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Abstract. We analyse kinetic and macroscopic models intended to describe pursuit-evasion dy-
namics. We investigate well-posedness issues and the connection between the two modeling, based on
asymptotic analysis. In particular, in dimension 2, we show that the macroscopic system has some
regularizing effects: bounded solutions are produced, even when starting from integrable but possibly
unbounded data. Our proof is based on De Giorgi’s method.
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1. Introduction

In [13] a hierarchy of equations has been introduced in order to model some simple
pursuit—evasion dynamics. Roughly speaking these equations describe the interaction
between preys and chasers, governed by the following simple rule: preys are repelled
by the chasers while chasers are attracted by the presence of preys. The proposed
models range from individual-based models, that have the form of systems of ODEs,
to macroscopic equations, where the unknowns are the local concentrations of preys
and chasers. Connection between these equations are formally drawn in [13], based on
suitable rescaling and asymptotic arguments. Here, we wish to analyse in more details
some aspects of this hierarchy.

More precisely, we are mainly interested in the following system of PDEs

atpc_di.vx (pcvxq)c):AxPCa (1-1)
Opp —dive (ppVa®p) = Aupyp,

where the potentials are self—consistently defined by
Ar®e=pp, —As®p=ape (a>0)' (1.2)

Here, the equations are considered on the whole space RY; the functions (t,z)+ p.(t,)
and (t,z)+— pp(t,x) stand for the concentration of chasers and preys respectively. It
means that, for any subdomain Q CRY, [, p;(t,2)dx gives the number of the individuals
in the population labelled by j that can be found in the domain 2 at time ¢. The system
(1.1)—(1.2) is complemented by initial conditions

Pp

_O:pp,07 Pc

= Pe,0
t= =0

t
which are thus naturally non negative and integrable functions. The definition of the
potentials ®. and ®, in (1.2) is intended to describe the attractive effect of the preys
on the chasers population, and the repulsive effect of the chasers on the preys : the
population j € {¢,p} is driven according to the gradient of the potentials ®;, which is
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2 Models of pursuit—evasion dynamics

itself defined by the other population, through the Poisson equation (1.2). The sign
determines whether a population has an attractive or a repulsive effect on the other.
This should be thought of by analogy with the definition of repulsive electrostatic forces
and attractive gravitational forces. For further details on the modelling issues and
alternate definitions of the potentials, we refer the reader to [13]. We bear in mind that
(1.2) should be understood as a convolution relation involving the elementary solution
of —A,. We shall also pay attention to the following kinetic version of pursuit—evasion
dynamics

atfc+v'vzfc_vzq)c'vvfc:-[/(fc)v
Oufp+v-Vaufp—Vo®,-Vyfp=L(fp),

(1.3)
A0 = fpdo, —Axép:a/ fedu,
RN RN
where L stands for the Fokker—Planck operator
I S f _ 1 —v?/2
L(f)—dlvv(vf—&—vvf)—dlvv(MVv(M)), M(U)_We . (1.4)

It corresponds to a statistical description of the population: v is interpreted as the
velocity variable and f;(¢,2,v) is the distribution in phase space of the population j. In
other words, fQ fn,/ [ (t,z,v)dvdx gives the number of the individuals in the population
j which are in the domain Q C R, with a velocity v € ¥ C RY, at time t. The system
(1.3) is written in dimensionless variables. It can be rescaled by introducing a parameter
0 <e< 1 which leads to

Ot (0 Ve = VB V) = L),
1
2

O fy+ (v Vaolfy—=Va®, -V fs)=—=L(f,),

AP = fpdv,
]RN

—A, P = “dv.
=Py a/RNfcdv

We refer the reader to [13, Section 2.3] for details on the scaling, see also [33] for a similar
discussion in a different context. The regime can be roughly motivated as follows. The
Fokker—Planck operator describes drag effects which make the velocity of the individuals
relax towards the gradient of the potential. We are assuming that the relaxation time
associated to this friction force is small compared to the time scale of observation (in
other words the strength of the friction is strong). In the meantime, the typical velocity
of the individuals is supposed to be large compared to the observation units, while the
strength of the coupling force is weak. The arguments developed in [13] indicate that
the system (1.1)—(1.2) can be obtained from (1.5) in the regime € — 0. In this work, we
wish to address the following questions:

e Well-posedness of (1.1)—(1.2) and qualitative properties of the solutions,

o Well-posedness of (1.3),

e Derivation of the macroscopic model (1.1)—(1.2) from the kinetic equations

rescaled as in (1.5).
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At first sight (1.1)—(1.2) shares the structure of a Keller-Segel type system, intro-
duced in [21, 22, 30],

Orp—div, (pV.P)=A,p, (1.6)
A, P=p. '
As revealed in [15, 20], this system (1.6) is known to produce Dirac masses in finite
time when the integral fRN p(0,z)dz exceeds a certain threshold. We refer the reader
to the surveys [17, 18] for further information and references on the system (1.6). Many
mechanisms have been discussed that can prevent the blow—up of the solutions in such
PDE systems describing chemotactic phenomena. For instance adding a logistic-like
source term or cross—diffusion terms might have such a regularizing effect, as studied
in [44] and [7, 16] respectively. Another option, relevant in several physical situations,
consists in introducing non-linearities in the convection and/or diffusion coefficients.
Depending on growth assumptions on the non-linearities, the modified system can be
shown to admit bounded solutions [19, 41]. Closer to our purposes, coupling between
several species might also have some regularizing effects that lead to bounded solutions.
This is particularly the case for chemotaxis-haptotaxis models that describe the invasion
of tissues by tumor cells, see [28, 32, 37, 38, 39, 40, 43] or for systems modelling ants
foraging [2]. Hence, for the system (1.1)—(1.2) it is natural to wonder whether or not
solutions become singular in finite time. In fact, we shall show that (1.1)—(1.2) admits
bounded solutions, and, furthermore, the system has a regularizing effect: we shall
prove that integrable data, possibly unbounded, lead to bounded solutions, at least
in dimension N =2 (and N=1). This is in contrast with the behavior of the system
(1.6). Our results in this direction are complementary of the recent work [42], where
similar two-species models are analysed, with equations set on a bounded domain with
Neumann boundary conditions (for both the densities and the potentials): [42] justifies
the well-posedness of the system for continuous initial data. Here, we show that the
solutions become instantaneously bounded for general, possibly unbounded, data. The
analysis of the boundedness of solutions for such PDEs systems which involve some
attractive self—consistent potential usually relies either on semi—group techniques or
on suitable adaptations of Moser’s iteration reasoning, a method inspired from [1].
Here, the proof we propose uses the De Giorgi approach, in the spirit of [2, 14, 32].
Concerning asymptotic issues, connections between Keller-Segel models of type (1.6)
has been studied via hydrodynamical limits in [27] and the derivation of drift-diffusion
systems like (1.6) from kinetic models has been investigated for instance in [9, 12, 26, 33].

The paper is organized as follows. In Section 2 we set up a few notations and give
the precise statements of the main results. Section 3 is devoted to the analysis of the
system (1.1)-(1.2). In Section 4 we turn to the investigation of the system (1.3) and of
the asymptotic regime.

2. Main Results

We start with the statements concerned with the existence and regularity theory for
the macroscopic system (1.1)—(1.2). We refer the reader to [42, sp. Th. 1.1] for, among
others, existence—uniqueness results for (1.1)—(1.2) in a bounded domain with Neumann
conditions, when N <3 and starting with continuous initial data. It is remarkable that
in dimension N =2, the system produces bounded, and thus smooth, solutions, while

the data can be unbounded. (A similar result holds in dimension N =1, see Section 3.5
below.)
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THEOREM 2.1. Let (ppo,pe0) be a pair of functions in L*NL>(RY). Furthermore,
we assume that |x|*(pp.o+peo) € LHRYN). Then, for any T >0, the system (1.1)—(1.2)
with data (ppo,pe,0) admits a unique solution which is bounded on [0,7] xRN and lies
in C=((0,T) x RY).

THEOREM 2.2. Let N=2. We suppose that p,o,pco belong to in L*NL*°(R?) for
some §>0, with |z|*(pp.o+peo) €L (R?). Then, there exists a solution (pp,pc) in
C([0,00); L} (R?) —weak) of (1.1)-(1.2) with initial data (ppo,peo). Furthermore, for
any t, >0, there exists a constant M, >0 such that 0< py(t,z), pc(t,x) <M, holds for
a. e. (t,z) € [ty,00) x R?, and the solution lies in C*([ty,00) x R?).

The system (1.3) is a two—species version of the Vlasov—Poisson—Fokker—Planck
equations. We can use the methods introduced in [33] to justify the existence of solu-
tions, as well as to investigate the behavior of the solutions of (1.5) as e—0. In order
to state the results, let us introduce the norm

1/q
£l = ( / qulqdvda:) .

Given 0<T < 00, we also define the following functional space
Myri={ fuby DT XRY < R¥ R, sup (1ot LSy (8 ) < o0 .

