I/(s)—v—i-/osE(G—Hug)dg.

These considerations yield the formula

<1>(9,v)=/0 e"M(v—i—/OaE(H—kws)ds) do,

— 00

which defines a positive and bounded (by (27)~"/2) function, periodic with respect to 6, and such
that <<I>(97 )> = 1. Observe that in these manipulations, we did not use that much the specific
form of the function M. However, the qualitative properties of M becomes important in order to
identify the functional framework. For instance, for further purposes we shall need the following
claim.

Lemma 3.1 The function (6,v) — (1 + ’UQ)M lies in L>=(Y; LY (RY)), and we shall denote

2(p M (v)
—_ o} U
= = SUPgey f]RN (1+ U2)W d



Proof. Let us introduce the shorthand notation
U(o,0) = / E(0+ ws)ds
0

By using the Cauchy-Schwarz inequality, we obtain

%(0,v) 1 O et U(e8)P 2 1 o WO oo (o022
M () < (27T)N/2/ ee do = oL [me e e do.

It follows that

P2 0 2
/ (1+2?) ]\/‘5?;);}) dv < / (14 N + 4U(0,0)?)e? @0 40,
RN

We conclude by proving that (o,6) — U(c, ) lies in L>°. We distinguish the following three cases:

— 00

@ Periodic case. Since the average of the force field vanishes (see (6)), we get
Lo] o o
U(o,0) Z/ E0+s)ds+ E(9+s)ds:/ E(0+ s)ds
Lo} Lo}
which yields
U(o,0)] < Bl Lo

® Finite_ number of harmonics. We expand E by means of its Fourier series, bearing in mind
that E(0 = [E(#)df = 0, and we get

0_ 9 /0 ) 2imk-(0+ws) ds = Z 2’”&(] )k e2z7rk~962z7rk~wa/228in(ﬂ_k, . wo_).
IceZN\{O} kE€ZN\{0}
Assuming that E has a finite number of harmonics means that E(k) = 0 when |k| > K for a
certain integer K. Therefore, we get
1 |E(k)] 1

U(o,0)] < — sup _fE 1y sup
o)l < s 5 < Bl e

© Quasi-periodic case. We proceed similarly, up to the final estAimate which now relies on the
Diophantine condition (4) and the regularity assumption |k|YE(k) € ¢*(ZV). We get

U(0,0)] < CIlk["E(k)||2 zv)-

O

3.1.2 Fokker-Planck operator

For the Fokker-Planck equation, we set
0

®(0,v) = M(v - / e?E(0 + wo) do)7

—o0
which defines a positive function, periodic with respect to 6, and such that <<I>(9, )> = 1. We check
that, on the one hand,

0

w-Ved(0,v) = (VUM)<1)7/ E(0+wa)d0) : (/O e"(w-Vg)E(Gero)do)

= (V,M) (v - /_OOO e“E(0+ wa)) - (— /_Oooe (% [E(G —I—wa)} da)
= (Vo) (v- /_Ooo e B(0+wo)do) - (— B(0) + /_00o 7 B(0 + wo) do ),



and, on the other hand,

0 0

V- (v®(8,v) + V,2(0,v)) =0—|—/ E(@+wo)do - (VUM)(U—/ e’ E(0 + wo) da).

— 00 — 00

Therefore, we get w- V& — Q(®) = —E -V, .

3.2 Dissipative structure

That the kernel of 9% is one-dimensional relies on a dissipative structure of the operator Jg; this
property will be also useful for proving the solvability of the cell equations.

Proposition 3.2 The following property holds

[ 71 L avay = p(si)

where D(f|®) > 0 vanishes iff f € Span{®}. Consequently, Ker(Jg) = Span{®}.

We start by computing

//YXRNﬂEf L qvao
//YXRNWVQ—E V)(ﬁ L vag - //mw dvde

f
“— | (w-Vog—E-V,)0dvdf — // Q(f dvdé
//YXJRN 2(1)2 ’ ) Y xRN >(I)

®)dvdd — // dv deé.
//YX]RN 2(1)2 Y xRN

The remaining of the proof depends on the specific form of the collision operator.

3.2.1 Boltzmann operator

For the linear Boltzmann operator, using fRN M(v)dv =1, we get

//YxRN Tef idvd@

/ f(@,u)2 f(97vl)2 £, Ul) f(0,v) f(@,’l}/)Q ,
//~/Y><]RN><RN (I)(07U) ( N ( n2 @(9,1)') @(9’1}) + @(9’0/)2> dv’ dv df

dv’dvdf = D(f|®) > 0.

In particular, having 9z f = 0 imposes that %(9,1}) = «a(f) does not depend on v, or, in other
words, f(6,v) = a(0)®(0,v). Since [®(0,v)dv = 1, it follows that «(f) = [ f(6,v)dv. Coming
back to T f = 0, we get w- Vy(f) =0 = w - Vya(f), and thus a does not depend on 6. The
condition [[ fdvdf = 0 leads to a = 0.

Finally, for our purposes it is important to observe that, for a positive function (0, v) — w(8,v),



we have

//YXRN (6,0)]f(8,v) = p(6)®(8,v)|* dv b

//YX]RN w(f,v) /]RN ( (0,0")f(0,v) — f(0,0")®(0, U)) dv’ dvd@
= //mw w(f,v) /RN <1>(0,v’)<1>(9,v)(£( ) ' dvd{, 2
< //YXRN w(6,v)D? (0, v) /RN O(0,0v") do’ /RN (9 v )(é( v) — f(g v )) dv’ duv dé.
=1
Therefore, defining the weight w by
0.0 = g
we arrive at the coercivity estimate
//WRN qu(gjl) |£(6,v) — p(0)®(6,v)[* dvdf < 2D(f|®). (11)

3.2.2 Fokker-Planck operator

Similarly, for the Fokker-Planck operator, we get

//mw T f idvde
//W 207 - (a9,
= J[.. s (uv

0[] 5 043
o >§

) -
) //wacb‘v f‘ dvdd
Iy

5 )dvdé)
//YXRN 267V >1+//waq”v f] dvde
‘//YxRN )5(*) dvdf

_ //Mw @‘vvé‘ dvdd = D(f|®) > 0

If 75 f =0, we deduce that %(0, v) = a(f) does not depend on v, and actually «(f) = [ f(#,v)dv
Integrating the equation Jgf = 0 with respect to v leads to w - Vga = 0, and thus a(f) = « is
constant. The condition [ fdvdf = 0 yields o = 0.

Here, we bear in mind that the following Sobolev inequality holds

5 dvdf
//Mw |£(0,v) — p(8)@(0, )] B(0.0) < AD(f|®), (12)

for a certain constant A > 0, see [2] sp. Corollary 2.18] (note that v — v — fo E(0 + wo) d<7|2

—o0
satisfies the convexity estimate [2, (A2)], uniformly with respect to 6).



3.3 Resolution of the cell equations

The previous computations make the Hilbert spaces

H={rvxr i = [ iemp s <o),
o= {00, ol = [[ |¢<e,v>2jj(j‘)’ <o),

for the Boltzmann case and

H={f:¥xRY, ||f|?= // o)f? d(gjif)m}

H,=H,

for the Fokker-Planck case, an adapted functional framework for analyzing the cell equations. We
denote by || - || (resp. |- ||x) the weighted L? norm on H (resp. H,) associated to these definitions.
Note that in both cases we have

dv do
\ I ey ’§f||||¢>||*, léllzr < l16ll.
Y xRN

as direct consequences of the Cauchy-Schwarz inequality. For the Fokker-Planck case, we thus also
have H C L'. For the linear Boltzmann case, the embedding H C L' equally holds, still by virtue
of the Cauchy-Schwarz inequality, combined to Lemma [3.1]

Proposition 3.3 Let h € H,. We suppose that E and h fulfill one of the following conditions:
a) they are both purely periodic,
b) they both have finitely many harmonics,
¢) w satisfies the Diophantine condition and h € H, satisfies

W = S k2R (k)2

kezr

Then, the problem Jgf = h has a solution f € H iff h satisfies the compatibility condition
[ )y gn hdvdl = 0. The solution is unique when imposing the additional constraint [ [, o~ fdvdd =
0.

