LANDAU DAMPING IN DYNAMICAL LORENTZ GASES

Thierry Goudon & Léo Vivion

Abstract. — We analyse the Landau damping mechanism for variants of
Vlasov equations, with a time dependent linear force term and a self-consistent
potential that involves an additional memory effect. This question is directly
motivated by a model describing the interaction of particles with their envi-
ronment, through momentum and energy exchanges with a vibrating field. We
establish the stability of homogeneous states. We bring out how the coupling
influences the stability criterion, in comparison to the standard Vlasov case.

Résumé (Amortissement Landau pour des gaz de Lorentz inélas-
tiques)

On analyse le mécanisme de ’amortissement Landau pour certaines va-
riantes d’équations de Vlasov, qui impliquent un terme de force linéaire dé-
pendant du temps et un potentiel auto-consistant comportant un effet mémoire
additionnel. Cette étude est directement motivée par la description de parti-
cules en interaction avec leur environnement, a travers des échanges de moment
et d’énergie avec un champ de vibrations. On établit la stabilité d’états spa-
tialement homogénes. On met ainsi en évidence comment le couplage affecte
le critére de stabilité, en comparaison avec I’équation de Vlasov usuelle.
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1. Introduction

In this work, we go back to the analysis of Landau damping mechanisms in
kinetic equations. This effect has been brought out for the Vlasov equation
of plasma physics in the pioneering work of L. Landau [23], and extended
to gravitational models in astrophysics |25}, [26], where it is thought to play
a key role in the stability of galaxies. It can be interpreted as a stability
statement about steady solutions, leading to a decay of the self-consistent
force. A complete mathematical analysis of the Landau damping for nonlinear
Vlasov equations has been performed in [27], and revisited later on in [6), [7]
(see also |21]]). Similar behaviors have been revealed for the 2D Euler system
[5]. The phenomena are surprising since they describe damping mechanisms,
counter-intuitive for reversible equations which apparently do not present any
dissipative process.

The starting point of this contribution comes from an original model intro-
duced by L. Bruneau and S. De Biévre [8] describing the motion of a single
classical particle interacting with its environment. The particle is described by
its position ¢ + ¢(t) € RY, while the behavior of the environment is embodied
into a scalar field (¢,z,2) € (0,00) x R? x R™ + (¢, z,2). The dynamic is
modeled by the following set of differential equations

B
i) ==V~ [[ a0 - ) o) V¥t dy

OZU(t,z,2) — AU(t,x,2) = —0o2(2)o1(z — q(t)), r €R? 2 €R"

It corresponds to the intuition of a particle moving through an infinite set
of n-dimensional elastic membranes, one for each position z € R?  The
physical properties of the membranes are characterized by the wave speed
¢ > 0. The coupling between the particles and the environment is governed by
two form functions o1, 02, which are both non negative, smooth and radially
symmetric functions; they can be seen as determining the influence domain
of the particle in each direction, the direction of particle’s motion and the
direction of wave propagation, respectively. It is therefore relevant to assume
both form functions have a compact support. The particle exchanges its
kinetic energy with the vibrations of the membranes. These mechanisms
eventually act like a friction force since particle’s energy is evacuated in the
membranes, and, depending on the shape of the external potential = — V' (x),
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they determine the large time behavior of the particle. We refer the reader
to |1, A1), 12, 13], 22} 29] for further studies of the system , that include
numerical experiments and interpretation by means of random walks.

The system can be generalized by considering a set of N particles going
through the membranes. The mean field regime N — oo leads to the following
PDE system

(2a) OF +v -V F =V, (V4+OW]) - V,F =0, >0, zeR% veR

(2b) (87%\1' — CQAZ\II) (t,z,2) = —02(2) /Rd o1(x —y)p(t,y)dy,

t>0,2eRY zeR",

(2¢) p(t,x)—/ F(t,z,v)dv,

Rd

(2d) @[V|(t,x) = //}Rd o o1(x —y)oa(2)V(t,y, z) dz dy, t>0, reRY

where now (t,z,v) — F(t,z,v) is interpreted as the particles distribution
function in phase space, x € R? being the position variable, and v € R? the
velocity variable. The system 1) is completed by initial conditions

(3) Fl_y=F., (¥,0V),_,= (¥, T).

We refer the reader to [17, [31] for the derivation of the N-particles system and
the analysis of the mean field regime that leads to f. The existence of
solutions of f is investigated in [9]. Furthermore, asymptotic issues
are also discussed that reveal an unexpected connection with the gravitational
Vlasov-Poisson equation. This relation with another model of statistical
physics can guide the intuition to analyze further mathematical properties of
—. In this spirit, the existence of equilibrium states and their stability
is discussed in |2], adding in the kinetic model a dissipative effect with the
Fokker—Planck operator, and in [10] where a variational approach is adopted
for the collisionless model, following [19, 20, [34].

We wish to continue this analysis, adopting a different viewpoint. In |2}, [10]
the effect of a confining potential x +— V(z) is considered, which governs
the shape of the equilibrium states. Here, we change the geometry of the
problem, replacing the confining assumption on the external potential, by the
assumption that particles’ motion holds in the d—dimensional torus T¢. In
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such a framework, like for the usual Vlasov-Poisson system, we can find space—
homogeneous stationary solutions, and we wish to investigate their stability.
This question is directly reminiscient to the well-known phenomena of damping
brought out in plasma physics by L. Landau [23]: for the electrostatic Vlasov-
Poisson system, it can be shown that the electric field of the linearized system
decays exponentially fast. For gravitational interactions a similar discussion
dates back to D. Lynden—Bell |25, [26]. In fact, Landau’s analysis [23] was con-
cerned with the linearized equation only. Of course the linearization procedure
is questionable and the nonlinear dynamics might significantly depart form
the linear behavior, as pointed out in [3]. A stunning analysis of the nonlinear
problem in the analytic framework has been recently performed by C. Mouhot
& C. Villani |27, B32]. A simplified analysis of the Landau damping has been
proposed in [6]; we also refer the reader to [15] for results based on Sobolev
regularity (with a definition of the force which involves only a finite number of
Fourier modes, though). The Landau damping around homogeneous solutions
has also been investigated in the whole space R? [7], thus dealing with a set of
particles having an infinite mass. See also [21] for an alternative approach that
uses integration along phase-space characteristics. We wish to address these
issues for the system 7, still when V' = 0. The analysis of the nonlin-
ear equations is quite involved; it requires a complex functional framework and
fine estimates in order to control the nonlinear effects, the so—called “plasma
echoes”, that can break the damping mechanisms observed on the linearized
model. By the way, it has been recently shown that insufficient regularity
of the perturbation can annihilate the damping mechanisms, and the proof
(which, though, is very specific to the coupling with the Poisson equation; it is
not clear that the argument applies for more regular convolution kernels) pre-
cisely uses the role of the plasma echoes against damping [4]. Nevertheless it
turns out that identifying stability conditions for the linearized problem plays
a central role in the analysis of the nonlinear stability, see [27, Condition (L)].
Beyond their interest for the specific model f of particles interacting
with their environment, the results we are going to discuss can be thought of
with some generality. Indeed, as we shall detail below, the equation for the
particle distribution function can be recast as follows

WF +v-VyF —V,®p -V, F — Vydg -V, F =0,

where the potential splits into two parts, that both induce new issues compared
to the case of the “standard” Vlasov system (hereafter simply refered to as the
“Vlasov equation”):

— ®;(t,x) does not depend on F': this is a linear contribution in the
equation. The damping then relies on suitable time-decay properties,
here related to the dispersion properties of the free wave equation.
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— the self-consistent potential ®g(¢,x) is defined by a convolution with
respect to space, combined with a half-convolution with respect to time

os(t0) =~ [ [ 5o~ ppult = ots ) aves.

Then the Landau damping relies on properties of the kernel 3, which
is quite similar to the analysis of the Vlasov case, but also on decay
properties of the kernel p..

The discussion is organized as follows. We start by checking that we can find
homogeneous solutions in Section 2] We also introduce different, but comple-
mentary, ways to think of the equations and we make a series of comments
explaining how the problem differs from the usual Vlasov system. We com-
plete this preliminary section by paying a specific attention to the properties
of the kernel p., depending on the dimension n, which play a crucial role in the
analysis. In Section [3] which is the heart of this work, we turn to the linearized
problem. The analysis of the linearized equation reduces to study a certain
integral equation, satisfied by the Fourier coefficients of the macroscopic den-
sity. That the damping occurs relies on a stability criterion on the kernel of
this Volterra equation, which, at least, can be verified when ¢, the speed of
wave propagation, is large enough. Next, we briefly explain the method for
proving the nonlinear Landau damping for the free space problem, for which
the functional framework is less intricate, in Section [£.1] We present how the
main arguments should be adapted for the torus in Section [£.2] We further
discuss the stability criterion in Section [5] in the spirit of the Penrose criterion.
Quite surprisingly, we are led to an intricate expression, much more compli-
cated than for the Vlasov model. Nevertheless, these expressions allows us to
establish some conclusions close to what is known on the gravitational Vlasov
case. We also propose several interpretations of criteria that lead to (un)stable
solutions. The interested reader will find fully detailed arguments in [33], and
numerical illustrations in [18].

2. Preliminaries

In what follows, X¢ stands indifferently for T or R%, and for given functions
¢:x X p(z) and g : v € R = g(v), we denote

(0)xa = /Xd o(z)dz,  (g)ga = /Rdg(v) dv,

where dz is either the usual Lebesgue measure on X¢ = R¢ or the normalized
Lebesgue measure on X? = T¢. We shall also use indifferently the notation =~
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for the Fourier coefficients of a T¢—periodic function

¢:T? >R, o(k) = /er e FTo(z) dx for k € 74,
or the Fourier transform over R™ (with m = d or m = n)

¢:R™ - R, o) = / et p(x) de for £ € R™,

We equally use the same notation for a function ¢ depending on z € X% and
v e R?

B(k,€) = / / TN (2 o) do da,
Xd x R™

for ¢ € R™ and either k € Z9 (case X¢ = T?) or k € RY (case X? = R?). In the
sequel, we shall use the shorthand notation k € X*? to encompass these two
situations. Throughout the paper, we shall use the notations

() = V1+ 22

and, given a real number s, st means s + € for € > 0 arbitrarily small. We
write A < B when we can find a constant C' > 0 such that A < CB. Here, A,
B are in general functions of time, space, velocity, or their associated Fourier
variables; it is thus understood that C' is uniform over these variables. In
certain circumstances, we write A <, B to emphasize the fact that the constant
C depends on the parameter r. The analysis involves Sobolev, Besov and
Gevrey spaces, possibly with regularity indices that can differ depending on
the variables. The necessary definitions are collected in Appendix [A]

2.1. Rewriting the equations. — Due to the linearity of the wave equa-
tion, the solution of can be split into a contribution that depends only on
the initial condition (¥g, U;) and a contribution that depends only on p, see
[9) Eq. (6)—(8)]. Accordingly, we split the potential into

(I):(I)[+(I)S,

where ®; depends only on (¥g, ¥y) as follows

(4)

)= g [y
X (@](y, ¢) cos(c|C]t) + \/Il\l(ya Q)

sin(c[C[t)

c|<r> 53(0) dydc
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and the coupling term reads

Sg(t,z) = —/0 pe(t — 8)X * p(s,x) ds,
(5) Y= 01 %01,
pl) = [ = Gy

The properties of the function ¢ — p.(t), collected in Lemma below, play
a crucial role in the asymptotic analysis of —.

2.2. Homogeneous solutions. — Let pg > 0 and let v — M (v) be a given
function such that [p, M(v)dv = 1. We claim that

M (z,0) € XX RY — A (z,0) = poM (v)

is a stationary solution of —, associated to a spatially homogeneous
potential ®, when starting from spatially homogeneous data for the wave
equation. On the torus, since M and dx are normalized, py is the mass of
the solution .Z. With F = .4, the right hand side of the wave equation

becomes
—09(2) //deRd o1(x —y)M (y,v)dv dy = —o2(2) <01>Xd <///>Rd,

which depends only on the variable z € R™. Therefore, considering space-
homogeneous initial data (z,z) — (V& (2), W1 (2)), the solution of the wave
equation

PRUH — A v = —02(2)<01>Xd<//>Rd

is given by the inverse Fourier transform of

B(,6) = W (6) cos(elele) 1971 () ™ = G 61 6) () )

and it does not depend on the space variable . Accordingly, the associated
potential

BNt ) = (1) [ a0 (02) s
does not depend on . We obtain ’
(O 4v-Vy)tl =0=V,0[WH] .V, .4,
and finally (.7, ¥*) is a homogeneous solution of (2a))-(2d). We bring the

attention of the reader to the fact that, in the case X¢ = R?, the homogeneous
solutions have infinite mass and infinite energy.
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Remark 2.1 (Stationary solutions). — A specific case of interest corre-
sponds to stationary solutions. Let us associate to .#, the function

‘ljeq(z) = %F<Z)<01>Xd<%>Rd,

where I' is the solution of A,I'(z) = o2(2). It defines a stationary solution W,
for the wave equation (with initial data Ul = W, and U = 0). The
associated potential thus reads

//deR" o1(x — y)o2(2)Veq(2) dadz = (1), /n 9(2) W (2) dz,

which does not depend on the space variable 2 € X%, nor on the time variable t.

2.3. Equations for the fluctuations. — Given a space-homogeneous so-
lution (.7, ¥H), we expand the solution as

(6) F(t,z,v) =4 (0)+ f(t,z,0),  V(t,x,z) =0 (t2)+P(t,,2).
The fluctuations (f, ) satisfy

(73) 8tf+v'vxf_vxq)[¢]'vv(%+f) =0,
m et = [[ e peEits.)
(7¢) 020 — A = —0s(2) / o1( — y)olt.y) dy,
Rd
(7d) o(t,xz) = y f(t,z,v)do,

completed by the initial conditions

(8) f(O,x,v) :fO(xvv)a (¢(0,1‘,2),6t¢(0,l‘,2)) = (w0($7z>7¢1(x7z))'
As said above, it can be convenient to set ¥ (t, z, z) = (¢, x, z) + ¥g(t, x, 2),
with the contribution from the initial data

bi(t, @, €) = o, &) cos(clé|t) + i (a, &)

and the self-consistent contribution

Ds(ta,€) = - /0 W@@al * o(r,z) dr.

Plugging this into the expression of the potential, we get
O[] (t,x) = o1 % (F1(t) — 01 x (1)) (),

where we have set

sin(c|€|t)
cl¢]

F(t2) = / oa(un(t,,2) dz
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and .
Go(t,x) = / pe(t —1)o(T, z) dr.
Hence, the evolution equation for ghe fluctuation f can be recast as
(9) Ohf+v-Vaof =Vorx(Fr—o1x9,) V(M + f)=0.
Finally, let us introduce
g(t,z,v) = f(t,z + tv,v),
which allows us to get rid of the advection operator. We remark that
Og(t,z,v) = (O + v - Vy)f(t,x + tv,v)
and
(Vof)(t, z+tv,v) = V,, [ F(t,a-+tv, v)] VL f(t, a4, v) = (Vo—tVy)g(t, 2, ).
Thus, @ becomes

(10a)
Og(t,x,v) =Vorx (Fr—o1%%9,) (t,x+tv) - (Vy —tVu) (A + g)(t,x,v),
(10b) 9(0,z,v) = fo(z,v).

The following rough statement gives the flavor of the result we wish to justify.

Theorem. — We assume that the data o1, 09, %, %1, fo are smooth enough.
We assume, furthermore, that the analog of the (L)-condition for the Vlasov-
Wave equation holds. If, initially, the fluctuation is small enough, then, we
can find an asymptotic profile g>° so that g(t) — g°° and the applied force
Voix (Fr —o1%%9,) tend to 0 as t — 0.

The precise statements are given in Theorem (case X? = R?) and The-
orem (case X? = T9). Let us make a few comments to announce the
forthcoming analysis.

