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Abstract

We establish the boundedness of solutions of reaction-diffusion systems with qua-
dratic (in fact slightly super-quadratic) reaction terms that satisfy a natural entropy
dissipation property, in any space dimension N > 2. This bound imply the C°°-
regularity of the solutions. This result extends the theory which was restricted to
the two-dimensional case. The proof heavily uses De Giorgi’s iteration scheme, which
allows us to obtain local estimates. The arguments relies on duality reasonings in order
to obtain new estimates on the total mass of the system, both in LN+tD/N norm and
in a suitable weak norm. The latter uses C® regularization properties for parabolic
equations.
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1 Introduction

This paper is mainly concerned with the following system of reaction-diffusion equa-

tions
Gtai—V-(DiVai) :Qi(a), 1€ {1,2,3,4}, t >0, $€RN,

Qi(a) = (=1)"*(agas — aras),

(1)
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with initial condition

al,_, = a” = (a}, a9, al, af). (2)

This system arises in chemistry where four species interact according to the reactions
Ay + A3 = Ax + Ay,

the unknowns (¢, z) — a;(t,z) in (1) being the local mass concentrations of the species
labelled by i € {1,2,3,4}: [pn ai(t,x) dx is interpreted as the mass of the constituent
i at time t. It is thus physically relevant to consider initial data @ which are non
negative integrable functions. The reactants are subjected to space diffusion and the
diffusion coefficients depend on the considered species. In full generality, D; can be a
function of the space variable with values in the space of N x N matrices. Throughout
this paper, we restrict to the case of scalar and constant matrices

D;(z) = d;I, d; > 0 constant

with coefficients that satisfy
0 <6, <d; <6 (3)

Assuming that the initial data are smooth, say ay € C*°(RY), existence-uniqueness of
smooth and non-negative solutions for (1)—(2) can be justified at least on a small time
interval, by using a standard fixed point reasoning (see for instance [18, Proposition A.2]
or [25, Lemma 1.1]). Global existence of weak solutions is established in [12]. We
address the question of the boundedness of the solutions, which will imply that solutions
are globally defined and remain infinitely smooth [18, Proposition A.1].

The difficulty comes from the fact we are dealing with different diffusion coefficients.
As already noticed in [18], the question becomes trivial when all the D;’s vanish: in this
case, we are concerned with a mere system of ODE which clearly satisfies a maximum
principle. The answer is also immediate when all the diffusion coefficients are equal to
the same constant d; = d,. Indeed, in this situation, the total mass

4
M(t7 Jj’) - Z ai(ta 1’)
=1

satisfies the heat equation O;M = §,AM, which, again, easily leads to a maximum
principle. In the general situation, one may wonder whether or not the system has
the explosive behavior of non linear heat equations [35]. Counter—examples of systems
with polynomial non linearities presented in [26] show that this question is relevant
and non trivial, see also [25, Theorem 4.1]. We refer the reader to the survey [25] for a
general presentation of the problem, further references, and many deep comments on
the mathematical difficulties raised by such systems.

Two properties are crucial for the analysis of the problem. First of all, system (1)

conserves 1mass 4
d
— ;dx = 0. 4
dt ; /RN @ e )



Second of all, it dissipates entropy:

4

Z Qi(a)In(a;) = —(azas — ajaz) In <a2a4) <0. (5)

i=1 aias

These properties suggest to consider more general systems, involving more reactants
and possibly more intricate non linearities. To be more specific, we extend the discus-
sion to systems that read

atai -V (Dlval) = Qi(a)? S {]-7 "-7p}7 > 07 T e RNa
(6)

Qi:a € RP— RP
endowed with the initial condition

=a=(a),...,a2) (7)

a|t:0 »Gp)s

where the reaction term fulfils the following conditions

h1) there exists 2 > 0 and ¢ > 0 such that for any a € RP and i € {1,...,p}, we have
VaQi(a)| < 2|ali™,

h2) for any i € {1,...,p}, if a; < 0 then Q;(a) <0,

h3) ZQi(a) =
Z Qi(a)In(a;)

Assumptlon h1) governs the growth of the non linearity. In what follows, we will be
concerned with quadratic and super-quadratic growth: ¢ > 2 (but ¢ is not necessarily
assumed to be an integer). Assumption h2) relies on the preservation of non negativity
of the solutions, and it is thus physically relevant. Assumptions h3) and h4) imply mass
conservation and entropy dissipation, respectively. Note that the entropy dissipation
actually provides an estimate on (nonlinear) derivatives of the unknown since it leads
to

/ a;In(a;) do + 40, Z/ IV/ai|? dz < 0. (8)
N
In view of h3) and h4), it is thus natural to consider initial data such that

a?:z e RN +— ¥ (x) >0,

9
sup / a?(1 +1n(ad) + |z]) dz = #° < 0. ®)
ie{l,...p} JRN

We refer the reader to Proposition 2.1 below for a more precise statement in terms
of a priori estimates. It means that the initial concentrations have finite mass and
entropy. The moment condition controls the spreading of the mass. However, while
(8) has a clear physical meaning, it does not provide enough estimates for the analysis



of the problem: note that with u,uIn(u) € L' and Vy/u € L?, it is still not clear how
the nonlinear term Q(u) can make sense in 2’ | For this reason, a notion of renor-
malized solutions is introduced in [16], and existence of solutions in this framework
can be established. Entropy dissipation plays also a central role in the analysis of the
asymptotic trend towards equilibrium [11, 15, 27, 28|.