Proof. For A\ > 0, we consider
)\f)\-l-gEf)\:hGH*. (13)

We shall detail in Appendix hat this equation is indeed well-posed for any positive A. If ( f>\) A>0
is bounded in H, possibly at the price of extracting a subsequence we can assume that it converges
weakly to some f as A — 0. Then, letting A\ — 0 in 7 we justify the existence of a solution to
Tk f = h. Uniqueness under the constraint [ fdvdf = 0 follows from Proposition

_ In order to obtain the bound on fy, we argue by contradiction. Suppose limy_q |[f]| = oo. Set
ax = A/l Tt satisfies || fx]] = 1, and

Mo+ Tefr = hy (14)

where
lim ||hy]lx = 0.
Al OH Al

Integrating and using the assumption that [[ hdvdf = 0, we observe that

// frdvdd = 0.
Y xRN
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Let
pa(0) = JE,\(@»U) dv

RN

Note that

/ // |fA d 49 = ||fr|? = (Fokker-Planck case),
pA(0)1* 40 < Epe o
M (v)
Y il 6,v)|? dvdd <E (Bolt
H/RN i 1} Lm(y) //YXRN |2 (0,0)] 20, 0) vdf < (Boltzmann case)

is also bounded (we used Lemma for the Boltzmann case). We can assume that fr— fin H,
and py — p = <f> in L2(Y). Letting A go to 0 in , we obtain g f = 0, so that f is proportional
to ®: f(0,v) = p®(0,v), with p a constant. However, [[ f\dvdf = 0 implies [[ fdvdf = p = 0,
and thus f = 0. We will get a contradiction by showing that f)\ converges strongly to 0 in H.
Multiplying by %, we get

2
// ‘fA' dvd6 + D(f,|®) = // hx—dvd0<||hA|| TN —
Y xRN Y xRN

As a consequence of or , we deduce that

fx — 0\ ®| —— 0
lfx — px®@|| o 0

while p) satisfies
w- Vopr = (hy) 7 0in LA(Y). (15)

We distinguish the following three cases:

@ Periodic case. In this case, w - Vg becomes d;; both py and 9.py are bounded in L2(Y).
Therefore, p) is relatively compact in L?(Y).

® Finite number of harmonics. We consider the relation on the Fourier coefficients deduced

from : for k # 0,

- 8

(16)

By assumption on the oscillations, w - k # 0 for any k € Z™ \ {0}. We are led to

~ 1 1 ~
A2 < — | sup —— Rz

(© Quasi-periodic case with Diophantine condition. We suppose . Then leads to
pallzz < ClI(Rx) -

Therefore, in all cases py tends to 0 in L?(Y) as A — 0. We are thus led to the conclusion that
fa=(fr—pr®) + pr® tends to 0 in H as A — 0, a contradiction.

Remark 3.4 A similar analysis can be performed for the adjoint operator J7. In particular
H(TF) is spanned by constants, and the problem T ¢ = k is well-posed as far as ff k®dvdf = 0.
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For both the Boltzmann operator and the Fokker-Planck operator, the compatibility condition

// v®(0,v)dvdd =0
YXRN

is satisfied, as a consequence of the assumption @ Indeed, for the Boltzmann operator we have

// ®(0,v)dvdo
/ (//YX]RN 11+/ (9+ws)ds)M(v+/OUE(9+ws)ds)dvd0> do

=0

// / 9*”5)‘15/1@M<”+/OUE(9+ws)ds)dv 49 do

=1

0 o
:0—/ e’ / (/E(9+ws)d9) ds | do =0,
—00 0 Y

=0

and for the Fokker-Planck operator

//YXRN v®(6, v) dvdd
:/Y(/RN (U_/_Ooo ¢’ E(6 + wo) da)M(v—/_Ooo ¢ B(0 +wo) do) dv) do

=0

0 0
+/ / e’ E(0 + wo) dcr/ M(v —/ e’ E(f + wo) da) dv | do
Y —00 RN —co
=1
0
:0+/ e”(/E(Q—l—wa)dQ) do = 0.
—00 Y

=0

Therefore, in view of Proposition it makes sense to consider x and (8 solutions of
Tex = v®, T =v-V,0,

and then to define the effective coefficients in @I) and .

Corollary 3.5 The matriz +(D(x) + D(z)T) is positive definite.

Proof. This is an immediate consequence of Proposition Indeed, for any ¢ € RV \ {0}, we

have
d d9
D(z)¢-¢ = //Y RN’U Ex- gdvdﬁ—//Y RNMI) £x-€ v
dvdd
= Te(x-&) x-¢ 121) =D(x-£®) >0
Y xRN

This quantity vanishes iff x(6,v) - £ = a®(f,v) for a certain o € R. But, integrating this relation
yields @ = 0. Going back to the equation Ir(x &) =0 = (v - £)®, we deduce that v - & = 0 for
a. e. v € RV, which holds only for £ =0.

11



In fact, it is convenient to express the diffusion matrix by means of the adjoint equation: with
X* solution of TZx* = v, we get

Dz// 9gx*®xdvd9:// X ®vddvdf.
YXxRN YxRN

As remarked in [IT], Section 5.3], the solution of this adjoint equation can be searched for under
the form

X5 (0,v) = v +¥*(0),
which leads to
w - Vo™ (0) = —E(0), (17)

for both the Boltzmann and the Fokker-Planck cases (since v — v is an eigenfunction for Q*). As
already noticed this equation can be solved in the three cases: @ purely periodic oscillations, (B
quasi-periodic oscillations with a finite number of harmonics, (©) quasi-periodic oscillations with a
Diophantine conditions and a loss of regularity (namely E in H” yields a solution ¥* in L?). With
these observations at hand, we obtain

e for the Boltzmann operator

0
D = / // e"(v—i-w*(@))@vM(v—i—L{(U,G)) dvdfdo
—o0 Y xRN
where we still denote U(0,0) = [ E(f 4+ ws) ds. By using the remarkable identities
/ (0 +U(e,0)) M(v+U(o,0)) dv = 0,
RN

and

/ (v+U(0,0)) @ (v+U(0,0))M(v+U(c,0))dv =1,
RN

D can be recast as

D:]I—/O e A(¢*(9)—U(a,e))®U(a7e)<

— 00

M(U—H/{(U,H))dv) dé | do.
RN

=1
However from
d

LW O+ ws)] =w- Vou* (0 +ws) = —E(6 +ws)

we can write

(O +wa) —p*(0) = ~U(o,0)
so that

D=1+ /OOO e’ (/Yw*(ﬁ + wo) @ (Y™ (0 +wo) — ¥*(0)) dG) do.

D
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We remark that
0
/ / 7Y (0 + wo) © 9+ (0) df do
—oo JY
0 0
=2 / / / e e7YP* (0 + wo) @ ¢*(0) df do ds
—o0 J —o0 JY
0 s
= 2/ / / e T (0 — ws + wo') @ ¥ (0) df do’ ds
—o00 J —oo JY

with the change of variable o + s = ¢’

0 s
= 2/ / / e (0 + wo') ® e ¥ (0 + ws) df do’ ds
—00 J—o0 JY

with the change of variable § — ws = #’ and using Y-periodicity.

Consequently, for any ¢ € RV, we have

0
De-¢ /Y[ e (V*(0 + wo) - £)? do df

A/:i </;ea’¢*(e+wa’) ~§da’>2 ds do

/Y</O e (4 (0 +wo) - €)” do — ’/_Oooesw*(ﬂws).gds

—00

2
)dezo,

by virtue of the Cauchy-Schwarz inequality.
e for the Fokker-Planck operator

D - //mw v+ (0) @ vM (v~ 1(6)) dv o

0

where now U(#) = [~ e*E(f 4 ws) ds. It becomes

D

/ (/ v U (0) @ (0~ U(B)) + 0 (0) DUE) ) M(v ~ U(B)) dv) do
Y Ry

I+ / U(O) + 0+ (0)) & U(B) Ao .
Y

=D
Going back to , we infer

0
(0) - / e * (0 + ws) ds = ~U(H),

— 00

which leads to

ﬁz/y{(/o es¢*(9+ws)ds®/o esw*(9+ws)ds> —/O ew*(9+ws)ds®¢*(e)} 0.

— 00 — 00 — 00

Hence, by repeating the same manipulations as for the Boltzmann case, it follows that
DE-£=0.

These computations provide further information about the effective coefficients (compare to [IT}
Section 5.4]).

13



Lemma 3.6 For both the Boltzmann and the Fokker-Planck cases, we get
D=1+ D,

where D is the difference of a symmetric matrix and

// ¥ (0 + ws) @ *(0) db ds.

If for all components of the force field 8 — E;(0) is odd (or even), then, A, and thus D, is
symmetric. Otherwise the effective diffusion matriz might contain a_skew-symmetric component.
Anyway, we have D+ DT >0 for the Boltzmann operator, and D+ DT =0 for the Fokker-Planck
operator.

Proof. We have already identified the structure of D and D. If all the components of E are odd
or even, then ¢* has the opposite property. In turn, the product (6, s) — ¥7 (6 + ws)yy(6) is even
for any j,k € {1,..., N}. Therefore, by using the change of variable 6 + ws = —6’, we get

/O e (/ W30+ ws)r(0) d9> ds
[ ([comcr-am)
_ / </¢ ¢k(9’+ws)d9> ds = Ay;.

Example 3.7 It is worth detailing the expression of the effective coefficients for the simple 2D
examples with periodic oscillations:

Ajk

O

E(l)(t) = T cos(27t), E® (t) =v (Z?r?é;:;;) ’

with Y a fized vector in R? (or, in the space dependent case, a given vector field), and v a scalar
quantity (which, again, can be space-dependent). In this periodic setting, we have

—/Ot E(s)ds

and thus

It follows that

1 im
A0 — Tﬁf /0 sin(27lrt)1m( : +2 2;) dt
= a f4?;2’§‘47r2 / (1 — C(;S(47Tt) - 7rsin(47rt)) dt = (lJrTf?r})\&TQ
is symmetric, while
1 im
Ag) = —41:24 (cos(27it) - 1)Im(1 j 2Z7r> 2
= (1_~_:71_2)4772/0 <7T + 7 cos(4nt) — sm(;hrt)) dt = O‘FZW

14



and

2 2imt

(2) v b €
Ay = =y sm(27rt)Re(1+2m) dt

v? sin(4nt) v?