— The stability condition (see Sections and [5)), like for the usual
Vlasov equation, imposes that a certain symbol cannot reach the value
1. In particular, the stability condition holds provided the wave speed ¢
is large enough, see Proposition [3.10

— The functional framework is a bit intricate. Roughly speaking, we dis-
tinguish two types of results, depending whether we work with analytic
functions and regularity measured by means of Gevrey spaces (for the
torus, the result applies only in this framework), or with functions hav-
ing enough Sobolev regularity (the result on R? applies in this context,
and we can also establish the damping for the linearized problems in both
cases X¢ = R? and X? = T¢). Detailed definitions of the functional spaces
are given in Appendix [A]
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— Typically the smallness assumption is imposed on a certain space X (of
Gevrey or Sobolev type), but the damping holds in slightly “less regular”
spaces Y, with X C Y. The rate of convergence depends on the functional
framework (Gevrey vs. Sobolev) and how far Y is from X.

— For the problem on R? we shall need to assume d > 3; the method
breaks down in smaller dimensions, for reasons that already appeared for
the Vlasov-Poisson system [7].

The result is further illustrated by Fig. [T, which brings out the limitations
of the statement. In particular it shows the role of the dimension n which
governs the energy dissipation capability through the wave equation, and
the role of the wave speed ¢, which should be large enough to ensure the
stability (L)-condition. With n = 3 and ¢ large enough, the force field decays
(exponentially fast) to 0, according to the statement above, see Fig. A.
When n = 1, there is no dispersion by the wave equation, and we observe that
the amplitude of the force field increases, Fig. [[}B. A similar instability occurs
when n = 3 if the wave speed becomes too low, Fig. [I-C. In the latter cases,
we observe that reducing the size € of the perturbation does not restore the
damping. We refer the reader to [18] for details on the numerical methods
and a thorough numerical investigation of the Landau damping phenomena
and comments on the N-particles dynamics.

For the usual Vlasov equation, the main ingredients to justify the Landau
damping can be recapped as follows:

— the transport operator induces a phase mixing phenomena, which is a
source of decay for the macroscopic density o;

— when linearizing the system around the homogeneous solution, the
Fourier modes of p decouple, leading to a Volterra equation for the
Fourier transform of the density. It permits to identify a stability crite-
rion, that depends on the homogeneous solution and on the potential so
that the linear dynamics induced by the force term does not annihilate
the effects of the phase mixing;

— it remains to control the nonlinear effects, with the plasma echoes that
tend to contribute against the phase mixing.

Technically, in order to address this program, one assumes the smallness of the
data and justifies uniform boundedness with respect to time, and, eventually,
the Landau damping. In particular, the echoes should be controlled by means
of the underlying norms. Rewriting the potential with 7, we realize that
the system f substantially differs from the usual Vlasov system dealt
with in [27] and [6], [7] in the following aspects:
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— there is an additional term V,®; - V,F, with a force independent on the
particles density. This linear perturbation could drive the solution far
from the homogeneous state ./

— the self-consistent potential ®g involves a half-convolution with respect
to the time variable, inducing a sort of memory effect. In particular,
the function p. dramatically influences the expression of the stability
criterion.

As we shall see, the analysis of the linearized problem, and the stability
criterion, sensibly differ from the Vlasov case. Nevertheless, this linearized
analysis remains at the heart of the proof of the Landau damping: once the
Landau damping established for the linearized equation, the arguments of [27]
and [6], [7] can be adapted to handle the nonlinear problem. Furthermore, we
will also bring out the analogies with the gravitational Vlasov-Poisson problem,
in terms of conditions of the equilibrium profile. We address both the confined
case X% = T? and the free space problem X¢ = R? underlying the differences
needed depending on the technical framework.

2.4. The kernel p.. — As said above, the decay properties of the kernel p.,
consequences of the dispersion properties of the wave equations, are crucial for
the analysis. When n > 3, p. is integrable and satisfies

0 . -~ C 2
/Opc(t)dt:;, with mz/nk’Té’;'d<<oo,

see [9, Lemma 4.4|. The following statement strengthens this result, depending
on the dimension n > 2 and the assumptions on the form function os. Roughly
speaking, we distinguish the case of odd dimensions n > 3 where the necessary
estimates are consequences of the Huygens’ principle, and even dimensions
where the dispersion effects are weaker. Similar considerations apply when
dealing with the term .%#;. The analysis is performed dealing with quite general
form functions os. It turns out that the Besov space B?_l’l (see Appendix D
is an adapted functional framework to bring out the key dispersion estimates.
In the adopted modeling o is naturally smooth and the reader non familiar
with Besov spaces can just assume that o9 lies in the Schwartz class and get
the same conclusions.

Lemma 2.2. — Let n > 2 and let o9 belong to the Besov space B{L*l’l.
(i) There exists a constant C(o3) > 0 such that
C(o2)
pe(t)] < — =
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(1t) Moreover, if |o2(2)| S (2)7™2 with mg > n+ (n —1)/2, then there exists
a constant C(o2) > 0 such that
C(O'Q)
)| < ——.
‘pc( )| — C(Ct>n71

Let n > 3 be an odd integer.

(i1i) Suppose that |o2(2)| < (2)7™2 for some ma > n + «, with a > 0. Then
there exists a constant C(o2) > 0 such that

C(o2)
’pc(t)‘ S C(Ct>a .

(iv) Let A > 0. If |o2(2)| < exp(—A2|z|) for some Ay > A, then there exists a
constant C(o2) > 0 such that

0(02) e Al
N0 A —
pe(t)] -

(v) If o2 € CO(R™) with supp(os) C B(0, Ry), then p. has a compact support
included in [0, 252] and it satisfies
o2l pon/(m2) |02l L2

Ct S )
pe(t)] < C :

for a certain constant C > 0.

The decay of p. is intimately connected to the energy dissipation mechanisms
through the vibration of the medium, which are at the heart of the qualitative
properties of the model introduced in [8]. In dimension n = 1, a direct
computation by means of D’Alembert formula shows that

1 +oo z+ct 1 9
)= — ds ) dz —— — 0.
pe) =5 [ o) ([ aaas) @z gl >
Hence, in this case p. ¢ L'(0,00), there is no loss of memory at all; numerical
simulations indeed confirm that there is no damping phenomena, see Fig.
and further results in [18]. Similarly, working in the torus T™ for the wave
equation leads to

G 2
pe(t) =) “C(fﬂ sin(clt) + |72(0)*t.

It shows that there is no possible energy dispersion mechanism in this geometry.

This is further illustrated by Fig. [2l which provides the shape of the function
pe in several situations. In dimension n = 1, t — p.(t) tends to a positive
constant as t — oo, as observed above. In dimension n = 3, it is compactly
supported and both its amplitude and the size of its support are reduced
when c increases, according to Lemma V). As we shall see later on the
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rate of the Landau damping is directly related to the decay rate of p.. If even
dimensions n are considered the best decay rate provided by Lemma leads
to [pe(t)| < (t)~(»=1. However, the Landau damping also requires some regu-
larity on the Cauchy data for the Vlasov equation. For instance, the analysis
of the nonlinear Landau damping in R?, inspired from [7], leads to suppose
that the data lies in the Sobolev space H3% (which might be sub-optimal, see
[7, Remark 1]). This imposes a constraint on the decay of p., which amount to
a condition on the dimension n for the wave equation (such as n — 1 > 36, see
[(H1)| and [(AT)}{(A2)). Then, one may wonder to identify minimal regularity
assumptions to obtain the Landau damping. The alternative proof of [21],
which is less demanding in terms of regularity, could be adapted in order
to extend the result in this direction. It is easier to discuss the linearized
problem, for which we obtain n > 6 (see Remark. We point out that when
n is odd the only condition is n > 3, for both the linear and the nonlinear cases.

7 2.2
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FIGURE 2. Graph of the function p. for n = 1 (left) and for n = 3
(right) for several values of the wave speed ¢ (same data as in [18])
Proof. — The proof relies on dispersion estimates for the wave equation, that

we shall use in several places. Let us denote (W, W) the group of the wave
equation (with propagation speed ¢ = 1): we write the solution of the Cauchy
problem

(11) {(3% — ALY (L, 2) =0,

(T, atT)}t:o - (To, Tl).

as Y(t,-) = W(et)YTo + W (ct)Y1. In terms of Fourier variable, W(t) corre-
sponds to the multiplication by cos(|(|t) and W (t) to the multiplication by
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sin([¢le) /1
WO To(() = eos(elnTo0) and S WETa(0) = 0T )

Therefore, p. can be cast as

pe(t) = 1/n o9 W(ct)oa dz.

C

The dispersion estimates rely on the operators U (t) defined by
U+ (¢) = FI T ().
Indeed, since W(t) = (Ut + U™)/2 and W(t) = (Ut — U™)/(2iv/—A.) an

estimate with U*(t) can be translated into an estimate for W (t) and W (t).
The basic estimate states as follows (see e. g. [16l Proof of Proposition 3.1]
and the references therein): if T has its Fourier transform supported in {¢ €

R™ [ 2971 < [¢] < 271}, then

(12) JU=@0) Tl < € min (2,251 75" ) |17 1.
Estimate can be refined as follows, see [30, Proof of Lemma 3.2],
U=(6)T(2)]

+1 n+1

U3) < o min (209, 2°59)=73" 2291773 | o] — 120 ) 1.

where N can be any integer. Such an estimate can be seen as a generalization
of Huygens’ principle which holds only in odd dimensions: it tells us that
U*(t)Y reaches its maximum next to the cone ¢ = |z|. In order to use these
estimates, we introduce a sequence ¢; € S(R") such that >, ¢;(¢) = 1 and

for any j € Z, supp(@;) C {¢ | 2771 < [¢] < 27F1}. We set Y; = ¢ x T so that
T =3, T, and thanks to we get

. i _n=1 ntl;
(14) U@ e < Cmin | Y2V )0 11772 Y 27275l |
JEZ JEZ
where ) 25jHTj||L% is nothing but the Bf’l—norm of T (see Appendix .

Therefore, since Bf’l embeds continuously into the homogeneous space Bfl
for any s > 0, we get

(15)  UEOT e < C minm (L) [0 s S (1)
Similarly, from we get
U ()]

1 —1 _
< O min (0] o 77NN s wgr o 1757 1= L2 |Vt ) -
1 B, 2 B, 2
1 1

_n—1
2

1 -
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Note that we do not work with Besov space with negative regularity index s
(which would imply irrelevant conditions on £ = 0). Assuming N < (n+1)/2,
we are led to

. _n=1 _n-1 -N
(16)  UEOT()] < C min (1,17 F 11772 1o = (o] ™) 10 gt

We can now finish the proof of Lemman Since p.(t f ooW (ct)og dz),
we have |p.(t)] <1 ||02HL1 |W (ct)oz| L. By applying (a varlant with an extra
factor 1/27~! of) (12)), we obtain

[W(ct)p; x 02| pee < min (2”] 2% ]]ct| ) lloj* 02HL1

_2]1

Summing over j € Z yields

K
el < ezl ol
C(C 2

which proves (i). Estimate (ii) uses the refined estimate (13)) which gives, for
any N € N,

[W(ct)pj * oa(2)]|

C -1 _(n -
< o7 min (279, 2°8 5 et| 2 208 =Mt 75 et — |2 |7V ) flpyeonal -
With N = (n —1)/2 and summing over j € Z, we get

‘pcgc)J
- N</Rn‘02( )min (1, et] =%, Jet] =2 fet]  |21| )dz)HJQHBnu

c

We have

/n |2(2)| min <1 let| =2 |ct\ 7‘ lct] — |2 |~ ) dz
< /n |o2(2)| min <<ct) <\ct| |let| — |2| ‘>—"T_1) dz
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We split the integration domain into the ball B(0,|ct|/2) and its complemen-
tary and we obtain

[ s min (e (e et — |21 )7 )

n—1
= [ @ et = )T ek [ el e s
B(0,141) CB(0, 1)

’ct‘Q _ngl _n-1
< loa| { —— dz + (ct)” 2 |oa(2)|dz
B(o, 1<) 2 CB(0, el
—(n—1) _n=1
t n— t 2 n—
(S el (5T (L el 6z,
2 2 CB(0, 1<)

The assumption on o9 ensures that the last integral is finite

We turn to the specific case of odd dimensions. The role of the Huygens
principle appears clearly with the estimate (v). Indeed the support assumption
on o9 implies, when n is odd, that

if ¢t > Ry + |z| then W(ct)oa(z) = 0.

Therefore, when ¢ > %, the product oa(z) W (ct)oa(z) vanishes (see Fig. [3)
and p.(t) = 0. Bearing in mind that n > 3, Holder inequality yields

1
lpe(t)] < EIIU2HL2n/<n+2>HW(Ct)UQHLG/(nf?»

We conclude by combining the Sobolev embedding inequality, see e. g. [24],
Lemma 8.3|, ||W(ct)oz2]| f2n/in-2) < Cs||V. W (ct)oz|| 12, and the energy conser-
vation for the wave equation which implies

IV W (ct)oall2s < [10:(W (s)02)| 172 + V=W (ct)oal72 < [loa|Z..

s=ct

We turn to the proof of (iii). Consider ¢ > 0 and 0 < R < ct. We split as
follows

g9 = 021|z|§R + 0-21\z|>R = Ul + us.

By linearity of the wave equation, we can write

1
pe(t) = c/ oo W(ct)uy dz + c/ oo W{(ct)ug dz.

Since wu; is supported in B(0, R), the support of W (ct)u; lies in {z|ct — R <
|z| < et + R}. Since ¢t — R > 0, the first integral is dominated as follows (we
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FiGURE 3. Propagation cone: the signal emanating from the ball
B(0, R) cannot be felt in this ball after time T'

already know from the proof of (i) that [[W(ct)ui||re < |lo2| gn-1.1)
1

= (ct — R)~°

/ o9 Wi(ct)uy dz

/ (ct — R)%oa(2) W (ct)ui(z)dz
CB(0,ct—R)

St —R)™® (2)%|o2(2)] dz ||0—2HBn71,1.
CB(0,ct—R) !

By virtue of the assumptions on o9, the right hand side is finite. The integral
with uo can be estimated by using Plancherel’s formula, which yields

~ sin(c|C|t)
/ agW(ct)quz:/ O'Q(C)(’C"C‘)UQ(C)(].C: ug Wict)og dz.
n n Rn
It leads to
/GQW(ct)quz _ / s W (ct)rs dz 5(/ |02(z)]1|z>Rdz> Joall g1
n n Rn

=) ([ (R ) ool g
< () ([ @110z loalga,
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which is finite too. We have proved that
< 1 —a —a
[pe(®)] S = ((ct = B)™ + (R) ™)

and we conclude by setting R = ct/2. Item (iv) is justified similarly, just
replacing the polynomial weights by exponential weights. O

Analogous conclusions apply to .#; which can be cast as

Fi(t,x) = / 0a(2) <W(ct)\I/0(x, 2) + %W(ct)\lll(a:, z)) dz.

3. Linearized Landau Damping

3.1. The linearized system. — In the expansion @, let us assume that
the fluctuations f and 1 remain small, so that we neglect the quadratic term
(with respect to the perturbations) V,®[¢)] - V, f in the evolution equations
(note in particular that this assumes the smallness of the initial fluctuations
(10,1)). We are thus led to the following linearized system
(

17a)
Of+v-Vof —Vudp Vo =0, t>0, z€X% veR?,
(17Db)
o(t,x) // (x —y)(t,y, z)o2(z) dz dy, t>0, zeX?
XdXR”
(17¢)
attw - C2AZ¢ = _02(Z) / O'l([L‘ - y)Q(tvy) dy7 > 07 T € de z € Rna
x4
(17d)
o(t, x) u/h f(t,z,v)do, t>0, z e X%

The system is completed by initial conditions

(18) f}t:[) = f07 ¢a8t¢ ’t 0 ¢07¢1)

The expected result can be explained as follows: let us assume that the
fluctuation does not provide additional mass: [[ f(0,z,v)dvdz = 0, and, to
fix ideas, ¢9 = 0 and t; = 0. In such a case, linearized Landau damping
asserts that o converges strongly to 0, while f converges weakly to 0, as
t — oo. Moreover, the potential ¢ also vanishes for large times. We are going

to establish that such a behavior holds for the system f.
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We start by applying the Fourier transform, with respect to z and v to (17a)).
It yields

(O — k- Ve flt, k,€) = —k-€ bt k) A(€).

