ON BOLTZMANN EQUATIONS AND FOKKER-PLANCK ASYMPTOTICS : INFLUENCE OF GRAZING COLLISIONS

T. GOUDON Mathématiques Appliquées de Bordeaux, CNRS-Université Bordeaux I 351, cours de la Libération, F-33405 TALENCE Cedex

In this paper, we are interested in the influence of grazing collisions, with deflection angle near^π2 , in the space homogeneous Boltzmann equation. We consider collision kernels given by inverse s^{th} power force laws, and we deal with general initial data with bounded mass, energy and entropy. First, once a suitable weak formulation is defined, we prove the existence of solutions of the spatially homogeneous Boltzmann equation, without angular cut-off assumption on the collision kernel, for s ˘ 73 . Next, the convergence of these solutions to solutions of the Landau-Fokker-Planck equation is studied when the collision kernel concentrates around the value^π2 . For very soft interactions,

2 ¡ s ¡^7_3 , the existence of weak solutions is discussed concerning the Boltzmann equa-

tion perturbed by a diffusion term.

KEY WORDS: Kinetic equation, Homogeneous Boltzmann equation, Landau-Fokker- Planck equation, Grazing collisions.

1. INTRODUCTION This paper is concerned with the spatially homogeneous Boltzmann equation, (hBE), { ∂_tf = Q(f, f ) in IR^+_t × IR^3_v , f|_{t=0} = f_0 in IR^3_v (1.1) which arises in the kinetic theory of gases, assuming that the unknown f, which physically represents a density, does not depend on the space variable. This equation is intended to model the evolution of a rarefied gas driven by a binary collision dynamic. The "collision term" is defined by the following quadratic operator Q(f, f ) = ∫ IR3_{v∗ ×S}2_ω B(v − v_∗, ω)(f^′_∗f^′ − ff_∗)dv_∗dω (1.2)

with the usual notations f = f (t, v), f_∗ = f (t, v_∗), f^′ = f (t, v^′), and f^′_∗ = f (t, v^′_∗) where v^′ = v − (v − v_∗, ω)ω ; v^′_∗ = v_∗ + (v − v_∗, ω)ω (1.3) are the post-collisional velocities of two molecules colliding with velocities v and v_∗.

Let us introduce the following parametrization in the orthonormal basis (^{v−v∗}_{|v−v∗ |} , e_2, e_3) of IR^3 ω = (cos(θ), sin(θ) cos(ψ), sin(θ) sin(ψ)), cos(θ) =^{|(v−v∗ ,ω)|} |v−v_∗| , θ ∈ [0, π 2 ], ψ ∈ [0, 2π], dω = sin(θ)dθdψ. (1.4)

The kernel B is a non negative function which only depends on | v − v_∗ | and on the deflection angle θ. The precise form of B is closely related to the intermolecular potential. We focus our interest on the physically relevant cases where the forces between two particles separated by a distance r take the form F (r) =^1_{rs} , with s > 1. This assumption leads to the following expression for the collision kernel { B(v − v_∗, ω) =| v − v_∗ |^γ b(θ) | cos(θ) |^{−ν} , γ =^{s−5}_{s−1} ; ν =^{s+1}_{s−1} , (1.5) with, say, b ∈ L^∞([0,^π_2 ]), see [6], [23], . . . We recall that, following the terminology introduced in [18], a potential is said "soft" when s < 5 and "hard" for s > 5 ; if s = 5, we are dealing with a gas of Maxwell’s molecules. The case s = 2 corresponds to a Coulombian potential which is of particular interest in view of application to plasma physics [23], [4], [22], [10].

Without additional assumption on b, the kernel (1.5) presents a strong singularity for the so-called "grazing collisions" with angle θ near^π_2 . For such collisions the deflection is small and there is pratically no difference between the post-collisional velocities v^′, v^′_∗ and the velocities v, v_∗ before the collision. Then, some compensation effects are expected between large values of the impact parameter and the quantity f^′f^′_∗ − ff_∗ which vanishes when θ =^π_2 , so that the integral (1.2) makes sense. Usually, difficulties are avoided by assuming more regularity on the kernel, requiring in particular the integrability of B on the sphere S^2_ω. On a physical viewpoint, such a property is guaranteed when grazing collisions are neglected [18]. This so-called "cut-off assumption" allows us to split the collision term as follows Q(f, f ) = Q^+(f, f ) − Q^−(f, f ), Q^−(f, f ) = fLf ; Lf = ∫ S2 B(·, ω)dω ∗_v f. (1.6)

The splitting (1.6) remains essential in most of the existence results concerning the Boltzmann equation (see for instance the theory of "renormalized solutions" [13], [24] and the surveys [6], [7]) while very few papers have been published on the Boltzmann equation without the cut-off assumption. Nevertheless, consideration of grazing collisions is performed, for the homogeneous and non homogeneous Boltzmann equations, in [31] where a local in time existence result is established in Gevrey classes, including kernels (1.5) with s > 3 and without angular cut-off assumption. In the more general context of integrable solutions, the global existence for (hBE), still with s > 3, is discussed in [2].

A related question arises when we are interested in the effect of grazing collisions. Some relations are expected from phenomenological arguments [23], [6] with the Landau-Fokker-Planck equation, (LF P ), { ∂_tg = F (g) in IR^+_t × IR^3_v, g_{|t=0} = f_0 in IR^3_v (1.7) where F is the (nonlinear) differential operator of order 2 defined by F (g) = ∇ · ∫ | v − v_∗ |^{γ+2} S(v − v_∗){g(v_∗)∇g(v) − g(v)∇g(v_∗)}dvdv_∗ (1.8) with S(z) = I −^{z⊗z}_{|z|2} . The formal convergence, for smooth functions, of the operators Q_ε to the operator F , involving an unphysical small parameter ε and functions b_ε which tend to a Dirac mass δ_{θ=} π_2 , has been studied in [11], for inverse power force laws with s > 2. The Coulombian case, s = 2, is considered in [10] where b_ε is a cut-off function and a physical interpretation of ε is given in connection to the "plasma parameter". A first approach of the convergence of solutions of (hBE) to solutions of (LF P ) has been outlined in [3], under rather restrictive assumptions on collision kernels and initial data. We also mention that some recent progresses in relation to this subject have been obtained independently in [32] and a part of the results discussed in this paper was announced in [16], [17].

In this paper, we complete and generalize previous works of [2] and [3]. First, we introduce a new weak formulation for (hBE), slightly different from those of [2], which allows us to obtain an existence result for inverse power force laws up to s ≥^7_3 , without cut-off assumption on the collision kernel. Next, we consider kernels which concentrate around the value θ =^π_2 , setting in (1.5)

b(θ) = b_ε(θ) = bχ_{( π2 −ε, π2 )} (θ) (1.9)

i.e. almost each collision is grazing. After a suitable time scaling, we study the convergence to (LF P ). Our main results are the following.

Theorem 1 Let f_0 ≥ 0 satisfy (1 + v^2+ | ln(f_0) |)f_0 ∈ L^1(IR^3). We assume that B is given by (1.5) with^7_3 ≤ s < 5. If s ≥ 5, we assume moreover (1+v^2)^rf_0 ∈ L^1(IR^3) with r >^{3s−7}_{2s−2} . Then, there exists a weak solution f, in the sense of Definition 1, of (1.1) satisfying sup_{t≥0} ∫ (1 + v^2+ | ln(f ) |)fdv ≤ C_{f0} (1.10) where C_{f0} only depends on f_0.