Given 0<m.,m, < oo, we shall denote €, r the convex subset in M, made of non
negative functions in M, 7 which satisfy

I ()=o)

THEOREM 2.3. Let fco,fp0 be a pair of non negative functions such that

feodvdz=m,, // fpodvdz=m,,
1 fe.olla 1l Fp.0lllq < oo,

for some ¢>max(N,2). We also assume that

2
/ fio <|1n(fj,0)|+|l‘+v2> dvdz < 0o

for j€{c,p}. Then, there exists T >0 such that the system (1.3) complemented with the
initial data (fe, fp) |t (fe,05fp,0) has a solution which belongs to €y 1.
THEOREM 2.4. Let ( .00 pO) be a sequence of non megative functions bounded in

the |||l —mnorm for some q>maX(N2 with [ f&odvdz=m. and [ f5odvdz=m,.
Furthermore, we assume that

Sup(//fjo(ﬂn O+l + L )dvdx><oo

holds for j€{p,c}. Let (f<,f5) be a solution in 6,1 of (1.5) complemented with the
initial data ( g’o,f;,o), Then, provided 0 <T < o0 is small enough, up to a subsequence
(still labelled by €), the macroscopic concentrations pt= [ f¢dv and Pp= ff; dv converge
strongly to p. and p,, respectively, in L*(0,T;L"(RN)) for any 1<s<oo, 1<r<gq,
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where p. and p, are solutions of the system (1.1)—(1.2), with initial data defined by the
weak limits of [ f¢ydv and [ f§odv.

The last two results are only local in time. This is due to the adopted functional
framework, directly inspired from [33], and the restriction comes from non linear es-
timates for the norm ||-|||,- Again, difficulties are related to the meaning and the
stability of the product between the densities and the force field. It would be interest-
ing to further investigate the existence theory of the kinetic model, for instance by using
the techniques introduced in [5]. In order to obtain global statements for the asymp-
totic analysis, it could be worth trying to adapt the tricky renormalization arguments
designed for the scalar case in [9].

3. Analysis of the macroscopic model: boundedness of solutions

The main ingredient of the analysis consists in finding a priori estimates satisfied by
the solutions of (1.1)—(1.2). Therefore we start by assuming that we have at hand non
negative and mass—preserving solutions of (1.1)—(1.2), with enough regularity and fast
decay at infinity to perform manipulations like permutation of derivatives and integrals,
integration by parts, etc. We establish some uniform estimates on these solutions, that
will depend only on certain L?-norms of the initial data. Then, we shall need to construct
solutions that satisfy such estimates, possibly at the price of restricting the set of initial
data. Then, using the uniformity of the obtained estimates the result can be extended
to more general data.

3.1. A priori estimates

To start with, let us show that solutions associated to bounded data remain in L.
This property is already in contrast to the Keller—Segel system. In dimension N =2, we
can prove the propagation of L7 estimates for any exponent ¢ >1. Let us summarize
our findings concerning the propagation of L>° and LY bounds as follows.
LEMMA 3.1. If ppo and peo belong to LY NL>®(RY), then for any 1<q< oo, we have

low(t:)llq < llpp.ollq for any t >0,
lpe(t,)llq < e™Nerol<ipeglly  for any 0<t<T <co.
Furthermore, for any 0<T <oo and 1<q<oo, Vggpg/2 and Vng/Q
L2((0,00) x RY).
LEMMA 3.2. Let us assume N=2. If p,o and pco belong to L'NLY(RYN) for some
q>1, then

belong to

”Pp(t? ')”q < ”pp’OHq

and there exists C >0 which depends only on q, me, my, ||ppollq and ||peo
lpe(t, )l <C

holds for any t >0. Furthermore, Vmpg/Z and Vng/z belong to L?((0,00) x R?).
Proof of Lemma 3.1. The proof is quite simple and relies on standard Stampacchia’s
reasoning. Let G:R— (0,00) be a convex function. Multiply

lq such that

Oupp —diva (ppVu®p+Vapy) =0

by G'(pp) and integrate by parts. We obtain

d
E/G(pp)dx"‘/G//(pp)‘vzrpp|2dx:_/G//(pp)vxpp'ppvrq)pdx‘ (3.1)
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Let Z be a primitive of p+— G”(p)p. By using (1.2), the right hand side of (3.1) recasts
as

—/VmZ(pp)-Vzilpdxz/Z(pp)Axilpdarz—a/ch(pp)dm,

which is non positive since G is convex. Therefore we arrive at
d
a/G(pp)dac—I—/G"(pp)|vzpp|2dx§0. (3.2)

We use this relation with G(p):=1[p— pr,o||oo]i to deduce the uniform estimate on
pp in L°(RY). More generally, with G(p) = p?, (3.2) becomes

C‘lit pldz R /|V pd/?2dz <0, (3.3)

which gives the estimates on the different L¢—norms.
We turn to the estimates on the the chaser density. We repeat the same argument
on

atpc —div, (ppvzq)c + prc) =
with the function G(p):=p?, ¢>1. It yields

d 4(g—1
ai/@dx+—@——{/wuﬁﬂﬁdw=m—&x/%ﬁwx (3.4
where we have made use of (1.2). The obtained estimate for p, allows us to obtain
d 1)
& [orass 220 ‘/me2m<meMMM/ﬂM-

Gronwall’s Lemma leads us to
[ottearas<etionnt= [ @)z

which recasts as || pe(t,-)||q < eTlProlle | peollq < eTleroll || pe o]l Yamt e for any 1< g <
0o. We let g go to oo to obtain the L estimate. [ |

Proof of Lemma 3.2. Of course, (3.3) implies that p,€ L°°(0,00; L¢(RY)) and

V$pg/2 € L%((0,00) x RY) when p, o belongs to L¢(RY). What is remarkable is to im-
prove the L? estimate for p. in Lemma 3.1 and to make it uniform with respect to
time when N =2. The restriction on the space dimension arises when we estimate the
right hand side of (3.4). To this end, we make use of the Gagliardo—Nirenberg—Sobolev
inequality (see e. g. [29, p. 125] or [6, eq. (85) p. 195]), which holds in R? for any a > 1:

/5a+1dmgc/gdx/\vm(gm)ﬁdx (3.5)

Then, by using Holder (with conjugate exponents ¢+ 1 and (¢+1)' =%1) and Young

q
inequalities, we get

q/(g+1) 1/(g+1)
(qfl)/pppqu < q(/p?ld:v) (/p,%*ldw)
1
< q§1/q/pg+1dx+g/pg+1dx,
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for § >0 to be determined. With (3.5), we are led to

1
(q—l)/pppcdx<0q51/“/p dx/lvlpZ/Q\zderg/pZ“dw-

By mass conservation, we have [p.dz=m,. We go back to (3.4); choosing § >0 small
enough, we find two constant C7,C5 such that

d
dt_/ dx—i—Cl/\prgm degCg/pg“dx.

The constant depend only on the Gagliardo—Nirenberg—Sobolev, ¢ and m.. For instance

we can set C1 = 2q L by choosing 6 = ( 251711 )q; accordingly Cy = (g?f_”i;)q. By using

(3.5) again, we are led to

d
dt/ dx+C1/|Vng/2|2dx<Cngp/\prg/2 %d

where the bound in L!((0,00)) on the right hand side has already been discussed in
(3.3). |

3.2. Boundedness implies regularity

As a consequence of the L* estimate, we can establish the regularity of the solution.
LEMMA 3.3. Assume that the solution (pp,p.) of (1.1)~(1.2) lies in L>((ty,T) x RY)
for some 0<t, <T <oo. Then pp,p. are actually C* on (t.,T) x RN
The proof uses the following elementary estimate on the velocity field, bearing in mind
the definition of the potentials in (1.2) by means of a convolution formula.
LEMMA 3.4. Let pe L'NL>(RY). Set

V()= [ o ee)dy

There exists a constant Cny >0 such that

1/N

Va® ()| <Cxllolly " llpllis ™.

olloo

Proof. For a given A >0, we split

m@wz/ m;”<m@+/ Yoy dy.

P
z—y|<A |x7y|N z—y|>A |x7y|N

The first integral is dominated by

A
HNwaﬂ/
0

while the second is dominated by
1
AN-T lp(y)|dy.