The equation can be integrated along characteristics, which leads to the fol-
lowing Duhamel formula

~

(19) f(t,k,&) :fo(k,i—lrtk)—/o (E+(t—7)k) -k &(7, k) A (E+(t—7)K) dr.

We turn to the expression of the Fourier coefficients of the potential. We
remind the reader that we can split the potential into

Qb = ¢I + ¢Sa
where ¢ depends only on (¢g,1) as follows

outte) = [ orte = nioate) (Wletln ) + L Wleown(y.2)) dyat

:wI (t’yzz)

and the coupling term reads

Ps(t,x) = —/0 pe(t — 7)X % o(7, x) dT.

Plugging the expression of ¢ = ¢; + ¢g into , we obtain
t

Ft k€)= Folk, £+tk)—/0 (€1 (t— 1K) -k Gr(r k) A&+ (t—7)k) dr
+lo1(k / (§+ (t—r1) )k (/OTpc(T—s)E(s,k)ds) ﬁf—i—(t—r)k)dv-

:f(k§+tk) (E+ (t—TIK) -k br(7, k) A (& + (t — 7)) dr

+lo1(k pe(T—8)(E+ k(t—T)) - k///(£+(t—7)k)d7) o(s, k) ds

0
= folk, &+ tk) — /t(§+ t—T1)k k¢](T k) (§+(t—7)kz)d7
+|or(k )!2/0 (/0 pe(T)(E+ (t = [T+ s))k) -k A (£ + (t — [T+ 8])k) d7> o(s, k) ds.

We are led to an integral equation for the (Fourier coefficients of) the macro-
scopic density by considering this relation for £ = 0. Let us set

(21) a(t, k) = fg(k,tk) — |k]2/0 qAﬁf(T, k) (t — T)./?\((t —7)k) dr
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and
(22)  H(Lk) = [k (k)P / pe(r) (¢ = 7). A((t - T)k) dr.

Then, we obtain an integral equation for the fluctuation of the macroscopic
density

t
(23) Blt.) = altek) + [ (= 5,025 ) ds.
0
The analysis of this relation makes use of the Laplace transform
+oo
¢ :(0,00) = C, Lopw) = / e “o(t)dt for w € C,
0

which is well defined for Re(w) large enough.

3.2. Linearized Landau damping in finite regularity. — The linearized
Landau damping holds with an algebraic rate provided the solution g of
satisfies

(24) lo(t, k)| < C(tk)™™
(see for instance [27] section 3]) for a certain m > 0. For Volterra equations

such as we can establish (see [6, Lemma 4.1], [7, Proposition 2.2]) mode-
by-mode estimates in L? norm: for any k

+00 +oo
(25) / (kY2 Bt B2 dt < 2 / ()2 [a(t, B)[? dr.
0 0

where Cp > 0 does not depend on k. From such an L? estimate, we get an
L estimate as follows

(kY™ 0t B)] < (k)™ at, k)| + /0 (¢ — 7Yk + TRY" 4t — 7, k)2, ) dr

1/2

< a0+ ([ o df)m ([ trhiatrop or)

< (thY™ |a(t, k)| + Crp (/Ot<7k>2m (7, )2 dT) v (/Ot<7k>2m la(r, B)? dT>

1/2

9
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where we are left with the task of verifying that
(26)
sup  (tk)™ |a(t, k)| < 400,
>0
kex*d\{0}

+00 +oo

sup </ (k)™ | A (7 k)2 dT> (/ (k)™ [a(r, )2 dr) <t
kex*d\{0} \Jo 0

hold. We are going to identify conditions on a(t, k) and ¢ (¢, k) such that

applies and to justify that is satisfied. We refer the reader to [7, Proof of

Proposition 2.2] for a proof of the following claim.

Lemma 3.1. — Let & satisfy

L inf |1 —.ZH (w,k)| > k>0 for Re(w) >0,
(L) kex}g\{o}\ (w, k)| > & for Re(w) >

and for any 0 < j <m :

sup  (|k) [02LH (w,k)|) < +oc.
kex*4\{0}
Re(w)>0

Then there exists a constant Crp > 0, which does not depend on k, such that

the solutions of satisfy .

Estimate (25) makes sense when ¢t — (tk)™a(t, k) is square integrable, a
property that needs to be carefully checked in the current framework.
Condition gives rise to a stability criterion on the stationary profile .Z .
Since the operator /£ involves the kernel p. the detailed condition substantially
differs from the usual Vlasov case. That this statement applies for our purpose
relies on the following assumptions:

(H1): n>m+ %,
(H2) : oy € B " and |oa(2)] < Ca(z) "™ with my > Bn—1,

(H3) :  sup <"1/b\0(k) i + H{p\l(k})’ B”“) < 400,

kexxd ‘ 1,(2) 1,(2)
(H4) :  [51(k)| < C1{k)™™ with mq >m +1,

(H5) : ‘//7(5)( < C{E)~™ with m > m + 2 and )ﬁ)(k,g)‘ < Cyl€)~™ with

mo>m+%.

Proposition 3.2. — Assume (H5),

(i) There exists a constant A > 0 such that for any 0 < j < m, k € X*¥\ {0}
and w € C with Re(w) > 0, we have

k7002 (w, k)| < A.
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(ii) For any k € X*@\ {0},
—+o00
/ el (£)2™ |a(t, k)2 dE < +oo.
0

(ii) holds.

The regularity of the data o1, .# and fy is controlled by assumptions
the higher the algebraic decay rate m requested on the Fourier modes
of o, see , the higher the regularity on the data. Assumption [((H1)|tunes
the dimension n for the wave equation: the decay of the Fourier modes of
o is limited by the dispersion of the wave equation, which is stronger as n
increases.

However, as indicated in Lemma [2.2] for odd n the Huygens principle and
the decay of oo imply strengthened decay properties on p.. Accordingly,

Proposition applies replacing [(H1)H(H3)| by
(HY’) : n>3is odd,
(H2) : oy € B?_l’l and |oa(2)| < Co(2)™™2 with mo >n+m + 3
(H3’) : — sup (H?Zo(k)’ i + H?Zl(k)‘ _—

kEX*d 1,(2) 1,(2)

< 400,

— there exists a constant C' > 0 such that

sup <‘v$0(k:,z)‘ + “Zl(sz)D < Clz)™m2.

keX*d

Hypothesis|(H2)|or [(H2’)|can be relaxed. Indeed, the decay imposed in|(H2)
(H2’)|on o9 allows us to apply the refined dispersion estimates described in the

proof of Lemma [2.2] Nevertheless, we can simply use the standard estimates
as in Lemma i). Then, the decay of p. is slower and, as a counterpart, the
dimension n in [(H1)|is more constrained. Proposition applies replacing

(H1)H(H2)] by
(H1”) : n>2m+4,
(H2”) : o9 € B} M

Before proving Proposition [3.2] let us detail a useful statement.

Lemma 3.3. — Let a > 1 and 8 > 0. For any v > 0 such that v < 3 et
v < a—1, we have

(27) /0 (= 7Yy dr < (k) (tk) .
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Proof. — We split the integral

/Ot<t — 1) k) P dr = /Ot/2 + /t;(t — )" (rk) P dr

t/2 t tk -8B
S/ <t—T>‘“dT+/ <t—7‘)_a<> dr.
0 t/2 2

The second integral is dominated by

/t:2<t o <t2k>ﬁ dr 5 (k)™ /0 e

which is finite provided a > 1. For the first integral we observe that, for any

0<r<t/2,
(th) = <Z2k> < <;> (2k) < (¢ — 7)(2k),

holds, and we infer that

2 —a (2k)Y [T\ a
/0 (t—T7)"%dr < (tk)'Y/O (u)7™* du.

The right hand side is finite when v < o« — 1, which finishes the proof. O

Proof of Proposition — (i) We start from

+oo t -
8L A (w, k) = [k 151 () / pie—wt </ pe(T )|t — 7). At — 7]R) d7> dt.
0
Permuting integrals and with the change of variables u =t — 7, we get
k|7 00,2 (w, k)|

< K ()P / A e R
0 ([ b petotar) ([ bt | 2| au)

— K B ()P (/ 71 )] d Z/Omrsf“///(,; )‘d)

By |[(H4)] - |k|7|71 (k)|? is bounded. Then allows us to apply Lemma
and we deduce that |p.(t)] < (t)~("1. Owing to the second factor
is finite. Finally, implies that the last factor is finite too and remains
uniformly bounded with respect to k. We point out that the mechanisms of
this estimate differs substantially from the standard Vlasov case, where the
decay rate improves with the mode. Here p. does not not carry any frequency
k, but the power of |k| are controlled by the decay assumptions on 77j.




LANDAU DAMPING IN DYNAMICAL LORENTZ GASES 25

(ii) The term to be estimated can be cast as (we use (tk) < (7k)((t—7)k)) :
+00
/ (k)% |a(t, k)|* dt
0

400 om | = 2 +o0 ) tT . %+ . 7_
S [ fm| ae [T /0< A
x{((t —7)k)™t3 (t—7)|k:|//l([t—7']k:)d7" dt

’ 1 T amtityy |2 2
m du—i—w(/o (kY ] |7, B)| dT)

« (/Om@k)?mﬁ* (s ]k\ds) (/O+Oo(u>_(1+)du>.

k

fU(ka mu)

1 +oo om | 7 k
ST /0 (W)™ | ok, )

Using [(H5)| we infer
L[t
w ] w

too N IPNL +oo +
/ (525" | (k)| \k\dsg/ W)~ dr < 1,
0 0

It remains to justify that

2 “+o00
1
du,s/ (wy~ " dt < -,
[&[ Jo k]

and

+oo 2
| e o) ar

is finite for any & € X*@\ {0}. To this end we observe that the dispersion
induced by the wave equation ensures

()
. ~ - 1~ 1
17 10| S B0 ol + C2) (100N + 1P gy 3 ) s

This follows from

~ ~ . ~ 1 ~

ur. ) =1(8) [ oate) (W er)Go) + T (er)(Ta(h) ) (2
and reasoning as in the proof of Lemma [2.2}(ii). We conclude that

e 2m+17" oy 2
/0 (TR ] |Gy (r k)|

+00 <T>2m+1+ <k>2m+1+

R N 1~
SR WE (1E s + 100l ) [ P —ar

< k2m+2+/\ . 9 R - 1 R ) +o00 <T>2m+1+ 1
S (k) [51(B)|7 { ll%o( )HB?’*(lz) + 0H¢1( )HB?zzl)l ) (cr)2n=1) T
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That this quantity is bounded uniformly with respect to k is a consequence of

1H1)|, (H3)| and [(H4)|

(iii) We have obtained
+o0 1
| et pPar s
0 ||
where the factor 1/|k| comes from a change of variables. We justify similarly

that sup, , (tk)™|a(t, k)| < oo. (There is no factor 1/|k[ is this estimate.) It
remains to study

sup < /0 T ey (1 k)Pdt) < /0 T e at, k)\zdt>

and to show that

—+o00
/ (kY27 (2, 8) 2 dt < K.
0

Observe that

t —_~
H(t, k) = |k:|\31(k‘)|2/ pe(t — 1) T|k| A (Tk) dT.
0
Based on and Lemma we write
t L t )
/ pe(t — 7) 7|k| A (k) d7| < / (t — 7)== D(rk)y=n=D) g,
0 0

Lemma allows us to dominate this quantity by (k)7 (tk)~7 for any v > 0
such that vy < m — 1 and v < n — 2. In particular, with [(H1)| and [(H5)] it
applies with v = m + 17 /2. We conclude that

too + Foo +
R (sup (k)21 |al<k>\4) JACRRIE e
0 k 0

which ends the proof. O

We can now state the results for linearized Landau damping in finite reg-
ularity on the torus or the whole space. For the sake of conciseness we only
mention the case of R? (see [33] for further results).

Proposition 3.4 (Linearized Landau damping on R? with finite regu-
larity)

Let X4 = R® gnd m > 0. Let us assume and . There
RN\ {

exists a constant C' > 0 such that for every k € 0} and for everyt >0,
|o(t, k)| < O(th)™™.

Moreover, if m is large enough, then, as t — 400, the fluctuation of spatial
density o(t), the force terme V¢ and the fluctuation of media 1 (t) converge
strongly to 0. To be more specific:
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— If m > d/2, then for every r € [0,m — %) there exists a constant C, > 0
such that

d
2

le()ll; < G ()2

— If m > (d+2)/2, then for every r € [0,m1 — %) there exists a constant
Cy > 0 such that

Va1 (t) |y < Cp (1)~

and for every r € [0,2my — %) there exists a constant C!. such that

2
V2650l < L6,
— Ifm > d/2 and n > d + 3, then for every r € [0,m; — %) there exists a
constant C, > 0 such that

< C, (t)"2.
L HT,

[NJisH

Hw W ety — - Wietyiy

Remark 3.5. — Let us detail a few examples:
(i) For the density, with d = 3, n > 5, m = 2, mg = 3, m; = 4, mg >
(3n —1)/2 and m = 5, we get

3

lo()llzz < () 2.
Moreover, with d =3, n > 8 m =5 my =6, m; =7, mgy > (3n—1)/2
and m = 8, we obtain
_3
lo()llzee < llo(®)llms < () 2.

(ii) For the force, withd =3,n > 6, m =3, mg =4, m; =5, my > (3n—1)/2
and m = 6, we get
5

IVao(®)lzz < (67,

Moreover, with d =3, n > 6, m =3, mg =4, m; =6, mg > (3n—1)/2
and m = 6, we obtain

19260 22 < 9260 a < (8)°%.

(iii) For the vibration field, with d = 3, n > 7, m = 2, my = 3, m; = 4,
ma > (3n —1)/2 and m = 5, we get

H¢ (et — + W (et

LeLE
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Moreover, with d =3, n > 7, m =2, mg =3, m; =5, mg > (3n—1)/2
and m = 5, we have

[ty =V tetyo — 2w ety
< [ = Wietwo — twietyen |, <075

Remark 3.6. — As explained in Proposition the decay of o(t, k) is
directly related to the dispersion of the wave equation, and thus on n. This
explains the constraints on the dimension n. Nevertheless, when n > 3 is
odd, we can obtain the time decay of p(¢, k) without further restrictions on
n. Accordingly, with [(HL){{(H3?)| et [(H4)H{(H5)| the convergence to 0 of
the density fluctuation ¢ and the force V,.¢ can be established. However,
constraints appear when considering the fluctuation of the medium : with
the norms we are using, we need n > d + 3. In dimension d = 3, this excludes
n = 3 and n = 5. This restriction can be relaxed by considering instead the
supremum over a ball B(0, R) of finite radius. For instance, in dimension d = 3
with n = 3, assuming |(H1’)H(H3’)| and |[(H4)H(H5), we can show that, for
any 0 < R < o0

sup
2€B(0,R)

< Cr(t)™".
HE

5(t.2) = W(ewn(e) L W ()

where Cg > 0 blows up as R — +o0o. Further details on this issue can be
found in the proof of Proposition [3.4]

Proof of Proposition[3.4) — Owing to [(H1)H(H5)| we can apply Proposi-
tion and Lemma Proposition ensures that holds and from
this, we can exhibit C' > 0, independent of k, such that for any k € R%\ {0},

(tk)™ B, k)| < C.