In the specific quadratic and two-dimensional case (¢ = 2, N = 2) the question
is fully answered in [18]: starting from L° N C° initial data, the solution remains
bounded and smooth and the problem is globally well-posed. In fact [18] proves a
reqularizing effect: with data satisfying (9) only, the solution becomes instantaneously
bounded and smooth, which implies global well-posedness. The proof in [18] relies on
De Giorgi’s approach [10]; it uses entropy dissipation, see (8), to get a non linear control
on level sets of the solution, which eventually leads to the L® bound. The result is
extended for higher space dimensions in [7] which handles, with different techniques,
the quadratic case when the diffusion coefficients are close enough to the same constant
(how small the distance between the d;’s should be depends on the space dimension, in
a explicit way; see also [15, 27]), and in [8], which handles subquadratic non linearities
(¢ < 2 in hl), non necessarily integer). Two ingredients are crucial in the approach of

[8]:

e First, [8] uses systematically rescaled quantities
age)(s, y) = /@Y a4;(t + 25,z + ey) (10)

with € > 0: a(® satisfies the same evolution equation as a. Note that in the
quadratic case (¢ = 2), for N = 2, the rescaling leaves invariant the natural
norms of the problem ||al[ 1o (g 00,21 (r2)) a0d [|Vv/@l|£2((0,00)xR2)-

e Second, the parabolic regularity is obtained by adapting De Giorgi’s techniques,
and by working with a certain norm of the rescaled unknown which becomes small
as € — 0. It turns out that the necessary estimate holds in a weak sense. Namely,
one has to consider the set of distributions

T € 2'((0,T) x RY) such that T = A®, with ® € L>((0,00) x RY).

The corresponding rescaled norm behaves like @(e*=20)/(¢=1)) " which indeed
tends to 0 as € — 0 for subquadratic non linearities ¢ < 2. The idea of using such
a weak norm also appeared in the regularity analysis for the Navier-Stokes equa-
tion [34]. We also refer the reader to [6, 33] for further applications of De Giorgi’s
techniques to the analysis of fluid mechanics systems and to [3, 17] for the study
of models for populations dynamics governed by “chemotactic-like” mechanisms.
This approach is also useful for the analysis of the preservation of bounds by nu-
merical schemes when solving non linear convection-diffusion systems [9]. In the
reasoning adopted in [8], a special role is played by the total mass M = Y0 | a;



which satisfies the diffusion equation

M — A(dM) = 0,

p

Zdiai(t,x) (11)
d(t,z) = =L

P Y

E a;(t, x)

=1

where, by virtue of (3), the diffusion coefficient d satisfies
0 <8, <d(t,z) <o

This relation can be used to establish, through an elegant duality argument, an estimate
in L2((0,T) x RY), see [26] and [12]. This estimate is a key for proving the global
existence of weak solutions for the quadratic problem (1)-(2) in [12]: at least, it is
worth pointing out that with this L? estimate the right hand side @;(a) in (1) makes
sense, while the estimates based on the mass conservation and entropy dissipation were
not enough. However, the L? estimate does not shrink the rescaled solutions a(®) as
€ — 0 and it is thus not enough to provide global boundedness and regularity. This is
where we can take advantage of using a weak norm.

In the present work, we wish to fill the gap in the boundedness theory and to provide
a complete answer for the quadratic case in any dimension. In fact, our analysis also
covers higher non linearities, but with a non explicit condition on the growth condition.
Our main results state as follows.

Theorem 1.1 Let N € N, with N > 3. For any initial data a® = (a¥, a3, a3, a}) in
(C=RN) N LC’O(]RN))4 such that a;(x) > 0 for any x € R™ and i € {1,...,4}, there
exists a unique, globally defined, solution a = (a1, az,as,as) to (1)—(2) which is non
negative, bounded on [0,T] x RN for any 0 < T < oo, and C*-smooth.

Theorem 1.2 Let N € N, with N > 3. Consider a system (6) verifying h1)-h4).
There exists vy > 0 depending on N, 6, and §* such that if h1) holds with 2 < q <
241y < 2%, then for any non negative a® € C®(RN;RP) N L®°(RN;RP), there
exists a unique, globally defined, solution a to (6)—(7) which is non negative, bounded

on [0,T] x RN for any 0 < T < oo, and C*-smooth.

Theorem 1.1 thus appears as a consequence of Theorem 1.2. The extra power 1
allowed on the nonlinearities depends on NV, d, and 0* in a non explicit way and our
method does not provide any precise estimate. It seems unlikely that it can correspond
to a physically relevant threshold. The problem of regularity remains open for higher
nonlinearities. The proof still follows the De Giorgi strategy, and relies on a refinement
of the weak norm estimate obtained in [8] (which, though, remains a crucial ingredient
of the proof). To be more specific, we are going to upgrade the L* estimate to a C'“
estimate, working with the set of distributions

T € 2/((0,T) x RY) such that T = A®, with & € L(0, 00; C* (RV))

5



for a certain regularity coefficient 0 < a < 1. This is combined with a L(NFTD/N
estimate on the total mass, obtained through a duality argument. This argument is
directly inspired by the derivation of elliptic estimates by Fabes and Stroock [14] and
it appears as a dual version of the Alexandrof-Bakelman-Pucci-Krylov-Tso (ABPKT)
estimate [1, 4, 20, 29, 32]. We point out that, contrarily to the approach in [8], we do
not use here the bounds derived from the entropy dissipation (8).

The paper is organized as follows. In Section 2, we give an overview of the main
steps of the proof. Section 3 is concerned with the weak estimate on the total mass. It
relies on a Holderian regularity analysis for parabolic equations. This is combined with
a duality argument which uses crucially the non negativity of the solution. Section 4
is devoted to a complementary estimate in a suitable Lebesgue space, which, again,
relies on a duality approach. Section 5 explains how the arguments combine to end
the proof of the main results. The paper is completed by a quite long appendix which
detail how the De Giorgi machinery arises in the justification of the intermediate steps
of the proof.

Remark 1.3 The key estimates of the proof involves the bound from below 0 < 6, <
d(t,z); hence the result cannot be extended to cases with degenerate diffusion coeffi-
cients. That the total mass M satisfies the diffusion equation (11) uses crucially the
fact that the diffusion coefficients are given by scalar matrices. It also uses the as-
sumption that the coefficients d; are constant; otherwise an additional convection term
V - (uM) arises with the velocity field (t,x) — u(t,z) having components
p
ai(t, )0y, d;()
=1

7

uj(t,z) =

a;(t,x)

p
=1

)

It is likely that, up to suitable technical requirements on the d;’s, the analysis could cover
such a situation as well. Our analysis can be adapted to handle problems in bounded
domains with Neumann boundary conditions; the situation of Dirichlet conditions is
more subtle since there are difficulties to obtain useful estimates up to the boundaries

[27].