Optimizing with respect to A yields A= (IS[YV_}II )1/N||p|| Ipll™

conclude. [ |

rNldr=|lplloo [SYTHA

/N which allows us to
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Proof of Lemma 3.3. Lemma 3.4 implies that V,®,(¢,-) (resp. V4®.(¢,-)) is bounded
a. e. when p.(t,-) (resp. pp(t,-)) lies in L' NL>®(RYN). Let 0<t, <T <oo. Going back to
the convection—diffusion equations satisfied by the densities p,, p., we can apply standard
results form the theory of parabolic equations (see for instance [23, Th. VIL.6.1]) to assert
that Vpp, Vape € L((t,T) x Q) for any Q C RY provided p, and p,. lie in L ((t,,T) x
RM). Then, for j € {p,c} and any k€ {1,...,N}, the function u; =9,, p; verifies

Ohuj —divy (uj V,®;) — Aguj =divy (u; V, ;)

where ¥; =0,, ®; is defined by the Poisson equation A, ¥.=wu, or —A, ¥, =0ou.. We
deduce from standard results, see for instance [10, Th. 3.9 & Pb. 8.4], that V,¥;
is a (locally) bounded function, which in turn permits us to conclude that V,u; is
bounded on any subdomain (t,,7) x Q. Continuing this reasoning by induction as in
[14, Proposition A.1] establishes that p. and p, are C* functions. |

3.3. De Giorgi’s analysis

We wish to relax the boundedness and integrability conditions on the initial data,
showing that they are improved by the dynamics itself. The proof splits into two steps.
Firstly, we pay attention to L? estimates for finite ¢’s; secondly we discuss the L
bound by adapting the De Giorgi technique. We refer the reader to [2, 14, 32] for
similar reasonings. The first step aims at establishing the following claim, where a
restriction on the space dimension appears.
LEMMA 3.5. Let us assume N=2. Let 1<q<oo. There exists a constant M , which
only depends on the initial mass m., my, and q, such that

1
/pg(tw)dx—k/pg(t,x)dxg///(1+ tq—_l),
holds for any t>0.
Proof. We go back to the proof of Lemma 3.2. By using (3.5), which gives rise to
the restriction on the space dimension N =2, and mass conservation, we have actually
obtained the following differential inequalities

d -1
o pgdx+4q—/|vxpg/2|2dx§0,
q (3.6)

% pZdw+Cl/\prZ/2|2dx§Cz/p;’,“dx-

Owing to (3.5) and mass conservation again, we get

d g—1 1 1
— [ pldx+4—— /pq+ dx <0.
deJ P qg CmyJ) P

d C
S [ g [rtaezcn [ pptian,
Let us set
%(t):/pgdx—l—A/pgd:v

for some A >0 to be determined. We get

d Q71 1 Cl
— 4 —A atlq A—/ a1l dz <0.
dt(%Jr( qg Cmy Cz)/pp S Cmg per dz=0
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We choose A >0 small enough so that the constant the factor in front of [pg*!dz
remains positive (for instance A=2

Cz C ) Finally, we make use of the interpolation

fews(fon) " (feu) "

Together with the mass conservation property, it permits us to find two constants a,b >0

such that
q/(q—1) q/(g—1)
dt%—ka(/p,‘fdx) +b</pgdx) <0.

With the elementary inequality (s+¢)?/(4=1) <, (s9/(4=1) +4/(4=1)) we conclude that

inequality

i%_,_ﬁ%q/(q—l) <0
dt -

holds for a certain constant 5>0. By a comparison argument, see Appendix A, we
deduce that

()< A(1+1/1971),
where the constant .# only depends on ¢ and f. [ ]

Lemma 3.5 already indicates that L¢-norms of the solutions become instantaneously
finite, for any positive time, even if the L%-norm of the data is infinite. We shall use
this information to obtain that the L>°-norm becomes finite too, by using the De Giorgi
scheme, as in [2, 14, 32]. This is the second step of our approach. As it will be
clear within the proof, the restriction on the space dimension comes from the use of
Lemma 3.5.

LEMMA 3.6. Let us assume N=2. Let t,>0. There exists a constant M,, which
depends on t, in such a way that it blows up as t, —0, such that

lpp(t,z)| < M, |pe(t,2)| < M,

holds for almost every t >t,, x € RN,
Proof. We are working on a finite time time interval 0 <t, <7T < oo which does not
contain 0. Let M >0 to be determined. We define the following sequences

Myi=M1-1/2%),  tp=t,(1-1/2" 1) =t /2F+1 4 (1-1/25)t,
We denote

= (p

Pp 7Mk3)1pp>Mk’

where 1q stands for the characteristic function of the set . Multiply (1.1) by p(k) and
integrate. It yields

3 dt/'p(k)| dx+/|Vmp§,’“)|2dx=—a/pc|p§,k)|2dx. (3.7)
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We integrate inequality (3.7) over the interval [s,t], with tp_1 <s<tp <t<T. We get

/|p(k)\ t,x) da?—i—/ /|V p(k) (r,2)| dxdT—l—a/ /p |p(k)| (r,x)dzdr )
3.8
/|p(k) s,x)|*de > = /|p(k)| (t, ) d:c—i—/ /|V p(k) (7,2)[*dzdr.
ty

Let us define the sequence

= sup /|p(k)| (t,x) dx—l—/ /|V p(k) (1,2)|?dzdr.
1 <t<T 2 th

We average (3.8) over s € [tg,tr—1] and we obtain

Ve < / / (k) (s,x 2dacds.
k Ztkftk - Py )

However, for any >0, we have

B
Al )
which yields

1 9k+1 1 9k+1 9Bk
v < () (5, 2)2 dzds < + 2 / / (k=1) (g V248 dod
F<5 /tk1/|p (s,2)|? xs_2 VL lpy (5,2 xds.

The choice of the exponent § relies on the Gagliardo-Nirenberg-Sobolev inequality

[igertarse [19.624 ( / 5|2dx)6/2

which holds for 24 5= 2% = 2+4/N. Bearing in mind that N =2, we arrive at

C 2kt+l 22k
Y < & {/|pr](gk_1)|2dx></p](gk_l)|2dx}ds
th—1

2 t, M?
2C 3k 2
= M?2t, 27 Ve

We seek a € (0,1), small enough, and next M >0 large enough, so that a*7; is a super-
solution of this sequence of inequalities. If #,_1 <a*~1% holds, then we get

2%
M?2t,a?

Y < S (2%a®)" %,

Therefore, we can conclude that ¥ is smaller than a*¥#; provided the following two
conditions are fulfilled:

1 295\ 1/2
ag?’ Mz(t*cﬁ) ‘

Bearing in mind that My =0 (thus p,(,O) =pp) and Ty =t, /2, it remains to evaluate

T
= sup /\pp (t,z dx—|—/ /|prp(7',:1:)|2dxd7'.
t,/2<t<T 2 /2
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To this end we go back to the first equation in (3.6) with ¢=2 (energy inequality),
integrated over (t,/2,t):

1 t 1 M 2
3 [ItoPast [ 9 raPdedr<y [in e 20Pa<y (142,
2 b2 2 2 t

where the last inequality uses Lemma 3.5. By the way, we bear in mind that the estimate
in Lemma 3.5 relies on the Gagliardo-Nirenberg-Sobolev inequality and it assumes N =
2: the restriction on the space dimension does not come from the De Giorgi argument
in itself, but from the need of an estimate on ¥4, which relies on Lemma 3.5. In other
words, we have obtained

)

Since N =2, we end up with the following bound from below for M

///(1+2/t*)>1/2'

M> (
- t,a?

In particular, notice that M behaves like 1/t, as t,—0. Fix T>0. Then for any
given 0<t, <1, we can find M large enough to ensure that limg_, o, ¥, =0. Let us now
consider the average over [ty,T]

g / /|pp (t,x)]*dzdt < 2.

However, for a. e. (t,z) € [0,00) x RV we have

k—o0 t

(k) 2
lim <|pT(_tk)| X 1tk<t<T> WT(i)‘ X1y, <i<r X1y (1) >M-

By virtue of Fatou’s lemma, we conclude that

(t,z)|? 1, t$)>dedt<hm“//k—

It implies that
pp(t,x)lpp(m)ZM =0 for a. e. (t,x) € (t,,T) X RN
holds and thus p,(t,z) is dominated by M.
Once this bound is obtained for p,, we proceed similarly for dealing with p.. We
use exactly the same notation, with My =u(1—1/2%), ;>0 being the quantity to be

determined, and tj :=t,,(1—1/2¥"1) where t,, =2t,. In particular we have now t, <
tr <t,.. We are led to

3ui [P [19aBPas= [ ol aw<ar [10F ar
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where M is the bound we have just obtained for p,. We integrate over [s,t], with
tp—1 <s<trp<t<T, and next we average over s € [tp_1,t;]. We obtain

1 t
; / )2 t,x>dx+ / / Vap)2da
tk—tk 1/tk 1/p

<L

2

(——&—M / /|p(k) s,x)|*dxds.
bix th—1

tr—1

‘We now set

1 t
ti= sw 3 [OPwader [ [9.00Pd
te<t<T 2 te

Repeating the arguments detailed above yields

/ 2 2k 2+ 2 2 1 3k / 2
Tesm 2\t (%) <z tM) 2 (7_1)%
Kk

**

We apply the same reasoning as above, which leads to impose

29 1))
a [

We need to estimate . To this end we go back to (3.6)

d
a/\pc|2dx+Cl/|Vzpc|2dx§C’g/pid:}:gCngp/|Vrpp|2dx

by using (3.5) and mass conservation. Integrate over (t4/2,t) = (t«,t) to obtain

t
[Pascs [ [1Vapira)deds
ty
t
§/\pc(t*,x)\2dm+020mp/ /|V1pp(7,x)|2dxd7
te

g///(1+ti) +CCmy %

*

g///(1+CC;m”)(1+%).

It follows that

%’g///(HCC;m”)(H%).