That o(t) converges to 0 is a consequence of

oo = e + e, = [ 180 dk+ [ kP 20, ak

1 1
< = tk)y=2m 4 gk / tk|?" (k)2 4 dk
S Rd( ) + e Rd\ |7 (tk)

1 —2 1 2 \—2
— i [ o s [ el o) e,

where all integrals are finite provided 2r — 2m < —d, that is r < m — d/2.
Next, we estimate both terms of V¢ = Vo5 + Viog. We have

Vool = [ P arte ] dne [ o]

dk,
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and, as noticed when proving Proposition a 1(t, k) satisfies . It follows
that

||Vx¢1(t)H%I§ ,Sc (/d ’k‘anl(k)‘Q dk + /d |k|27“+2|a.\1(k)|2 dk) <t>*2(n71)’
R R

where the two integrals are finite, due to [(H4), when r» < m; —1—d/2. Next,
we apply Lemma (ii):

~ 2 ~ 2
IVads (t) 71, ~ / K2 |G t, k)| ak + / K22 |Gt )| dk
R4 R4
t 2
= [ (kP + W2 aml | [ pete - ryatrydr| dk
R 0

2

t
<o [ Qe | [ o n-e i mar]
R4 0

By Lemma [3.3] for any v > 0 such that v < m and v < n — 2, we get

[t =meimmymar < i,
0

and we conclude with

1V26s®) 17y Se /R IR+ R P2) ()1 ) (k) Y dk

< (sup (P23l ) 0 [ jokan 2 et a
k R4

_ (sup <k>27"+2wa<k>r4) ) [ Jaf ) d,
k Rd

The last integral is finite when 2 — 2y < —d, that is v > (d + 2)/2 and the
supremum over k is finite too provided 2r 4 2v < 4my, that is r < 2my — 7.

We turn to 1. We have
¢
0O =W (et — L W(etyin =~ [ W(clt= 1)z o1 5 ofr)
0

C

Hence, for any z € R"™, we obtain
. 1
1 (t, 2) = W(et)yo(z) — - W (et (2)l[
1 2

:/ (14 K27 11 (B)|? / W (clt — ])oa(2) (r, k) dr| dk.
Rd ¢ Jo

We combine the dispersion estimate (15| to and we arrive at

1/OtW(C[t—T])UQ(Z)/‘Q\(T,k‘)dT <c /Ot(t—7>_n21(7k>_md7'.

Cc
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Lemma [3.3] allows us to obtain, for any v > 0 such that v < m and v <
(n—1)/2 -1,

/Ot<t =) k)T S () ()
We deduce that
461, 2) — T (eto(z) — = W (et (=) I3

Se [ QI 30 P )2
Rd
S (sup (23 ) o0 [ toy-2eta

= (sup (e 2R ) o0 [ o) e

The last integral is finite when v > d/2 (this imposes m > d/2 and n > d+ 3).

The supremum over k is finite provided 2r + 2v < 2my, that is r < mj — 7.
The estimate in Remark is obtained by restricting to the z’s in the ball

B(0,]|ct|/4). We apply the refined estimate (16]), gathered to (24). We get

1 /Ot W (c[t — 7])o2(2) o7, k) dr

C

_n—1

t
S I [ (et =l felt =7l = 41y by,
0

We proceed as for proving Lemma [3.3} for any v > 0 we obtain

/0 (eft — 7| |elt — 7 — || )" (rky "™ dr

t/2 n—1
< ii:;j/ﬁ (elt — 7] - [elt — ] — |2 |y~ (t/2) dr
+/t/2 <c]t — |- ‘c]t — 7| — |7] |>_HT_1 (tk/2)"™dr
v t/2 n—1
< <<§Z>>v/0 (elt = 7| Jelt — 7] = |2 |y "F (t = 7)7dr

n

+(tk/2>_m/t/2 (eft — 7| - |elt — 7] — || )7 dr
_ (2 cu - |cu — |z _T%lu7 u
= iy g e )T 7o

t/2 -
—l—(tk;/2>_m/0 {cu-|cu—1z|[)" 7 du.
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First, ct/2 < cu < ¢t and 0 < |z| < ¢t/4 imply |cu— |z|| > ¢t/4 > cu/2 so that

(eu-Jeu—|2|[)7" < <622“2>_1 <o (u)2

We thus deduce that
—+o0

¢
cu- lcu — |z T u)7 du u) ™D ()Y du
/QQ< jeu=lel )7 w7 du s [V

which is finite when v < n — 2. Second, we have

1

t/2 n— n—1
/ {cu-|cu—1z]])7 7 duZ. / (u-lu—|z||)" 7 du
0 R
As |u| — 400, we have
_n-1
(e fu= o )77 = (@)=

which is finite provided n > 3. However, we should make precise how it depends
on |z|. To this end, we write

/<“"“_’2H>_nzl d“—/ (u+121/2) - (u—|2]/2))""% du
® R

2 a2 du = L%lﬂ*’%lu
AR d‘@ﬁwwwmﬂ W e

A mere function analysis shows that, for any a > 0.

(x)?
2

5130—>7<$_a>

reaches its maximum over [0, +00) for = (a + va? + 4)/2, which leads to

<u2> nT71 < |Z|n—1
(u? —|2[?/4) ~ '

n—

/ (u-|u—|z| ‘>7Tl du < \z|"_1/<u>_("_1) du < |z 1.
R R

Therefore, when n > 3, for any v € [0,n — 2) and z € B(0,ct/4), we have

It follows that

E / W (et — 7])o2(2) o(7, k) dr| Se (k)Y (tk) ™7 + 2| k)™
0

c
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We infer that
lv(t,z) — W(ct)wg(z) — % W(Ct)¢1(z)”%;
< / (1 + ‘k“27‘) ’81(1{:)’2 <<k>2’y<tk>—2’7 + ’Z‘Q(n_1)<tk>_2m) dk

~C

R
< <Z>2t(;b 1) (Sl;p <k>2r+27|81(k)’2) /Rd ((tk>—2'y + <tk§>_2m) + dk

_ (2)2(n—1) 2 +27 (A 2 —2y —2m
= (s 0P B3R [ (@) () o
k R4

where the last integral is finite when ~,m > d/2. When n is even, we can use
(H1’)H(H3’)|instead: the condition on m imposes regularity on the data but
no further restriction on n. Such restriction arise from the condition on v: we
already have v € [0,n — 2). To be more specific, we have n > (d + 4)/2. For
d = 1 this holds for any n > 3; but, for for d = 2 or for the most relevant
case d = 3, we should assume n > 4 and n > 5, respectively. Nonetheless,
it is equally possible to make use of the decay of & in order to obtain a
singularity which remains integrable at 0 and and gives more integrability at
+00. The price to be paid is the strengthening of the regularity of o; and,
more importantly, a reduced convergence rate for large times. To be specific,
we get

(k. 2) = W etun(2) — - W (et (2,
S / (L K27 ()2 ()2 (th) =27 + 220D ey~ ) b
R

:/ (|k“d_1 + |k’2T+d—1) |k|_(d_1)|31(k)’2
R4
x (k)2 (th) =27 + |22 =D (tk)=2m) dk
2(n—1)
<Z> . (Sup <k>2r+2'y+d71|81 (k)‘2>
k

X /Rd [tk =D (k) =27 + (th) 2™ 4 dk
P 2(n—1) N
— < > - (Sl;p <k>27‘+2w+d 1|0'1(k‘)‘2>

X / [ =Y ()7 + ()72 da.
R4

The last integral is finite when v > 1/2. This is compatible with the condition
v < n — 2 provided n > 3. It is possible to optimize this approach in order to
find a sharp decay rate. O

N

3.3. Linearized Landau damping in analytic regularity. — That the
linearized Landau damping holds with an exponential rate relies, from ,
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on an estimate on p such as
(29) @t k)| < C e
(see |27, section 3|) for some A > 0. To this end we shall use the analog in

analytic regularity of Lemma [3.1]

Lemma 3.7. — Suppose that L (w|k|, k)is well-defined on k € X*\ {0}
et w € {z € C|Re(z) > —A} for a certain A > 0. We also suppose that

L inf |1 — LA (k| k)| >k>0 Re(w) > —A,
w @Ik, k)| = K >0 for Re(w)

1s fulfilled. Then, for any 0 < A < A we can find Crp > 0, which does not
depend on k, such that any solution of satisfies, for any k € X*4\ {0},

+oo —+o00
(30) /0 AR5, k)P dt < CF /0 M (e, k)| dt.

We refer the reader to [32] Proof of Lemma 3.5] or [6, Section 4] for details
on this statement. It allows us to derive the following estimate in L{® norm

M (2, k)] < MM (1, k)|

+00 1/2 +o00 1/2
+Crp < / AT L (7, k) 2 d7> < / A Ja(r, k) dT) .
0 0

It remains to check that the data satisfy

(31)
sup Ml a(t, k)| < +oo,
tZdO
kex+4\ {0}
“+o00 “+o00
sup ( / 2N | 7 (7, k) dT> ( / |2 [a(r, k)P dT> < 400,
kexrd\ {0} \Jo 0

In order to apply Lemma and to check that holds, we assume
(K1) : n>3isodd,
(K2) : 09 € CY(R") with supp(o2) C B(0, Rs),
(K3) :  we have supp(¢p, 1) C X¢ x B(0, Ry), for some 0 < Ry < 0o, and

sup { [ 81k 20 + V.Gl ) s = 5 <

keX*d n

(K4) : the function o1 : X% — (0,00) is radially symmetric and real analytic,
and in particular (see [32], Proposition 3.16]) there exists C1, Ay > 0 such
that, for any k € X*?, |5, (k)| < Cpe Mk,

(K5) :  there exists Cp, Ao > 0 such that for any £ € R?, k € X*@ we have

L) <Ce M, |fok.)] < Che okl
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Namely, we assume analytic regularity on the data with [(K4)| and [(K5)|
Note that is not a strong restriction in the present context, contrarily
to what it could be for the Vlasov case, since for this model o is naturally
smooth. Moreover, physically the form function o; would naturally be com-
pactly supported (the support being interpreted as the “domain of influence”
of the particle), which does not make sense in the analytic framework. Thus,
we should here think o; as a peaked bump function. We also bear in mind the
fact that o; is radially symmetric: its Fourier coefficients are real and we have
o1 xo1(k) = |o7(k)|> > 0. These assumptions, together with the finite speed
of propagation for the wave equation, allow us to control the “initial data”
contribution in and the kernel (22). Let us explain the role of for
the associated contribution to i. In , 11 is the solution of the
wave equation on R™, starting form initial data (ip,11). The space variable
r € X4 appears only as a parameter in this equation. Assumption means
that the Fourier transform (with respect to the parameter) of the initial data
has finite and uniformly bounded energy. When X = T¢9, holds under
the condition

/ / ([61(2, 2) + @IV tbol, 2)P) dz de = & < oo,
X xR

which implies that the Fourier coefficients of the energy lies in £2(Z¢), and thus
in £°°(Z%). This assumption is quite natural since this quantity is involved in
the global energy balance for (2a))-(2d), see [9), 10, B1]. Working in R?, this
has to be replaced by conditio

A naive intuition would relate the damping rate to the decay rate of p.. In
finite regularity, we indeed obtained a polynomial damping rate assuming the
polynomial decay of p.. The analytic framework is more demanding and it is
not enough to assume the exponential decay of p.. The proof of Lemma [3.9

below will make the role of the stronger assumptions |(K1)H{(K2)| clear.
Proposition 3.8. — Suppose |(K1){(K5), The quantity L (wl|k|, k) is
well-defined for any w € C such that Re(w) > —\ and holds for any A > 0

such that
- C)\l C)\l )

A < mi (A,)\,—,i
T Ry Rr+ Ry

The statement follows from a direct application of the following claim, and
reproducing the computations of the proof of Proposition [3.2

Lemma 3.9. — Suppose .
(i) Let a(t,k) be defined by ([21). Then, there exists o > 0 such that for
every 0 < A < min(\o, A\, cA1/(Rr + R2)), la(t, k)| < ae NIt holds for
any t >0, k € X+,
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(it) Let % (t,k) be defined by ([22). Then, there exists C > 0 such that for
every 0 < A < min(\, eA1/Ry), | (t, k)| < Ce kIt holds for any t > 0,
k € X*d,

Proof. — We start with the proof of (i). First of all, assumption [(K5)|tells us
that

ok, tk)] < Cp et

and since
~ t ~ —
la(t, k)] S ok, th)] + K2 /0 1. )| (=) | A ((t = )k) | dr.

we only have to deal with second term. Then, relation can be recast as

oite) = [ e =) ([ orluntea2)as) ay

with 17 the solution of the free wave equation

(0 — A WI =0,
(1, 001)|_y = (W0, 91)-

Assumptions|(K1)|and [(K3)|allow us to make use of Huygens’ principle which
tells us that

supp(¢r(t, x,-)) C {z € R™, et — Ry < |2| < ct + Ry }.

Therefore, by virtue of [(K2) - )l the product o2(z 1/11 (t,z,z) vanishes when ¢ >
RI+R2 = Sp for any # € X z € R" (see Flg Hence, ¢y is supported in
[0, SO] x X¢ and we can write

or(1,k) = 51 (k) </n o2 1 (7, k) dZ) 1<

Moreover, thanks to Sobolev’s embedding, energy conservation for the wave
equation and assumption |[(K3)| we have

2

/nO-Z’(ZI(Ta k) dz

< oz n%llzh(ﬂ k)lngfn

z

1
S loal o IV )z < Clloal oy (106017 + IV D)

1
~ 5 1
=] ool gy (191061 +c2||vzwo<k>||%g)2 < 2ol Vr

z
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From these two facts, and thanks to |(K4)H(K5)} we can eventually conclude
as follows: for every 0 < A < min(A, A1/Sp),

£ N s ,
2 [ [@r(r ] (¢=r) | Z0(¢ = )] ar 5 e[ jrrfe R0 dp
0 0

S -
_ \k\ze_/\lk/ 0 ‘t_,]_’e—)\(t—'r)|k|e—()\—)\)(t—T)|k| dr < 2 <sup|k]26_(’\1_’\30)k> okl
0 k

Accordingly, a(t, k) is dominated by (e~ **), uniformly with respect to k,
for 0 < A < min(Ag, A\, A\1/Sp). (Note that Sy behaves like 1/c; as ¢ becomes
large, only \g and A are relevant in this condition.)

We turn now on the estimate on J#. With , and Lemma
(we use |[(K1)|and [(K2)|in order to apply this lemma), we can estimate .%" as
follows: for every 0 < A < min(), cA1/Ra),

AR < WEFEBE [ o] ¢ =)A= rp)] ar

2Ry

< |k|26—2>\1|k|/ " (t—r)e MTIM = OV g < (Sup|k|2e—2()\1—Rf)\)k>e—)\|tk|
0 k
which tells us that .# (t, k) is dominated by @(e~**I*), uniformly with respect

to k, provided 0 < A < min (5\, %) O

Hence, assuming [(K1)H(K5)| and (L), the solution of (I7)-(I8) satisfies
. We deduce the convergence of the fluctuation of density p(t), force

Vi ¢(t), and medium v (¢) (with exponential rate on the torus and polynomial
rate for the free space problem), like in Proposition and [27, Theorem 3.1].

3.4. Stability criterion for large wave speeds. — We turn to investigate
the “(L)-condition” made on the Laplace transform of % (see and (L)),
where -
LA (w, k) = 51(k)[F Lpe(w)ZL (K[t (k) ().

In fact, for the Vlasov equation, such a property holds under a smallness
assumption, see [27, Condition (a) in Proposition 2.1]. Here, this condition
can be rephrased by means of a condition on the wave speed ¢ > 1. The latter
confirms the intuition that the damping is related to the ability to evacuate
the particles energy through the membranes, see [8]. (It also raises the issue to
determine whether or not there exist stable equilibrium for ¢ < 1.) A similar
smallness condition on 1/¢ appears in the asymptotic statements for a single
particle [8, Theorem 2, 3 & 4], for the analysis of the relaxation to equilibrium
for the Vlasov-Wave-Fokker-Planck model |2, Theorem 2.3|, and the stability
analysis in [10]. Moreover, as mentioned in the Introduction, up to a suitable
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c-dependent rescaling of the coupling, the regime ¢ — oo leads to the usual
Vlasov system [8], and it can be checked that the stability criterion for large
C’s is consistent to the condition exhibited for the Vlasov equation. The role
of the wave speed ¢ on the damping phenomena is investigated on numerical
grounds in [18].