2 Main steps of the proof

2.1 A priori estimates; boundedness, global existence and
regularity of the solutions

In what follows, we are going to establish several a priori estimates satisfied by the
solutions of (6). To this end, we will perform various manipulations such as integrations
by parts, permutations of integrals and derivation, etc. These manipulations apply to
the smooth solutions of the problem that can be shown to exist on a small enough
time interval, see [18, Proposition A.2]. They equally apply to solutions of suitable

6



approximations of the problem (6). The construction of such an approximation — by
regularizing data, coefficients, cutting-off the non linearirities... — can be a delicate
issue in order to preserve the structural features of the original equation, and to admit
a globally defined smooth solution. We refer the reader on this issue to [12]. As it
will be clear in the forthcoming discussion, the estimates we are going to derive do not
depend on the regularization parameter, but only on N, d,, 6%, and 2, p, ¢ (see hl)),
which, eventually, allows us to conclude by getting rid of the regularization parameter.
The very first estimate is a direct consequence of the mass conservation and entropy
dissipation properties of the system. The following claim, see [18, Proposition 2.1],
applies without any restriction on the number of species p, the degree of non linearity
q nor on the space dimension N.

Proposition 2.1 ([18]) Assume h1)-h4). Let ag = (af,...,a)), with non negative
components, satisfy (9). Then, for any 0 < T < oo, there exists 0 < C(T) < oo such
that

p

sup {Z/RN ai(1+ |z + | In(a;)|) (¢, z) dx}

0<t<T * i

p T P T
.233; xds (o) 1n(a:) dz ds .
+;/0 /RN!V\/aT\(, )dad +§/0 Qi) Ine:) dwds < C(T)

The entropy dissipation (8) tells us that Y-V, [on a;In(a;)(t, ) dz is a non increas-
ing function of the time variable. However, this quantity has no sign. To make this
information a useful estimate, involving the non negative quantities a;| In(a;)| we need
a control on the first order space moments [y |x|a;(t, z) dz. We refer the reader to [18]
for details. This estimate will not be used in our reasoning; nevertheless the entropy
dissipation still has a crucial role in the proof of Theorems 1.1 and 1.2. By the way
note that the counter examples of systems that produce blow up in [26] very likely do
not satisfy the entropy dissipation property.

As said above, for data in C* N L>®(RY), we can construct a C* and bounded
solution defined on a small enough interval. Let Ti,,x be the lifespan of such a solution.
Standard bootstrapping arguments tell us that if Ti,,x < co then we have

limsup [[a(t, -)|| Lo (mvy = +00.

t—Timax
In what follows, we are going to obtain a uniform bound satisfied by [|a(t, )| Lo @)
on the time interval [0, Tihax), depending only on Ty and the assumptions on the
data, which thus contradicts the occurrence of a blow-up of the solution in finite time.
Therefore, the L estimate implies that the lifespan of the solutions of (6)—(7) is infi-
nite. Moreover, boundedness also implies the regularity of the solution, by a bootstrap
argument, see [18, Proposition A.1].



2.2 The key intermediate statements

The main ingredient consists in showing that the local boundedness can be obtained
from a local estimate in L", with r > 1, see [8, Proposition 4]. We thus work on balls

—{w e RY, |o] < p}.

Lemma 2.2 (De Giorgi type Lemma, [8]) We suppose that 2 < q < (NH) We
also suppose that h1)-h4) holds. Let a be a non negative solution to (6) on (— 1 ,0) x By.
Then, for anyr > 1, there exists a universal constant 6, > 0 such that, if a = (a1, -+, ap)
verifies

Z laillLr((=1,0)xB1) < Or,
then, 0 < a;(0,0) <1, forie {1,...,p}.

The proof relies on De Giorgi’s techniques [10] (see also [2] for an alternative ap-
proach). For the sake of completeness we describe the main steps in Appendix B; it is
also important to detail this proof since this is where the entropy dissipation plays a
central role. At first sight this information does not look very useful since the natural
estimates for (6)—(7) in Proposition 2.1 do not involve L" norms for an exponent r
larger than 1. However, we will be able to identify further estimates, that shrink for
the rescaled solutions (10) as € — 0. Namely, we will find that r = & H

role since the rescaled total mass satisfies lim,_,q || M/(¢) HL<N+1)/N((,17O)XBI) = 0. Thus,
for € small enough the rescaled solution fulfils the criterion in Lemma 2.2.

Lemma 2.3 There exists ¢g > 0 and vy > 0 depending on N, &, and 0* such that if
h1) holds with 2 < ¢ <2+ vy < 2%, then for all 0 < e < €y we have

P
Z ||az('6)HL(N+1)/N((_1,0)xB1) <9
i=1

with § = §(N41)/N as defined in Lemma 2.2.
Coming back to the original variables, we obtain the L> estimate.

Corollary 2.4 Let ¢y be defined in Lemma 2.3. Then, for all % < t < Tax, we
have

Z lai(t, )| e ey < €270,

Proof. Pick zp in RV and ¢, € (T"‘ax Tiax). Applying Lemma 2.2 to al®0) yields

—2

p
ai(to, zo) = €; ZEOUOSS

2

1 M@



Having this statement at hand allows us to conclude the proof of Theorem 1.2. Let
2<qg<2+ 1< 2%. Let a = (a1, ..., ap) be a solution to (6)—(7), and let Tinax be
the lifespan of a. Assume that Ty, is finite. Then, for each ¢ € {1, ..., p}, Corollary 2.4
tells us that a;(¢, -) is uniformly bounded for all % < t < Tmax and thus the sup norm
does not blow up as t — Tiax. This contradicts the fact that Ty, is the maximal time
of existence of a smooth solution of (6)—(7). |

Therefore the cornerstone of the proof consists in proving Lemma 2.3 and identifying
the specific role played by the norm LV+D/N_ The argument is two-fold and it uses
the diffusion equation (11) satisfied by the total mass M(t,z) = > | a;(t,z). On the
one hand, we shall show that the norm LV+D/N of M can be controlled by means of
the norm L%°(0, 0o; L' (RY)). On the other hand, we shall obtain a new estimate on a
weak norm of M, which will allow us to conclude that

limn (|| poe 0 ooty = 0, with M(s,y) = /07D M(t + 5,2+ ey).
€e— (e

This analysis is based on duality arguments and regularization properties of parabolic
equations. Accordingly, we can conclude to the shrinking as ¢ — 0 of the LN+D/N
norm of the rescaled solutions.