Theorem 1 justifies the existence of a sequence f_ε of weak solutions of (hBE), associated to kernels B_ε given by (1.5, 1.9). We set, for s ≠ 2

g_ε(t, v) = f_ε(F_εt, v) ; F^{−1}_ε = 1 | 2 −^2_{s−1} | ε^{2− 2s−1} . (1.11)

Then, (LFP) is derived from (hBE) by letting ε → 0.

Theorem 2 Let^7_3 ≤ s ≤ 3 and f_0 ≥ 0 satisfy (1 + v^2+ | ln(f_0) |)f_0 ∈ L^1(IR^3). If s > 3, we assume moreover (1 + v^2)^rf_0 ∈ L^1(IR^3) with 2 ≥ r ≥ 2 −^2_{s−1} . Then, there exist a function g : IR^+_t −→ L^1_+(IR^3_v) and a subsequence, still labelled g_ε, such that for a.e. t > 0, g_ε(t) converges weakly in L^1(IR^3) to g(t) and g is a weak solution of (1.7-1.8), in the sense of Definition 2.

The results discussed in this work are obtained for general, and physically natural, initial data of bounded mass, energy and entropy ; we require a bound on higher moments not exceeding 4 for potentials s > 3. (It seems, however, that conditions on higher moments could be relaxed if one considers hard potentials, see [12], [33]). The scaling (1.11) involved here indicates that grazing collisions produce non negligible effects on long time and (LFP) retains these contributions. Finally, for very soft interactions, up to the Coulombian potential, an existence result is proved adding a diffusive perturbation term in the Boltzmann equation.

Theorem 3 Let f_0 ≥ 0 satisfy (1 + v^2+ | ln(f_0) |)f_0 ∈ L^1(IR^3). We assume that B is given by (1.5) with 2 < s <^7_3 . Then, there exists a weak solution f ∈ C^0(IR^+_t ; L^1(IR^3_v)) ∩ L^2(0, T ; L^p(IR^3_v)) with 1 ≤ p ≤^3_2 , in the sense of Definition 3, of the Fokker-Planck-Boltzmann equation (4.1).

This work is organized as follows. Section 2 is devoted to the homogeneous Boltzmann equation without cut-off assumption. In Section 3 we discuss the influence of grazing collisions and the connection to the Landau-Fokker-Planck equation. In Section 4 we complete our existence results for very soft interactions, considering the Fokker-Planck-Boltzmann equation.

2. HOMOGENEOUS BOLTZMANN EQUATION WITHOUT CUT- OFF ASSUMPTION This section is devoted to (hBE), when the collision kernel B is given by (1.5) without cut-off assumption : the function b : [0,^π_2 ] −→ IR^+ which appears in (1.5) does not truncate "grazing collisions", we only require that

0 ≤ b(θ) ≤ b. (2.1)

First, we introduce a definition of weak solution, suitabily adapted to (1.1). Next, according to [1], a sequence of approximated problems is constructed. Finally, the existence of weak solution is justified by passing to the limit in the approximated formulations.

We define a weak formulation for the problem (1.1) when the collision kernel presents a singularity given by (1.5). This formulation makes sense requiring only a "natural" L^1 regularity on the solutions f and is obtained reasoning by duality-transposition. Let ϕ be a test function ; at least formally one has ∫_t t0 ∫ ∂_tf (τ, v)ϕ(τ, v)dvdτ = − ∫_t t0 ∫ f (τ, v)∂_tϕ(τ, v)dvdτ + [ ∫ f (·, v)ϕ(·, v)dv]^t_0

= ∫_t t0 ∫ Q(f, f )ϕdvdτ = ∫_t t0 ∫ ff_∗W^ϕ(v, v_∗)dv_∗dvdτ (2.2) where W^ϕ(v, v_∗) = ∫ S2_ω B(v − v_∗, ω)(ϕ(v^′) − ϕ(v))dω. (2.3) Then, we expand ϕ as ϕ(v^′) − ϕ(v) = ∇ϕ(v) · (v^′ − v)

+ ∫_1 0 D^2ϕ(v + u(v^′ − v)) : (v^′ − v) ⊗ (v^′ − v)(1 − u)du (2.4)

where A : B denotes the contracted product ∑ i,j A_{ij} B_{ij} of two matrices A and B.

We split the right hand side of (2.2) as follows ∫ Q(f, f )ϕdv = q(f, ϕ) = q^1(f, ϕ) + q^2(f, ϕ) (2.5) where q^i(f, ϕ) involves i^{th} derivatives of the test function ϕ. By using (1.3) and the change of variable v, v_∗ → w_∗, w one remarks that

q^1(f, ϕ) = − ∫ f (v)f (v_∗)∇ϕ(v) · ∫ B(v − v_∗, ω)(v − v_∗, ω)ωdωdvdv_∗

= − 1 2 ∫ f (v)f (v_∗)(∇ϕ(v) − ∇ϕ(v_∗)) · ∫ B(v − v_∗, ω)(v − v_∗, ω)ωdωdvdv_∗. (2.6) Moreover, (1.4) yields ∫_{2π} 0 ωdψ = 2π cos(θ) v − v_∗ | v − v_∗ | . (2.7)

Finally, for a collision kernel given by (1.5), we deduce that q^1(f, ϕ) = −πI_b ∫ f (v)f (v_∗) | v − v_∗ |^{γ+1} (∇ϕ(v) − ∇ϕ(v_∗)) · v − v_∗ | v − v_∗ | dvdv_∗ (2.8) where I_b = ∫ π_2 0 b(θ) sin(θ) | cos(θ) |^{ν−2} dθ. (2.9) In particular, it is worth pointing out that the integral I_b is finite for all functions b satisfying (2.1) provided s > 2.

The second order term reads as follows

q^2(f, ϕ) = ∫ f (v)f (v_∗) | v − v_∗ |^{γ+2} { ∫ π_2 0 ∫_{2π} 0 ∫_1 0 D^2ϕ(v + u(v^′ − v))(1 − u)du : ω ⊗ ωdψ b(θ) sin(θ) | cos(θ) |^{ν−2} dθ}dvdv_∗. (2.10) Let us denote by C^1_{2,∞} the space of test functions ϕ : IR^+_t × IR^3_v −→ IR continuously differentiable with compact support in IR^+_t , twice continuously differentiable in IR^3_v and such that ‖ ϕ ‖= sup_{t,v} | ϕ 1 + v^2

| + sup_{t,v} | ∂_tϕ 1 + v^2 | + sup_{t,v} | D^2_vϕ |< ∞. Previous computations suggest to introduce the following weak formulation for (hBE). Definition 1 We say that f : IR^+_t −→ L^1(IR^3) is a weak solution of (1.1), for a collision kernel (1.5), if for all ϕ ∈ C^1_{2,∞}, one has − ∫_∞ 0 ∫ f∂_tϕdvdτ − ∫ f_0ϕ(0, v)dv = −πI_b ∫_∞ 0 ∫ ff_∗ | v − v_∗ |^{γ+1} (∇ϕ(v) − ∇ϕ(v_∗)) · v − v_∗ | v − v_∗ | dvdv_∗dτ

+ ∫_∞ 0 ∫ ff_∗ | v − v_∗ |^{γ+2} { ∫ π_2 0 ∫_{2π} 0 ∫_1 0 D^2ϕ(v + u(v^′ − v))(1 − u)du : ω ⊗ ωdψ b(θ) sin(θ) | cos(θ) |^{ν−2} dθ}dvdv_∗dτ (2.11) with I_b defined by (2.9).