Proposition 3.10 (Stability criterion for large c’s)

(i) Assume[(H1)H(H2) and[(H4)H{(H5)| There exists co > 0 such that
if ¢ > co then condition (L) is fulfilled.
(ii) Assume |(K1){(K2)| and |(K4)\(K5). There exists co > 0 such that if
c > cqg then condition (L) is fulfilled.

Proof. — We only detail the proof of (ii), the former item being justified by a
similar approach. Let 0 < A < min(\, c\1/R2) and let w be a complex number
such that Re(w) > —A. On the one hand, we have, for any k # 0,

o oo k o.9] —
‘f(\k?t.///(tk))(wlk\)‘ = ‘/ s,///\(ms>e_ws ds| S / se et ds < 1.
0 0
On the other hand, Lemma [2.2] allows us to estimate the Laplace transform of
the kernel p. as follows

2R
1 e 2 Alkl

2R2/C A
L] < Il [ MM s
0 c c
Owing to [(K4)| we obtain

— 1 Ry
[T (k) | Lpelwlk])| € —ge 21V,

We observe that the right hand side tends to 0 as ¢ — co. Therefore, for any
k € (0,1), provided c is large enough, we have

sup | L (wlk|, k)| <1—k
k0

for any w € C with Re(w) > —A, which implies infyo |.£7# (w|k|, k) — 1| >
k> 0. O

Section [5| provides a thorough discussion of the stability criterion, beyond
the mere assumption of large wave speeds c.

4. Nonlinear Landau Damping

In this Section, we briefly explain how the nonlinear Landau damping can be
justified. We consider two distincts geometrical and functional frameworks: the
free space problem can be handled by working with Sobolev spaces [7], while
on the torus the dispersion effects of the transport operator do not operate
and we work with analytic regularity [6], [27]. We point out the new difficulties
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compared to the Vlasov case and explain how the arguments can be adapted
for our purposes. Fully detailed proofs and further comments can be found in
[33].

4.1. The free space problem. — We shall see that the damping in R¢
occurs with a restriction on the space dimension: we should assume d > 3.
As in [7], the analysis in the whole space relies on dispersive phenomena
attached to the free transport operator; these effects are indeed strong enough
to dominate the plasma echoes when d > 2, and a further technical restriction
arises in the bootstrap argument, that leads to impose d > 3. We remind the
reader that details on the functional spaces can be found in Appendix [A]

We go back to the formulation @D Compared to the usual Vlasov equation,
the expression of the potential ®[¢)] now involves the contribution of the initial
data #7, and the self-consistent part ¢, presents a memory effect, through
the kernel p.. It is convenient to think of the problem with some generality
on these quantities. Thus, let us collect the hypothesis on the data of the
problem: %, p. and o1. We refer the reader to the previous section in order
to translate these assumption on the original data o3, ¥y and ;.

(A1) : There exists an exponent oy > 0 sufficiently large such that

sup
keRd

Fi(t. k)| S 07,

(A2) : There exists an exponent «. > 0 sufficiently large such that

pe(t)] < (8)7,
(A3) : oy € L(RY): for any a > 0 we have

lim (k)*|o1(k)| = 0.
|k|—+o00

This formulation of the hypothesis has the advantage of pushing the gener-
ality of the result, both on the “linear” perturbation due to the data through
%1 and on the memory effects in the self-consistent potential through p.. The
following claims are crucial for our purposes: roughly speaking, they explain
why the situation is not very different from the Vlasov case, once the role of
Z1(t) and p. well understood, and it justifies that the approach of [7] is ro-
bust enough to be adapted. Note that is the assumption that makes the
constants C1(.%7) and Co(Z1) below meaningful.

Proposition 4.1. — Let|(A1)H(A3) be fulfilled. Then for any 0 < T < oo
and any s > 0 such that s < ay — 1/2 and s < (a. — 1)/2, the following three
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estimates hold

(20) |0 (71 -5

< C1(F1) + || AsDl?
)

(32b) HA 51 (J[ 59 ) H < OUF) + 1Al 1z

Loo L2 (t)

(k) (®)
(32¢c) sup sup (k,tk)’|oi(k ‘ﬂl t, k) — Gl(k‘)%(t,k)
t€[0,T] keRd

< Co(Fr) + sup sup (k,tk)®|o(t, k)|,
t€[0,T] keRd

with

+oo P 2 P
C1(F7) :/ <t>2ss%p (%(t,k)‘ dt and C5(F1) = sup <t>8‘%(t,k)‘.
0 t,

Remark 4.2. — We shall use the following variant of the statement : for any
polynomial k +— P(k), we have

S G (J‘I)JrHAs@HLz 12

33a HPA g1 <y[—01g>H
(k)

2
LY L,

av) |Paci (7i-a4%)| _ , s+ 148l 1

Loo L2 ®)

(k)™ (t)
(33¢) sup sup (k, tk)*P(k)|51 (k ]yf(t, k) — 61(k)9,(t, k)
te[0,T] keRd
< Co(Fr) + sup sup (k,tk)®|o(t, k)|,
t€[0,T] keRd

These estimates can be justified since o1 lies in the Schwartz class and thus
P(k)o1(k) remains a function with fast decay.

Proof — In order to prove (32al), we analyse separately the contribution from
F; 7 and 54 as follows

o (7129

/ / |k, £6)22 (1 (k) 215 (1, ) 2 b it
=1

T
+/ / k|(K, tk)% |51 (k) [*9,(t, k)2 dk dt .
0o JR{

2 72 ™
L(t)L

=II
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For I, by using (k,tk)? < (k)2(t)?, we readily obtain

< ( / «,: rk|<k>25|al<k>|2dk> < / +°°<t>25s51p Fien| dt) |

For II we start by applying Cauchy-Schwarz’ inequality

2

Gyt k)2 = /0 pe(t — T)o(r, k) dr

< ([ e =mar) ([ tnete =i by ar ).

Going back to II, we are led to

T ! 2s <k?tk>28 -~ 4~ 2
U< el [ [ et ([ I 1 ) e, b P k) dr
0 Jo R¢ (k,Tk)

A simple study of function shows that (for ¢t > 7)

o et (P
remn ky TRY2s = (r)2s”

Since |o1(k)| < ||o1]|z1 < 1, and using Fubini’s theorem, we obtain

< [lpe] /T /T| = a2, at)
=~ | Pell ; i Pe T <7.>23 sO\T L%M T

T T—71 2s
~, 2 <U+T>
Sl [ 14800, ([ 5 ) ar

Since (u+ 7)2% < (u)?%(7)?%, we arrive at

—+o00
1<yl ( / <u>28|pc<u>|du> 14812, . -
0 OO

It ends the proof of (32al).
Estimate (32D]) follows the same strategy: for k € R%, we split as follows

T — o~
R O ET R ACA

T T
< / |k|<k,tk>25\31(k)|2!%(t,k‘)Ith+/ (K| (k, th) 2|51 (k) ||, 2, k) dt
0 0

=J =JJ
Proceeding as above, we obtain

i< <sup \k|<k>28|81<k>|2> ([ wssw | Frenf )

keRd
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and

T T 2s
JI s HpCHLl/O </ |pc(tT)I<<j>>28|k|<k,7k>23|§(7,k:)\th> dr

Sy +Oo<u>23uoc<u>rdu) (/ " kigh, 7Ry o, ).

We proceed with a slightly different approach for (32c) when dealing with the
contribution involving %,. For any t € [0,7] and k € R?, we write

(ks th)* (51 (R)] | Z1 (1, k) = &1 (R, (1. k)|

< <sup <k>sra<k>> ( sup_ (1) sup | 7 (1, k)]) + (k, th)* |Gy (t, k).

keRd tel0,T k
Since
_ ' (k, th)®
S < _ ? S|y
O O T e R G

174N

( JAREE dT) sup sup (k7R [a(r. k)] )
0 (T > 7€[0,T] keRd

it suffices to observe that
/t|p =) 4 < oo
0o (T)*
by virtue of [(A2)] O
Proposition 4.3. — Let|(A1)H(A3) be fullfiled. Assume that # € H} with

P >d/2 and § > 0. Then for any s > 0 such that s < § —2d and s < ay — 1,
we have

(34a)

—

H(t, k) — Ag(t, k) /Ot V.01 (k) Z 1 (r, k)Y ol ((t — 7)k) dr

LY L,
+00 n P 2
S [ s | Fien)|
0 k

(34b)

—

H(t, k) s Al(t k) /Ot Coo (k) F (r, )N ((t — 7)) dr

[e%) 2
L Ly

+o0 . - 2
S [ @ s | Fwn)|
0 k
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Proof. — First, let us introduce the following notation

o —

I(t, k) = Ay(t, k) /O t Voo1(k)Z1(r, K)o dl ((t — 7)k) dr

and estimate for every k € R? the L%t) norm of t — I(t, k). By using the
relations (k,tk) < (k, 7k)([t — 7]k) and (k,7k) < (k)(T), we obtain

T T
/ I(t R dt < k(5 (k) 2 / (1)~ ()
0 . N 0
x </ (rk)2 (k,Tk)*
0

ST a0 ( / Ry Gy
x ( /0 =yt

F1(r, k:)‘ (t = T)k)**5 ‘W((t —7)k) DQ dt

/\ 2
Fi(T, k)’ d7'>

— 2
Vv//l((t—T)k)‘ \k\dT) k| dt

—+o00 -
< [R50 (k)P ( [ s F k)?dT)

Since .# € H3, we have ¢ — (5)5./21\(5) € HP, where P > d/2, and Sobolev’s

embedding yields ].///\(f)] < H./Z/\HHP (€)75. Then, as soon as s < 5§ — (1), this
ensures that the integral involving .# is uniformly bounded with respect to k.
Eventually [(A3)| ensures that both L%k)L%t) and L?E)L%t)—norm of I(t,k) are
dominated as asserted. O

ok

The analysis of the Landau Damping, as it is already clear for the linearized
problem, relies heavily on the formulation of the problem by means of the
Fourier variables. Let us collect the useful formula from which the reasoning

starts. Integrating (10a)—(10b|) over [0, t], we get
t

g(t,z,v) = fo(m,v)—i-/ Veorx(Fr—o1%9,) (1, x+70)-(Vy—7V ) (A (v)+g(T, 2, v)) dT.
0

We check that

/ u(z470,v)e”F T qy d = / u(y, v)e * Ve ETTRY qy de = Gk, E—7k).
R2d R2d
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We also bear in mind that 1(v)(§) = §(£ = 0) and 1(z)(k) = d(k = 0). We
thus obtain
(35)

3(t, 1, €) =

/ /R%nal N F1 = 5,) (7, m)8(C = ) - (€ = QAN — ()30 = k) dndC dr

/ /R nG1(n)(Fr — 619, (r, n)3(C = )
(€ —=C—1(k—=n))g(r,k —n,& = )dnd¢dr

= fo(k, / ko1 (k)(F1 — G19,) (1, 7k) - (€ — Th)A (€ — Tk) dT
/ /Rdnal J[—Ulg)(T n)- (& —71k)g(r,k —n,& —mn)dndr.

Eventually, the macroscopic density is evaluated by

o(t,k) = / f(t,z,v)e”**dvde = / g(t,z —tv,v)e”* % dvdz
2d R2d
= /IR g(t,y,v)eFVe Y du dy = G(t, k, tk).
R2d
Going back to (35 with & = tk, we arrive at
(36)
t — ~ —
B0t k) = Tolk, th) — / KoL (k) (F7 — 319, (ry 7k) - (£ — 7Yk A((E — 7)R) dr
0

- /0 /Rd na1(n)(Zr — 519,)(1,n) - ((t — T)K)G(1,k — n,th — Tn) dndr

4.1.1. Main result. — We are ready now to state the main result about the
nonlinear Landau damping. As said above, the proof makes the constraint
d > 3 on the space dimension appear.

Theorem 4.4 (Landau damping in ]Rd). — Let d > 3. Suppose f
((A3). There exists universal constants €9, Ry > 0 and r € (0, Ry) such that
if s > Ry,

+oo — 2 —
S N2 folld < € / (07 sup | Z(t,K)| A <, sup(6)° | Fr(r, k)| < <
0

aeNd Lk
la]<P

and A € HL(RY) with P> d/2 and § > s+ 2d satisfies (L), then, the unique
solution g of (10a))—(10b)) is globally defined. Moreover, there exists g>° € H,
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such that
(37a) lg(t) — >y < 60(75)*% for0<o<r,
(37b) G(t, k, tk)| < eolk, tk>*(”d+2)

(37c)
(Va)7 Vo (F1(t) = o1 % Gg(t))l|o(an) S oty for 020

holds.

Remark 4.5. — Estimate holds because o1 is assumed to be in the
Schwartz class; this assumption can be relaxed at the price of introducing
constraints on the regularity exponent o.

Estimate (37D) provides a decay of p(t, k) with rate (k,tk)~("+4+2); the
statement can be completed by the convergence to 0 of the fluctuations ¢ of
the medium state, see Proposition [3.4]

The proof of the Landau Damping in fact relies on a bootstrap estimate, see
[7, Proposition 2.5|, which states as follows.

Proposition 4.6 (Bootstrap). — Let the hypothesis of Theorem be
fulfilled and let 0 < § < 1/2. There exists real numbers 2(d+ 1) +1 < s1 <
s9 < 83 < 84 < s and Ki,..., K5 > 1 such that, for any g € C°([0,T], H3)

solution of (10al)—(10b)) on the time interval [0, T] verifying

(38a) Ve, Vodg ()G < 4K1£*(2)?,
~12 2
(380) Msillicy iz, < 4Ka”
(38¢) Vgl < 4Kse?,
(38(1) HASQQHL?Z)L?t) > 4K4€7
(38¢) Vel < 4Kse,

for 0 < e <eg small enough, the following estimates hold on [0,T]

(39a) H(tVz,ng(t)H?{? < 2K’
~|2 2
(ng) HA54QHL?OL?,€) < 2Ke7,
(39¢) IVal’g(t)]5 < 2K3e”,

Hp

Ay, 0% < 2Kye?
(39d) H SQQHL(}C)L?t) > 4&,
(3%) (V) g(@)llree < 2K5e.

(k,€)
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Remark 4.7. — We shall see within the proof how the s;’s are chosen, ac-
cording to some compatibility conditions. This choice determines the possible
value for Ry that arises in Theorem as a threshold for the Sobolev regu-
larity in which the damping is evaluated. To be specific, Proposition holds
for s > s4 + 2d and s; > s;—1 + 2d and in Theorem @ we can set

Ry = s4 4+ 2d, r=s—d—2.

The condition on gp imposes a smallness constraint on the initial perturbation.

Remark 4.8. — It might be surprising that the half-convolution with respect
to time plays a relatively weak role in this statement, compared to the Vlasov
case. At first sight, we would suspect that the memory effect changes a lot the
control of the force terms, or that it imposes further restrictions. In fact, the
heart of the proof relies on the estimates in Proposition .1 and the main
impact of the memory term is rather on the stability condition, where it
completely modifies, in a quite intricate way, the expression of the symbol
£ % . This can be seen as a confirmation of the robustness of the approach
designed in [27, [6], [7].