3 Weak norm estimates on the total mass and
shrinking of the rescaled total mass

Our approach relies on the following statement.

Proposition 3.1 Let ®: (0,T) x RY — R such that

a) ® lies in L>=((0,T) x RV);

b) A® = M > 0;

c) @ satisfies @ —dA® =0 on (0,T) x RN, with a coefficient d : (0,T) x RY — R

verifying 0 < 6, < d(t,z) < §* < oo for a.e.(t,x) € (0,T) x RV,

Then, there exists a € (0,1] such that ® € C1/2([to, T] x RYN) for any to > 0, which
means that we can find C > 0 such that, for any (t,z) € [to, T]xRY and (1, h) € RxRN
with t + 7 > tg, we have

|®(t+ 7,2+ h) — O(t,x)]
|7]2/2 + |h|

< Cf|@|| e

This Holder regularity estimate for non conservative parabolic equations dates back to
Krylov-Safonov [21, 22]. In fact, the result of [21, 22] does not need the sign property
b). However, as it will be explained below, this sign property naturally appears for the
system under consideration, and it plays a further crucial role throughout the analysis.
Let us explain the interest of this statement for our purpose. As said above the total
mass M satisfies the diffusion equation (11). Of course, by definition, M is a non



negative function which lies in L>(0, 00; L}(RY)). Let ® satisfy A® = M > 0. Since
d(t,z) is bounded above by §*, ® also satisfies the evolution equation

B — *A® = (d — 6*)AD = (d — 6*)M < 0.

This observation is the cornerstone of the analysis performed in [8]. In particular,
we will make use of the following crucial property established in [8, Proposition 11 &
Corollary 12].

Proposition 3.2 Let N € N, with N > 3. Let ® = A~'M with M the total mass
associated to a solution of (6). Then, we have

N N
1] e 0.1 xy < N80, )| ooy < K (M0, )|y 1M (0,17

where Ky > 0 is a certain universal constant, which only depends on the space dimen-
Ston.

Proposition 3.1 thus strengthens [8]’s results in the sense that it provides, beyond
the L™ estimate on ®, a Holder-regularity estimate. Since the estimate in Proposi-
tion 3.2 is not evident at first sight, we give the main steps of the proof in Appendix C
for the sake of completeness. We shall use the following consequence of Proposition 3.1,
which is precisely the estimate that allows us to go beyond the subquadratic non lin-
earities dealt with in [8].

Lemma 3.3 Let M be a non negative solution of (11), and let ® = A~'M. Let
t>tg>0 and x € RN. Fore >0, we set M) (s,y) = /DMt + s,z + ey). We
suppose that M) lies in L°(—4,0; LY(RN)). Then, there exists ¢ >0 and 0 < o < 1
(provided by Proposition 3.1), depending only on N, 0, and §*, such that for any

0<e<ty/2,

sup MO (s,y)dy < ¢ ||| 27D
—4<s<0JB
Proof. Let ¢ € C°(RY) be such that supp(¢) C By and ((z) = 1 for any = € B.
Since M(©) > 0, we get

M (s, y)dy < CM(E)(S,y)dy=/ ¢AD(s,y) dy
B1 B B

< | A 2((s,y) — 9(0,0)) dy.

By virtue of Proposition 3.1, we can write
MO (s,y)dy < 2D [ AL(y)(B(t+ 75,2 + ey) — B(t,2)) dy

By By
Cll¢llw2.00 @my | ®|| oo ¥ 2H2/(a=1)

IN

for any s € (—4,0) and 0 < €2 < to/4. In the first inequality, the exponent q%l comes

from the rescaling that defines M (9, and the exponent (—2) comes from the relation

1
M (s,y) = ZA(@(t+ 5,2 + ep)).

10



The information in Lemma 3.3 is relevant when the exponent a —2 +2/(q — 1) is
positive. This implies a restriction on ¢ < 1 + ﬁ, where we remind the reader that
a € (0,1] depends on N, d,,6* and we note that the bound from above increases to 3
as « — 1. This combines with the constraint ¢ < 2%, which is of different nature,
see Lemma 2.2, Lemma 2.3 and Lemma B.2.

As indicated above the Holder estimate in Proposition 3.1 is a standard result due
to [21, 22]. For the sake of completeness, we provide in Appendix D an alternative
proof, fully based on De Giorgi’s arguments. Note however that this analysis uses the
additional assumption b), which appears naturally in the problem under consideration.

4 LWHD/N estimate on the total mass

This Section is devoted to the proof of the following statement.

Proposition 4.1 There ezists a constant K > 0 (depending on N,d.,0*) such that,
M >0 being a solution of (11) in Q2 = (—4,0) x By and denoting Q1 = (—1,0) x By,
we have
M| pvinmg) < K sup M(t,z)dz.
~1<t<0 /B,

Proof. Let f be in C°(Q1) such that

[fllzvergy < 1
We consider the solution of the end-value problem

owu+dAu = f in (0,T) x RV,

u(T,z) =0, =0. (12)

ulop,
We start by reminding the reader the Alexandrof-Bakelman-Pucci-Krylov-Tso (ABPKT)
inequality [1, 4, 29, 20, 32]: there exists a constant ¢ > 0 such that

sup |u(t,z)| <E || fllpy+10.)- (13)
(t,$)6Q2

In order to obtain an estimate on the LN*D/N(Q1) norm of M, solution of (11), we
proceed by duality, bearing in mind the definition

[ M| L4135 (g, ) = sup {‘/ Mfdzdt], f€CX (@), [Ifllprrg) < 1}.
1

Let ¢ be a cut-off function: ¢ € C2°(Bs)s), ((x) =1 for any # € By, and 0 < ((z) <
1 for any 2 € RY. Remark that

/ CMfdmdt:/Q MFfdzdt,

11



since supp(f) C Q1. We compute this integral by using (12)

/ (M fdxdt = / (M (Opu + dAu) dx dt

0 ad
_ /_2dt< i CMudx) dt/ CuM(dM) dr

(MdAudzdt
Q2

= §Mu(0,x)dx—2// dMV (- Vu dzdt
Bs 2

—// udM A dz dt.