Definition 1 is allowable by remarking that expressions (2.8) and (2.10) make sense for ϕ ∈ C^1_{2,∞} and (1 + v^2)^rf ∈ L^1(IR^3), with r ≥^{3s−7}_{2s−2} . Indeed, we have Lemma 1 Let s ≥^7_3 . Then, denoting σ =^{3s−7}_{2s−2} , one has , for i ∈ {1, 2}, | q^i(f, ϕ) |≤ C_sI_b ‖ ϕ ‖ ( ∫ (1 + v^2)^σfdv)^2. (2.12)

Proof. Obviously, | ∇ϕ(v) − ∇ϕ(v_∗) |≤‖ D^2ϕ ‖_{L∞} | v − v_∗ | holds for ϕ in C^1_{2,∞}. Thus, one gets | q^1(f, ϕ) |≤ πI_b ‖ D^2ϕ ‖_{L∞} ∫ f (v)f (v_∗) | v − v_∗ |^{γ+2} dvdv_∗. For s ≥^7_3 , we have γ + 2 =^{3s−7}_{s−1} ≥ 0, then, by using the elementary inequality | v − v_∗ |^{γ+2}≤ C_s(| v |^{γ+2} + | v_∗ |^{γ+2}) we deduce immediately the asserted bound for q^1(f, ϕ). Similar considerations apply to q^2(f, ϕ).

Remark 1 For a weak solution f in the sense of Definition 1, we cannot, in general, split the term q^1(f, ϕ) given by (2.8) since ∇ϕ(v) − ∇ϕ(v_∗) compensates the singularity with respect to the velocity of the collision kernel. Furthermore, this definition allows us to extend the result of [2] up to s ≥^7_3 and also will reveal the natural connection to (LF P ) in Section 3.

Remark 2 For soft and Maxwell’s potentials,^7_3 ≤ s ≤ 5, we have 0 ≤ σ ≤ 1. Then, (2.12) can be evaluated by using bounds on mass and energy. By truncation, we define a sequence of approximations of the collision kernel (1.5) B_n(v − v_∗, θ) = b(θ) | cos(θ) |^{−ν} χ_n (θ) | v − v_∗ |^{γ−1} χ̃_n (| v − v_∗ |) (2.13) where we denote by

χ_n (θ) = { 1 if 0 ≤ θ ≤^π_2 −^1_n 0 otherwise ; χ̃_n (| z |) = | z | if^1_n ≤| z |≤ n n if | z |> n 0 otherwise. (2.14)

Obviously, for each n, the kernel B_n is bounded, 0 ≤ B_n(v − v_∗, θ) ≤ C_n where C_n behaves like n^{ν+|γ|}. Then, we recall the following existence result, see [1].

Lemma 2 [1] Let f_0 ∈ L^1_+(IR^3) and let B_n be defined by (2.13-2.14). Then, there exists a unique solution f_n : IR^+_t −→ L^1_+(IR^3_v) of (1.1). If, moreover, v^2f_0 ∈ L^1_+(IR^3) then, for all t > 0, we have ∫ (1, v, v^2)f_n(t)dv = ∫ (1, v, v^2)f_0dv, (2.15)

and, if f_0 ln(f_0) ∈ L^1(IR^3), then t −→ ∫ f_n(t) ln(f_n(t))dv is a non increasing function of time.

Throughout the paper, the initial data f_0 is assumed to satisfy at least ∫ f_0(1 + v^2+ | ln(f_0) |)dv < ∞ (2.16)

so that Lemma 2 yields sup_{n,t} ∫ f_n(1 + v^2+ | ln(f_n) |)dv < C_{f0} (2.17)

where the constant C_{f0} only depends on (2.16) (see for instance [13]). Furthermore, it can be shown a useful estimate on higher moments of the solutions, considering hard or Maxwell’s potential.

Lemma 3 [15] Let s ≥ 5 and f_0 satisfy (2.16). Moreover, we assume | v |^k f_0 ∈ L^1_+(IR^3), k > 2. Then, we have sup_{n,t} ∫ | v |^k f_n(t)dv ≤ C_{s,f0} (2.18) where C_{s,f0} only depends on s and on the moments of f_0 of order not exceeding k. Next, let us establish the following remarkable equi-continuity result. Lemma 4 Let^7_3 ≤ s ≤ 5 and f_0 satisfy (2.16). If s > 5, we assume moreover (1 + v^2)^rf_0 ∈ L^1(IR^3) with r ≥^{3s−7}_{2s−2} . Let ϕ ∈ C^1_{2,∞}. We set F_n(t) = ∫ f_n(t, v)ϕ(t, v)dv. Then, one has | F_n(t_1) − F_n(t_2) |≤ C_{Ib,f0} ‖ ϕ ‖| t_1 − t_2 | (2.19) where C_{Ib,f0} depends on s, I_b and f_0.

Proof. Since f_n satisfies the weak form (2.11), we have

| F_n(t_1) − F_n(t_2) |=| ∫_{t1} t2 ∫ f_n(τ, v)∂_tϕ(τ, v)dvdτ + ∫_{t1} t2 (q^1_n(f_n, ϕ) + q^2_n(f_n, ϕ))dτ |

with q^1_n(f_n, ϕ), q^2_n(f_n, ϕ) defined by (2.8) and (2.10) respectively, where b(θ) | v − v_∗ |^γ is replaced by b(θ)χ_n(θ) | v − v_∗ |^{γ−1} χ̃_n(| v − v_∗ |). Then, Lemma 1 leads to

| F_n(t_1)−F_n(t_2) |≤‖ ϕ ‖ ( ∫_{t1} t2 ∫ (1 + v^2)f_ndvdτ +C_sI_b ∫_{t1} t2 ( ∫ (1 + v^2)^σf_ndv)^2dτ ).

Hence, for^7_3 ≤ s ≤ 5, since 0 ≤ σ ≤ 1, it follows that

| F_n(t_1) − F_n(t_2) |≤| t_1 − t_2 |‖ ϕ ‖ ( ∫ (1 + v^2)f_0dv + C_sI_b( ∫ (1 + v^2)f_0dv)^2)

by (2.15). If the potential is hard, then σ > 1 and the asserted estimate is obtained by using the additional assumption on the initial data and Lemma 3

| F_n(t_1) − F_n(t_2) |≤| t_1 − t_2 |‖ ϕ ‖ ( ∫ (1 + v^2)f_0dv + C_sI_bC^2_{s,f0} )

with C_{s,f0} depending on s and on the moments of f_0 of order not exceeding 2r.