The proof of the Landau damping from the bootstrap follows closely [7]; full
details can be found in [33]. The bootstrap argument in itself is adapted from
[7] by taking advantage of the analogies with the Vlasov equation. There are
two main differences that require some care: the additional term .%#;(t) should
be controlled with the bootstrap norms and all quantities where ||o(t)]| arises in
[7] should be controlled here by ||%,||. Both ||.%;(t)|| and the estimates of ||%,||
by |le(t)|| should be evaluated by using the norms involved in Proposition
These issues are the motivation for Proposition [£.1] and Proposition [£:3] For
instance, let us detail this strategy for the estimate of Ag, 0 in the L%k)L%t)

norm. The other estimates proceed similarly, by combining the arguments of
[7] to Propositions and see [33].
4.1.2. Estimate of the L%k)L%t) norm of As,0. — The estimate of Ag, 0 is a

consequence of the following two claims, for which we refer the reader to [7
Section 2.3 and 3]. The former is a version of Lemma adapted to the norms
of the bootstrap.

Proposition 4.9 (Linearized damping on RY). — Let the assumptions

of Theorem be fulfilled. We consider a family of functions {t € [0,T] —
a(t, k), k€ R*}. We suppose that, for any k € R?,

T
/ el (ks th)2a(t, k)2 dt < oo,
0
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holds. Then, we can find a constant Crp (which does not depend on k and T')
such that any solution (t,k) — ¢(t, k) of the system

o(t, k) = a(t, k) /Jfft—Tk)(b(T k)dr

alt, ) + / GrR) P2t — 7). <[t—r]k>(/()Tpc<r—a>¢<o,k>do) dr,

on [0,T] satisfies the following estimate: for any k € RY

T T
/ |k, 66516 (t, k) dt < Crp / K|k, £8) 2% a(t, k) 2 dt.
0 0

The second estimate is concerned with the time-response kernel

k1/2n1/2k R
k1] ’<n)’2( )’|g(t,k:—n,tk—7'n)|.

which is a crucial quantity for the analysis of the echo phenomena. It leads to
the constraint on s; involved in Proposition Technically, this statement
is substantially different when X?¢ = T¢ or When X? = RZ. In the torus, the
proof needs analytic regularity but is free of constraint on the space dimension
d (see [6, Section 6]). For the free space problem, the argument relies on
dispersion mechanisms of the transport operator which are strong enough only
when d > 2; in this situation it is thus possible to work in finite regularity.

K(t,1,k,n) =

Proposition 4.10. — Let 0 < T < co. Let s1 > 2(d+ 1)+ 1. The following
two estimates hold

sup sup/ K(t,7,k,n)dndr < sup  sup (k, &) (7, k,€)|
Rd

te[0,T] keRd T7€[0,T] k,£€RE
and
sup sup / K(t,7,k,n)dkdt < sup sup (k, &) [g(7,k,€)]|.
r€[0,T] nerd Jr  JRd r€[0,T] k,ecRe

Remark 4.11. — The factor 1/(n)? in the kernel K comes from the convo-
lution kernel used in [7]. Here, since oy is Schwartz class, this factor can be
replaced by 1/(n)™ with m € N as large as we wish.

We follow closely the arguments of [7], up to the perturbation due to
and ¥,; as pointed out above, these perturbations do not substantially modify
the analysis, owing to Proposition and Proposition
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We start from the expression of g(t, k) in and we apply Proposition
in order to estimate the L%t) norm of A, 0 (with i € {2,4}). We get

T
(40) A3 S [ I )2 o)

T
/
0

—i—/OT’/Ot/Rg‘k|1/2<k,tk)54n81(n) (%(r,n)_al(n)g;(ﬁn»

2

/t kY2 (K, th)*4k 5 (k).Z (T, k) - [t — 7]kt ([t — T)k) dr| dt
0

2
[t —=7lkg(T, k —n,tk — n) den‘ dt.

Integrating with respect to k yields

~ 2
fo(k:,tk)‘ dk dt

T
Ag, 017 < k| (k, th)>*
N

s
+/Rd /OT(/; [ K[ ) () (Zi(r.m) = 510G (7.m))

2
(t = 1)kG(r, k — n, th — ) dr dn‘ dk dt.

2

/t k|2 (e, tk)5* k51 (k) Z1 (7, k) - (t — )k fO([t — 7]k) dr| dkdt
0

We denote the three terms in the right hand side as CT1, CT2 and NLT,
respectively (for “constant term 1 and 2, nonlinear term”). In what follows,
we are going to split the discussion according to the estimate NLT < NLTT +
NLTR, where NLTT (for transport) and NLTR (for reaction) stand for the
contributions that arise from the following decomposition

(k,tk)* < (k —n,tk —n)** + (n,mn)%.
4.1.2.1. Estimate on CT1 and CT2. — Thanks to |7, Lemma 2.6] we have

CTLS Y [I(w,v) = 2 fo(w, )| F < €%

aeNd
|| <P

In Proposition , we already obtained CT2 < &2.

4.1.2.2. FEstimate on NLTT. — As said above, having Proposition at
hand permits us to readily adapt the arguments of [7]. The Cauchy-Schwarz
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inequality yields

surrs [ ([ e ool Fiem il aran)

X (/Ot /Rd<7>—5/2|n||51(n)| ‘JEZ\[(T, n) — 61(n)%,(r,n)| k|(k — n, th — 7n)

x|t — TVE2[G(r, k — n, th — mn)[2 den) dk dt.

Now, (32¢) and ([38¢) ensure that

~

(n, 7n)* 31 (n)|| Z1(r, ) — 51.(n)D,(1,n)| S (1 + Ks)e.

Since |n|(T) < (n,Tn), we get

/ / (7520l ()| (7, m) — B () (7, m)| dr dn
0 R4

t75/2 n|{n, ™) dn dr €
s</0<> /R%IK, ) dd><1+K5>

< (/0%0(@5/“1 dT> (1+ K5)e < (1+ Ks)e

where the last estimate assumes the condition 5/2—d—1 < —1, that is d > 5/2.
This is one of the constraints on the space dimension d which imply that the
analysis applies only when d > 3.
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Going back to NLTT we are led to (by using (|t —7)k| < (1(k—n),tk—7n))

NLTT < (1 + Ks)e / / / / ()% |n| |51 (n) |)J1 n )%(T,n)’
R4
(1) O|k|(k — n, tk — mn)*4 (1 (k — n), tk — n)?|g(T, k — n tk:—Tn)\Qden) dk dt

s roe [ [ 0l |Fitrn - a1 )
T
« (/ /Rd(r>_5\k\(k otk — )2 (7 (k — ), th — Tn)2

G0,k — n, th — n)[? dt dk:) dndr

T —_ ~
S (14 Ks)e </ / ()2l G ()| | Z1 (7, m) = 1)y, m) dndT>
Re JO
+oo
><( sup sup (7 / / k—n,tk — )% (r(k — n),tk — mn)>
R4

0<7<T neR

< [G(r, k — n, th — n)[2|k| dt dk:)

+oo
< (1+K5)252( sup sup ( / |k:|/ n),tk —mn)(k —n,tk — ™n)**
0<r<T neRd R4

g7,k — n, th — )| dt dk).

With two changes of variables and by applying [7, Lemma 2.8|, we obtain

-I—oo
/ \k\/ n), th — ) (k — n, th — 7n)G(r, k — n, th — )| dt dk
Rd
400 k k 2
_ / / (k= n), b )k — ot )G (ki th — n)| dtdk
R J oo k| ||
+oo
< sup sup / / ), tw + z)(k — n,tw + )G (T, k — n, tw + z)|* dt dk
weSd—1gecRd JRE

+oo
< sup sup / / (T, tw + ) (k, tw 4+ 2)*4G(1, k — n, tw + z)[* dt dk
wESdileRd R4

STV, Vg (m)3e -
Finally, combining this with (38al) we obtain
NLTT < (1 + K5)2 K.
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4.1.2.3. Estimate on NLTR. — We make the time-response kernel K appear:

T t
NLTR = / / ( / R (¢, 7, kym)n, 7o)t 0] Y2 ()[4 ()|
Re Jo 0 R4
o~ —~ 2
X ’91(7'7 n) —o1(n)9,(t, n)‘ dr dn) dk dt.

Then, Cauchy-Schwarz’ inequality and Fubini’s theorem allow us to obtain

NLTRg// (/ Kt7/<:nd7dn>/ K(t, 7 k,n)
Rd R4

x (n, 7Y | (n) 4[5 (n) 2 (,/I .n) — 61(n)G,(r n)’ drdn)dkdt

sup Sup/ K(t,7,k,n)drdn / / </ K(t, 1k, n)dtdk)
te[0,T] keRd R Rd Rd

x(n, 7025 0] (n) 431 (n) ’%(T,n)—al(n)g;(m)( drdn

t T
< | sup sup/ K(t,7,k,n)drdn sup sup / K(t,7,k,n)dtdk
te[0,T] keRd 7€[0,T] neRd Jr JRd

Rd
. 2
/ / n, n) %4 |n|(n)4|51(n ‘ﬂl T,n) —oi(n )%Q(T,n)’ dr dn.
By using (32a)) and (38b]), we obtain
T o~ ~ 2
| [ nlin) 16,02 | Zir) — a1t drdn S (1452
0o Jrd

Gathering this with Lemma and (38¢|), we are led to

NLTR < (1 4 Ko)KZ2e?
4.1.2.4. Recap. — We have shown that, if g is a solution of ({L0a))—(10b))

satisfying (38al)—(38€) on [0, 7], then

lAsi0l7z, 12 S (14 (14 Ks) Ko + (14 Kp) K3e?)

Let us denote C the constant hidden in the symbol < of this estimate.
Choosing K9 > C] and € < 1 so that

(1+K5)2K1e* 4+ (1+ Ky)K2e? < 1

allows us to conclude that (39b)) holds.



LANDAU DAMPING IN DYNAMICAL LORENTZ GASES 51

4.2. Periodic framework. — The dispersive effect which has been used
for proving the Landau damping on R% does not exist on the torus. For this
reason, in order to control the echoes, we shall work in the analytic framework,
following [6]. For the Vlasov-Poisson problem, the analysis of [4] is a hint that
this regularity could be necessary. As a counterpart of this regularity, there is
no restriction on the space dimension d.

The proof still relies on a bootstrap argument, see [6]. There are two main
arguments, like on R%: firstly, the force term Voy x (F[(t) — 01x%,(t)) can be
controlled, in suitable norms, by the macroscopic density o(t), and, secondly,
the contribution associated to the initial data fot VorxZF (1, x+710)-Vyd (v) dT
does not perturb too much the bootstrap property (here, we refer the reader
to the remarks made when analyzing the whole space problem).

We shall work with the Gevrey spaces FV* and Q;’m‘g; which involve
three parameters to control the decay of the Fourier variables associated to
the position /velocity pair, see Appendix |Al Here and below, we assume that

o>d/2, P >d/2, 0<s<L.

For the parameter A, it will be considered as a function of the time variable
At — A(t) € (0,00), continuous and decreasing.

In contrast to what we did for the problem on R?, we do not express general
conditions on %; and p.. Instead, we shall use the same assumptions as in
the case of the linearized Landau damping. For the sake of convenience, let us
recall them here.

(K1) : n>3isodd,
(K2) : 09 € CYR") with supp(ca) C B(0, Ry).
(K3) :  supp(¢;) € T¢ x B(0,Ry), i = 1,2 and

E = // (Wl(x, Z)’2 + CQIVZwO(x,z)D drdz < +o0.
Td xR

(K4) :  o1:T¢ — R, is radially symmetry and analytic; in particular there exist
C1, A1 > 0 such that |71 (k)| < Cy exp(—A1|k|) holds for any k € Z.

Note theat assumption [(K5)|on .# and fy will be replaced by ., fo € Q?,O’O;S.

As a consequence of |(K1)| and the kernel p. has a compact support:
supp(pe) C [0,2Rz/c], see Lemma 2.2l By virtue of [(K2)| and [(K3)] .#; is
compactly supported too: supp(.-#;) C [0, (R; + R2)/c], as pointed out in the
proof of Lemme In what follows, the following parameters will play an
important role

2Ry /c, So = (R;+ Ra)/c.
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4.2.1. Preparation of the bootstrap argument. — The following statement,
analog for the torus of Proposition [4.1], is a crucial ingredient to justify the
bootstrap property.

Proposition 4.12. — Let (K4 ) be fulfilled. Let t — A(t) > 0 be a

continuous and decreasing function. For any o > 0 and 0 < s < 1, we get
(1) [IVor * (F1(t) — o1 D) Faos
t
S losics + [ oot = Dl le() s o
0

Consequently, the following estimates hold

t
(42a)  [|Vor* (F1(t) = o1 xG(1)) a0 S 5I+/O lo(T) 1 3acr).e A7

(42b)
sup [|Voy * (Z1(1) — o1 xGo(T)) [ Game S E0+ sup [[0(7)|Zair) e
r€[0,t] T€[0,t]

(42c)

t t
/0IIV(fl*(%(T)—01*%(7))”%(7),0;5 dr 5 é"1+/0 lo(T) a5 AT

Remark 4.13. — The following observations will be useful:

i) In the specific case s = 1 we shall need a further assumption on
A(0):  for this situation, we assume A(0) < C(Ai,2Rz/c,S0) =
min(A1/(So),2\1/(2Rz/c)).

ii) In contrast to the analysis of the Vlasov-Poisson problem, a control of
[ |lol| d7 ensures a pointwise control of the force term. This fact, which
can be seen as a kind of regularizing effect of the half-time-convolution,
simplifies the proof of the bootstrap property.

iii) Like for the whole space problem, the exponential decay of &1(k) can
be used to absorb any polynomial with respect to k that arises in the
estimates, see Remark [£.2]

Proof. — We estimate separately the contributions from .#; and ¥,:
Vo1 % (Fr(t) = o1 x Go(D) | Fawioss S IVT1 % Fr(0) [ Frros +IVE * Go() [ 5orc.000 -

For the former, we use supp(.#;) C [0, So] x T¢ and the estimate (see the proof

of Lemma

(43)  [K[[G1 (k)| Z1(t k)] < Culkle™ M o2l onsoe v/ ErLosi<so-
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We obtain

Va1 x Z1(t) | 5am e S Z (k, th) 2 P O®E)? |1 2620 ) 01, g
kezd

5 Z <k>20<S0>2062)\(0)(k>s(50>3’k‘2672A1|k\2 @@Ilogtgso-
kezd

When 0 < s < 1 the sum is finite; when s = 1 we should impose the additional
condition A; > A(0)(So).
For the latter, we apply the Cauchy-Schwarz inequality, so that

2
I VE % Gp(t) | ortnos = D _ (k, th)2 2 OER 215 (k) |*
kezd

/ pelt — )3, k) dr
0

t
§||Pc||L1/ [pe(t —7)| z:<]<?7757*€>206%@)“@’%)3|]<?|2|31(k)|4|§(7,k?)’2 dr
0 kezd

t
— lpel / pelt =) | 32 Lt 7) (b, 7y 2 OB (5 )2 | dr.
0 kezd

It follows that

~ <k, tk>20 _ s s_ s
Ik(t 7_) _ |]€|2|0_1 (k)|4 62()\(t) A(T){k,tk) eA(T)((k‘,tk) (k,Tk) )
’ (k,Tk)%
Therefore if Ij(t,7) is bounded uniformly with respect to k, ¢ and 7, then we
get

t
2
I VE* GO a0 5/0 [pe(t = D) lo(m)Zorcr)o0s AT

We are left with the task of justify a uniform bound on I (¢, 7). To this end, we
remember that p. has a compact support: we can restrict the time integration
to 0 <t—7 <2Ry/c. For t > 7, a simple analysis of function shows that

ktk2a t20
wup SR (0

- T 20 5/ 20'
kezad <k,Tk>2‘7 < <7->20 < <t > < <2R / >

Since t + A(t) is decreasing, we have exp(2(A(t) — A(7))(k,tk)*) < 1. Finally,
with 0 < s < 1, we have (see [6, Lemma 3.2])

[(2)° = ()°] < (& —w)*,
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so that (k, tk)*—(k, 7k)* < ((t—7)k)* < (32k)% and exp(2A(7) ((k, th)* — (k, Tk)®)) <
exp(2A(0) (2823 (k)*). We conclude with

]k(ta 7_) < Cf|k5|2€_4)\1|k| <2R2/C>2062)\(0)<21:2>S<k>s
when 0 < s < 1, while for s = 1 we further assume 4\; > 2X(0)(2Rz/c). O

)

We turn to the estimate of the force term fg VorxZ(r,x+71v)-Vyd (v)dr
by means of the norms involved in the bootstrap.