Therefore, since N =2, we arrive at the condition

2 1 CCym 21\ 2
> (g (M) (14 ==572) (14 57)
= <a2 ( AT G L
which behaves like 1/t, for small ¢,’s. We conclude that p.(¢,2) <p holds a. e. on
(tes,T) x R%2. We point out that both M and u depend on t, and, of course, they blow

up as t, — 0. What is interesting is to remark that the estimate is uniform over large
times. [ |
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3.4. Existence-uniqueness of solutions

We are going to obtain the solutions of (1.1)—(1.2) by means of a fixed point argu-
ment. The method is quite classical and we only sketch the proof, pointing out some
technical difficulties. We start by assuming that the initial data (pp.0,p0c,0) belongs to
L*NL>®(RY). Let 0<T <oo. We consider two functions gy, p.: (0,7) x RY —RY such
that

0<pp(t,2) < pp.olloc 0< pe(t,x) <||pe,ol| el IProlles

/ﬁp(t,x)dxzmpv /ﬁC(tv’I)dx:mc (3.9)

Let us denote by ér the (convex) set of functions that fulfil (3.9). The intermediate
result states as follows (for N >3 it is likely far from optimal; since the regularity
analysis requires N =2, we do not elaborate more on this case here).

PROPOSITION 3.7. Let (pp.o,pe0) € L NL®(RN). Furthermore, we assume that z+—
22p,0(z) and x> 22p. o(z) belong to L*(RYN). Then, for any T>0, the system (1.1)-
(1.2) with data (pp,0,pc0) admits a unique solution in €.

3.4.1. Preliminary observations
Given (pp,pc) € €1, we define ®,, P, by solving
Az&)p:_aﬁca Aa:ci)c:/;p

Lemma 3.4 tells us that Vm@p and Vméc are bounded functions. Then, we can introduce
the solutions of the linear equations

Orpp — divgc(ppvxii)p +Vaupp) =0,
atpc — dlvm (pcqu)c + vmpc) = 07

pp’t:():pp,(h Pc t:0:pc,07

By standard theory of parabolic equations, see e. g. [6, Th. X.9], solutions are found in
C([0,T); LARN))NL2(0,T; H*(RY)). Repeating the derivation of the a priori estimates
we check that (p,,p.) € 6r.

Let (pp,pe) =T (pp,pe) and (pp, pie) = T (fip, fic). We denote by (¥,,¥..) the poten-
tial associated to (fip,fic). We obtain

2dt/|pp Mp| da?‘i‘/|V Np' dz
= /pclpp pp|* d — /upV (Bp—p) - Val(pp — i) d
L[ o 5§ 2
Va(pp — tip ) dx+ 11|V (Pp — Wy )" diz.
It follows that

dt/|ﬂp .up| d:c+/|V — ip) )[?dz

(a=2)/4q - - 2/q
<([uveaar) T ( [1va@,-gppan)

When the space dimension N is larger than 2, we can use the following Hardy—
Littlewood—Sobolev inequality [24, Th. 4.3].
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LEMMA 3.8. Let a>1. The operator defined by
f(y)

H:f [ ————d

/ /vale/“ !

is continuous from LP(RN) to LY(RN) for any 1<p< -5 and 1/q=1/p+1/a—1.
Let N >3; we use Lemma 3.8 with a= % and p=2. It leads to ¢= % >2, and
we denote by |||H||| the corresponding norm. As a matter of fact, we note that

2 2 =2 +2)/ (a=2)/a
([ a2ae) " = 1oplBygmsy <l &/ 0

2 -2
< Nopoll & i1 = .
We are thus led to

i [Pt [19.0,= )P az <Colltll [ 15~ d.

We proceed similarly for the chaser specie, and we obtain

/|pc ol dw+/|v )P da

<lopalle [ loc e da
2 -2 ~ ~
Hlpeol &2 seTImallwtex2 &= 1) [ 15, -y

We add these two inequalities and we apply the Gronwall lemma. It allows us to define
a constant ¢ (T), which depends on T and on the L' and L® norms of the data such
that

[0t 1o = ) )
< Tlopoll (/(WO — iy o+ peso — Heo|?) da (3.10)

ST D) s [, g+ 1 ) (s) )
0<s<T
Relation (3.10) holds when N >3 and it proves

e that 7 :(pp,pc) > (pp,pe) is continuous on L>(0,T;L3(RY)). Actually it de-
fines a contraction mapping in this space when 7" is small enough, which implies
the local existence—uniqueness of a solution in 7.

e whatever the choice of T', the uniqueness of the solutions in %7, by means of
the Gronwall lemma, as well as the continuity of the solution with respect to
the initial data.

When N =2 the argument to get uniqueness is more involved as we shall see below. In
what follows, we shall also use the following observation:

d

2 ~
T i ppdx = —/x-Vngp—/x-VI(I)pppdx

) 1/2 1/2
<N [ e 1981  [onte) ([ 20,0)

1 ~ 1
<y (N4 519,80, 2. ) + §/x2ppdx.
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By Lemma 3.4, we have
1Va®plloc < Call el ™ Npellie /N <Y (T),

where Y(T') depends on the L' and L® norms of the data and has an exponential
growth with respect to 7. From now on, we use the generic notation Y(7') for such a
quantity, while the precise value of the constant might vary from a line to another. A
similar computation holds for p.. Applying the Gréonwall lemma, we deduce that

/prpdx—F/prcdeT(T) (3.11)

holds. Finally, the analysis uses the following claim, the proof of which can be found in
the Appendix B, for the sake of completeness.

LEMMA 3.9. The operator fr [on ﬁ fly)dy is continuous and compact from
LY(RN) to L1(B(0,R)) for any 1<q< 5 and 0< R<oo.

3.4.2. Global existence

Let us go back to the existence of solutions. We already know that 7 (%ér)C
%r. We are going to prove that .7 is continuous for the L'((0,7) x R™)-norm. We
consider (pp.n,pen) € Er which converges to (j,,p.) in L((0,7) x RY). Of course the
limit belongs to 7. Reproducing the same manipulations as above, we find

d
=T |Pp-,n - Pp|2dx+ |vmpp,n - vmﬂp‘de
dt

S_a/ﬁC|pp,n_Pp|2d$+/P;2>,n|vm((i)p,n_(i)p)|2dx‘

For any 0 < R < oo, the last integral can be dominated by

1|21V (@ — By o / PRAZCREAIE

HbnnllcVa@pn =8I [ g
|z|>R
On the one hand, since p, ,, lies in €, we can find T(T") >0 such that ||pp ,|lecc <Y (T)
and we also have |V, @) |l <T(T), [[VaPpllooc <YT(T). On the other hand, by (3.11),
we get sup,, flm\> RrPpndT < T}(%Z). Similar observations hold for p.,. Therefore, we
obtain -

d
T (‘ppyn_pp|2+ |P67n_p0|2)dx+ (IVappn —prp|2+ IVapen —Vapel?)dz
dt

<X ([ Qo= o= )0

1 _ _ . -
+ﬁ+/ (|vm(q)p,n_q>p)+|V1(¢’c7n_¢)c))dx> :
lz|<R

Let §>0. We apply the Gronwall lemma again. For T'>0 fixed, we can find R large
enough, depending on T and 4, so that

/ Uopm — pol? + 1o — pel?) dz

T
§6+T(T)// (Vo (B =B |+ [V (B — D)) dardls.
0 |z|<R
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Going back to Lemma 3.9, we conclude that (ppn,pen) — (pp,pe) in L°(0,T; L2 (RY))
as n—00. We deduce that the convergence also holds in L!((0,T) x RY) since

/2

T
| [1en=slaear < 7 VBEOR( 510 [ Il dx)
0

T
s s[5, py) (3.12)
R n 0<t<T

<Y(T)

where we choose R large enough and then let n—oco. A similar estimate applies for

— pe.

Next, we establish that 7 is a compact mapping for the L' norm. Let
((ﬁpm,ﬁcm))neN be a sequence in 7. We already know that p,, and p., are both
bounded in L*(0,T;L*(RN))NL2(0,T; HY(RY)). Furthermore 9;pp = divy(Vapp.n+
ppnVa®p ) is bounded in L2(0,7;H'(RY)). The Aubin-Lions-Simon Lemma [36,
Sect. 8, Cor. 4] tells us that p,, is compact in L?((0,7) x B(0,R)) for any 0< R < cc.
Reasoning as in (3.12) we deduce that p,, is compact in L'((0,7) x R?). A similar
conclusion applies to p; . The Schauder theorem ensures the existence of a fixed point
(ppspe) =T (ppspec) € €r, thus a solution of (1.1)—(1.2). ]

3.4.3. Uniqueness (N =2)

It remains to discuss the uniqueness of the solutions in dimension N =2 (the case of
higher dimension being treated through (3.10)). To this end, our argument is inspired
from [34] (note that the necessary adaptations are not fully detailed in [13] for the
specific case of dimension N =2). The proof uses the following claims (we refer the
reader for instance to [12, Lemma 1], and [8, Th. 3.1.3] respectively)
LEMMA 3.10. Assume N=2. Let p€ L'NL?*(R?) such that x> |z|p(x) € L' (R?) and
[pdz=0. Let ®=5- [In(lz—y|)p(y)dy. Then V,® belongs to L*(R?).