1
= - drt) 4 T ) dt = = AP,
(1—|—47r2)47r2/0 (” mcos(dmt) + — ) (1 + 4n2)dr 12

The presence of such, somehow surprising, skew-symmetric components of the diffusion matriz has
been reported for instance in oceanographic flows [16], [21)].

Note however that, when the force field is space homogeneous, the drift coefficient vanishes and
the diffusion coefficient is space homogeneous. In this specific situation, the possible skew-symmetric
part does not play any role since, A being a constant skew-symmetric matriz, we have V- (AVp) =

N N N N
> ij=1 0z, (Aij0s,p) = > i1 Aija:%isz =2 =1 Ajiazjfbip == ji=1 Ajiaa%jxip =0.

As said above, we consider force fields (0, z) — E(60, ). Thus the auxilliary functions y, x*, ¢*...
depend on the space variable, which implies that U and D are functions of z, too. The regularity of
FE is, roughly speaking, transferred, to the solutions of the cell equations, as it can be understood
by taking space derivatives of these equations. Owing to , we can check that U and D belong
to W2 (RN).

3.4 Generalization

The linear Boltzmann operator might be considered as too simple. It has the advantage of leading to
explicit formula for the equilibrium function ®. However, it can be interesting for the applications
to consider more general linear collision operators, having the form

Q) = K(f)-%/,

where
K(f)= k(v, ") f(v") do, Y(v) = k(' v)dv'.
RN RN

The definition of ¥ guarantees the mass conservation property: we always have [Q(f)dv = 0.
Accordingly, with 9 = w - Vg + E -V, — @, the kernel of the adjoint 77 still contains the
constant functions. We refer the reader to [12] for the analysis of the diffusion asymptotics in such
a generality. The existence of a positive equilibrium function, which thus spans Ker(Q), follows
from compactness arguments and the application of the Krein-Rutman theorem [22]. We are going
to adapt this approach. To this end, let us introduce

o =w-Vog+E-V,+%.

In what follows we assume that

0 < £en(v) < k(v,v") < £*n(v) with 0 < K, < K*,

and n € C° N LY (RY), n positive, / n(v)dv = 1, lim|y| 0 n(v) = 0, (18)
RN

holds. (For the relaxation operator considered so far, we simply have k(v,v") = M(v)1(v’).) We
further assume

[Vok(v,v")| < K%, [Vaurk(v,v")] < 5" n(v). (19)
We wish to solve the equation
df=g.
‘We make use of the characteristics
d d
- — _— = E
ds® w, dsy/ (©),
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with (0, %)(0) = (6,v) so that the problem can be cast as

2 f(@(s),«//(s))exp([z(v/(a) ao)| :CXp<ASE(”//(U))dU) 9(6(s), 7 (5)).
It leads to

F(0.v) :/O exp(/osE(”f/(U))do) 9(6(s), 7 (5)) ds

with s
O(s) = 0 + ws, Y (s) :v+/ E(0 +wo)do
0
This formula defines the operator &/ ~! on LP spaces.

Lemma 3.8 In the purely periodic setting, the operator K o o/ ~' is compact and positive.

Proof. We study the operator which associate to a function g the function

Ko;zf’lg(H,v)/Ooo/RN k(v,v')exp(/OSZ(U+/OUE(0+§)d<)da)

xg(9+s,v'+ E(9+§)dg) dv’ ds.
0

With g and E being 1—periodic with respect to the variable 6, K o &/ ~!g is periodic too.
Let g be a non negative function, non identically 0. In particular, we have [[ gdvdr > 0. By

using , we get

0 s
Ko tg(0,v) > / / en*skq)w—/ E(9+g)d<>g(9+s,w)dwds
]RN

> R / / g9(0 + s,w)dwds
RN
> k(v / / g(0 + s,w)dwds
nEN (n+1) JRY
> k(v Ze"‘ (”+1)/ / (0 + s,w)dwds
neN (n+1) JRN
*(n Ky "
> k(v Ze ( H)HgHLl((o,anN) = 77(”)ﬁ7||9||L1((0,1)><RN) > 0.
neN

We work on functions g that are both bounded and integrable: g € C° N LY((0,1) x RY), with
lgllLe <R, llgllr <R (20)

As a matter of fact, we remark that

|K oo/ ~tg(0,v)] < / / (0 + s,w)dwds
]RN
< /@*n(v)Z/ e”*s/ g(0 + s,w)dwds
(n+1) RN
< wn( / g(0 + s,w)dwds
(n+1) RN
K* Rk*
= - 1 < .
S ol £
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It proves that the range by K o o/ ~! of the set defined by is equibounded, and it uniformly
vanishes at infinity.

Similar manipulations show that V, K 0.7 ~1g(6,v) is also uniformly bounded for any g verifying
, by virtue of . Finally, let f = o/ ~'g, which satisfies (0, + F -V, + X)f = g. Then, we
compute

Oy k(v,0") f(r,v") dv' = / k(v,v")(g — Sf) (r,0") dv’ + Vok(v, o )Ef(r,0")dv’
RN RN

RN

which, again, is uniformly bounded for any g verifying (20). The Arzela-Ascoli theorem implies
that Kf = K o.@/~1g lies in a compact set of C°((0,1) x RY).

Corollary 3.9 There exists a continuous and positive function (1,v) — ®(7,v) such that

// ddfdv=1 and Igd=0.
Y xRN

Moreover, we have Ker(Jg) = Span(®).

Proof. Applying the Krein-Rutman theorem [22], we deduce that we can find a non negative
function G € C° N L', G # 0, such that K o &/ 'G = MG, with A > 0 the spectral radius of
K o @/~1. This relation shows that actually G > 0, since K o &/ ~! is a positive operator. Then,
® = &/~ 'G > 0 and it satisfies A\&¥® = K®. Integrating this equation shows that A\ = 1, by
definition of X. Dissipative properties, as discussed for the linear Boltzmann operator imply that
the kernel of J% is spanned by . 4

The reasoning for the linear Boltzmann operator can be adapted to this situation, likely at the
price of a more intricate functional framework, see [12] for some hints in this direction. Similarly,
the Fokker-Planck operator can be generalized into Q(f) = V, - (V,W(v)f + V,f), for a certain
energy function W, such that v — e~ () ¢ LY(RN).

Another possible generalization consists in extending the analysis to force fields of KBM-type
(for Krylov, Bogolyubov and Mitropolski), that is dealing with £ that admits a mean value

T—o0 0

We refer the reader to [32] for a thorough introduction to such functions. Such an almost-periodic
field can still be represented by means of a Fourier series

E(t,x) _ Z a}\e2i7r)\t

AEA

where the set A is the spectrum of the function &, see for instance [24]. In turn, the cell equations

can be solved up to a condition like ), \ % < o0. The notion of double-scale convergence that

we shall use in the forthcoming sections can be extended to this framework as well, see [6]. However,
the discussion on the compactness properties necessary for the asymptotic analysis can be more
delicate, see e. g. [8], and are beyond the objectives of the present paper.

4 Double-scale analysis

The formal analysis indicates that

fe(t,z,v) ~ p(t, x)@(t/€2, z,0).
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In particular the asymptotic regime keeps fast time-oscillations, which prevents from obtaining a
strong convergence statement. We shall use the framework of double-scale convergence, as intro-
duced in [I}, 28]. We refer to [14] [20] for specific statements dealing with time-oscillations. We shall
deal with sequences of measure-valued functions i, : [0,00) — .#*(R”). We start by recalling the
following definitions and a standard compactness statement [20].

Definition 4.1 Let I be an interval of R. A family {t € I — p(t)} of Radon measures on RY is
said to be vaguely continuous iff

Vo € CO(RP), t—> o(z) p(t,x)dx is a continuous function on I.
RD

Definition 4.2 A sequence {t € I — u,(t), n € N} is said to be equibounded and vaguely equicon-
tinuous on I iff
(i) there exists M > 0 such that sup,c; ey |[in(t)|(RP) < M;
(ii) for any ¢ € CO(RP), the sequence of functions (t — [p o(x) pn(t, x) dyc)nGN is equicontin-
uous on I.
Proposition 4.3 Let I be an interval of R. Let (,un(t))neN be a sequence of Radon measures

on RP, equibounded and vaguely equicontinuous on I. Then there exist a measure u(t) vaguely
continuous on I and a subsequence (,unk (t))keN such that

Vo € C2(I x RP), L/ o(t, ) pin, (t,x)dz —— [ @(t,2) p(t,z)dz,
RD

k—oo JrD

uniformly with respect tot € I. We say that sequence (,unk (t))
uniformly on I.

ey converges vaguely to p(t) locally,

Next, we give a version of the double-scale compactness, adapted to our purposes from [I1 [28].
There are two main difficulties. One the one hand, we are lacking useful estimates: we are dealing
with sequences which are only bounded in L', or in .#", and we do not have any direct estimates
on the macroscopic current which arises in the mass conservation equation. On the other hand,
we consider quasi-periodic oscillations, which is a source of technical difficulties. For the extension
of the double scale convergence to measure-valued functions, we refer the reader for instance to
[20]. The extension to the quasi-periodic framework of the analysis proposed in [I], 28], for which
we refer the reader to [7, Proposition 5.2], relies on a variant of the Birkhoff theorem [I3] which
involves the ergodic condition “w has rationally independent components”.