Proposition 4.14. — Let|(KIH{(K4) Assume that 4 € G3'° for some
integer P > d/2. Let t — A(t) > 0 be continuous, decreasing, and such that

A(0) < 3\\6. Then for any o > 0 and 0 < s < 1, we have

(44) /0 !

Remark 4.15. — Again, when s = 1 a constraint on A(0) such as A\(0) <
C’ (M1, S0) = A1/(So) should be imposed.

2

at < &.

t
/ Voix Fi(r,x+71v) - Vyd (v)dr
0 f)\(t),o';s

Proof. — We start with

’

2

dt

t
/ Voirx Zr(r,x+71v) - Vyd (v)dr
0 fA(t),o;s

T
</
0

and we define I(t, k) as follow

(/Ot<k’tk>ae/\(t)(k,tk>8|k| o1 (k)| ’55\1(7', k‘))
kezd\{0}
x|(t =)k Vﬁ(t = T])k)’ dr)2 dt,

I(t,k) = / (k, th) e XOE ] (6 (k)| F1 ()| (6= )| [ A2 ((¢ = 7))

For any k # 0, we have (t) < (k,tk), and since X is decreasing, we obtain

t —
I0) < (07 [ k) O 1 3,0 |, b)
0

x ([t = IRy g — ) ] 47 ([t — 7k)]| .

Since [|¢ = exp(ho(&))A (©)llgr < 114 550, and P> d/2, the Sobolev
P

embedding H” < C° ensures that

A ()] S e )",
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Then, by using , we arrive at

I(t,k) S (8)7H{k)THL(Sp) o HLeA O (50)° ol oAk
t

' </ ([t — 7]k)HAONETIR? | _ | e (=" dT) Vér.
0

Since A(0) < Ao we have
t
/<[t_7_]k>a+le)\( )itk T|V€|€ ([t—7Ik)* g
0

< / ()26~ Ro=MO)@* gy, < 1.
R

Therefore, when 0 < s < 1 we obtain fOT S I(t,k)?dt < & and for s =1 we
conclude similarly at the price of a constraint such as Ay > A\(0)(Sp). O

4.2.2. Main result. — That the Landau damping holds on the torus can be
formulated as follows.

Theorem 4.16 (Landau damping in T%). — Let|(K1) -- (K /) be e fullfield.
Let P > d/2 be an integer, 0 < s < 1 be a real number and 4 , fy € gAO’O’S with

)\0 > 0. We also assume (without any loss of generality) that [[ fodvdx = 0.
There exists a universal constant €q, such that if

||f0|| )\005—60 ; éa1<50

and M satisfies (L . then, the unique solution g of (10al - is globally
defined. To be more specific, for any 0 < N < )\0, we have g € CO(]R . gN0; )
and there ezists an asymptotic density ¢ € GY%5, the space average of which
vanishes, such that

(45a) lg(t) = g llgvos S coe 2P0 X)0"
(45b) lo@®)llpxos S o200,
(45¢) Vo1 * (Fr(t) — 01 % Go(t)) | e S £pe™ 2R0=AN0°,
Remark 4.17. — When s = 1 the constraint on )\ becomes
~ A 2\
¥ < min (% 755 )

Remark 4.18. — Estimate (45b)) can be rephrased as a decay of 9(t, k) such
as exp(—M\(tk)®). This can be used to establish also that fluctuation of the
medium ¢ tends to 0, see Proposition .
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Like for the problem set on R%, the proof relies on a bootstrap argument,
which, in this context, states as follows.

Proposition 4.19 (Bootstrap). — Let the assumptions of Theorem
be fulfilled. Let cy = (Ao + N)/2 and 0 > d/2 + 6. There exists a function
ARy — (o, Ao), continuous and decreasing, a real 5 > 2 and constants

Ky, Ko, K3,K4 > 0 such that if g is a solution of (10a)—(10b]) on the time
interval [0, T] verifying

(46a) lg@O I rwasne < 4K ()T
P
(46b) ”g(t)HzA(t),o—ﬂ;s < 4Kpe?
P
T
(460) | et < arcac?
0
for 0 < e <eg small enough, then g also satisfies, on [0,T], the estimates
(47a) lg@® I rwosne < 2K (t)Te?
P
(47b) Hg(t)”ék(t),c—ﬂ;s < 2Kye?
P
T
(470) | le®iyedt < 216
0
(47d) le@®lZa0ee < 2Ka(t)e®

Remark 4.20. — The role of is a bit different from its analog for the
Vlasov-Poisson problem. Indeed, the interest of this estimate is to provide
a pointwise control on the force term. However, here, as said above, such a
control can be obtained by estimating [ | o(t) HQFW)’M dt. Consequently is
enough to finish the proof, without using and the proof slightly simplifies.
Nevertheless, we keep in the statement since it is useful to justify .

The justification of the bootstrap follows the same approach than for the
problem on R?. Since the structure of the Vlasov-Wave equation is close to the
structure of the Vlasov-Poisson equation, we can perform the same estimates
than in [6]. The price to be paid is to replace terms of the form ||o(¢)|| = by

(48) Vo1 x (Fr(t) — o1 % Z(8)l| £ -

Then all the difficulty consists in controlling by means of ||o(t)||r. Since
Proposition allows us to perform this kind of estimate, we have a complete
proof of the Proposition by applying this strategy. Details can be found
in [33].
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5. Discussion of the stability criterion

In this section we come back to the stability criteria and which are
absolutely crucial for justifying the Landau damping. We already know that a
large wave speed guarantees the damping, see Proposition [3.10] Nevertheless,
we may also wonder, for a given wave speed ¢, whether or not an equilibrium
M is stable or unstable.

5.1. Towards a Landau-Penrose criterion. — For the usual Vlasov equa-
tion, a “practical” condition on the equilibrium .# — the Penrose criterion,
see |27, Condition (c) in Proposition 2.1] — can be exhibited to ensure the lin-

earized stability. By following a similar approach we expect to find a criterion
with the same flavor for the Vlasov-Wave problem. However we shall see that
the half-convolution with respect to time that defines p. makes the criterion
much more intricate.

Throughout this section we assume that

o1 and g are radially symmetric,

which makes the computation more explicit. With a slight abuse, we shall
use the same notation for radially symmetric functions and their radial rep-
resentation. As a warm-up, let us briefly recall why it suffices to check that
w € iR — Z(wl|k|, k) € C never crosses the real-axis beyond 1, see details in
[32] Section 3.4] for the Vlasov-Poisson equation and [33] for the Vlasov-wave
model.

The first step of the reasoning consists in showing that it is sufficient to
check that £ % (w|k|, k) # 1 for every k and w € C with Re(w) > 0. Let us
distinguish four different cases, depending if X% = T or R? and depending if
we are considering or .

First case: X? = T% and (L)). In this case we check that Z.%# ((a+iB)|k|, k)
converges to 0 when |k| — 400, uniformly with respect to a + i and it
converges to 0 when o — +00, uniformly with respect to £ and 5. Moreover,
thanks to the Riemann-Lebesgue Lemma, we can also prove that £ ¢ ((a +
i)|k|, k) converges to 0 when |3] — —+oo. There is a priori no reason for
the latter convergence to be uniform with respect to & and «. However, since
we consider an infimum over all k& € Z?\ {0}, the first convergence ensures
us that we can restrict to a finite number of modes k£ and the convergence
when || — 400 is indeed uniform with respect to k. We can also justify
that this convergence is uniform with respect to a.. To this end, we show that
a— LAH (a+iﬁ)|k¢|, k) is uniformly continuous with respect to k£ and 3. Since
the convergence of £ % to 0 when a — +o0 is uniform with respect to 8, we
can consider « in a compact subset of (0, 00) and then (by uniform continuity)
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only a finite number of a’s. Now, we know that outside of a compact of
{w e C, Re(w) >0} x Z%\ {0} the application (w,k) — L7 (wl|k|, k) is far
from 1. Since in a compact of this set there is a finite number of modes k
and since the application w — Z.# (w|k|, k) is continuous, condition (L) is
satisfied if and only if .Z.# (w|k|, k) # 1 for every k € Z%\ {0} and every
w € C such that Re(w) > 0.

Second case: X¢ =R¢ and . This case is not far from the previous one,
we only have to understand what happens when k lives in a continuum space
like R\ {0}. If we fix some § > 0 arbitrarily small and if we only consider the
infimum over {|k| > ¢}, then we can follow the same strategy, up to the fact
that we have now to justify the uniform continuity of k — Z.¢ ((a+1iB)|k|, k)
with respect to 5.

Next, we study what happens when k goes to 0 (this point is irrelevant for
the usual Vlasov case: since the potential is singular at 0 the symbol Z.#
can not reach 1 when k£ — 0). It is not possible to extend k — Z.7 (w|k|, k)
by continuity at 0, but for every sequence (kp)nen such that k, — 0, up to
a sub-sequence, we can assume that (k,/|kn|)nen converges to a certain o*°.
Then we are led to

400 +o0 P
lir_ir_l LA (wlknl, kn) = |51(0)]? </ pe(t) dt> (/ e_w“’u///(uaoo)du> .

Since fooo pedt = k/c?, we conclude that is satisfied if and only if for every
k€ R4\ {0}, 0 € 71, w € C with Re(w) >0,

—

LA (wlk|,k) #1 and L(w,0)= C%|31(0)|2 </+00 e u M (uo) du> # 1.
0

Third case: X¢ = T? and . In this case, we show the uniform continuity
with respect to k and 8 of o — L ((av+1if)|k|, k) when « lies in an interval
of the form (—\, +o00) with A > 0. Then, if the criterion is satisfied for a
certain k > 0 for all w = o + i with @ > 0, we can find 0 < A < A such that
(possibly replacing x by k/2) criterion is satisfied for all w = a + i with
a > —A.

From that point we can apply the arguments of the first case in order to
conclude that is satisfied if and only if £ (w|k|,k) # 1 for every
k€ 7\ {0} and w € C with Re(w) > 0.

Fourth case: X? = R? and (L/). By combining the arguments of the
third and second cases we obtain that is satisfied if and only if for every
ke R\ {0}, 0 € ST!, w € C with Re(w) > 0,

LK (wlkl,k)#1 and  L(w,0) # 1.

The second step of the argument consists in applying Rouché’s theorem
in order to compute the number of zeros of w — Z.# (wl|kl,k) — 1 in a
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certain compact of {w € C, Re(w) > 0} (note that is possible to justify that
w — LK (wlk|, k) is holomorphic). To be more specific, the previous step
allows us to find a radius € > 0 such that Z.# is far from 1 for every k
and w € C with Re(w) > 0 and |w| > Q. If we assume, for every k, that
w — ZLH (w|k|, k) never achieves the value 1 on the imaginary axis, then
Rouché’s theorem tells us that the number of zeros of w — L% (w|kl|, k) — 1
is equal to
N = 1 0L K (w|k|, k)
© 2im Jp, LA (wlk], k) — 1

where T = Cq U [—i£,iQ] with Cq = {Qe? | 0 € [r/2,37/2]}. We split the
integral over the path I'q into a contribution over Cq and an other contribution
over [—i2,iQ)] and we let Q go to +oo: we can justify that the integral over
Cq goes to 0 and we eventually obtain

N = i ! dz.
2T JowikrE) 2 — 1
Since L (iBk|, k) — 0 when 8 — +o0, L% (i|k|R, k) U{0} is a closed path
in C (which does not cross 1) and we deduce that £ % (iw|k|, k) # 1 for every
k and w € C with Re(w) > 0 if and only if £ # (i8|k|, k) # 1 for every k
and f € R and the winding number of the path 2. (i|k|R, k) U {0} around
1 is equal to 0. This formulation eventually allows us to obtain the announced
sufficient (but not necessary) criterion: if for every k and § € R

Im (LA Bk, k) =0 = Re(ZLX(iBk|,k)) <1,

then the linear stability criterion is satisfied.

dw

Remark 5.1. — For X¢ = R? the second step has to be performed also on the
symbol £. Then the complete sufficient condition is: if for every k € R%\ {0}
and o0 € S, B € R — L (if|k|,k) and B € R — L(iB,0) never crosses

the real-axis beyond 1, then the linear stability criterion is satisfied.

5.2. Computations of Laplace transforms for the Penrose criterion.
— In order to find an expression for the stability criterion, we compute
LK (wlk|, k) on the imaginary axis: namely, with 8 € R, we consider

LA (iBlk], k) = lim 2 ((a +iB)|k], k)

a>0
— polFi(k)? { Tim Zpe((a+i8)|k]) | { lim 2 (¢lk2M (th)) (o +i8) k) }.
a>0 a>0

where

v M(v) = poM(v), po >0, /M(v)dv—l.
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The computation of the Laplace transform of ¢ — t]k]QJ\//f (tk) is based on
the Plemelj formula; see [14, Example 5.2|, which leads to (see [27, Proposi-
tion 2.1])

1 ()
r+f

where P.V. denotes the usual principal value operator and where py | is the
one-dimensional marginal of M defined by

k
= M(r— dvy.
,Uk:/lkl(r) /vao (rw + UJ_) vl

Next, the Laplace transform of p. can be determined by using the classical
result [28, Formula (VI1,2;13)]

lim L (tkPM (k) (o + iB) k|, k) = —P-V-/ dr — impy (=),
a— R

a>0

B 0
w2462’

For o > 0, 8 € R, we thus get (we recall that p, is defined by (f]))

£ (1>0sin(01)) (w) for Re(w) > 0.

. 1 52(¢)]?
Zre((@+iB)lk) = 55 /R (ot B2k + ICE 4

Since o9 is radially symmetric, its Fourier transform is radially symmetric too
and we can write

|Sn—1| “+oo T"_1|6'\2(7‘)]2 "
2o Jo (a2 = B2)|k|?2 + Ar2 + 2iaBlk|2

In order to compute this integral we will apply the following Plemelj-like
formula.

fpc((a—l- Zﬁ)“f’) =

Lemma 5.2. — Letn > 3. Let f : R — R be Schwartz class. We have for
any k # 0,

+o0 Tnflf('l“) +o00 T,nflf(r) it
I —P.V. ) g =2 (el
g(l‘)’ o Poreram Y /0 72 gz drosen(r) 5 RS (IA])

We postpone the proof of this claim at the end of the section. We apply this
formula with f(r) = |62(r)|?, A = a|k|/c and k = B|k|/c in order to obtain

lim Zpe((c+ i6) )

a>0
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We point out that Lemma |5.2| cannot be applied with 8 = 0, nevertheless the
previous formula makes sense even when 3 = 0: in this case a direct application
of the dominated convergence theorem allows us to obtain

| [ O,k
liy Lr.lalk) = o [ o 6=

which is consistent with the general formula.
Therefore, we obtain the following expression for .Z ¢ (if3|k|, k) which iden-
tifies the real and imaginary parts

_ @‘Snfll
2 (2m)n

LK (iBk|, k) 51(k)I* (2 (BIK|, k) + 07 (Blk|, k),

where

400 ,.n—1|7 2 ,LL/ (r)
RBIk| k) = — <P.V./0 mdr> (P.V.A%dr)

()5 (220 o (20) .