Combining (2.17) with Lemma 4, one deduces the following compactness property. Lemma 5 Let^7_3 ≤ s < 5 and f_0 satisfy (2.16). If s ≥ 5, we assume moreover | v |^k f_0 ∈ L^1_+(IR^3) with k > 2σ =^{3s−7}_{s−1} . Then, there exist a function f : IR^+ −→ L^1_+(IR^3) and a subsequence, still denoted f_n, such that, for each time t ≥ 0 and all ϕ satisfying^{|ϕ(v)|}_{(1+v2)σ} ≤ C, one has lim n→∞ ∫ f_n(t)ϕdv = ∫ f (t)ϕdv. (2.20)

Proof. First, by using the diagonal process of Cantor and the Dunford-Pettis criterion, one deduces from (2.17) that we can extract a subsequence, still labelled f_n, such that for each rational t ≥ 0, f_n(t) converges weakly to a function f (t) in L^1_+(IR^3). In fact, the bounds on f_n, see Lemma 2-3, imply that convergence (2.20) holds for such t. Now, pick a non negative time t ∈ IR\IQ. We set f (t) = lim_{t∈IQ→t} f (t) in L^1(IR^3). By (2.17), we can assume that f_n(t) converges weakly to a function g in L^1_+(IR^3). The proof is completed by showing that g = f (t). To this end, we use Lemma 4. We set G(ϕ)(t) = lim_{n→∞} F_n(t) and F (ϕ)(t) = ∫ f (t, v)ϕdv. Then, for ϕ ∈ C^1_{2,∞}, one has | G(ϕ)(t) − F (ϕ)(t) |≤| G(ϕ)(t) − F_n(ϕ)(t) | + | F_n(ϕ)(t) − F_n(ϕ)(t) | + | F_n(ϕ)(t) − F (ϕ)(t) | + | F (ϕ)(t) − F (ϕ)(t) | where t is a rational approaching t. Fix ε > 0. By (2.19) and the definition of f, we deduce that sup_n | F_n(ϕ)(t) − F_n(ϕ)(t) | + | F (ϕ)(t) − F (ϕ)(t) |≤ ε holds when t is sufficiently close to t. Furthermore, choosing n large enough gives | G(ϕ)(t) − F_n(ϕ)(t) | + | F_n(ϕ)(t) − F (ϕ)(t) |≤ ε. Hence, | G(ϕ)(t) − F (ϕ)(t) |≤ 2ε. Thus G(ϕ)(t) = F (ϕ)(t) for regular function ϕ which leads to f (t) = g.

It remains to pass to the limit n → ∞ in the following weak formulation satisfied by f_n − ∫_∞ 0 ∫ f_n∂_tϕdvdτ − ∫ f_0ϕ(0, v)dv = ∫_∞ 0 (q^1_n(f_n, ϕ) + q^2_n(f_n, ϕ))dτ (2.21) where we recall that, for i ∈ {1, 2}, q^i_n(f_n, ϕ) = ∫ f_n(v)f_n(v_∗)W^{ϕ,i}_n (v, v_∗)dvdv_∗ (2.22) with W^{ϕ,1}_n (v, v_∗) = −πI_n(∇ϕ(v) − ∇ϕ(v_∗)) · v − v_∗ | v − v_∗ | | v − v_∗ |^γ χ̃_n(| v − v_∗ |),

W^{ϕ,2}_n (v, v_∗) = ∫ π_2 0 { ∫_{2π} 0 ∫_1 0 D^2ϕ(v + u(v^′ − v))(1 − u)du : ω ⊗ ωdψ χ_n(θ) b(θ) sin(θ) | cos(θ) |^{ν−2} dθ} | v − v_∗ |^{γ+1} χ̃_n(| v − v_∗ |) (2.23)

and I_n = ∫ π_2 0 χ_n(θ) b(θ) sin(θ) | cos(θ) |^{ν−2} dθ.

There is no difficulty to pass to the limit in the left hand side of (2.21). Also it is obvious that W^{ϕ,1}_n and W^{ϕ,2}_n converge almost everywhere to W^{ϕ,1}_b (v, v_∗) = −πI_b(∇ϕ(v) − ∇ϕ(v_∗)) · v − v_∗ | v − v_∗ | | v − v_∗ |^{γ+1},

W^{ϕ,2}_b (v, v_∗) = ∫ π_2 0 { ∫_{2π} 0 ∫_1 0 D^2ϕ(v + u(v^′ − v))(1 − u)du : ω ⊗ ωdψ

b(θ) sin(θ) | cos(θ) |^{ν−2} dθ} | v − v_∗ |^{γ+2} (2.24) respectively with

sup_n | W^{ϕ,1}_n |, sup_n | W^{ϕ,2}_n |, | W^{ϕ,1}_b |, | W^{ϕ,2}_b |≤ C_s ‖ ϕ ‖ I_b(1 + v^2)^σ(1 + v^2_∗)^σ. (2.25)

Thus, Lemma 5 implies that, for i ∈ {1, 2}, F^{ϕ,i}_n (t, v) = ∫ f_n(t, v_∗)W^{ϕ,i}_n (v, v_∗)dv_∗ −→ F^{ϕ,i}(t, v) = ∫ f (t, v_∗)W^{ϕ,i}_b (v, v_∗)dv_∗ a.e. and, moreover | F^{ϕ,i}_n |, | F^{ϕ,i} |≤ C_{s,f0} ‖ ϕ ‖ I_b(1 + v^2)^σ. Hence, the right hand side of (2.21) converges to ∫_∞ 0 (q^1(f, ϕ) + q^2(f, ϕ))dτ. Finally, the proof of Theorem 1 is achieved by remarking that estimate (1.10) is a classical consequence of (2.17) and Lemma 5. We also note that, for s ≥ 5, assuming | v |^k f_0 ∈ L^1(IR^3) with k ≥ 2, Lemma 3 leads to ∫ | v |^k fdv ≤ C_{s,f0} . (2.26)

Remark 3 Conservation of energy It is clear from (2.26) that a sufficient condition, when s ≥ 5, to obtain the conservation of energy is given by | v |^{2+κ} f_0 ∈ L^1(IR^3), with κ > 0. However, according to [2], we can prove that, for 3 ≤ s ≤ 5, the conservation of energy holds assuming v^2f_0 ∈ L^1(IR^3). Indeed, in this case ϕ(v) = v^2 satisfies | v − v_∗ |^{γ+1} f (v)f (v_∗)∇ϕ(v) · v − v_∗ | v − v_∗ | ≤ C(1+ | v − v_∗ |)f (v)f (v_∗) | v | ≤ C(1 + v^2 + v^2_∗)f (v)f (v_∗), this last term being integrable on IR^3 × IR^3. It follows from (2.12) that B(v − v_∗, ω)f (v)f (v_∗)(v^{′2}−v^2) is integrable on IR^3 ×IR^3 ×S^2, therefore ∫ Q(f, f )v^2dv = 0. Let ϕ_R ∈ C^∞_0 (IR^3) approximate v^2. Then, from the weak form, we obtain ∫ f (t)ϕ_Rdv = ∫ f_0ϕ_Rdv + ∫_t 0 ∫ Q(f, f )ϕ_R(v)dvdτ. Letting R → ∞, we get finally ∫ f (t)v^2dv = ∫ f_0v^2dv. We conclude this section by a discussion on the higher moments of the solutions, concerning soft potentials. This result is adapted to our context from [2] and will be needed in next section.

Lemma 6 Let^7_3 ≤ s ≤ 5 and f_0 satisfy (2.16). If, moreover, (1 + v^2)^rf_0 ∈ L^1(IR^3) for some 1 ≤ r ≤ 2, then the solution f of (1.1) obtained in Theorem 1 satisfies for all t > 0, ∫ (1 + v^2)^rf (t, v)dv ≤ e^{C0Ibt} ∫ (1 + v^2)^rf_0dv (2.27) with C_0 depending only on r and (2.16).