Proposition 4.4 Let f. be a bounded sequence in L?>(R). Let w € R" with rationally independent
components. Then, there exists a subsequence, still labelled by €, and a function F € Li(R x Y)
such that for any test function ¢ € L*(R; CY, (Y))H we have

e—0

1m/ﬁmwmwﬁuz//F&ﬂwmth
R RJY
Then we also have the existence of a double-scale limit, in the spirit of [T} 28§].

Proposition 4.5 Let (En)nEN be a sequence of positive numbers converging to 0. Let (ﬂn(t))neN be

a sequence of measures on RY, equibounded on an interval I C R. Then there exist a subsequence
(1ny (t))ken and a measure M on I x Y x RP such that for any ¢ € Co (I xR" x RP), we have

// p(wt/ep ,t,z) unk(t,x)dxdt—>// /gp(@,t,x) M(0,t,x)do dx dt.
1Jrp 1Jre Jy

k—o0

"Hereafter, the symbol # indicates Y—periodicity with respect to the variable # € R". Referring to [T, Section 5],
L*(R; C%(Y)) is the class of functions ¢ : R x R” — R which are measurable and square integrable with respect to the
variable t € R, with values in the Banach space of continuous and Y—periodic functions.
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We say that the measure M is the double-scale limit of the sequence (fin, (t))ken.

The underlying operator J% has a dissipative role that pushes the particles distribution function
towards the equilibrium ® which spans Ker(.7g). However, the usual entropy inequalities associated
to this dissipative structure do not provide useful estimates, due to the stiff acceleration term. For
this reason, we shall work with L! estimates only, and thus in the framework of bounded Radon
measures.

Proposition 4.6 Let fo . > 0 be the initial data for . We suppose that
(14 [v|*) fo.c is bounded in L*(RY x RY),
for some k > 2. Then, for any 0 <T < oo,
(1 + |v|*) f- is bounded in L°°(0,T; L'Y(RY x RN)),
and, up to a subsequence, we can suppose that t — p-(t,x) = [ f=(t,z,v) dv € A (RY) converges
vaguely, uniformly on [0,T].

Proof. The only immediate a priori estimate for the problem is mass conservation which
directly implies that
f- is bounded in L*°(0, 00; L} (RY x RM)).

Consequently,

pe(t,x) = f-(t,2,v) dv is bounded in L>°(0, 00; L' (RY)).
RN
Thus, it will be possible to apply Proposition and Proposition (with D =2N or D = N,
respectively), to these sequences. Next, let us consider the evolution of the kinetic energy. Owing
to integration by parts, we get

%/»/RNX]RN gfadvdx = eiz <//]RN><]RN E(t)e? x) .vfgdvdx—l—//RNXRN v;Q(fs)dvdx> .

The last term is nothing but

N 1
-mZ // vV f.dvde for the Boltzmann operator,
2 2 RN xRN
Nm — v f.dvde for the Fokker-Planck operator
RN xRN

where m = [[ fo.- dvdz stands for the total mass. The Cauchy-Schwarz inequality yields

1
‘// E(t)e? x) - vf. dvdx| < émHEHQLw + —// v? f. dvda
RN xRN 2 25 RN xRN

where we choose § = 2 for the Boltzmann case and § = 1 for the Fokker-Planck case. Then, we
conclude that

// v f dvda < e t/00) // v foedvdr + (1 — e_f‘/(‘SEZ))C'(m7 N E| o).
RN xRN RN xRN

Consequently,
v? f. is bounded in L>°(0, 00; L} (RY x RY)).

Using the Cauchy-Schwarz inequality

// [v|fo dvda < v/m // v f. dvdx
RN xRN RN xRN
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is however not enough to deduce a useful estimate on the rescaled current

Je(t,x) = / Ef,s(t, x,v)dv
RN €
which arises in the local mass conservation relation
atpe +V,-J.=0.

For technical purposes, we shall need further moment estimates. Namely, we study the time

evolution of
—[[. s avas,
RN xRN
for some k > 2. We start from

@ -3 //RNXRN (t/e%) ﬂ Elolf=t f. dode + = // |v| Q(fe) dvd,

where the contribution with the collision term reads
—kMyg + (N + (k—2))Mj_o for the Fokker-Planck operator,
— My, +mC(k) for the Boltzmann operator,

with C(k) the moment of order k of the Maxwellian. By using Cauchy-Schwartz and Young
inequalities to estimate the acceleration term, we arrive at a differential inequation, and we conclude
like with the kinetic energy:

[u]* f. is bounded in L>(0, c0; L*(RY x RY)).
Proposition cannot be applied directly to p.; that the compactness property holds will be
detailed in the forthcoming discussion.

As said above, we can suppose that
fe(t,l‘7v) - F(07t7x77‘}), pE(t?‘r> AR(97t?x)

in the double scale sense of Proposition (with D = 2N or D = N, respectively). The bound
on the velocity moments can be translated into a tightness criterion, which allows us to deal with
test functions ¢(6,t,z,v), which do not necessarily vanish at infinity. Namely, the double scale
convergence still applies as soon as the test function verifies

li ¢(07 t’ ‘:71))| — 0.
|[v|— o0 ‘Ul
In particular, we deduce that
R(O,t,x) = F(0,t,xz,v)do,
RN

and, next (using test functions that do not depend on ), that

p(t,z) = / R(0,t,z)dl = // F(0,t,z,v)dvdd.
Y Y xRN

We start by rewriting the following weak form of , working with oscillating test functions

I S 620

(Ew Vg—l—ﬁt—l— Jv V. —|— E Vo + Q*) d(wt/e,t,z,v) dvdadt = 0.
(21)
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Mutiplying by €2 and letting ¢ go to 0, we obtain

/ // FI5¢(0,t,x,v)dvdfdzdt = 0.
0 YXRN xRN

F(0,t,z,v) = p(t,x)®(0, z,v),

but we cannot conclude directly due to the lack of regularity of the limit F' which is only known to
be measure-valued. Let us pick a smooth function I' such that [ foRN I'ddvdf = 0. According to
Remark we can find  such that .75y = T'. We thus have [[, . (TFdvdfdzdt =0 for any
¢ € C((0,00) x RY). Let now consider ¢ € C2°(Y x (0,00) x RY x RY). We expand

o(0,t,2,0) = (P)(t, 2)2(0, z,v) + (¢(0,¢,z,v) — () (¢, 2)2(0, 2, v)), )
((gb))(t,x):/y/]RN o(t,0,2,0)®(0, z,v) dv df (// <I>2(0,x,v)dvd9)

Y JRN

This will imply

By definition [, [on (¢ — (¢))®)® dvdf = 0, and we have

/ / // d(0,t,z,0)F(0,t,z,v)dvdf dz dt
RN

/ / O(0,x,v)F(0,t,z,v)dvdddxdt
RN RN

/ /RN( o0tz w) (6, ww)dwd9> B(t, ) dz dt

where the (nonnegative) measure p € M*((0,00) x RY) is defined by

1
_<// *(0,2,v) dv o) // OF(0, 1,2, v) dvdo de dt.
Y JRN Y JRN

It follows that F(0,t,z,v) = ®(0, z,v)p(t, z). Moreover, dealing with ¢ depending only on ¢, x, the
previous computation yields p = p.

Remark 4.7 Of course, we can also assume that f. admits a weak limit f, say in #*((0,T) x
RY x RN). We can check (just working with trial functions that do not depend on the variable 0)
that this quantity is nothing but the cell-average of the double scale limit, namely we have

flt,z,v) = p(t,x)/y@(&x,v) dé.

Quite interestingly, we observe that f(t,z,v) # p(t,z)M (v). Note also that time-oscillations of the
equilibrium function is an obstruction to the strong convergence of the particle distribution function,
which usually holds in diffusion regimes, see [17] for similar comments.

Next, pick ¢ € C2((0,00) x RY), which thus belongs to the kernel of the operator J%. We
associate to ¢, the auxilliary function defined by

TpVU =v-V,p.