LEMmMA 3.11 (Calderon-Zygmung inequality). There ezists K, > 0 such that for any
1<go<g<oo and any g€ LY(RN), the function V(z)= [ 2=

dy satisfies

lz— yl lz— yIN !

||vmV||q <K, ‘JHg”q'

Let pp.j,pec,i, with j € {1,2}, be two solutions of (1.1)—(1.2), associated to the same
initial data. We set P:pp,l —Pp,25 C =Pc,1 — Pc,2s \I/P = @nl - (bpz, \Ifc = (I)CJ - @C,Q.
We have

&,P 7diVm(Pvm(I)p71 +pp,2Vz\pr) = AmP,
8tC— divm(CVm@C,l +pc,2Vm\I/c) = AzC,

with
—Azip:aC, Azq)C:P
The solutions constructed above are such that the non negative functions p, ;,p.,; are

bounded in L*(0,T;L*NL>(R?)), with 22(pp ;+pc,;) bounded in L>(0,T;L(R?)).
In particular, we have P,C € L>(0,T;L'NL>(R?)), with z2P,z2C € L>(0,T; L' (R?))
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and [Pdz=0=[Cdz. According to Lemma 3.10, we thus have V,Up,V, V¢ e
L>(0,T; L*(R?)). We compute

%% (\Vx\pr\Q—i—|Vx\I/c|2)dm:a/\llpathx—/\IJcﬁthx

:—a/vx\llp'(C’fobcgerc,zvx\llc)d:cfa/vxlllp~VxCdx
+/vz\pc-(Pvz@p,l+pp,2vmqu)dx+/vm\pc.vzpdx
:I—|—/Vx\11p-vxlllc(pp72—apqg)dx

—a/VI\prVmCdx—I—/VQC\IIC-Vdeac
where we have set
I= /(—aCVwéc,l-VI\I/p—i—PVm(I)pyl ‘V,Ue)dz
= /(AZ\IIPVI@CJ-VI\IIP—&—AI\IICVx(I)p,l~VI\I/c)dx.
Using several integration by parts, this integral can be recast as

Vw\IJP‘QdJJ

1
I= —/Di‘bc,lvw\lfp-Vz\Idel‘—l—a/pp,l
2 o 2
—/DI‘I)I,JVI\I/C'V;E‘IlchS—5/p071|vx\llc| dz.

Therefore, we arrive at the following estimate

1d

1
gT(T)/(|VI\I/P|2+|Vx\IJC|2)dx+§/(IVxP|2+|VzC\2)dx
—/Diq)c’lvz\l’p-Vm\ppdaﬁ—/Dg®p7lv$\1/c~vw\llcd$,

where, as above, T(T') >0 depends on the L! and L* norms of the initial data. We are
going to combine this estimate to

1d

(07

:—§/pc’1P2dx—/pp$2Vx\I/p-Vdex

c,1|oco 2 1

and, similarly,
1d 9 9
2dt/C dx+/\VwC| dz

oo C 2 1
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Let us denote

E(t) :/(|C(t,x)\2+ |P(t,(£)|2)d$+/(|Vz\I’p(t,$)|2+ V. Te(tz)?)de.
The previous manipulations allow us to obtain

%é“‘g T(T)é"—/ng)cjlvz\I/p-VI\I/pdx—/ng)pJVI\PC-Vm\Ilcdx.

The last integrals can be dominated by using Holder’s inequality; we are led to

, 1/q’ . 1/q’
120, ( [192wp da:) D234, ( [192wcp da:)
2/ 1/q
<1020 V2L ([ 1920500

1/q'
12, 1|y V2 T |20 ( / |vzwc|2dx) .

The second derivatives can be controlled by appealing to Lemma 3.11. Note that
e on the one hand, both p=p, ; and p=p.; satisfy the rough estimate ||p||, <
lolls + 1ol oo
e on the other hand, for any ¢>2, ||Vgc\IfP||géqS1+||V96<I>p71||oo+||V,T<I>p72||OO
holds, as well as a similar estimate for V, V.
We can thus find a constant Y (7") >0, which does not depend on ¢ > 2, such that

%5ST(T)(£+(151*1/‘1).
We simply write & = (%(5’1/‘7) x q&171/9, where ¢>2 and we already know that t— & (t)

is bounded on [0,T]. We arrive at

d 1-1/q

dt@@ <qY(T)& .

We remind the reader that &(0)=0. Pick >0 and let t € [0,7] — z,(t) be the solution
of the ODE -2, (t) =T(T)q(n+ 2,(t))* =14, with z,(0)=n. We find z,(t)= (2n)Ya+
T(T)t)?—n. Clearly &(t) <z,(t) holds for any n>0. Letting  go to 0, we deduce
that & < (T(T)t)? holds for any 2 < g <oo. We now let ¢ go to co which yields &(¢t) =0
provided 0<t<1/Y(T). We repeat the argument on successive time intervals of length
1/Y(T), and we conclude that & vanishes on the whole interval [0,7]. It implies V, ¥ p =
V:¥ec=0, P=C=0. |

3.4.4. Unbounded data

We detail in the case N =2 how to extend the existence result to unbounded data.
If the initial data (pp0,pc0) lies in C°(R?), standard results about the regularity of
solutions of parabolic equations can be used, and we can justify for these solutions the
derivation of the a priori estimates. In particular they are uniformly bounded. Finally,
we wish to extend the set of initial data, considering possibly unbounded data. The
regularity analysis provides a priori estimates in L? for any 1 < ¢ < oo, depending only on
the L' norm of the data, for any positive time. However, the estimates blow up as t — 0,
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and the singularity is not integrable on [0,T]. Therefore, we are still facing the difficulty
of defining the product pV,®. For the Keller—Segel system (1.6), a symmetrisation trick
can be used in order to compensate, in dimension N =2 (and N =1) the singularity of
the convolution kernel, see the formulation in [12, 33, 35]. Due to the crossing in the
coupling, this trick does not operate here. Moreover, we shall work by approximation
from bounded data, and we are facing the difficulty of the lack of compactness in
Lebesgue’s spaces of sequences which are only bounded in L!. For these reasons, we
work with initial data in L'T9(R2), § > 0.

Let pp.o,pe0 be in L1T9(R?). We take a sequence of smooth initial data Pp.0:Peo €
C2°(R?) that converges to pp.0,pc0 in L'T9(R?) As said above the a priori estimates
apply to the solution (py,pr) associated to (pp o,0e0): Pp,Pe are bounded in the space
L>=(0,T; L' (R?)), with V4 (pr)19/2 and V,(p )<1+5>/2 bounded in L?((0,T) x R?).
Owing to (3.5), we deduce that py and p} are bounded in L2F((0,T) x R?). Since,
by Lemma 3.9, V,®? and V,®} are bounded in L{ ((0,7)xR?), for any 1<¢<2,
the products ppV <I>" and pI'V,®" lies in a bounded set of L{ ((0,7) x R?). We are
left with the task of passing to the limit in the non linear terms. We only treat the
prey equation, the chaser equation being treated in a similar way. We can assume,
possibly at the price of extracting subsequences, that py — p, weakly in L*9((0,T) x
R?) and V,®!' — V,®, weakly in L¢((0,T) x B(0,R)) for any 1<¢<2 and 0< R <oco.
Furthermore, on the one hand, by Lemma 3.9, we have the following “compactness
property with respect to the space variable”

|flli\r—l>lo (SUP [Vo®,(t,x+h)— vmq);l(tax)”L‘I((O,T)xB(O,R))) =

On the other hand 0;p" appears as the sum of the first and second derivatives of
sequences bounded in L!((0,7)x B(0,R)). Applying directly [25, Lemma 5.1] al-
lows us to conclude that ppV,®) — p,V,®, in the sense of distributions, as n— oo,
with A, ®, =—ap.. The estlmates also imply that, for any ¢ € C°(R?), the sequence
fp;}(t,m)ga( )dx can be assumed to converge in C([O T]) to [ pp(t,x)p(x)dz. The uni-
form bound on the second order moment also allows us to justify the mass conservation.
This ends the proof of Theorem 2.2, once we use the improved regularity proven in
Lemma 3.6 and 3.3.

3.5. Comments on space dimensions N #2
Let us discuss the role of space dimension. To this end, let us go back to a more
general form of the Gagliardo-Niremberg-Sobolev inequality [29]:

1/p a/r (1—a)/q
([ jerac) “<c( [ werar) ([ jras)

which holds with
1 (1LY, 1
p—a TN .