Proof. Let us introduce a test function ϕ_R ∈ C^∞_0 defined by { ϕ_R(v) = (1 + v^2)^r on B(0, R), supp(ϕ_R) ⊂ B(0, 2R), 0 ≤ ϕ_R(v) ≤ (1 + v^2)^r, | ∇_vϕ_R(v) |≤ c(1 + v^2)^{r− 1}2 , | D^2_vϕ_R(v) |≤ c(1 + v^2)^{r−1}. (2.28) Writing ∇ϕ_R(v) − ∇ϕ_R(v_∗) = ∫_1 0 D^2ϕ_R(v + u(v_∗ − v))(v_∗ − v)du, one gets | q^1_n(f_n, ϕ_R) |≤ I_bπ ∫ f_n(v)f_n(v_∗) | v − v_∗ |^{γ+2} 8^{r−1}c_r(1 + v^2)^{r−1}(1 + v^2_∗)^{r−1}dvdv_∗

since r ≥ 1, while the collision kernel is evaluated by using

| v − v_∗ |^{γ+2}≤ (1+ | v − v_∗ |)^2 ≤ 4((1 + v^2) + (1 + v^2_∗))

for^7_3 ≤ s ≤ 5. This implies that | q^1_n(f_n, ϕ_R) |≤ I_bπ8^rc_r ∫ f_n(v)(1 + v^2)^rdv ∫ f_n(v_∗)(1 + v^2_∗)^{r−1}dv_∗

holds. A similar conclusion can be drawn for q^2_n(f_n, ϕ_R). With 1 ≤ r ≤ 2, (1.10) gives ∫ f_n(t, v)ϕ_R(v)dv ≤ ∫ f_0(v)ϕ_R(v)dv + ∫_t 0 | q^1_n(f_n, ϕ_R) | + | q^2_n(f_n, ϕ_R) | dτ

≤ ∫ f_0(v)(1 + v^2)^rdv + I_b3π8^rc_r ∫ f_0(v)(1 + v^2)dv ∫_t 0 ∫ f_n(τ, v)(1 + v^2)^rdvdτ. Letting R → ∞, we deduce that ∫ (1 + v^2)^rf_n(t, v)dv ≤ ∫ (1 + v^2)^rf_0(v)dv exp(t.I_b3π8^rc_r ∫ (1 + v^2)f_0(v)dv)

holds by applying Gronwall’s lemma. Hence, we conclude by using the weak convergence of f_n(t) to f (t).

3. INFLUENCE OF GRAZING COLLISIONS, LANDAU-FOKKER- PLANCK EQUATION According to the existence result proved in Section 2, we can consider a sequence of kernels B_ε which concentrates on grazing collisions. Then, in this Section, we wish to investigate the behaviour of the associated weak solutions f_ε of (hBE) when ε goes to 0. First, we define a weak formulation for (LF P ), rather close to Definition 1. Next, we introduce a suitable time scaling and, then, we establish the convergence stated in Theorem 2.

Definition 2 We say that g : IR^+_t −→ L^1_+(IR^3) is a weak solution of (1.7-1.8), if

for all ϕ ∈ C^1_{3,∞}, we have − ∫_∞ 0 ∫ g∂_tϕdvdτ − ∫ f_0ϕ(0, v)dv = ∫_∞ 0 ∫ gg_∗ | v − v_∗ |^{γ+1}

{−2(∇ϕ(v) − ∇ϕ(v_∗)) · v − v_∗ | v − v_∗ | + | v − v_∗ | D^2_vϕ(v) : S(v − v_∗)}dvdv_∗dτ. (3.1) Formally, this definition remains equivalent to (1.7-1.8), since one has for sufficiently

regular functions ∫ F (g, g)ϕdv = − ∫ | v − v_∗ |^{γ+2} S(v − v_∗)(g(v_∗)∇g(v) − g(v)∇g(v_∗)) · ∇ϕ(v)dv_∗dv

= ∫ gg_∗ | v − v_∗ |^{γ+2} S(v − v_∗) : D^2ϕ(v)dv_∗dv

+ ∫ gg_∗(div_v − div_{v∗} )(| v − v_∗ |^{γ+2} S(v − v_∗)) · ∇ϕ(v)dv_∗dv (3.2) and one remarks that div_v(| v − v_∗ |^{γ+2} S(v − v_∗)) = −div_{v∗} (| v − v_∗ |^{γ+2} S(v − v_∗))

= −2 | v − v_∗ |^{γ+1} v − v_∗ | v − v_∗ | . (3.3)

Hence, repeating (2.6), we obtain (3.1). In particular, the estimates of Section 2

ensure that the right hand side of (3.1) makes sense for ϕ ∈ C^1_{2,∞} and (1 + v^2)^rg in-

tegrable on IR^3 with r ≥ σ^′ = 2−^2_{s−1} . In Definition 2, we denote by C^1_{3,∞}, the space

of test functions ϕ ∈ C^1_{2,∞}, three times continuously derivable in v with bounded

third derivatives (the regularity C^3 will be needed later to pass to the limit ε −→ 0).

We consider a sequence of collisions kernels defined by { B_ε(v − v_∗, ω) =| v − v_∗ |^γ | cos(θ) |^{−ν} b_ε(θ), b_ε(θ) =^2_π χ_{( π2 −ε, π2 )} (θ). (3.4)

Such a kernel only sees scattering with deflection angle near^π_2 . For s ≥^7_3 , Theorem 1 guarantees the existence of a weak solution f_ε : IR^+_t −→ L^1_+(IR^3_v) of (1.1) in the sense of Definition 1. Moreover, we can also deduce from the previous section that (1.10) holds uniformly in ε.

One remarks that, for s > 2, the behaviour of I_ε is given by π 2 I_ε = 1 3 − ν | cos( π 2 − ε) |^{3−ν} ∼ ε^{3−ν} 3 − ν = ε^{2− 2s−1} 2 −^2_{s−1}

. (3.5)

Then, we set F^{−1}_ε = ε^{2− 2s−1} 2 −^2_{s−1}

(3.6) and we introduce the following time scaling

g_ε(t, v) = f_ε(F_εt, v). (3.7)

In other words, we are studying the influence of grazing collisions with deflection angle^π_2 − ε ≤ θ ≤^π_2 for time scale of order F_ε.

Estimate (1.10) implies that

sup_{ε>0} sup_{t≥0} ∫ (1 + v^2+ | ln(g_ε) |)g_εdv ≤ C_{f0} (3.8)

holds for an initial data f_0 satisfying (2.16). Moreover, when^7_3 ≤ s ≤ 5, assuming (1 + v^2)^rf_0 ∈ L^1(IR^3), with 2 ≥ r > 2 −^2_{s−1} , Lemma 6 gives ∫ (1 + v^2)^rg_ε(t, v)dv ≤ C_{r,f0,T} (3.9)

for all t ∈ [0, T ], where C_{r,f0,T} depends only on r, T and f_0 but not on ε. Such an estimate holds globally in time for s ≥ 5, see (2.26).

Finally, by plugging in (2.11) the following test function

ϕ_ε(t, v) = ϕ(F^{−1}_ε t, v) (3.10) with ϕ ∈ C^1_{2,∞}, we are led to − ∫_∞ 0 ∫ g_ε(τ, v)∂_tϕ(τ, v)dvdτ − ∫ f_0ϕ(0, v)dv = ∫_∞ 0 (q̃^1_ε (g_ε, ϕ) + q̃^2_ε (g_ε, ϕ))dτ (3.11) where we adopt from now on the following notation

q̃^1_ε (g_ε, ϕ) = −πI_εF_ε ∫ g_ε(v)g_ε(v_∗) | v − v_∗ |^{γ+1}(∇ϕ(v) − ∇ϕ(v_∗)) · v − v_∗ | v − v_∗ | dv_∗dv (3.12) and q̃^2_ε (g_ε, ϕ) =^{2Fε}_π ∫ g_ε(v)g_ε(v_∗) | v − v_∗ |^{γ+2}

{ ∫ π_2 π 2 −ε ∫_{2π} 0 ∫_1 0 D^2ϕ(v + u(v^′ − v))(1 − u)du : ω ⊗ ωdψ sin(θ) | cos(θ) |^{ν−2} dθ}dv_∗dv. (3.13) The following Lemma legitimate our interest in the convergence when ε goes to 0 in (3.11).