In fact, the computations made in the previous section, when identifying the effective coefficients,
allow us to detail the expression of this quantity: we have

\I/(G,t,x,v) :X*(Q,.’E,’U) Vibgp(t .’E) (’U—‘rw ( )) Vﬂp(t,x),
where we remind the reader that w - Vyy* = —FE. We now use as test function

¢(0,t,2,v) = o(t,z) + V(0 ¢, z,v),
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so that the singular terms in disappear. To be specific, we have (in the sense of distributions
on [0, 00))

/ f-(t,x) (cp(t,:c) +€‘I’(t/62,t,x,v)> dv d
RN JRN
£t v)(@tgo(t,x) +€(8t\Il)(t/52,t,x,v)) dvdz (22)

RN N
+f / fg(t7I,’L)) U'vw\l’(t/éz,t,l’,’l))dl]dx,
R

N JrN

where the last integral can be cast as EI

—/ fs(t,;v,v)<v ® x*(t/e?, x,v) : D2W(t, x)
RN JRN
+(Dox*)T(t/e?, z,v)v - Vx\I/(t,x)) dvdz.

The right hand side of is bounded, uniformly with respect to e. We deduce that, for any given
function ¢ € C2([0,00) x RY), the family

t— //RNxRN fe(t,x) (gp(t,x) +5\Il(t/527t,x,v)) dvdx

is equicontinuous. Since ||¢ — (¢ + V)| L~ is of the order &(e), the family

v [ rettnde= [ gt
RN xRN RN

is equicontinuous too. By density of CZ(RY) in C%(RY), and with a separability argument, we
conclude that the family of nonnegative measures (ps (t))8>0 is vaguely equicontinuous on [0, c0).
Letting € go to 0, we are led to

/ /// F(0,t,z,v) (Opp +v -V, ¥)(0,t,2,v)dvdddzdt =0
0 YXRN xRN
z/ / p(t, )0 p(t, x) // ®(0, z,v)dvdd dxdt

RN Y XRN

0
/ / (t,x) (// D uv- VW(Gtmv)dvd&) dz dt
RN Y xRN

:/0 /]RN p(t, z)0p(t, x) dxdt—l—/ / p(t, ) <~//Y><RN vU(0,t,x,v) dvd9> dx dt

o Jrw
—/ / p(t, x) (// VvV, ®(0,x,v) dvd9> dz dt.
0o JrN Y xRN

We only have to check that v-V,¥(6,t,z,v) = v-V, ((v+¢*(0,2))-Vap(t, z)) = v@(v+1* (6, z)) :
D%p(t,x) + v (Vo0*(0,2)Vep(t,z)) is an admissible test function. This is indeed the case, since
the regularity of E with respect to x is transfered to 1* and v -V, ¥ can be dominated by (1 + v?)
so that we can appeal to the the extra velocity moment with order higher than 2. Coming back to

2 For a vector valued function g : RY — RY, D, g stands for the Jacobian matrix 0jg;. For two N x N matrices A, B,
we denote A: B= (ABT) =N _ A;;By;

ij=1
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the notation of Section [2, we write, on the one hand,

// S vV (0, z,v)dvdd = // Tex V(0,t,z,v)dvdld
Y xRN YxRN

Tex V(0,t,z,v)dvdl
YxRN
= X Ip¥(0,t, z,v)dvdl
Y xRN
= X ® v(0, z,v) dvddV4p(t, x)
Y xRN
= D(x)"V.p(t, )

and, on the other hand,

// -V, 0(0,z,0)dvdd = // U TpB(0, z,v) dvdd
YXRN YXRN

TpY (6, z,v)dvdl
YXRN

vB(0,x,v) dvdOV p(t,x) = =U(z) - Vyp(t, x).
Y xRN

We conclude that
/ // p(@tcp + V. (DTV.p) + UVmgo) dxdt =0,
0 RN

which corresponds to the weak formulation of the convection-diffusion equation @

Remark 4.8 In view of the reqularity assumptions on E, the effective coefficients are smooth. In
particular, the limit equation admits a unique solution, even in the framework of bounded measure-
valued solutions, see [36, Theorem A.7] and the references therein.

Remark 4.9 The asymptotic analysis can be applied to the case where the force field depend on
both the fast variable t/e? and the slow variable t, namely working with a force field that reads
E%S(t/SQ, t,x). Details are left to the reader. Note that in this situation the effective coefficients D
and U also depend on the time variable. It can be also relevant to consider space oscillations scaling
like x/e; however, this situation would require different arguments and the effective coefficients
would be more intricate.

5 Strengthened estimates for space-homogeneous fields

We are going to see that further estimates can be derived in the specific case where the oscillating
field does not depend on the space variable. To this end, we shall use remarkable identities satisfied
by the collision operators. These relations hold pointwise (they do not rely on integration by parts
of inversion of integrals) and they provide additional dissipation properties.

Proposition 5.1 (Linear Boltzmann case) Consider the linear Boltzmann operator Q(f)(v) =
[ kv, o) f(0")dv' — f(v) [ k(v',0)dv'. Let f,g be any function in C=(RYN), with g > 0; then, the
following pointwise equality holds

Lamm =3e(L)w+ (1) e -5 [ ke[ - L[ o



Proof. We observe that

Lanw = 3o [ e (Zen-Le) e
s (5)2(@ ( [ kg v’ = g(o) /RN k(') dv’) + %Q(f)(v)
= 520 [ ko) () - Lw)ar+ 3 (2) @ewe
st ([ resear = s [ ke oa
The first term in the right hand side can be recast as
= : ko9 ((2) 0+ (£) ) - 2wl av
+3 [ o) e (Ee) - Loy
=5 [ g (Lo - L) v
Se(L)-w [ rewrwar e [ setoar

Plugging this information in the expression obtained for gQ( f)(v) leads to the announced result.
O

Proposition 5.2 (Fokker-Planck case) Consider the Fokker-Planck operator Q(f) = V1,~(MVU%).
Let f,g be any function in C=(RYN), with g > 0; then, the following pointwise equality holds

gQ(f) Q(f) Q(f) Qg — g‘V ‘2-

Remark 5.3 The statement does not use the definition of the Mazxwellian. In particular, it holds
for any operator of the form

QUMW) = A f(v) + Vo - (f(0)V, W (v))

where W : RN — R is a certain “energy” function such that Z = f]RN e~V dv < 0o. Indeed such
an operator can be recast in the asserted form with M(v) = e—g(u)

Proof. We start by computing

s0(5) = 37 (- &J}Q)%W(Wv(f)% 3% (5 ()
2 Ve (MY

- v (ln () et () el g
= g’%gf+%£—2 (g)+i V- ( i)+Mvv%.vv§}.

We compare this expression to

Lo - ;Vv~(MVU(£xJZC\‘q4) ;gjv.(Mgvv(&)+§vv(£)) f
_ EMVU<%).VU §)+(5) V. (MVU(%)>+EVU (s%.(1))




We arrive at

Tan = 3o(L) -ov i 35w+ Law,
e

which is the asserted equality. 0O

We are going to use these identities to derive further estimates, in weighted L? spaces, at least
when the oscillating field F is space homogenous. In this specific case, it is possible to establish
directly the strong compactness in L' of the macroscopic density p., when assuming the strong
compactness in L' of the initial data, see Appendix [Bl The analysis strengthens the result in the
following directions:

e the first order ansatz of the solution can be justified, with a rigorous identification of the
corrector,

e strong convergence properties can be established, with relaxed estimates on the sequence of
initial data, namely assuming only finite moments and finite “entropy”.

Proposition 5.4 We suppose that the field E is space homogeneous. Accordingly, the associated
equilibrium function ® does not depend on the space variable and we denote ®.(t,v) = ®(wt/e2,v).

The following estimate holds
//fadd - .dix<0
2 dt -

where
1 / / fE / fE 2 !/
- k(v, 0" )P (") == (v") — ==(v) ] dv'dv for the Boltzmann operator,
g.-1) 2 o \e; 3,
/ P, chjjj—e dv for the Fokker-Planck operator.
RN €

Difficulties for extending this property to non homogeneous fields are related to the fact that
Vs [v®dv # 0 induces a stiff term in the estimate that will be discussed below, see also Ap-
pendix [B] In order to get rid of this term, it would be possible to adapt the computations replacing
® by ® + 0, see [17, [20]; however this is useless if this quantity does not remain positive, at least
for small enough €’s. Indeed, in the context addressed here, the equilibrium function ® is positive
but it is not bounded from below.

Proof. We have

E o 1 1
2 dt//RN ry @. dode = //]RN BN q; 6 Vafe— 5E(t/e?) - vas-i-eZQ(fg)) dvdzx
Je 2
T 92 //RN . (1)2 w - V9<I>(wt/5 ,v)dvdx

2
O+62//RNXRN{ 2<I>2(w Vot B Vo)®(wt/e?,v) +

by using integration by parts and the space homogeneity of ®. Next, Proposition or Proposi-
tion [5.2] yield (since Q is conservative)

1
2 qudr = —= d— : E -V, —Q)®(wt/c%,v) dvda.
Zdt //]RNXRN(I) o €2 ]RN9 ’ //]RNX}RN 2‘132 w Vot B Vo~ Q@(wt/c’,v) dvda

=0

e
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O

As a consequence we can work in a functional framework which is less singular than the set of
bounded measures.