We have used several integration by parts where the boundary terms vanish owing
to the fact that supp(¢) C Bzjy C Ba. The integrand of the penultimate in the right
hand side can be rewritten as VdMVu-vdM V{(, and then we use the Cauchy-Schwarz
inequality and the Young inequality ab = \/Eaﬁ < %(Faa2 + %) We thus arrive at
the following estimate

< (Mu(0,x)dx

Bo

|/Q CfM dadt
2 +/<// dM|Vul? dzdt + = // dM|V¢|? dzdt (14)

udM A dz dt|

2

where k € (0,1) is a parameter that will be determined later on. Inspired from [14,
proof of Theorem 2.1], in order to estimate the second integral in the right hand side,
we use the elementary relation

1
Vul|* = §A(u2) — uAu.
Going back to (12), we are thus led to
o _d o 1o o
d|Vul* = iA(u )+ iat(u ) —uf.

The advantage of this formulation relies on the fact that, denoting v the outward unit
normal on 0Bs,

u‘aBZ 2’632 0, VuQ-z/sz :2uVu-l/‘aB2 =0,

12



which allows us to perform further integration by parts. We get

// dM|Vul? dzdt
Q2

1 1
= // dMA(u?) dxdt—i—/ Moy (u?) dxdt—/ Muf dz dt
2 2 2 Q2 2

- _1// V(dM)'V(UQ) dgy;dt—i—1 MuQ(O,x) dx
2 J)o, 2 /B,

—1// A(dM)u2d:::dt—/ Muf dz dt
2 Q2 Q2

== Mu?(0, z) dx/ Muf dzdt.
2 BQ 2

For the last term, since supp(f) C Q1, the integral actually reduces over () only. The
Hoélder inequality then yields

/ Mufdxdt
2

ﬁgMW&M{SMMWQNMMWMWQNNWH@Q
1

< ¢ HfH%NH(Ql)||M||L(N+1)/N(Q1)’

by using (13). Besides, still by using (13) and supp(f) C Q1, we get

1
- / Mu*(0,z) dx
2 Q2

IN

1
3 ”UH%w(QQ) ||M||L°°(—4,0;L1(Q2))

IN

2 ||f”%N+1(Q1)||M||L°°(f4,0;L1(Q2))'

The last two terms in the right hand side of (14) are estimated as follows: we get

J| MIVEP dwdt < 451G e 1M 1 a0

2

‘// udMA( dzx dt
2

< A5 Cllwzee By ClNF Nl n+1@ I M || oo ((—a,0);21 (B2)) -
The first integral in the right hand side of (14) is dominated by

and

< 40™[[Cllw200 (By) Null Loo Qo) 1M | oo ((—a,0):11 (Bo))

Hu”Loo(QQ)HMHLOO(—ZL,O;Ll(Bz)) < Cg”fHLNH(QQ)HMHLOO(—4,0;L1(BQ))'

Finally, we have found a constant C' > 0 such that for any f € CX(Q1), with
[ fll w410,y < 1, we have

‘/ fM dxdt
@1

Taking the supremum over such f’s makes the dual norm LWN+/N (Q1) appear. We
choose k small enough, so that 1 — kC > 1, and we conclude that

Cl+rk+1/k
M| v+ (g < ( 1=l / )HM||L°°(74,O;L1(BQ))

holds. [ ]

1
< C((l +K+ ;) | M || oo (—a,001 (Bo)) + "”v”MHL<N+1>/N(Q1))~

13



5 End of proof of Theorem 1.2: proof of Lemma 2.3

Let 0 < €9 < v/Tmax/2. For each component a(e), Proposition 4.1 gives

la{ | povenmigry < MMl pvenyn gy < K IMOll e _aorimy.  (15)
Next, Lemma 3.3, yields
MO oo (0001 (Bay) < €l|®]| poee 22/ (@1, (16)

Combining (15) and (16) with Proposition 3.2 leads to

p
€ 1-2/N 2/N a— _
> llal v gry < # a2y el e~/ (17)
=1

for a constant ~# which depends on p and N. This information is useful as far as
the degree of non linearities is such that the exponent remains positive, which means
q < 2+ 52. It ends the proof of Lemma 2.3.

As explained in Section 2, having at hand this property of the rescaled solution we
go back to the original unknown, and we deduce the L* bound of the solution, see
Corollary 2.4. Theorem 1.2, and therefore Theorem 1.1 too, is fully justified. [ |

Remark 5.1 The estimates discussed above differ from [8, see sp. Corollary 14 &
Lemma 15]; and in particular the smallness condition on €y does not involve the initial
entropy (9).

A A basic iteration lemma

The De Giorgi approach leads us to construct sequences, based on energy-entropy
estimates, where the parameter of the sequence controls level sets of the solution and
space-time localization. Roughly speaking, we obtain a non linear control of the nth
level by the (n— 1)th level. Namely, if u,, characterizes a level set associated to a value
N, > 0, over a domain @Q,, we obtain inequalities like u, < Au) ;. We can finally
conclude to a local property of the solution, letting n go to oo by using the following
simple result.

Lemma A.1 Let (u”)neN be a sequence of non negative real numbers. We suppose
that it satisfies, for any n € N\ {0},

Uy < A"UZ_1

where A,y > 1. Then, there exists k > 0 depending on A,~y) such that, if 0 < ug < kK,
then lim,,_, o u, = 0.