Lemma 7 Let^7_3 ≤ s ≤ 5 and f_0 satisfy (2.16). If s > 5, we assume moreover | v |^k f_0 ∈ L^1(IR^3) with k ≥^{3s−7}_{s−1} > 2. Let ϕ ∈ C^1_{2,∞}. We set G_ε(t) = ∫ g_ε(t)ϕdv. Then, one has | G_ε(t_2) − G_ε(t_1) |≤ C_{f0} ‖ ϕ ‖| t_2 − t_1 | (3.14) where C_{f0} depends on f_0 and s .

Indeed, combining Lemma 7 with estimates (3.8-3.9), one deduces the following analogue of Lemma 5.

Corollary 1 Let^7_3 ≤ s < 5 and f_0 satisfy (2.16). If s ≥ 5, we assume moreover | v |^k f_0 ∈ L^1(IR^3) with k > 2σ =^{3s−7}_{s−1} . Then, there exist a function g : IR^+ −→ L^1_+(IR^3) and a subsequence, still denoted g_ε, such that, for each time t ≥ 0 and all ϕ satisfying^{|ϕ(v)|}_{(1+v2)σ} ≤ C, one has

lim_{ε→0} ∫ g_ε(t)ϕdv = ∫ g(t)ϕdv. (3.15)

The proof follows arguments in Lemma 4-5 and is omitted.

We achieve the proof of Theorem 2 by passing to the limit ε −→ 0 in (3.11). In fact, there is no difficulty to pass to the limit in (3.12) and one gets immediately for the first order term

lim_{ε→0} q̃^1_ε (g_ε, ϕ) = −2 ∫ g(v)g(v_∗) | v − v_∗ |^{γ+1} (∇ϕ(v) − ∇ϕ(v_∗)) · v − v_∗ | v − v_∗ | dv_∗dv. (3.16) Indeed, q̃^1_ε (g_ε, ϕ) reads as follows

q̃^1_ε (g_ε, ϕ) = F_ε ∫ g_ε(v)g_ε(v_∗)W^{ϕ,1}_ε (v, v_∗)dv_∗dv (3.17)

with W^{ϕ,1}_ε defined by (2.24), b_ε replacing b. Then, on the one hand, by the definition (3.5-3.6), we have lim_{ε→0} πI_εF_ε = 2, (3.18) and, on the other hand,

F_ε | W^{ϕ,1}_ε (v, v_∗) |≤‖ ϕ ‖ C_s(1 + v^2)^σ(1 + v^2_∗)^σ. (3.19)

This is sufficient to justify (3.16). To deal with q̃^2_ε (g_ε, ϕ) given by (3.13), we expand ϕ up to order 3 ϕ(v^′) − ϕ(v) = ∇ϕ(v) · (v^′ − v) + 1 2 D^2ϕ(v) : (v^′ − v) ⊗ (v^′ − v)

+ ∫_1 0 (1 − u)^2 2 D^3ϕ(v + u(v^′ − v))(v^′ − v)^{⊗3}du. (3.20) Therefore, we note that ∫_{2π} 0 ω ⊗ ωdψ = πS(v − v_∗) + π cos^2(θ)(2I − 3S(v − v_∗)). (3.21)

Then, we split

q̃^2_ε (g_ε, ϕ) = q̃^{2,1}_ε (g_ε, ϕ) + q̃^{2,2}_ε (g_ε, ϕ) + q̃^R_ε (g_ε, ϕ) (3.22) where

q̃^{2,1}_ε (g_ε, ϕ) = π 2 F_εI_ε ∫ g_ε(v)g_ε(v_∗) | v − v_∗ |^{γ+2} D^2ϕ(v) : S(v − v_∗)dv_∗dv,

q̃^{2,2}_ε (g_ε, ϕ) = F_εJ_ε ∫ g_ε(v)g_ε(v_∗) | v − v_∗ |^{γ+2} D^2ϕ(v) : (2I − 3S(v − v_∗))dv_∗dv (3.23) with J_ε = ∫ π_2 π 2 −ε sin(θ) | cos(θ) |^{ν−4} dθ (3.24) and q^R_ε (g_ε, ϕ) is a remainder term depending on third derivatives of ϕ. The behaviour of q̃^{2,1}_ε (g_ε, ϕ) when ε tends to 0 allows us to complete (LF P ), since

lim_{ε→0} q̃^{2,1}_ε (g_ε, ϕ) = ∫ g(v)g(v_∗) | v − v_∗ |^{γ+2} D^2ϕ(v) : S(v − v_∗)dv_∗dv. (3.25)

Indeed, q̃^{2,1}_ε (g_ε, ϕ) takes the simple form

q̃^{2,1}_ε (g_ε, ϕ) = π 2 F_ε ∫ g_ε(v)g_ε(v_∗)W^{ϕ,2}_ε (v, v_∗)dv_∗dv (3.26)

with,

F_ε | W^{ϕ,2}_ε (v, v_∗) |= F_εI_ε | v−v_∗ |^{γ+2}| D^2ϕ(v) : S(v−v_∗) |≤‖ ϕ ‖ C_s(1+v^2)^σ(1+v^2_∗)^σ (3.27) due to (3.18). We conclude by (3.15). It remains to show that q̃^{2,2}_ε (g_ε, ϕ) and q̃^R_ε (g_ε, ϕ) tend to 0 with ε. Indeed, the following inequality | q̃^{2,2}_ε (g_ε, ϕ) |≤ C_sF_εJ_ε ‖ ϕ ‖ ( ∫ (1 + v^2)^σg_εdv)^2 (3.28)

holds with J_ε given by (3.24) and, furthermore, we get | q̃^R_ε (g_ε, ϕ) |≤ C_sF_εK_ε ‖ D^3ϕ ‖_{L∞} ( ∫ (1 + v^2)^{σ′} g_εdv)^2 (3.29)

where σ^′ = 2 −^2_{s−1} and

K_ε = ∫ π_2 π 2 −ε sin(θ) | cos(θ) |^{ν−3} dθ. (3.30)

Since F_εK_ε and F_εJ_ε behave as ε and ε^2 respectively for small values of ε, q̃^{2,2}_ε (g_ε, ϕ) and q̃^R_ε (g_ε, ϕ) tend to 0 provided (1+v^2)^σg_ε and (1+v^2)^{σ′} g_ε are bounded in L^1(IR^3). For^7_3 ≤ s ≤ 3, we have 0 ≤ σ^′ ≤ 1, and it is sufficient to assume (2.16) which implies (3.8). For s > 3, we require moreover the integrability of (1 + v^2)^rf_0 with 2 ≥ r ≥ 2 −^2_{s−1} to conclude by using (3.9). Then, the proof of Theorem 2 is complete.