We naturally control the L' norm through the mass conservation property, which leads
to select ¢g=1. Besides, the De Giorgi analysis relies on the estimate on the L? norm,
which leads to p=24+1=3 and r=2. With such a choice of parameters we get a=

H >< m We can absorb the gradient by using the dissipation induced by the diffusion
as in the proof of Lemma 3.2 provided 2% = ]\2,12 <1, which thus restricts to dimensions

N=1or N=2. For N=1 we can thus estabhsh the analog to Theorem 2.2.
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THEOREM 3.12. Theorem 2.2 also holds in dimension N =1.
Proof. We sketch the proof and leave the details to the reader. Going back to the
proof of Lemma 3.2, for N =1, the Gagliardo-Nirenberg-Sobolev inequality

d 2 2/3 5/3
fruse(jif )" ()

2
dx

yields

d [, d
4 fraora [| 4,
dt/”c H/dx”

1 .
§2\/3/p“zdx+f/pf,dz

1)
a4 2 2/3 53 & 4 2 2/3 5/3
<206 (/)d:vpc dx) (/pcdm> +§ (/‘dxpp da:) (/ppdx) .

Young’s inequality and mass conservation permit us to find a,b> 0 such that

d [, d
s [,
dt/p“ “/ Az’

Since the estimate on p, is clear, see (3.3), we deduce that the analog of Lemma 3.2
in dimension N =1 provides an estimate with linear growth on [p2(t,z)dz and
t o
Jo J1-& pe|?dz when p,, o and peo lie in L2(R).
Similarly, we turn to the adaptation of Lemma 3.5 for N=1. With ¢=2, (3.6)
becomes

2 d 2
dx§a+b/‘£pp’ dz.

2
dz <0,

d [, d
— 2| |—
a | et /‘dmpp
d [, d
a/%m+a/h?c

We combine again the Gagliardo-Nirenberg-Sobolev inequality with the Cauchy—
Schwarz inequality

1/2 1/2
/pZdz:/pl/Qp?’/deg </pdx) (/pgdx) ,

and we eventually arrive at

(3.13)

2

d

— X +BLE<

dt +6 =%
with

%:/pidx—i—A/pgdx,

for some constants A,a,5>0. Then the argument in Appendix A justifies that
Lemma 3.5 applies for N =1 as well. Then, we can reproduce the proof of Lemma 3.6
to conclude that the solution becomes instantaneously bounded. [ ]

It is equally possible to elaborate further on the behavior of the solutions when
N > 2, at the price of a suitable smallness condition on the data. The argument, directly
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inspired from [31, Section 5.2.2] and the references therein for the Keller—Segel system,
also provides decay estimates.
THEOREM 3.13. Let N >2. There exists a constant ky such that if the initial data
Pp,05Pc,0 € L (RN) Sa’tisﬁes

lpp.0lln/2+lpeoll vz < kN

then, the system (1.1)=(1.2) admits a global weak solution such that p, and p. belong to
L(0,00; LN/2(RN)), with fo,vﬂl and Vp(];v/4 in L*((0,00) x RN). Furthermore, there
exists a constant Cn such that

1
o (t, )| ny2 + 11 pe(ts ) 2 < CNW'

Proof. The generalization of (3.5) to any space dimension reads

2/N
/Ié‘Iq“dngq/ |VEY?)2 da (/ §|N/2dx) ,
RN RN RN

Of course, the difficulty relies on the fact we do not control naturally the L™/2 norm,
while the L' norm is preserved by the equation. We go back to (3.3) and (3.4).

The former tells us that p, is bounded in L>(0,00; L9(RY)), with Vpg/2 bounded in
L2((0,00) x RY) when p, o€ L4(RY), as noticed in Lemma 3.1. Proceeding as in the
proof of Lemma 3.2, the latter becomes

pldz 4 q/2 2d
T + /\Vp x

Sq/p‘é“dwr/pf,“dx

2/N
Sq0q</p?’/2dx) /|VPZ/2|2d$+Cq(/ N2d ) /|qu/2|2dx

We use this relation in the specific case g=N/2>1. Let A>0. We thus get

(i{/ N/zderA/ N/de}

N_9 2/N
+ 4N—CN/2(/ N/de> /|vpiv/4|2dx

N_9 2/N
+ 47A——CN/2 (/pg/gdCE) /|fogv/4|2dx

<0.

By Lemma 3.1, we know that f pp Az < J ppé dz. Hence, let us pick

N2 N/2 2N
We are led to

/in/Q(t,x)dxg/piv/Q t,x) dx—f—A/ NI2(t,

< [Rf@asea [ o @

tIN N N2
—l—/ <2CN/2 (/pé\[ﬂ(s,x)daz> —4T /\Vpév/4(s,x)|2dxds.
0
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Finally, a simple continuity argument shows that, if initially

N/2 N/2 2N N-2
(/Pc,o (x)dx—l—A/pIhO (x)dx) <8WN/2

holds, then, this property is preserved. It proves the uniform bound on the L™/2—norm
of the densities, under the smallness condition.

This analysis shows that ||p,(t,-)||n/2 and ||pc(t,-)|| y/2 are uniformly bounded. More
precisely, we can find a constant x>0 such that

d
dt{/péV/de+A/pév/2dx}

< ( [1vopacs [ 190 pac)

. —2/N —2/N
G (/pi\wdx> /pi+N/2dx+ (/pé\wdx) /p}fN/zdm)
N/2

by using the Gagliardo-Nirenberg-Sobolev inequality. Next, we use the simple interpo-

lation inequality
2/N (N—2)/N
forars ()" ( e "

which, combined to the mass conservation, allows us to obtain

d
dt{/pi\[ﬂdx—i—A/pg/Qdm}

<_ K (mc_g/(zv_z) (/péV/Qdm

Cny2
N/(N—2)—2/N
+my 2/ (/pﬁ,\mdx) dx) .

<

)N/(N—2)—2/N

Let us set
%(t):/in/?(t,w)dx+A/p;,V/2(t,x)dx.

Owing to the elementary inequalities Cp(a’ +b%) < (a+b)? < Cy(a’ +b?%) which holds for
any a,b>0, and 6 € (0,1), we obtain the differential inequality

%%(t) <—CU ()N (N=2)=2/N

for a certain C' >0. We set ay = m >0 so that

d

a(%(t))‘“” >Cay.

We deduce the decay with a rate given by t~/*N by integrating this ODE. [ |
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4. Analysis of the kinetic model
As said in the Introduction, we adopt the functional framework introduced in [33].
Differences with the analysis in [33] are due to the following facts:

e We are dealing with a system of kinetic equations instead of considering a mere
scalar unknown.

e The coupling crosses the influence of a population on the other; accordingly
the structure of the system changes and we cannot use important properties of
the Vlasov—Poisson—Fokker—Planck system (like the compensation between the
time evolution of the kinetic energy and the potential energy, etc).

It is likely that our existence result is not optimal; it could certainly be improved by
adapting the techniques in [5]. However, Theorem 2.3 provides a unified functional
framework to handle the asymptotic issues in Theorem 2.4. It would be tempting to
extend the latter by working with renormalization methods, as in [9]. However, we are
still facing the lack of estimates on the potentials (which in the present analysis lie in
L) and of energy/entropy structure as for the usual Vlasov—Poisson-Fokker—Planck
system.

4.1. A priori estimates

What makes the norm ||| - |||, well-adapted to handle this problem can be recapped
in the following statement.
LEMMA 4.1. Let f:RN xRN —[0,00] be an integrable function such that ||| f||l, < oo for
some N <g<oo. Then

i) feLIRN xRY),

i) FOT any 1<s<q, we have || |3 <[ fllx +[I 1l

i) p(z)=[f( x v)dw lles in Lq(RN) In fact, we have ||pllp <|IIfllq-

iv) We set U(z)= [ = = le p(y)dy. Ifg> N, then ¥ € L>®(RY). Furthermore, there

exists a constant C >0 such that

g(N-1)

[ < Bllpl|r="? . A A
[Wlloo <Cllpllglloll™" 8 G-\’

Note that % <N when ¢> N >2.
Proof. The first item comes from the obvious relation

J[1eavae= [ (M) soxartava < i i,

where M is given by (1.4). Property ii) follows by interpolation: writing s =04 (1—6)gq,
0<6<1, we obtain

e e
< (//fldvdx> (//‘Aj;‘quvdx>

and we conclude by convexity. Next, the Holder inequality yields

fram ([ e (G ) )

Since [Mdv=1, we are led to ||p||q <[l f|llq- Eventually, with A>0, we split

\I'(x):/ ...dy+/ ..dy.
lz—y|<A lz—y|>A
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The second integral is obviously dominated by - ”f Aflla

1/4’
lp(y)| N-1 dr
[ s lgmerdrsio (187 ")

The right hand side is finite since ¢ > N implies (¢’ —1)(N —1) <1. Optimizing with
respect to A, we obtain the desired result. [ ]

“~=1, while we get

Let us start by establishing a priori estimates, following [33, Lemmas 2.3 & 3.1].
Let f be a solution of the Fokker—Planck equation

8tf+%(U'fo—vxfl)'vvf):éljf, (4.1)

where we assume, for the time being, that ® is a given potential. Let 2 :[0,00) — [0,00)
be a convex function. We obtain

e M)
et (). (1)

We use this relation with #(z):=29, where ¢>1. Remark that 5#"(f/M)f?/M =
q(q—1)72(f/M)M. It allows us to conclude that