Proof. We set v, = In(u,,) which satisfies

v, < nln(A) + yop—1,

14



and thus
v < In(A) D 5" + vy < 4" In(AF W)

with
O SPIE MR Gy

YT\ g

1, 1 2
e =3 T

Therefore v,, tends to —oo, and wu,, tends to 0, as n — oo provided ug is small enough.
|

B Proof of Lemma 2.2

The proof is based on the De Giorgi techniques [10] and it is reminiscent of the method
introduced by Alikakos [2]. We exploit the dissipative properties of the system by
considering the following non negative, non decreasing, convex, and C! function

) A+2)In(1+2)—2 ifz>0,
H(Z)_{o if 2 < 0.
Let us introduce the following sequences, for j € N,
ki=1-279 t;=1/4+27972
Henceforth, we set B; = By, and Q; = (—t;,0) x B;. Note that
B(o,

i) CBj CBj_l C B(O,%),

1 1 1 1
(— Z’O) x B(o, Z) CQCQC (— 5,o) x B(o, 5).
We also introduce a family of cut-off functions that satisfies the following properties

G :RY = 0,00), (e CF(RY),
¢j(z)=1for z € Bj, (j(z)=0forx € RN\ B;_y,
and
sup \8ﬁmcj (z)| < C 2% for a certain constant C' > 0.
I,me{l,...,N}, zeRN

Lemma B.1 There exists a constant C' > 0, which depends only on 6y, 6%, and on
h1)-h4), such that for any solution a = (ai,...,ap) of (6) and any n € [0,1], we have

sup /H )(t, z) dx + 40, Z// |Vay/1 | 7,2)dzdr

—t;<t<0: 7

<C <22J Z-z:l/tjl /le H(a; —n)(s,z)dzds

p 0
—i—Z/ | /Bll(l + [a; — 0] )T In(1 + [a; — 0]y ) (7, x) da dT) )

15



Proof. Multiply (6) by (;H'(a; —n), integrate over B;_; and sum. We get
d p
X, GHe
P
= Z/ d;Aa; H —n)¢de + Z/ Qi(a)H'(a; — n)¢; du.
i=1 i=178Bj-1
The first term in the right hand side of (18) can be written as
P p
—Z/ dl|VaZ\2 H”(al- —ﬁ)Cj dZL‘—FZ/ le(aZ —H)AC]' dz
=17Bj-1 i=17/Bj-1
where, on the one hand,
P P )
Z/ di|Vzai)® H' (a; — )¢ da > 45*2/ |Vaor/1 4 [a; — n]4|" dz,
i=17/Bj-1 i=1"B;
and, on the other hand,
p .
Z/ d;H(a; — n)A¢ dz < C5*2% / H(a; —n)dz.
. Bi_1
For the second term in the right hand side of (18), we get
P
> [ Q@ e -G ds
[ (@@ =@t la=nl) 1+ =) ¢ e

+> g Qi(1+[a—nl4) In(1+[a; —nl4)) ¢ dw
i=1"Bj-1
<0 by hd)
p
<223 [ (+la -0l (1 + [ — n)s) do.
i=1vBj—1

The last estimate is a consequence of hl) and of the elementary inequality
1+fa=n4+—a[<1+]la—nly—al<14+n<2

(see [18, proof of Lemma 3.1] or [8, Lemma 3]). We arrive at

dzp:/ ¢ H(a; —n) da + 45, Z/ [Var/1+ [ai — )4 da
<05*22JZ/ H(a

12p2 Z / (1+ o — 7)™ In(1 + [a; — 7] d.

16



We integrate this relation over (s,t), with —t; <t <0 and —t;_; < s < ¢;, and next
we average with respect to s € (—t;_1, —t;), taking into account that t;_; —t; = 27772,
We obtain

EP:/H(ai— tmdx+452/ /]V\/7|Txda:dr
/ GH(ai —n)(t, @) da
+4522]2/ //‘V\/ilTxdxdes
i L/ /‘@ —)(s,2) dads
+05*22JZ 2_]._2 / / / H(a; — n)(7, ) da dr ds
+2p2 22 v 2/ // (1+ [ai = 7)) In(1 + [a; — 94 ) (7, 2) dz d7 ds
§2J+2Z/ / H(a; —n)(s, ) deds
+C(5*22JZ / / H(ai — n)(r, ) de dr
+w£;LjL5Hw—mwmwmwmwmmm

We conclude by taking the supremum over t € (—t;,0). [ |

Next, we specify the level set considered in these estimates: we use Lemma B.1
with = k; and we set

U; = <sup /H — k) d:r—l—Z// Vo /1+ [a; — ksl dxds)

—t;<t<0 i1

Lemma B.2 Let2 <q < 2%. Then

i) For any r > 1 there exists a universal constant ¢, > 0 such that

p
r 1/2
U < ey (laillpr(1.0)xmy) + Haz‘HL/r((,LO)XBl) + llaill Lr((~1,0)x 1)) -

i=1
it) There exists a constant A > 1 such that
iy 1+N/2
U < N

for any j > Consequently, there exists & > 0 such that 2 < 0 implies

im0 %;

Jo-
0.

17



Proof. Throughout the proof, we simply denote by ¢ a constant that depends only on
the parameters of the model, and on the Lebesgue exponent, without paying attention
to the possible changes of the value of the constant from a line to another.

For proving i), we go back to the definition

—1<t<04=17Bo

p P
Uy = ( sup Z H(ai)dx—i-Z//Q |VI\/ai+1|2dxdT>,
i=1 7/ Qo

where we remind the reader that By = B/, and Qo = (—1/2,0) x By /5. We make use
of the following elementary inequalities
H(z) < c(z(1+]In(2))]) (19)
IVV1+al <|VVal, (20)
which hold for any z > 0 and any (smooth enough) function a : RY — [0, 00), respec-

tively. We consider ¢y € C°(RY), supported in By, such that 0 < (p(z) < 1 on RY
and (p(x) = 1 on By. We get

Z Co aztxdx—z:/ d; Ao (z G/Ztl')dl'<(5*‘ACOHLOOZ/ a;(t, ) dz.