Corollary 5.5 We suppose that

15
su —— dvdx = p < oo.
8>18 //RNx]RN (I)(Ov U) K

Then, the sequence p. is bounded in L>(0, 0o; L2(RY)).

Proof. We remind the reader that the equilibrium function satisfies IRN (8,v)dv = 1. Then, the
estimate is a direct consequence of the Cauchy-Schwarz inequality

/ pgdx:/ V@ dv dx<// Edvdx<,u,
RN RN xRN Pe

by virtue of Proposition =

]RN\/E

The new estimate suggests to expand

fe(t,z,v) = pg(t,x)q)(t/s?,v) + ege(t, z,v), / ge(t, z,v)dv = 0.
]RN

Corollary 5.6 For the Fokker-Planck case, the sequence j‘% is bounded in L?((0,00) x RN x RY);

for the Boltzmann case, the sequence gig/iﬂ is bounded in L?((0,00) x RN x RY).

Proof. This is a direct consequence of the fact that

1 o0
_7/ D. dxdt < p,
o JrN

once remarking that

2
/ o2 v for the Fokker-Planck operator,
9 — RN q)g
N 1 NG ge z o
= M(v)®. (v )(—(v ) — —(v)) dv’ dv for the Boltzmann operator.
RN xRN . D,

For the former case, we simply appeal to the Poincaré inequality . For the latter case, since
fRN ®.dv=1and [y gdv =0, we conclude by using

gE dvd 12M

vdxdt ‘ (ge(v)P- (V) — g (v')®-(v)) dv 5

RN xRN 5 RN xRN RN (I)EQ o

/ // ‘/ o0 E(U ))(I)E(U)(DE(U/)CIU/ — dvdzdt
RN xRN RN g E q)g

< [ L (L ifi“” ~ ) B
x /RN @E(v’)dv’> M(v) dvde dt
< /OOO ///]RNxRNx]RN (%i(v) - gi(lv’)>2M(v)<I>5(v’)dv’ dv dx dt.

The argument can be readily adapted to deal with the general situation devised in Section[3:4
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In particular, we have the following expression for the current

J.(t,x) :/ Efs(t,:c,v) dv = pg(t’x)ﬁ(wt/EQ) —I—/ vge(t, x,v) dv,
RN & g RN

where

U = /]RN v®(0,v) dv.

For both the Boltzmann and the Fokker-Planck cases (using an integration by parts for the former
case), we find the same expression

(o) / " B0+ wo)do

—0o0
We can use the Fourier series expansion, bearing in mind that the zeroth coefficient of E vanishes
(see (6))); it yields
1 1 E(k) : 2
“U(wt 2y _ — 2itw-kt/e ]
€ (wt/e%) Skgol—l—%ﬂw-ke

It shows that the sequence of functions (t H(wt/az))€>0 is bounded in L>(R), but 12/ (wt/c?)
can blow up. Consequently the mass conservation equation contains a stiff term since it reads

1_
8tpa + gl/l(wt/€2) : vzps + V- / vg. dv = 0.
RN

This stiff term can be an obstacle to establish strong convergence properties. Before starting further
analysis, it is worth remarking that - -
U+w- Vol =E,

a relation which comes by taking the first order moment of the equation that defines ®.
Now, we introduce the characteristics associated to the oscillating velocity field: the solution of
the ODE q

1—
EXE = EU(wt/EQ), X.(0)==z
is simply given by

X (t)=2+ E /t U(ws/e?)ds = z + eV (t/e?)
0

€
where
s 0 . s E k eQi‘n’k'ws -1
V(s) :/ U(wT)dT :/ e (/ E(w(a—l—T))dT) do = Z 1+21'(7ra)u'k i
0 —o00 0 k#£0
As a matter of fact, we observe that
V()] < CIKER)ller z)- (23)

Let us introduce the auxilliary quantity
f;(t,x,v) = fo(t,x +eV(t/e*),v).

We define similarly

put.a) = ot + <V (/) = [ Ftan)do and gilta) = LGB0 PRS0,
RN
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The modified distribution function satisfies
~  v—U(wt/e? ~ 1 ~ 1 ~
atfs+%vmfs+§@@svvfs: ?Q(fs) (24)

Moreover, we readily check that fg, pe and g. satisfy the same uniform estimates as the original
quantities. In particular, we can still expand f.(t,z,v) = p.(t,2)®(wt/e2,v) + €4 (t, 2,v) and we
can extract weakly convergent sequences and the macroscopic densities coincide as € — 0. As we
shall see below, the remarkable fact is that we will be able to justify the strong convergence of p..

Theorem 5.7 Let E € W1°(Y). Suppose that the sequence of initial data is such that (1+|v|*) fo -
2
is bounded in L' (RN x RN), for some k > 2 and sup, [[on  an 11{&,)75}}) dvdz < co. Then, possibly at

the price of extracting a subsequence, f. and f; = pe®. +eg. double-scale converge to p(t,x)®(0,v),
where

i) Pe = Jon - dv converges to p in C°([0,T]; L2(RN) — weak), and strongly in L ((0,7)xRY),
it) p is the solution of the diffusion problem

8ip— V- (DVap) =0,

with an effective coefficient D defined by auzilliary equations that involve E (see Lemma ,
and initial data p|t:0 = lim._sg fRN fo.edv (weakly in L*(RY)),

i11) ge converges in the double scale sense to é(&t,x,v) = —X(0,v) - Vup(t,z), where Tgx =
(v—U)D.

We start with the following observation.
Lemma 5.8 If p. — p weakly in the sense of distributions, then, p. — p too.
Proof. The proof is just matter of a change of variables: y = x + eV (t/£2) yields

/ /RN —p)(t,x)p(t,z) dedt = / /RN pe(t,y) ((t,y) — p(t,y —eV(t/e7)) dydt

=0(e)

by virtue of . O

The double-scale analysis can be reproduced for the problem . Details are left to the reader,
but it is worth explaining formally the adaptations. At leading order, as it is already clear from
the ansatz f.(t,7,v) = p(t,7)®(wt/e?,v) + €gc(t, z,v), we infer that f.(t,x,v) converges in the
double-scale sense towards p(t,z)®(0,v) = FO)(0,t,z,v). What changes notably is the definition

of the corrector: it becomes F(M)(0,t,z,v) = —x(0,v) - Vp(t,x), where X is now solution of the
cell equation

TeX(6,0) = (v~ U(6)D(0, 0).

(Note that the right hand side still satisfies the compatibility condition [, o~ (v—U(0))®(0,v) dvdf =
0.) We obtain the limiting equation by integration of the &'(¢) equation:

8t// F(O)dvd9+v // (v—-U )F(l)dvde
Y xRN Y xRN

==V (v~ U(6)) © (6, v) dvdd V.5) =0.
Y xRN

We recover a diffusion equation, with the effective coefficient

D //mw (v —T(0)) © (6, v) dv do.
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As seen above, it is equally possible to express the effective coefficient through the dual cell equation.
It leads to a more explicit formula. Indeed, we get

D= // X (6,v) @ (v —U0))D(0,v) dv db,
YxRN
with X* solution of Z2X* = (v —U). Searching Y* on the form v + 12* (0), we arrive at w - VNZ* =
U — E. Finally we get 1*(0) = —U(#) and
X (0,v) =v—U(0),

so that

P //Mw (v — T(0)) @ (v — TU(0))D(0, v) dv b,

Let us denote

M(e):/RN(U—H(e))®(U—U(e))¢>(9,v)dv:/ v @ v®(0,v) dv — U(0) @ T(6)

RN
where
0 o
/ / e”v@vM(v+/ E(Q—i—ws)ds) do dv
RN J—00 0
/ v @V (0, v)dy = for theOBoltzmann operator,
R / v®vM<v 7/ e’ E(0 + wo) da) dv

RN —00

for the Fokker-Planck operator,

/Oooe" (/OUE(Qers)ds®/OUE(9+ws)ds) do

for the Boltzmann operator,
= I+ 0 0

/ e’E(0 +wo)do ® / e E(0 + wo)do =U(0) @ U(9)

— 00

for the Fokker-Planck operator.

Therefore, for the Fokker-Planck case M(6) is nothing but the identity matrix, which simplifies the
analysis. Let us detail the argument for the Boltzmann case. The matrix M () is symmetric and it
always satisfies M(6) > T (as a consequence of the Cauchy-Schwarz inequality); in particular M ()
is invertible. This also allows us to identify the effective diffusion coefficient D= Jy M(0)df. We
recap these findings as follows.

Lemma 5.9 For the Fokker-Planck case, we have M(6) =1, and the diffusion matriz is D=1
for the linear Boltzmann case, we have

M) = ]I—i—/_ooce" (/OUE(H—Hus)ds@/OUE(H—i—ws)ds) do

/Oooeo (/OUE(0+ws)ds> da®/oooe” </OUE(0+ws)ds) do
and thus
15—]I+/OOO/YeU (/;E(G—t—ws)ds) ® </00060E(9+ws)ds> dad@—/yﬁ(&)@ﬂ(@)d&.