(L

M

d f
— = | M
dt//(M) e+ 1550 //( )
holds. We obtain useful estimates by applying these observations to the solutions

q(g—1
g%nvx@\@)// <M> Mdvdzx
of (1.5). The following statement brings out that %, an adapted set to establish
existence—uniqueness of solutions of (1.3) and to investigate the asymptotic behavior of
solutions of (1.5) as € —0.
LEMMA 4.2. Let (f;, fs) be a solution of (1.5). We assume that

q
q)<oo

For any T >0 small enough, there exists a constant Cp such that

(4.2)

2
Mdvdx

(4.3)

sup (11750114
e>0

sup (W5 (8l + £ Ig) <O

0<t<T, >0

sup (V.05 ) oo + [IVa@E(t) ) < Cr.
0<t<T, >0

Proof. Estimate (4.3) and Lemma 4.1 apply for both the equations for f7 and f¢ in
(1.5). Let ¢> N. Let us set

Z() =G+ 17 @
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We arrive at

d

20 <€ Z(t)1+28/a
with ¢ = 942 1)( 20- ﬁ)—i—m2(1 ﬁ)) We can compare Z to the solution y:t+—y(t) of
the non linear ODE Y (t) =€y T2P/4(t), with y(0) =supeo(Illf5 olllg +1I1fol12) = Z(0).

Let T, stand for the lifespan of this solution (note that it does not depend on €). We
conclude that 0 < Z(t) <y(t) holds for every ¢t €[0,7%). ]

We shall need further estimates, that will be useful to control moments and entropy
dissipation. To be more specific, we shall make use of the following claim.
LEMMA 4.3.  Let (fy,fc) be a solution of (1.5). In addition to the hypothesis of

(&
Lemma 4.2, we assume that

2
sup (//f;,o (|1n(fj,0)|+|x|—|—1]2) dvdx) <0

holds for j€{p,c}. Then, for any T >0 small enough (as in Lemma 4.2), there exists
a constant Cr such that

2
sup (/ f€<|1n f€)|+|x|+”> dvdx) <O,
0<t<T, >0

i €49 €2 <
EI;E%A//\U f£+2Vy,/ fi|7dedadt < Cr.

Proof. Let us go back to the generic equation (4.1). We use (4.2) with € (z) =zIn(z)

%/ fln(]\‘];) dvdx+—//‘ V42V, f‘ dvdz
:%//f(ln(f)—i—? dvdx+2—€2//‘v\/f+2vv\/ﬂ2dvdx

1
<5 I9a0l [[ ravas =39, l2

with m= [[ fodvdz, by mass conservation. We shall combine this estimate with the
time evolution of the first space moment

%/ lefdvdxzé//| wfdvdr = //| ‘ vf+62v1,f
< %//fdvda:—kﬁ//‘v\/f—FQVU\/ﬂ dvde.

These inequalities do not provide directly a useful estimate since zIln(z) changes sign.
We use the decomposition

z|In(2)| = zIn(2) —22In(2)1g<,<e—w —22In(2)1-w 1<y

4
< zln(z)+ Ee_“’/Z +2wz.

With W*%( +1z|), we are led to
/ flIn(f +m—|— )dvdx—&——/ [o\/f +2V /|2 dzdzds

V. 9|2 -
/ fo(In(fo) |+|$\+ )d dx +|| 2” m+g//e_” /16=121/8 qy dur.
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We adapt readily the argument to deal with the system (1.5). |

4.2. Asymptotics analysis

We are now dealing with the rescaled system (1.5). We are going to use the uniform
estimates in Lemma 4.2 (where we remind the reader that ¢> N) and Lemma 4.3. In
what follows, we consider T'> 0 as given by Lemma 4.2.
LEMMA 4.4. We can find Ct >0 such that for j € {p,c},

s MG

T
dvdzdt

(precisely, it is of order O(€*)) where we have set 05§ :ff;dv,

Proof. Since 2< N <¢, we use Lemma 4.1-ii): we go back to (4.3) for J#(z)= 22,
bearing in mind that [f|ff|*/M dvdz is uniformly bounded with respect to € >0 and t €
(0,7, by virtue of Lemma 4.2. Integrating (4.3) over [0,7] we conclude that (4.4) holds.
The next step follows by applying the following Sobolev inequality, see [4, Corollary
2.18 and Theorem 3.2]: there exists A >0 such that for any admissible function f

Md<> affw <Aff)

Having at hand these estimates, the asymptotic analysis is now understood by
looking at the moment system, obtained by velocity averaging the equations. Integrate
(1.5) with respect to v. We obtain the following conservation equations

2
Mdvdzdt<Cr. (4.4)

Moreover, we have

2
Mdwv.

/ \f<v>—M<v> 1w

Oupe+dive JE =0,  9ypf+e NdivyJs =0, (4.5)

1
J;:E/vf;dv.

Similarly, multiplying (1.5) by v and integrating yield

where we have set

628tJ§—I—Divm/(v@v)fjdv—&—pZVI(I)Z:—Jcﬁe,
(4.6)
623,5Jf,+Divm/(v®v)f;dv+p;VI<I>;: —Jpe-

LEmMMA 4.5. For j€{p,c}, on the one hand, the sequence (J6 is bounded in

j)e>0
L2((0,T)xRYN), and on the other hand, we can rewrite
/v@vf;dv:pEH—i—eR;

where (R;)oo is bounded in L?((0,T) x RN).
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Proof. We write

[ fupasa= [ | [ £ f€”> ot
[ 15 o
< ?2/0 //M‘Vv (ﬁ) 2dvdxdt§CT,

and we conclude by going back to (4.4). Next R is defined by

R; /v®v\ﬁ fe?/pi dw,

so that
€ _ psM|?
RS2 §/\v|4Mdv y /Mdv,
and we conclude by using the estimates that have led to Lemma 4.4. [ ]

Possibly at the price of extracting subsequences, we can assume that
05— pj weakly in L9((0,T) x RV,
J5—J; weakly in L2((0,T) x RY),
V@5 — V@ weakly-x in L>((0,7°) x RM).

Hence the only difficulty for passing to the limit in (4.5)—(4.6) relies on the non linear
term pjV, @5

LEMMA 4.6.  Up to a subsequence, p§ converges to pj, for j€ {p,c}, strongly in
L#(0,T; L™ (RN)) for any 1<s<oo, 1<r<gq.

Proof. The proof relies on a suitable application of the average lemma. Indeed, by
Lemma 4.2 and Lemma 4.1, f; is bounded in L>(0,T; LY(RY x RY)), with ¢ > N, thus,

by a mere interpolation argument, it is bounded also in L2((0,7") x RY x R). Tt satisfies
(€O +v-Vai)fi=Vy-g°

with

9 =fV, <1>E+Wx£v (L)

It follows from (4.4) that g¢ is bounded in L2((0,7) x RY x RY). Then, the average
lemma, see for instance [11] or [26, Lemma 4.2], tells us that
dx dt} =0

lim / /
[h|—0 e>0 B(0,R)

holds for any 1 € C2°(RY), 0 < R < co. Since the kinetic energy is uniformly bounded, we
can work with smooth functions 1), not necessarily compactly supported. In particular,
we have

/f (t,x+h,v)(v)dv— /f (t,z,v)(v)dv

T
lim SUP/ / ’p;(t,w—i-h)—pj(t,ac)‘dedt =0
|h|=0 | e>0J0 JB(0,R)
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Furthermore ;0§ =V, - J£ is bounded in L?(0,T; H~'(RY)), by virtue of Lemma 4.5.
We deduce that pf is relatively compact in L?((0,7) x B(0,R)) for any 0 < R < oo, and
thus in L'((0,7) x B(0,R)) too (see for instance Appendix B in [3]). Going back to
Lemma 4.3, we see that |z[p§ is bounded in L*>(0,T; L' (R")), which allows us to con-

clude that p§ converges to p; strongly in L'((0,7)x B(0,R)) (up to a subsequence).
Finally, by Lemma 4.1 and 4.2, we know that p§ is bounded in L>(0,7;L4(R")). In-

terpolation estimates then tell us that the convergence holds in any L"(0,7;L%(RY)),
for 1<r<oo, 1<s<q. ]

Combining Lemma 4.1 and Lemma 4.6, we can pass to the limit in the product
p5V @5, say weakly in L7(0,T;L*(RY)), for 1 <r<oo, 1 <s<gq, at least for a suitable
subsequence. Accordingly, we obtain

Opj +div,J; =0, —J;=Vp;+piVaP;,

when we let € go to 0 in (4.5) and (4.6). We thus find the system (1.1)—(1.2). Finally,
since 9;p§ is bounded in L?(0,T; H'(RY)) we can also assume that

liy [ 5 (t.a)pla)do= [ py(t.)p(a)do

uniformly on [0,77], for any trial function ¢ € L (RY), so that the initial data for the
limiting equation also makes sense.