Let t € (—35,0) and 7 € (—1,t). We integrate over the time interval (7,t), and then we
average over T € (—1,—3). We are led to
p
sup Z/ ai(t,x)de < CZ/ / a;(7,z)dzdr.
77<t<01 1

Similarly, the localized version of the entropy dissipation becomes

d di|V pai)?
at Z 40(90) a; In(a;) dz + go(x)ﬂ Az
By

a;

= Z ACO (a;In(a;) — a;) da.
<6*HA(0HLOOZ/ (a;| In(a;)| + a;) da
Again we integrate with respect to the time variable. We shall also use the trick

2
ulln(u)] = wln(u)ly>1 — wln(u)lo<yc: < uln(u)ly>1 + g\/ﬂlogud?
which allows us to dominate

ulIn(u)] < c(u” + Vu).

18



It follows that

sup Z/B a;| In(a;)| dz + 46, Z/l/g |Vx\/a7|2d93d7—
0 5 7 Bo

—7<t<01 1
P
Z(/ / (af + Va; + a;) dxd7>
i=1 \Y -1/ B1
P (2r)

0 0 1/
//]ailrdxdT—i—(/ / |ailrdmd7> meas(B; )~/ (")
1 -1JB; -1JB;
1/r
(/ / |al|rdxd7> meas(B1)'~ 1”)
By

by using the Hoélder inequality.

We turn to the proof of ii). The estimate in Proposition B.1 can be recast as

U < C(QzJZ// H(a; — kj)(s,xz)dzds

//Q, (1 + [a; — k;]0)T  In(1 + [a; — kj]4) (s, ) da ds) .
B 21)

Let us set

U(z) =vV1+2z—1

For any v > 1, 8 > 0, we can find a constant c, g such that
(14 2)"In(1 + 2) < a0 (2)20A).

Moreover, for z > k; > k;_1 we have

z — k‘j,1 :
—— =2(z—kj_1).
— k] o kjfl (Z J 1)

Hence, we can estimate both integrals in the right hand side of (21) by an expression
like

// 27j 1 + j_1]+)7 ln(l + [ai — j_1]+) dx ds
Qj—
< 6752’” Z// 1]+)7+ﬁdl’d5.

Qj—

We can play with the exponents v and 8 for both term so that we obtain a common
bound from above, and we arrive at

p
U < 2% Z//Q U([a; — kja] ) 2NN qg ds.

19



This is possible as far as 2(¢ — 1) < 2% that is to say ¢ < 2%. We shall conclude
by using an interpolation argument. Indeed, on the one hand, we obviously have

sup /B 10 ([a; — kja]4)[2(s,2) de < %y,

7tj,1S8§0

while Gagliardo-Nirenberg-Sobolev’s inequality, see [24, Theorem p. 125], yields

[

<efl  IVU(la - byl )P(s 2 deds < %y,
Qi1

[ e = kil )P ) d s
B.

j—1

) (N-2)/N

By using the interpolation

N+2 2N N -2
—0 21-0), 6=
N T O0n—g A0 N

we combine these information into

// U ([a; — kja] )PV (5, ) da ds
Qi1

0 0
< / t ( /B W ([a; — kjo]) PV VD (s, ) d:c)
AT 1-9

X (/[3 U ([a; — kj_1]4+)*(s, 2) dac) ds
0
<u /t. (

i—1
We conclude by applying Lemma A.1. [ |

€ (0,1),

(N—2)/N
/ U ([a; — kj—1]4) PN N (s, 2) dw)
B,

j—1

ds < c?/jljf/N.

Once we know that lim;_,., %; = 0 we deduce that

1
lim —

p P 0
H(a; —k;j)dedt =0>4 / / H(a; — 1) dxdt.
j—oo t; ;//_Qj ( i) ; —1/4 J B(0,1/2) (

It implies that 0 < a;(¢,x) < 1 holds for a. e. (t,z) € (—1/4,0) x B(0,1/4).

C Proof of Proposition 3.2

It is worth giving some hints for the proof of Proposition 3.2, which is fully detailed in
[8, Proposition 11 & Corollary 12]. Again, the proof heavily relies on duality arguments.
The main step consists in showing that

[@(E ) poe vy < (IR0, )l Lo mv)- (22)

Indeed, we remind the reader that ®(¢,xz) is determined by the convolution formula
(for N > 2)

B(t,z) = —CN/ M(;'J%)Q

d
RN |$— d

20



where

1
Oy — ——

NN =2)on’
with ony = I?(”TN//;) the measure of the unit sphere of RY. Thus, given R > 0, we simply
split

M(0,y) M(0,y)

®(0,2) = —C’N/ —— = dy — C’N/ —— 2 dy
lz—y|<R |l‘ - |N 2 le—y|>R |l‘ - y|N 2
which yields
onR?

|2(0,2)] = ON[IM(0, ) oo vy —5— + RN x5 1M (0, )| vy

Optimizing with respect to R, we get

N N
@0, 2)] < K[ M0, )| oZne M0, )| PriGen

where K > 0 depends only on the space dimension N > 3.

In order to justify (22), we need to introduce a mollified diffusion coefficient. Indeed,
as the a;’s are smooth on [0, Tinax) X RY, M is smooth too; thus (t,z) — d(t,z) is a
smooth function, except possibly at the points where M (¢, z) vanishes. Given p > 0,
we denote d,(t,z) a smooth function verifying

dy(t,x) =d(t,z) when M(t,x) > p, 0 <0, <d(t,z) <5

The proof of (22) splits into two steps.
Let 0 < T < oo, Let ¢ € C°(RY) and consider the solution of the end-value
equation
O +duAp =0, (T, z)=((2), (23)

together with the initial value problem
op — A(dup) =0, p(0,z) = po(x)'
We assume that

1€ oo vy < 1.