We also note that, assuming (for the Boltzmann case) E € W1>°(Y), that the coefficients of the
matriz M(0) belong to WH(Y) too. Accordingly, M(0) > 1 is invertible, and the inverse matriz
M) lies in WHoo(Y) .
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That the coefficients M,;(6) are elements of W (Y) follows by direct inspection of the for-
mula, using the assumption on the Fourier coefficients of E that implies E € W1 (Y).

The strengthened compactness properties is then obtained by considering the moments equa-
tions. The mass conservation has a more advantageous form, which leads immediately to the
time-compactness of the modified macroscopic density.

Lemma 5.10 We have _
8:‘,55 + V:p : JE = O,

where

jg(t,x) = /]RN wfe(t z,v)dv = /RN(U—H(wt/€2))§g(t,x,v)dv

5
is bounded in L?((0,00) x RN). Accordingly, p. is compact in C°([0,T]; L*(RY) — weak).

Proof. By definition, we have
/ (v —U(wt/e?))D(wt/e?,v) dv = 0,
RN

and the mass conservation relation holds just by integrating . For proving the estimate, we
observe that [,y g-(t,#,v) dv = 0 implies [(v — U(wt/e?))g:(t, x,v) dv = [on vg:(t, 2, v) dv, and
we conclude by using the estimate of Corollary and the Cauchy-Schwarz inequality as follows.
For the Fokker-Planck case, we have

/OO/‘/ vﬁg(t,x,v)dv2dmdt = / /’/ /P~ e dv‘ dz dt
0 RN RN

< / /( 20, dv)( |g€ >dxdt
RN
< Sup/ vfbﬂvdvx/ // ‘95|2d dzdt < C.
0 JRN 0 RV xRN De
For the Boltzmann case, we get
> ~ 2 o goVM
/0 /‘/H{Nvgg(t,x,v)dv dedt = / / / M B, d ) dz dt
<[/ (/R )(/ ) asi
<

CI)
bup/ 2 / // Ak —dvdxdt<C
6 JrN RN xRN

The stiffest terms in the modified momentum equation cancel out, which leads to a formulation
with a structure helpful for proving the strong compactness. Indeed, we have

by virtue of Lemma 3]

= 1 — ~ 1 ~
20,J. = ——w-Vel(wt/e?) fedv+ =& fodv
& RN & RN

-V, ~(/RN(U—L{(wt/EQ))@(v—Z/I(wt/52))ﬁdv> +/RN %wt/a)@(fg)dv
= ’;( w - Vell(wt/e?) + )

V- (/RN (v —U(wt/e*)) @ (v —U(wt/e?))D(wt/e?, v) dv ﬁ€>
eV, - ( /R (- Uwt/e?)) @ (v —U(wt/e?))ge dv) —J. - éﬁ(wt/ez)ﬁa

30



We arrive at

20, J. + M(wt/e*)Vope + £V, (v —U(wt/e?)) @ (v —U(wt/e?))ge dv = —J.,
RN

which recasts as
Vb = —((MYwt/e?) — (w- VoM ) (wt/e?)) ] — e20(M~ N wt/e2)J.)

— — - 25
—eVy (M‘l(wt/EQ)/ (v —U(wt/e?)) @ (v —U(wt/e?))ge dv) . (25)
RN
We can now deduce the strong compactness of p. in LIQOC, appealing to a compensated compactness
argument. We refer the reader to [12] 17, 19, 23] for various applications of this technique to
handle diffusion regime of kinetic models. Let us introduce the vector field (with value in RV*+1),
Y. = (pe, Je) and #z = (pe, 0, ...,0). The moments equations become

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

divy .7 =0, curly , %, = -

where 27 lies in a compact set of H,_!((0,00) x RY) (note the loss of one derivative with respect

to both time and space) and we can assume that % — (p,J) # — (p,0). The div-curl lemma
[33, [34] tells us that the inner product ¥ - #. = p2 — ¥ - # = p? passes to the limit, at least in
the sense of distributions. It follows that p. converges to p strongly in L2 _((0,00) x RY). Note
also that letting € go to 0 in shows that V,p € L?((0,00) x RY).

Finally, the identification of the corrector is obtained by coming back to : using the expan-
sion fg = pP. + €ge, it becomes

/ // PP, (at +2 —u. Va:)qb(wt/sz,tm,v) dvda dt
0 RN xRN 15
+/ // g~( ST e+ (v 1) ~VI)¢(wt/52,t,x7v) dvde dt = 0.
0 RN xRN €

By Corollary g- is bounded also in L', and we can assume it admits a double scale limit G.
Multiply by € and let € go to 0. It yields

/ // pe® (v—U)-V,.0(0,t,z,v) dvdﬂdxdtf/ // GIg¢(0,t,x,v)dvdrdt = 0.
0 RN xRN 0 RN xRN

Moreover, the estimates in Corollary also show that G € L?((0,00) x RY; H). Hence, we are

reduced to solve TpG = —(v —U)P - V,p, which leads to G = —x - Vyp.

A Well-posedness of the regularized problem

We go back here to equation , for positive A’s. The treatment differs depending on the colli-
sion operator. For the Fokker-Planck, the problem can be explicitely solved by means of Fourier
transform with respect to the velocity variable. Indeed, with the Fourier transform

F0.6)= [ f(0.v)e™ " dv,

RN

the equation becomes

AMa+w-Vofs+i€-Efy+&-Vef+&2f = h,
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which can now be handled by using the characteristics, solutions of the ODE
d
0= el
ds “ ds
Namely, we have
O(s) =0 + ws, =(z) = &e’.

Therefore, we can recast the equation as follows

dis [exp ()\s + /0 (i€ - BE(0 +wT) + 52627) dT)]?)\(H + ws,ﬁes)}
= exp (AS + / (i€ - E(0 + wr) + £2€%7) dT)E)\(H + ws, £e%).
0

Integrating between s = —oo and s = 0 leads to

0 o
0,6 = /_ exp ()\a + /0 (i€ - E(0 + wr) + €2¢%7) dT)ﬁA(o + wo, £e7) do.

We now go back to the physical variable

v

0 o
0.0 = [ [ e (dr [ (i B0+ wr) £ 2627) ar a0+ o 07) o ddo

(2m)
/_Ooo /RN h(6 + wo,w)e 2
X (/RN exp <i§ (v —ew) + /OU (i€ - E(0 + wr) 4 £2€%7) dT)

This formula can be re-arranged as follows

dé
@™ ) do dw.

o = [ [ 0o

—00

, v 212 d¢
(v—e” E(6 d El-e)/2__25_ ) dod
: </]RN exp (z§ (v e w+/0 (6 + wr) 7'))6 )Y odw
/ h(6 4 wo, w)er
— 00 JRN

(v—e"w—i—/ E(O—i—wT)dT) . dc
X / exp | —iC - 0 e—C /2
RN V1 —e2 (2mV/1 — e20)N

do dw

where we recognize the Fourier transform of the Gaussian. Therefore, we obtain

0
fA(é),v):/ / h(0 + wo, w)e Y (o, 0, v, w) do dw
— 00 RN

with the kernel

1 N/2
Y(0,0,v,w) = <)> exp | —

2n(1 — %

4 2
vfe"er/ E0 4+ wr)dr
0
2(1 — e?9)

(Note that ¢ is non negative and satisfies [%(o,6,v, w)dv = 1.) This formula provides the solu-
tion of for the Fokker-Planck case.
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For the Boltzmann operator, we consider the framework addressed in Section [3.:4 The linear
equation

)\u—l—w-v.gu—i—E-Vvu—l—Eu:E,
can be simply solved by means of characteristics, for any A > 0. Then, we consider the iteration
scheme, starting from fy = 0,

)‘fn-l-l +w- V@fn-‘rl +E- vvfn-‘rl + an-l—l =h+ K(fn)

Let 6, = fro — fr—1- We have A+ w-Vy+ E -V, + 2)dp11 = K(6,), and it follows that

// (A+3)16, |dvd9</// (v, 0)[Gn_1 ()] v/ dvdG—// ) (v')] do 6.
Y xRN YXRN xRN Y xRN

The left hand side is bounded from below by

(43 [ N800

Therefore, the scheme is contractive for the norm L!'(Y x RY; ¥ (v) dvdf). The limit f as n — oo
satisfies A\f +w - Vof =h+ K(f) = Xf.

B Further comments on the case when E is space homoge-
neous

As far as we are interested in the strong compactness of the macroscopic density for the simple mod-
els or , we can conclude with a simple argument, up to strengthened assumptions on the data.
We have already observed that the solution of (1) satisfies [[in pn fedvde = [[on, g focdvdz,

and f. > 0 when fy . > 0. Consequently, applymg this result to f2— f1 associated to fo . fo >0,
we deduce that the solution-operator S.[t] : fo — f-(t), solution of (1)) is both order-preserving and
integral-preserving. The Crandall-Tartar lemma [I0] implies the Contractlon property

I1£2(t) = f2®)ller < If5e = focllr (26)

Let (f0’5)5>0 be a sequence which is strongly compact in L'(RY x R¥). Note that this is a
substantial restriction compared to the assumptions in Theorem H Let (C5) 550 be a sequence

of mollifiers: ¢° € C*(RY), [¢?dz = 1,0 < ¢° < 1. By virtue of the Weil-Kolmogorov-Fréchet
criterion, we know that

sup||fo.e = ¢* % foellLr — 0.
e d—0
Therefore, denoting f2(t) = S:[t](¢° * fo.), we have

sup || f=(t) = f2(8)]| s — 0.
e>0 6—0

Hence, it order to establish that (f5)5>0 is compact in C°([0, T]; L*(B(0, R)) for any 0 < T, R < 00,
it suffices to establish the compactness of (f2)__, for a fixed 4.