4.3. Existence of solutions
Let (fe, fp) be the solution of the linear system

6tfc+v'vwfc_vz‘i~)c'vvfc:L(fc)
8tfp+v'va:fp_qu)p'vvfp:[/(fp)a

with initial condition f; g, fp,0>0, where the potentials are given by the convolution
formulae

~ - r—y = ~ r—y
qu)c:—C’N/pp(t,y)Wdy, qu)p:aCN/pc(tvy)Wdy

Note that f, f,>0. We denote .7 (pe,pp) = (pe,pp), With (pe,pp) = [ (fe, fp)dv. Owing
to Lemma 4.1 and reproducing the estimates in the proof of Lemma 4.2, we readily
find an invariant set for .. To be more specific, let us set Zo = ||| fe,0lllg + |l fp.0lllq- Let
K > HRy. Suppose supg<i<r(lpe(t, )llq+10p(t,-)llq) <, with ¢ > N. By (4.3), Lemma
4.1 and the Gronwall lemma, we get

S (|||fc( Mg+ NFot ) llg) < o,

for a certain constant C'> 0, which depends on g, N ,M¢,My. From now on, we can thus
fix 0 <T < T, small enough such that (5, pp) > (fec, fp) leaves the ball with radius # in
¢4, invariant. Accordingly, the convex set

@ - {pc,pp (0,7) x RN —[0,00], /(pc,pp)dx:(mc,mp),

sup, (o6l + oyt < 2}

0<t<T
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is left invariant by the mapping .. Furthermore, reproducing the arguments of the
proof of Lemma 4.3, we observe that

sup //(v +lz|)(fe+ fp)dvde < C(T,2%) (4.7)

0<t<T

holds.

Next, let us pick two pairs (pe,1,0p,1) and (pe,2,pp,2) in this set ¢, and consider the
associated solutions (f.;,fp;). We define (6.,0p) = (fe2— fe1,fp2— fp,1). We check
that (dc,0p) verifies the system

atéc+v'vw(sc_vm&)c,l Vq,éc:L((Sc)—FVm ( 02_ ) V fc 25
Ouby+v-Vaby = V1 Vody = L(0y) + Vi (B2~ Byt ) - Vi fyz

Repeating the manipulations that have led to (4.3), we get
d 1 1 ) )
3o (St [ () (2)
=Y o s II° g
<d 7 2
<L HvanHoo # (57 ) Mdvda
+/ (2 1,9 (ci> —<i>>v 9 qudz
M 2V 2 1 v M

with & (resp. ®;, f;) either &, or d. (resp. ®, ;) or ®.;, fp; or fe;). The additional
term is dominated by using the Cauchy—Schwarz inequality

/ 2" (1\64) £V, (ég—él) vvidvdx

2
Mdvdzx

<|v. (<i>2—<i>1)Hoo/ 2" (JZ) (1\54> dvdz
<[v. (#:-81) (//ff” (5)‘ (A‘D | Mdvdf/z
‘ ( JIEG () f\;dvdm>

Mdvdzx

()
Hv (&:-@ H /%”( >f2dvd

We use this relation with 52 (2) =2%, with 1 <s<g¢. The last integral can be estimated
by using the Holder inequality as follows

() e ()" (5
D e
oo 5 s ] (5 ).

2/s
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We arrive at
;//(&)SMdvdx g
T wan] ] (5)
P, (65
X ((l—i) // (&)SMdvdx—i—i// <ﬁ>stvdx>.

Then, using the definition of |||-|||s together with the Gronwall lemma, we obtain

oMz < 1) [ ¥ (8- (0|t lzan

ol [ e

s(s— B 2
+72 Hvan(f,.)H dr}.

oo

Coing back to Lemma 4.1 we can find a constant C(T,%) such that

~ 2
oI <TETR) sup |7, (2-81) (r)]|_.
0<t<T oo

for any 0<¢<T. Using the estimates in Lemma 4.1 again, we obtain
.. 2
|9 (82=:) ()| <CllGa =) 2N G2 ) .

It allows to conclude that the following continuity property holds: if ((ﬁcymﬁpyn))

is a sequence of elements of ¥ which converges to (j.,p,) in L2 (0,T;L*(RY)), then
((fc7n’fp’n))’rl€N converges to (fe,fp) strongly in €, and therefore ((pcymppyn))neN

converges to (pe,pp) in L2(0,T;L*(RY)). (We remind the reader that 1<28<s.)

Finally let us consider a sequence ((fen:fp,n)) in 4. We have seen that

neN
(fens fp,n) is bounded in €, r, and consequently, for j € {c,p},

e f;, is bounded in L*°(0,T;LY(RYN x RY)) since

q
J[ o= [[ |13 xare avde < s i)

e By interpolation supg<;<r ||| fj.n(¢,-)|[» is bounded for any 1<r <q.
Going back to (4.3) with ¢=2, we deduce that

[ s

is uniformly bounded. It follows that

Mdvdxdt<Cp

(Or+v-Vg)fin=divygjn
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where

9jn= fj,nvzi)jm + \/M X \/MV’U (%)
is bounded in L>(0,T;L?(RY xRY)). Standard average lemma tells us that the inte-
grals [ f;n(t,z,v)¢(v)dv belong to a compact in L2 ((0,T) x RY) for any ¢ € C°(RY).
Owing to (4.7), we deduce that p; . is compact in L™(0,7;L*(R"Y)) for any 1<r<oo
and 1<s<gq. It allows us to apply the Schauder theorem in order to justify the exis-
tence of a fixed point of the mapping .#. [ |

Appendix A. A comparison Lemma.
LEMMA A.1. Let X:[0,T]— (0,00), for 0 <T < oo, which satisfies for any t€[0,T],

X'(t)+aX7(t)<b

for some given a,b>0 and vy>1. Then, we can find C' >0, which depends on a,b,v,
such that
1
X0 <C(1+5757)
holds for any t€[0,T).
Proof. The estimate is directly inspired from [2, Appendix A], where a more intricate
statement is proved. Let
Z(t)=A(1 Lt
(=A( +t1/(v—1))'
We observe that t+— Z(t) is non increasing, and thus bounded from below by A=
lim;_, o Z(t) Next, we compute
Z(t)

z’(t):_A(7_1)(7_1)7 <0

since v > 1. Therefore, it follows that
Z(t
Z'(t)+aZ7(t) > A(aA’ " = (y—1)) (%)7 > A(aA"" = (y—1))

which can be made larger than b by choosing A large enough.

Since lim;_,0 Z(t) =00, we have Z(t)> X (t) at least on some interval [0,7}). Let
us set to =sup{t >0, Z(s)>X(s) on 0<s<t}. Suppose to<T: we can find ¢; € (tc,T)
such that Z(t;)=X(t1). By definition of ¢y, we can find two sequences t*) and s(*)
such that

to <t*+D <¢h) <), to <skHD <50 <ty
to<s® <tk <y,
k)

klim t*) =to = lim s ,
— 00

k—o0
X)) > z(s®)) =X (s*), X(t)> Z(t) for s+ <t <tk

(We might have t(*) =¢; and s(*) =t,.) We write

e e
/ X'(t)dt=X(t") - X (s®) > Z(t®)) - Zz(s¥)) :/ Z'(t)dt.
s(k)

s(k)
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By the mean value theorem, we can find (%) € (s ¢(*)) — which implies X (¢*))>
Z(¢®) — such that X'(¢*))>Z'(¢™). This contradicts the fact that, for any t €
[0,7] we have X'(t)+aX"(¢t) <b< Z'(t)+aZ" (t), which yields Z'(t) — X'(t) > a(X"(t) —
Z7(t)). |

Appendix B. Proof of Lemma 3.9. In fact we simply discuss the analog of
Lemma 3.9 for the operator

f(y)

v lz—yr T

frTia)= [

Let R>0. We pick M >0 and we split the integral

fde= ..d ..d
/IxSRITf(x)I x /x@ /w—yISM y;t/w_ylw y
.
! EHOIN
(L) ([ )
2¢-1
ST ( /x_mZle(y)dy) ar

- 1 20-1B(0, R)
—1 q—1 _ i q
<201 f14 /|Z|<M 2P </I<R|f(z Z)|dx> det ——r5— I£19

M -1
dr 29-1B(0,R)
—1 N-1 )
S2q ||le{|S |/0 TAq_N_;,_l Mq/\ ||fH({

q
dx

The integral over [0,M] is finite when 1 <¢g < N/A. In this case we end up with
[ wi@rae<els
lz|<R

with C' depending on N,A\,R and M. It proves that T is a bounded operator from
LY(RYN) to LY(B(0,R)).
The same estimate, together with the Lebesgue theorem, shows that

_ fy)
0= [ e

converges to Tf as 6 —0 in L4(B(0,R)). The convergence is uniform over the unit
ball of L'(RY). Next, let us consider a sequence ( f")n oy of integrable functions, with
I fnll1 =1. We readily check that, for any 6 > 0, T f,, fulfils the hypothesis of the Arzela—
Ascoli theorem. Therefore, {T5sf,, n €N} is relatively compact in C(B(0,R)), thus in
L(B(0,R)) too. We conclude that T' is a compact operator. |
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