C

and

+oo Tn_l Golr 2
I (Blkl, k) = =7 1 (—B) <P.v./0 Wdr)
02

a3 () o) (v, [ 0000

It leads to the Penrose stability criterion, hereafter denoted (P):

If

sgn n—2, / (r)
SR (v 5 )

+o0 7“"71|32(7“)\2
T

r
then

Cp0lS"T g /+°° 1[G (r) 2 /%uw)
ERCRE |71 (k)] P.V. ; 772_62'5'2 dr | { P.V. M dr

" ng(ﬁ)ﬂz(ﬁ’k’)n_2 ’32<5CM>‘2%/1~:(—5)} <l

2 c
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When X¢ = R?, the Penrose criterion (P) has to be completed with the
following criterion (hereafter denoted (P”)): for all w € S¢

) 0K |- ! (r
if p/ (=B) =0 then — '072 51 (0)? <P.V./R/:j_(ﬂ)dr> <1,

We conclude that, when (P) (resp. (P) and (P’)) is satisfied, then
holds. This criterion is much more involved than the Penrose criterion for
the Vlasov equation, because the memory term p. completely changes the
evaluation of the symbol .Z.# and does not keep a simple separation between
the real and imaginary parts.

Remark 5.3. — Let us rescale the problem as in [9]: roughly speaking, it
amounts to replace the wave equation by

8t2t'¢ — C2AZ’¢ = —620'2 g1 % p.

Letting ¢ run to +oo, the problem looks like the Vlasov equation where the
self-consistent potential is defined by the convolution —ko; x 01 * p. According
to [27], the stability criterion for this limiting problem reads

i ~ Hie/ 11 ()
if i/ (—B) = 0, then — por |71 (k)[* (P'V‘/Rf/jﬁdv“) <1,

which corresponds to the limit ¢ — 400 in the rescaled version of (P) (note
that in this scaling the symbol .Z.%# is muitliplied by ¢?). In particular, mind
the minus sign in front of the coefficient po|a1(k)|?: it makes the situation very
similar to those of the attractive Vlasov-system.

We finish this section with the proof of the Plemelj like formula that we
used in order to compute the Laplace transform of p..

Proof. — Proof of Lemma Let us denote by I(\) the quantity under
consideration and f(r) = g(r?); with the change of variable u = r? we get

1 [ree v(w)
I\ == d
) 2/0 U— K2+ N2+ 20N

where v(u) = u™? 1g(u). We adapt the computations that lead to Plemelj’s
formula. It is crucial to remark that

(49) v € LP((0,00)) for some 1 < p < 2.
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(At worst, 7/(u) has the same singularity as 1/y/u as u — 0.) We start with
+oo
7(w) 2 2
/0 (u—/<a2—i—)\2)2—i-4/£2)\2(u_/'i A7) du

_%/-M/0+°°( 7(w)

du.
2 u— K2+ A2)2 4+ 4K2\2 “

) =

N | —

Setting v = u — k? + A2, and w = v/(2|k|)), the second term recasts as

; +o00 2 _ )\2 d ; +o00 20 klI\ 2 _)\2
T R e g [ A,
|6l J k2 4a2 (2\:\A> +1 2kl —1 (-5 we

which tends to —isgn(k)my(k?)/2 as A — 0. Similarly, we consider

+0o0 v
J\) = S — 2 _AY) dw.
() /n2+/\2 v2 + 4k2\2 U ) dv

Since A is intended to tend to 0, we can consider k2 > A2 > 0 Given
0 < 6 < k? — A2, we split into 2 parts

J(A) :/l>6...dv+/j...dv:J‘;()\)+J5()\).

First, we show that J5(A) tends to 0 as 6 — 0, uniformly with respect to A.
Indeed, since v — v/(v? + A?) is odd and thanks to (49)), we have

+6 v
|Js(N)] = '/—5 L LN [y(v+ K = X%) = y(r* = N*)] do

R A
< —Fdv — 0.
<l HLP/(; |v|1/P Y 50

By dominated convergence, we get (owing to the fast decay at infinity of /)

2
lim J3(\) = / 1o 2R g
A—0 [v]>6 - v

_ /5 Yo +r%) =) | /5 Yo +r%) =) | /+°° Wt s

v v 2 v

—K,Q
The same reasoning shows that this quantity admits a limit as é goes 0, that
we write with the shorthand notation

> (v + K?)
v

lim lim J°()\) = P.V. do.

0—=0 =0 K2
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5.3. Stable and unstable states. — The criterion (P) is a bit ugly and not
that practical. Nevertheless, some relevant information can be extracted from
the formula, showing again the similarity with the attractive Vlasov-Poisson
equation.

Proposition 5.4. — Let X¢ = RY with d > 3. Let .# be a spatially homo-
geneous and radially symmetric equilibrium. Then, there exists a threshold for
the wave speed co(M ,01,02) > 0 such that for any 0 < ¢ < co( M ,01,02), M
i an unstable equilibrium state.

Proof. — We find k and (3 such that ¢ (i5|k|, k) = 1. To this end, we use
the fact that Zp.(if5|k|) belongs to R for § = 0 and the radial symmetry of

# which implies that $(|I<:]2t]\7(tk:))(zﬁ\k\, k) is real too when 8 = 0:

r C

(50) LH(0,k) = —po [51(k)| (P.V./RWCM») -

Moreover, the symmetry of .# (and the condition on the dimension d, see
Remark below) also ensures (except for .# = 0, but 0 is obviously a stable

state)
P iy ()
— P.V./dT > 0.
R r

Now let us pick a vector kg such that o1 (ko) # 0. As far as ¢ is small enough,
we have £ (0, ko) > 1. Next,
,,2&%/(0, )\ko) —

A—400

and the continuity of A € R +— &1(Akg) (observe that Ako/|A\ko| does not
depend on A and thus only &1 depends on A in the expression of .Z .7 (0, Aky)),
allow us to exhibit a A\g € R such that Z. 2 (0, \oko) = 1. O

Remark 5.5. — The condition d > 3 ensures that all marginals of a non
negative radially symmetric function .# are non increasing function of |v|, see
[27, Remark 2.2|, which yields

(51) . (P.V./ Wdr) > 0.
R r

When d = 1 or d = 2 this does not hold in full generality. Nevertheless,
Proposition still holds provided is fulfilled.

Remark 5.6. — When X¢ = T¢, the same proof shows that, for any spatially
homogeneous and radially symmetric equilibrium, we can find some wave speed
¢ such that ./ is unstable. However, since k € Z%, it is not clear that we can
exhibit a non trivial interval [0, co(.# )] such that instability occurs.
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To identify a threshold on ¢ determining whether or not the stability criterion
holds can be interpreted by means of Jeans’ criterion, a standard criterion for
the Vlasov-Poisson system, see [27, Proposition 2.1 & Remark 2.2]). To be
more specific, let us consider a form function o1 defined on R?, the Fourier
transform of which has a singularity at & = 0: typically 71 (k) = |k|~* for some
a > 1. Of course, such singular potential is beyond the analysis detailed in this
paper; we only use this assumption to establish a parallel with the usual Jeans’

criterion. Let UgL) be the periodic potential defined on T¢ = (R/(27L Z))? by

agL) (z) = Z o1(x+27LkE).
kezd

—

Observing that J§L)(k) =o01(k/L), becomes

L2 /1) (T) K
LHOK) = ~por (P.v./R’“/"“'dr 5

r

where L has a role similar to 1/c. In particular, for any spatially homogeneous
equilibrium ., there exists a critical length L; beyond which the equilibrium
can be unstable, this defines Jeans’ length.

Remark 5.7. — Denoting .# = poM, with M being normalized, we can
equally say (with the same arguments) that, for any fixed wave speed ¢
we can find a mass threshold my(M,c,01,02) > 0 such that for any py >
mo(M, c,01,02), # is unstable. Nevertheless we point out that, for ¢ fixed,
the mass pg of the profile .# is not the unique quantity that governs the
stability of .#, as indicated by the following claim

Proposition 5.8. — Let ./ be a spatially homogeneous equilibrium. We can
find two positive constants C1 = C1(¢,01,02) and Cy = Co(c, 01, 02) such that

+o00 P
if, for any w € S¢, we have / u ‘///(uw)‘ du < Ci(c,01,02),
0
then A is stable,

P

“+oo
if there exists w € S? such that / uMl (uw) du > Ca(c, 01,02),
0
then A is unstable.

This statement can be interpreted as follows. For fixed ¢, o1 and oo there
always exist stable spatially homogeneous equilibria with an arbitrarily large
mass (resp. kinetic energy), and there always exist unstable spatially homo-
geneous equilibria with an arbitrarily small mass (resp. kinetic energy). This
comes from the fact that the constant C'; and Cy in Proposition [5.8| are left
invariant by the rescaling M — My (v) = A¥~2.#()\v), while the associated
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mass (resp. kinetic energy) is invariant for the scaling M — A% (\v) (resp.
M — XH2.4(\v)). These findings are investigated on numerical grounds in
[18].

Proof. — The first part of the statement is a direct consequence of Proposi-
tion [3.10) which tells us that a given profile .# is stable provided c is large
enough. The second part of the statement is a direct consequence of Proposi-
tion [5.4] and it comes from the formula

Lkt (th))(0, k) = po <P.V. /R Wdr) = /0 = u Ml (uw) du.

r
O

Appendix A. Functional framemork
A.1. Besov spaces. — Besov spaces are well adapted to study the disper-

sion properties of wave propagations; refined estimates expressed naturally in
this framework. We refer the reader to [16] for a thorough introduction to these
functional spaces in the context of dispersion estimates for the wave equation.
Further relevant references can be found in [16]. For the sake of completeness
let us here remind the reader the basic definition of Besov spaces.

The definition relies on a dyadic decomposition in the Fourier variable. Let

¢ € S(R™) be such that
0<¢<1,6(¢)=1for [¢| < 1and §(¢) =0 for [¢| > 2.

Then we define the sequence (Spj)jez C S(R™) by

~ ~

@o(¢) = o(C) — &(20),
$i(¢) = @o(277¢) for any j € Z\ {0}.

Hence, the following properties hold

for every ¢ £0, ¥, 45(C) =1, |
for every j € Z, supp(p;) C {¢ | 2971 <|¢| < 291},

Let p,g > 1 and s € R. A tempered distribution f € S'(R™) is said to be
element of (the homogeneous Besov space) By? if

i) fe Ll ®Y),

loc .
i) the sequence (2%7|/¢; * f||Lp)jGZ lies in ¢4(Z).
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One can prove that the Besov space Bé’p endowed with the norm || -
defined by

.
[
By

1/q

1l gge = | D_ 2% lles * £lIgs
JET
is a Banach space.

Condition i) does not appear in [16]. We adopt it in order to avoid some
technicalities due to the fact that the Fourier transform of polynomials has
a support reduced to {0}. Indeed, since the dyadic decomposition (¢;) does
not capture what happens at the frequency ¢ = 0, depending on the indices,
the norm || - || jpsw Ay not be able to distinguish the tempered distribution

f =0 from any other non-zero tempered distribution with a support equal to

{0}. In full generality the equality f = 3", ¢; x f holds on S'(R") only up

to polynomials and to make || - [| 55, a norm imposes to work on a quotient
q

space. However, the equality f = 3 ;¢; x f holds on the subset of S'(R™)

made of tempered distributions with a Fourier transform in L] ; then || - |

BiP
is a norm on this subspace, which motivates the restriction i), adapted qto
our purposes. We refer the interested reader to [16] and references therein
for the basic properties satisfied by homogeneous Besov spaces. Let us just
mention that when p = 2 and ¢ = 2 the homogeneous Besov space B§2 is
nothing but the classical homogeneous Sobolev space H*. In general there is
no embedding between Bg’p and B{;/’p (when s’ > s, if s > 0, 28'7 > 257 for
j > 0but 257 < 2% for j < 0) but one can obtain conditions on p,q, s and

p',q¢',s in order to get that B;’p embeds into Bg/l’pl.

Let p,g > 1 and s € R. A tempered distribution f € S’'(R"™) is said to be
an element of By? if
— ¢ f e LP(R"),

— the sequence (2|/¢; x f||zr) .y is in 19(N).

JEN
One can prove that the Besov space By” endowed with the norm || - || g

defined by
1/q

1Fllsge = 16 % fllze + | D 2% oy = FlT
JEN
is a Banach space. When p = 2 and ¢ = 2 the inhomogeneous Besov space
35’2 is the classical Sobolev space H®. When s > 0 one can prove that
By? = LP N By’ (and then that Bg” embeds into By”). Moreover, since

/
these spaces are inhomogeneous, By ¥ embeds into By? when s’ > s.
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A.2. Sobolev-type spaces on R%. — Using the shorthand notation (z) =
(1 + |z[?)'/2, for s € R, m € N\ {0}, we denote

H R = {u: R" S R, /Rm (o) (a)” e}

the standard Sobolev spaces. Given z and y in R%, z,y stands for the vector
in R2? that results from the concatenation of x and y. Consequently, we can
set (x,y) = (1+ |z]? + |y>)Y/2. With a = (a1,...aq) € N, we introduce the
differential operator

£ = (—i@gl) e (—i@?j).
For s > 0, still H? stands for the standard Sobolev space. We shall make use of

the norms introduced in [7]. We deal with functions f : (0,00) x R x R¢ — R,
and for P € N, s > 0, we denote

IFOFs = D I@v) = ot z,0)|E

a€ENd
|| <P

= 2 e

aeNd
la|<P

(52)

~

Dg 7t k.6)[ dhde

It is also convenient to consider

Ve, Vo) F@)7s, = D ll(@,0) = (tVa, Vo) f (¢, 2,0) 375

a€eNd
|| <P

SN | R,

a€Nd
|| <P

~

Df(t, k,g))Z dk d¢

(there is a slight abuse of notation here since the right hand side is actually
equivalent to the definition of ||(tV,, Vﬁf(t)”qup based on (52)) and

NVl rO 5, = 3 ) = (Va0 (2, 0)ll

aeNd
la| <P

SN I

a€Nd
la|<P

~

DEF(t,k,6)| drae.

We shall also use L*°-type estimate on Fourier transforms; we set

f(t,k,@\}) .

], = s (e (e

LHL&e  tel0,T] \kcerd
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For a function (t,z) € (0,00) x R? = o(t,r) € R we introduce the modified
Sobolev norm

/ k| (K, th)**[2(t, k)|* dk = [ As(£)2(t) || 22
R4 (k)
where we have set

At k) = |k 2k, th)*,

and we shall also use

[Asell 2

(k,t)

T
= [ [ itk e ate, ) P
0 R4

and
T 1/2
4.0l 2, = s, ([ i e g 1?)
keRd 0

The norms defined on the macroscopic density ¢ equally apply to the kinetic
quantity g, replacing o(t, k) by g(t, k, tk).

A.3. Gevrey-type spaces on T¢. — For analyzing the problem on the

torus, we need to introduce some Gevrey norms. Let g : (0,00); x T4 x RS — R.
The Gevrey norm || - ||gae:s is defined by

lorme = 3 [ (£ e,k ) dg
3

kezd
and we also need the Gevrey norm || - || z2,0;s given by
g Fnme = > (ki th)>7eAER G(t k)
kezd

Let 0: Ry x T — R. The Gevrey norm | - || za.0:s reads
oG = Y (ks th) 27BN 152, ) 2.
kezd
In what follows, we always assume A\,0 > 0 and 0 < s < 1.
As a warm-up, we observe that, with g(¢t,z,v) = f(t,z+tv,v) and o(t,z) =
[ f(t,z,v)dv, we have
o) 7r0is = [lg(@) | 7205

Moreover, assuming o > d/2 we have a o—ring property: with h(t,z,v) =
o(t,z + tv)g(t, z,v), we have

1) llgres S o)l Frossllg(@)lIgaoss-
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Finally, we shall also need the following Gevrey norm: for P € N, we define

the norm || -

|gaess of a function (¢,2,v) = g(t,2,v) by
»

lg(®)llgye = Y l(z,v) = gt @, 0) o

acN4
lo|<P

DEG(t, k, €))* de.

_ . £)20 2M(k,6)*
23 [ e

aeN? kezd
lo|<P

The o—ring estimate equally applies to this norm.
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