The advantage is that we are now working with smooth data. This is what we assume now,
dropping the superscript ¢. In particular, since the force field is space homogeneous, 9., f satisfies

too, and yields

sup [|0z; fo(t)|| 1 < sup [0, fo,ellLr < oo.
e>0 e>0
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Hence 0y, p:(t,-) = [y, f<(t,-) dv lies in a bounded set of L'(RY). It follows that, for any non
negative n € C°(RY),

sup sup/ lpe(t, .+ h) — pe(t, z)| n(z)de — 0. (27)
0<t<T >0 JRN h—0

Coming back to the proof of Theorem we also know that

sup sup (/]RN pe(t+ 7, 2)n(x) do — /RN pe(t, x)n(x) dx) — 0,

0<t<T >0 7—0

holds for any such n € C°(RY). Now, we write

[(pe(t+7,) — pe(t, Nl < N(pe(t+7,) = x pe(t + 7, NnllLr + 1(pe(t,-) — ¢ % pe(t, )nll
HI1(CO H pe(t +7,-) = ¢ pelt, ))nll L1

The first two terms are dominated by

swp swp [ ) ([ Ioetio =) = pee0lntw)ac) ay

0<t<T >0

which tends to 0 as § — 0, by virtue of (27). Next, the third quantity is dominated by

[ ot rnce—nay- [ %uwx%x—wdﬂdx
RN RN

sup sup/
0<t<T e>0 JRN

which tends to 0 as 7 — 0, for any fixed § > 0. Gathering these estimates we conclude that
(npa)€>0 is equicontinuous in L', and, by the Arzela-Ascoli theorem, (7706)5>0 is compact in

Co([0, T); LY (RY)).

This argument is very specific, while it is likely that most of the analysis of the previous sections
can be adapted to more intricate collision operators, possibly with non detailed balance and space-
dependent kernels, at the price of adapting the functional framework as in [I2]. Let us describe a
simple example in this direction. We consider the kinetic model

Oufe + Z00ufe + 5 Bwt/2)0uf. = ()M — 1) (28)

where now x € R, v € (—1,+1) and, given x > 0,

1 , -
M(v) = W—lmsmh(mx/ 1 —92),

with Iy the zeroth modified Bessel function, see Fig. [I} In particular, we notice that

_ K
- 27TI()(I<C)

M(v) > M(1) = M(~1) > 0.

Equation is endowed with periodic boundary condition with respect to v, and from now on we
extend M over R by 2-periodicity. This equilibrium state can be understood by setting v = sin(#):
we get

el cos(0)

M) dv = STo() dé,

where we recognize the Von Mises-Fischer distribution on the circle [25].
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Figure 1: Representation of the function v — M (v), for « € {4,6,8,10, 12,14}

As a matter of fact, we check that

+1 +1
Mw)dv =1, / vM(v)dv = 0.
-1 -1
Working on a bounded domain for the variable v simplifies the analysis and provides easier estimates
that do not require to deal with weighted norms. In what follows, we consider the situation where
k: R — (0,00) is a space-dependent quantity. This function is supposed to be smooth, bounded
from above and below by positive constants.

The analysis of the leading term of the aysmptotics does not use the precise form of the equi-
librium function M: the solution of

w-Ve@+E0,2+®=M

is still given by

0 o
®(0,v) = / e"M(v + / E(0 + ws) ds) do.

—o00 0
(Note that (®) = 1.) Pay attention that ® is also parametrized by the space variable, since M
depends on the function x. With the assumptions on k, ® is bounded from above and below, and

9,® lies in L>°(Y x R x (—1,1)) too. Moreover, U(f) = fjll v®(0, z,v) dv satisfies

Zj +w- V@ﬁ =F.
Accordingly, while ® can be space dependent, I/ does not depend on z if E is constant with respect
to x. This allows us to apply the strategy devised in Section |5, while the regularization argument
detailed above does not work here, due to the stiff terms involving 0,x. The proof follows exactly

the same lines. Note that in this situation, the diffusion coefficient remains space dependent, and
there is also a drift term. To be specific, we have

+1 +1 +1
D(att):/_1 Ax*(@,v)v@(@,x,v)dvd@z[l /Y’U2<I)(9,£L‘,’U> dvdé’—i—/_1 /Y’L/J*(e)’l)q)(97x,v)dvd9

with x* solution of 7% x* = v, which can still be written as v + ¢*(0), with w - Vyy* = —F, and
+1
U(z) = —/ / vB(0, z,v) dvdd.
-1 Jy
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with I8 = vd,®. The latter can be recast as follows

+1
/ / (0,0)v0, (0, z,v)dvdd

+1 +1
7/< 0) 0y / Hxv)var/ v?0,®(0,z,v) dv
Y 1

U(x)

de

N—

=8,U=0

+1
—695// V2 ®(0, z,v) dv db.
vJ-1

It is worth detailing on this simple one-dimensional example that the expressions obtained on the
shifted unknown coincide: with the same notation as in Section [5} we have

D(z) // (v—U)X vadﬂdv—// ®(0, z,v)X*(0,v)do dv

= // (v —U)?®(0,2,v)dl dv since X*(0,v) = v — U(H),

// Gasvdedv—/HQdG.
Y
This has to be compared to
// Hxvdﬁdv—&—/aw*d@.
However, we have

—2 Ey o 77(77 * _ i 7 x\ (Y * =
/Yu d9+/YZ/{1/J d9_/YM(L{+¢ )dﬁ—/Yw Vo +¢*) (U +¢*)d =0,

which shows that D = D. Similarly, for the drift coefficient, we get

(7(:1:) —3// (v—U)P 9xvd9dv——6// (v —U)*®(0, x,v)dO dv
—0y (// Oxdedvf/U df))U(m)

since U does not depend on x.

We go back to the proof of Proposition [5.4] and Corollary-whlch needs to be adapted. Indeed,
when we compute the time derivative of [, f L g dv dx, we now have to consider

——// fsva fsdvdxff—// E 00, P, dvdx

which does not vanish. By using the expansion f. = p.®. + €g., it becomes

1 ! ! Je e 1 e \ 2
S, dv | de — =00, P — = — P dvdz.
o psa (/_11) c v) x /R/_lpg(beva c 2/11%/—1<‘I)s> 00, P, dvdx
—_———

=0,U(wt/e2)=0

We conclude by using the Cauchy-Schwarz and Young inequalities that

th// Edvdm—i——/@dm

i) LM
V0, ( // gd dz +€+u// g§2dvdz>
M Loo (YxRx(=1,41)) \ 2V 2 JrJoaT @2
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holds for any 0 < v <« 1. We choose v small enough (but independent of €) in order to absorb
the last integral by the dissipation term, owing to the coercivity estimate. Finally, we apply the
Gronwall lemma, and we deduce the following estimates: for any 0 < T < oo,

° \/f%e is bounded in L>(0,T; L*(R x (—1,1)),

e p. is bounded in L>(0,T; L*(R)),
is bounded in L?((0,7) x R x (—1,1)).

Similar conclusions apply to the shifted quantities. The convergence proof then works exactly as
in Section [5} The properties of the matrix

M(e,:@:/_ (0 — T(8))2D(8, 2, v) dv

1
play a crucial role within the proof. We can check that
o D(z) = [, M(8,z)do,

e M(0,z) is bounded form above and below, and M~1(8,z), VoM~1(0,z), 0, M~1(6,z) all
belong to L>(Y x R).

Due to the space dependence of ®, and thus M, the analogue of involves additionally

0, M (wt/e?, ) x /(v —U(0))%g.(t, z,v) dv,
R

which still converges to 0 in L2(0,T; H~1(R)).
Eventually, we conclude as follows. Let V(s) = [; U(wT)dr and
f;(t,x,v) = fo(t,x + eV (t)e?),v) = pe(t, x) P (¢, z,v) + G (L, z,v).

Then, both f. and ]H‘; double-scale converge to p(t, z)® (0, z,v), where
1) pe= Jon f- dv converges to p in C°([0, T]; L2(R) — weak), and strongly in L2 _((0,T) x R),
ii) pis the solution of the convection-diffusion problem ([7)) with initial data p|t:O = lim,_,q fil foedv
(weakly in L?(R)),

iii) g. converges in the double scale sense to G(0,t,2,0) = —X(0,0)d.p(t, ) — B(6,v)p(t, z), where
Tex=(v—-U)P and T = (v —U)0,P .
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