4. VERY SOFT INTERACTIONS : FOKKER-PLANCK-BOLTZMANN EQUATION In this section, we are dealing with the Boltzmann equation, perturbed by a diffusive Fokker-Planck term, still in the space homogeneous context, namely

∂_tf = Q(f, f ) + νΔf in IR^+_t × IR^3_v (4.1)

with ν > 0. We consider very soft interactions up to the Coulombian potential, namely 2 < s <^7_3 . Indeed, (2.9) suggests that the angular singularity is controlled for s > 2, while, for very soft interactions, main difficulties arise from the singularity with respect to the velocity in the collision kernel. The weak convergence f_n ⇀ f in L^1 is not sufficient to pass to the limit in terms (2.22-2.23) which behave as ∫ f_n(v)f_n(v_∗) | v − v_∗ |^{γ+2} dvdv_∗ where γ + 2 < 0 for s <^7_3 . The introduction of the diffusion term νΔf allows us to obtain some bounds in L^p spaces with p > 1 large enough to justify the passage to the limit. Moreover, we expect that the Boltzmann operator is close, in some sense, to the Landau-Fokker-Planck operator when taking into account grazing collisions. Then, our approach is also motivated by the fact that a linearization of the LF P operator leads to the diffusion term νΔf, see [19], [20] and the references therein. Keeping the notations of Section 2, we define the weak formulation for (4.1) in a natural way from Definition 1.

Definition 3 We say that f : IR^+_t −→ L^1(IR^3) is a weak solution of (4.1), for a

collision kernel (1.5), if for all ϕ ∈ C^1_{2,∞}, one has − ∫_∞ 0 ∫ f∂_tϕdvdτ − ∫ f_0ϕ(0, v)dv = ∫_∞ 0 (q^1(f, ϕ) + q^2(f, ϕ) + ν ∫ f Δϕdv)dτ. (4.2)

We shall prove the existence of such a weak solution. First, let us recall some a

priori estimates on the solutions of (4.1). These estimates provide some additional

compactness on sequences f_n of (approximated) solutions and, then, we will pass

to the limit n → ∞.

By integrating (4.1) with respect to the variable v, one obtains the classical proper-

ties of mass conservation^d_{dt} ∫ fdv = 0, momentum conservation^d_{dt} ∫ vfdv = 0 and increase of kinetic energy^d_{dt} ∫ v^2fdv = 6ν ∫ f_0dv. By using the equality ∇( √ f ) =^{∇f}_2√_f , we also get d dt ∫ f ln(f )dv + ∫ H(f )dv + 4ν ∫ | ∇( √ f ) |^2 dv = 0

where ∫ H(f )dv = ∫ B(v − v_∗, ω)(f^′f^′_∗ − ff_∗) ln( f^′f^′_∗ ff_∗ )dωdv_∗dv ≥ 0. Then, for an

initial data f_0 of finite mass, energy and entropy we are led to the following bounds

for f on 0 ≤ t ≤ T < ∞, [14] ∫ (1 + v^2+ | ln(f ) |)fdv ≤ C_{f0,T,ν} , ∫_t 0 ∫ | ∇( √ f ) |^2 dvds ≤ C_{f0,T,ν} (4.3)

where C_{f0,T,ν} denotes a constant depending only on f_0, T, ν. Let us define the

following functional space X = {ϕ : IR^3 −→ IR, ∫ (1 + v^2) | ϕ | dv < ∞, ∫ | ∇ϕ | dv < ∞}. Therefore, following [5], one has

X ⊂ W^{1,1}(IR^3) ⊂ BV (IR^3) ⊂ L^p(IR^3) for 1 ≤ p ≤^3_2 . We deduce that f is bounded in L^2(0, T ; X) ⊂ L^2(0, T ; L^p(IR^3)). (4.4) Indeed, it is known from (4.3) that f is bounded in L^2(0, T ; L^1(IR^3)). It remains to estimate ∫_T 0 | ∫ | ∇(f ) | dv |^2 ds ≤ 4 ∫ f_0dv ∫_T 0 ∫ | ∇( √ f ) |^2 dvds ≤ C_{f0,T,ν} by combining the Cauchy-Schwartz inequality and (4.3).

Next, our aim is to establish an estimate on ∂_tf in a suitable space of distributions. To this end, we use the weak formulation (4.2) which yields ⟨∂_tf, ϕ⟩_{D′,D(IR3)} = q^1(f, ϕ) + q^2(f, ϕ) + ν ∫ f Δϕdv. It follows that | ⟨∂_tf, ϕ⟩ |≤‖ D^2ϕ ‖_{L∞} (2πI_b ∫ ff_∗ | v − v_∗ |^{γ+2} dvdv_∗ + ν ∫ fdv) (4.5)

holds with −1 < γ + 2 < 0 for 2 < s <^7_3 . However, by using the Hardy-Littlewood inequality [28], we have ∫ ff_∗ | v − v_∗ |^{−(γ+2)} dvdv_∗ ≤ C_γ ‖ f ‖^2_{Lp(IR3)} (4.6) where p > 1 is given by^2_p −^{γ+2}_3 = 2, i.e.

p = 1 + 7 − 3s 9s − 13

. (4.7)

We note that 1 < p <^3_2 for all^9_5 < s <^7_3 . Let us denote by Y = E^2(IR^3) the space of distributions T of order 2 on IR^3 which satisfy

‖ T ‖_Y = sup{ | ⟨T, ϕ⟩ | ‖ ϕ ‖_{C2b} , ϕ ∈ C^∞_0 (IR^3)} < ∞. By (4.6), estimate (4.5) becomes

‖ ∂_tf ‖_Y ≤ 2πI_bC_γ ‖ f ‖^2_{Lp} +ν ‖ f ‖_{L1} . (4.8)

Then, by combining (4.3), (4.4) and (4.8), we are led to ‖ ∂_tf ‖_{L1(0,T ;Y)} ≤ 2πI_bC_γ ‖ f ‖^2_{L2(0,T ;Lp (IR3))} +ν ‖ f ‖_{L1(0,T ;L1(IR3))} ≤ C_{f0,ν,T} . (4.9) By truncation and regularization of the collision term, one may consider a sequence f_n of approximated solutions to the Fokker-Planck-Boltzmann equation (4.1), see for instance [14] (see also [19], [20]). By (4.3), this sequence is weakly compact in L^r(0, T ; L^1(IR^3)) ; however, such a compactness property is not sufficient to pass to the limit n → ∞ in the weak formulation (4.2). The diffusion term gives additional properties on the sequence f_n. Indeed, previous computations prove the following

Lemma 8 The sequence f_n is bounded in L^2(0, T ; X) and ∂_tf_n is bounded in L^1(0, T ; Y).

However, X embeds compactly in L^q(IR^3) ⊂ Y for 1 ≤ q <^3_2 , [5]. We apply Corollary 4, p. 85 of [30], to deduce the following essential compactness property.

Corollary 2 The sequence f_n is compact in L^2(0, T ; L^q(IR^3)) for 1 ≤ q <^3_2 .

Corollary 2 allows us to consider a sequence f_n −→ f in L^2(0, T ; L^q (IR^3)), for 1 ≤ q <^3_2 ; in particular the convergence holds for q = p given by (4.7). To show that the limit f is a solution of (4.1) in the sense of Definition 3, it remains to pass to the limit in the collision terms written as in (2.22-2.23),

q^i_n(f_n, ϕ) = ∫ f_n(v)F^{ϕ,i}_n (v)dv (4.10)

with F^{ϕ,i}_n (v) = ∫ f_n(v_∗)W^{ϕ,i}_n (v, v_∗)dv_∗. (4.11) Obviously, one has W^{ϕ,i}_n (v, v_∗) −→ W^{ϕ,i}(v, v_∗) a.e. IR^3 × IR^3 and | W^{ϕ,i}_n (v, v_∗) |, | W^{ϕ,i}(v, v_∗) |≤ CI_b ‖ D^2ϕ ‖_{L∞} | v − v_∗ |^{γ+2} . (4.12) Then, one remarks that ‖ F^{ϕ,i}_n ‖_{Lr (IR3)} ≤ CI_b ‖ D^2ϕ ‖_{L∞} ‖ ∫ f_n(v) | v − v_∗ |^{−(γ+2)} dv ‖_{Lr (IR3)}

≤ C_γ I_b ‖ D^2ϕ ‖_{L∞} ‖ f_n(v) ‖_{Lp(IR3)} (4.13) holds for^1_r =^1_p − 1 +^{−(γ+2)}_3 , see [21], [29]. In particular, the choice r = p^′ (Holder’s conjugate of p) leads to p = p. One deduces that F^{ϕ,i}_n −→ F^{ϕ,i} = ∫ f (v_∗)W^{ϕ,i}(v, v_∗)dv_∗ (4.14)

strongly in L^2(0, T ; L^{p′} (IR^3)). This allows us to pass to the limit n → ∞ in (4.10) and gives (4.2) which ends the proof of Theorem 3.

Concluding remarks A similar analysis can be drawn for the linear Boltzmann equation (and also, certainly, for the linearized Boltzmann equation, according to [11]). The simplicity of the collision operator allows us to consider more singular kernels and the results obtained in [17] (where the existence results of [25]-[27], [8] are extended up to s > 2) may indicate what kind of behaviour we can expect for the Boltzmann equation (1.1). Indeed, it is worth pointing out that the study of the influence of grazing collisions reveals different behaviour depending on the position of s with respect to the critical Coulombian case. Namely, for s > 2, concentrations of the collision kernel on^π_2 , produce effects described by the Fokker- Planck equation on a large time and space scale. On the contrary, for Coulombian and very soft interactions^9_5 < s ≤ 2, truncations, neglecting grazing collisions, lead to the Fokker-Planck equation on a short scale (logarithmic in the Coulombian case). These results are in agreement with physical analysis which explain that, for Coulombian interaction, collisions with large impact parameter have a dominating influence [23], [10], and require to take into account some screening effects in the modeling of the interactions [22], [4]. We also refer to [10] and [32] for further developments in this direction.

References

1. L. Arkeryd On the Boltzmann equation, Arch. Rat. Mech. Anal., 45, 1-34 (1972). 2. L. Arkeryd Intermolecular forces of infinite range and the Boltzmann equation, Arch.

Rat. Mech. Anal., 77, 11-21 (1981).

3. A. Arsenev and O. Buryak On the connection between a solution of the Boltzmann equation and a solution of the Landau-Fokker-Planck equation, Math. Sbornyk, 181, 4, 465-477 (1991).

4. A. Bers and J. L. Delcroix Physique des plasmas (InterEdition/CNRS, 1994). 5. H. Brezis Analyse fonctionnelle, (Masson, 1993).

6. C. Cercignani The Boltzmann equation and its applications (Springer-Verlag, 1988).

7. C. Cercignani, R. Illner and M. Pulvirenti The mathematical theory of dilute gases (Springer-Verlag, 1994).

8. F. Chvala and R. Pettersson Weak solutions of the linear Boltzmann equation with very soft interactions, J. Math. Anal. and Appl., 191, 360-379 (1995).

9. F. Chvala, T. Gustafsson and R. Pettersson On solutions to the linear Boltzmann equation with external electromagnetic force, SIAM J. Math. Anal., 24, 3, 583-602 (1993).

10. P. Degond and B. Lucquin-Desreux The Fokker-Planck asymptotics of the Boltzmann operator in the Coulomb case, Math. Models and Meth. in the Appl. Sci., 2, 2, 167-182 (1992).

11. L. Desvillettes On the asymptotics of the Boltzmann equation when the collisions become grazing, Transp. Theory in Stat. Phys., 21, 259-276 (1992).

12. L. Desvillettes Some applications of the method of moments for the homogeneous Boltzmann and Kac equations, Arch. Rat. Mech. Anal., 123, 387-404 (1993).

13. R. Di Perna and P. L. Lions On the Cauchy problem for Boltzmann equation: global existence and weak stability, Ann. Math., 130, 321-366 (1989).

14. R. Di Perna and P.-L. Lions On the Fokker-Planck-Boltzmann equation, Comm.

Math. Phys., 120, 1-23 (1988).

15. T. Elmroth Global boundedness of moments of solutions of the Boltzmann equation for forces of infinite range, Arch. Rat. Mech. Anal., 82, 1-12 (1983).

16. T. Goudon Sur l’équation de Boltzmann homogène et sa relation avec l’équation de Landau-Fokker-Planck : influence des collisions rasantes, CRAS, 324, 265-270 (1997).

17. T. Goudon Sur quelques questions relatives à la théorie cinétique des gaz et à l’équation de Boltzmann, Thse Universit Bordeaux 1 (1997).

18. H. Grad Asymptotic theory of the Boltzmann equation in Rarefied Gas Dynamic, Third Symposium, Paris, Laurmann Ed., pp. 26-59 (Ac. Press 1963).

19. K. Hamdache Sur l’existence globale et le comportement asymptotique de quelques solutions de l’équation de Boltzmann, Thse Universit Paris 6 (1986).

20. K. Hamdache Estimations uniformes des solutions de l’équation de Boltzmann par les méthodes de viscosité artificielle et de diffusion de Fokker-Planck, CRAS, 302, 187-190 (1986).

21. L. Hormander The analysis of linear pde, Vol. 1 (Springer, 1983). 22. N. A. Krall and A. W. Trivelpiece Principles of plasma physics (Mc Graw-Hill, 1964).

23. E. Lifshitz and L. Pitaevski Cinétique Physique. Coll. ”Physique Thorique”, L.Landau-E. Lifshitz (Mir, 1990).

24. P. L. Lions Compactness in Boltzmann equation via Fourier integral operators and applications. Part I, II and III, J. Math. Kyoto Univ., 34, 2, (39) 391-461 (1994), and J. Math. Kyoto Univ., 34, 3, 539-584 (1994).

25. R. Pettersson Existence theorems for the linear space homogeneous transport equation IMA J. Appl. Math., 30, 81-105 (1983).

26. R. Pettersson On solutions and higher moments for the linear Boltzmann equation with infinite-range forces, IMA J. Appl. Math., 38, 151-166 (1987).

27. R. Pettersson On solutions to the linear Boltzmann equation with general boundary conditions and infinite-range forces, J. Stat. Phys., 59, 1/2, 403-440 (1990).

28. M. Reed and B. Siimon Methods of modern mathematical physics., Vol. 2 (Ac.

Press, 1970).

29. S. Semmes A primer on Hardy spaces, Comm. Part. Diff. Eqt., 19, 277-319 (1994). 30. J. Simon Compact sets in L^p(0, T ; B), Ann. Mat. Pura Appl., IV, 146, 65-96 (1987). 31. S. Ukai Local solutions in Gevrey classes to the nonlinear Boltzmann equation without cut-off, Japan J. Appl. Math., 1, 141-156 (1984).

32. C. Villani On a new class of weak solutions to the Boltzmann and Landau equations.

Personal communication (1997).

33. B. Wennberg On moments and uniqueness for solutions to the space homogeneous Boltzmann equation, Transp. Th. Stat. Phys., 24, 4, 533-539 (1994).