The maximum principle, see for instance [13, Theorem 8, Chapter 7|, implies
sup ||t )| peo@ny < [IC]l ooy < 1.
0<t<T

We have, by integrating by parts,

S oseoetnna = [ (@p(t, 2)o(t, ) + p(t,0)0up(1,)) da
A(dup(t,2))p(t,7) = p(t, 2)du(t, 2) Ap(t, 7)) da
= V(dup(t,z)) - Vo(t,z) dz

ﬁ Vip (t,z)) - Vo(t,z)dx
R

N

I
%é\ué\

I
S+
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Now, we integrate over [0, 7] by using the conditions at t = 0 for p and t = T for ¢. It
follows that

< 10 1. vy

[ T2 ds
RN

[ A0 d
RN

By virtue of the Hahn-Banach theorem, we conclude that

[ T ds
RN

< NN gy

Io(T M wyy = sup{ , C€CERN), ¢l ooy < 1}

Next, we shall apply a similar reasoning in order to make the norm [|A(| 1 gw)
appear. For 0 < T < oo and ¢ solution of (23), let us set

pt,z) = Ap(T —t, z)
which satisfies
Bip — A(dup) =0,  p(0,2) = A¢(z) € L'(RY),
The previous step thus tells us that

(T, ')HLl(]RN [A@(0, )| 1 ®RN) < (0, )HLl(RN) = HACHLl(RN)'
Going back to the equation for the total mass, we get

d
— Mo(t,x)dx = M(d —d,)Ap(t,x)dz.
dt RN RN

Let 0 < T' < Tiax. Integrating over (0,7") yields

Mp(T,z)dz| =

/ APp(T, x)dx
RN

/ O(T,z)Al(x) dz
RN

RN

T
= Me(0,z)dx —l—/ M(d— dy)Ap(t,z)dxdt
RN

= Adp(0,z d$+/ M(d dy)Ap(t,x)dedt
RN

IN

/ PAp(0,z)dz| + / / M(d—d,)Ap(t,xz)dxdt
RN

[P0, ) Loo @y D@0, )| 1wy + 276 pl| Al oo 0,711 (mY)
since |d — d,|M = |d — d,|M1y<, < 206%p

< ([[9(0, )| oo (mavy + 2T6% 1) | AL L1 (mvy-

IN

This relation holds for any p > 0 and ¢ € C°(RY). Therefore, we can conclude that
(22) holds, which ends the proof. ]
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D Proof of Proposition 3.1 by De Giorgi’s ap-
proach

For the sake of completeness, we provide here an alternative proof of Proposition 3.1,
which, however, uses the additional assumption b). The interest of this proof is that
it entirely relies on energy estimates and De Giorgi’s methods, which gives a unified
viewpoint on the whole argumentation of the paper. Since the result stated in Propo-
sition 3.1 is standard, the remaining of this Section can be safely skipped by the reader
not interested in such an alternative proof (the original proof relies on a probabilistic in-
terpretation of the equation and uses arguments from the theory of diffusion processes).

Here and below, given p > 0, with B, the ball {x € RV |z| < p}, we denote
Qp = (_p270) X Bp'

In fact, we shall work within @2, considered as a reference domain. From an equation
satisfied on Q2 we wish to establish qualitative properies on a smaller domain, say (1
or Q3. It is also convenient to introduce the domain

Q= (-9/4,-1) x By.

We refer the reader to Fig. 1; having the picture of the subdomains of ()3 might be
helpful in following the arguments.

The argument for proving Proposition 3.1 relies on a technical lemma that controls
oscillations. From now on, for a function ¢ defined on  C R%, we set

osc(p, Q) =supe(x) — inf p(z).
x€eQ zef

Lemma D.1 (Decay of oscillations) Let ® satisfy the assumptions of Proposition 3.1.
There exists A € (0,1), which depends only on N and 6, such that

0sc(®, Qq/2) < A osc(P, Q2).

Let us assume temporarily that Lemma D.1 holds true. We pick (¢, ) € (to, T)xRY,
where 0 < tg < T < 00, and we set

Op(s,y) = Dt + 27 s,z +27y).

where k£ € N is large enough so that the time variable remains larger than ¢y when
—4 < 5 < 0; namely, we have k > ko = In (%)Wllﬂ) The function ®;, is defined on
()2 and it satisfies

0s®p = di Ay Py,

where
di(s,y) = d(t + 275,24+ 27%y).
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Moreover, we still have —|| @[~ < ®r(s,y) < +||®|/z~ Applying Lemma D.1 yields

osc(Pr, Q1/2) < A osc(Pr, Q2)

which rephrases as
osc(P(t+ -z +-), Qo-r-1) < Xosc(P(t+-,x+ ), Qori1).

We deduce that
2
VA

(We should bear in mind the fact that Cy depends on tg through the definition of kg
and it is proportional to [|®| z~.) Let 2/ € RY and #' > to; there exists a unique k € N
such that 2/ — & € By—41 \ Bo—r, 2728 < |t/ — t| < 272(:=D Tt follows that

osc(®(t+ -,z + ), Qyr) < VAT Co, Co=

1P| zee-

|(I)(t,,ll,‘/) B CD(tva < @ (
|t/ _ t’a/Q + ’IE/ _ x’a - \/X

VA2%)E,

If 0 < VA < 1/2, the right hand side remains obviously bounded, uniformly with
respect to k, for any 0 < a < 1; otherwise we choose

In(1/v\)
0< n(2) <
Hence Proposition 3.1 follows from Lemma D.1. [ |

We are thus left with the task of proving Lemma D.1. To this end, we shall apply the
following statement.
Proposition D.2 Let (t,z) — v(t,x) satisfy
e the differential inequality Opw — 0*Av < 0 on Qo;
o —1<w(t,x) <+1 on Q2;
e meas({(t,z) € Q, v(t,x) < 0}) >p meas(Q), for some pn >0
Then, there exists 0 < n <1 such that

v(t,z) <n on Q1.

The function

~ 2

supg, ® +infg, ®
O(t,z) = ———(P(t,x) —
( 7x) OSC(@,QQ)( ( ,.’E) 2 )
satisfies the first two assumptions of Proposition D.2. Suppose that
~ meas(Q2)

meas({(t,z) € Qa, ®(¢t,z) <0}) > 5
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(Otherwise, we shall apply the same reasoning to —<T>) Proposition D.2 tells us that
®(t, ) < non Qy/s, which yields osc(®, Qq/2) < 1+ (since infg, , ® > —1), and thus

osc(®, Q1 /2) < th osc(P, Q2).

It justifies Lemma D.1, with A = 137 € (0, 1). n
The proof of Proposition D.2 relies on a series of intermediate statements.
Lemma D.3 Let —oco < a,b < 0o and let Q be a smooth bounded domain in RN. We
denote Q = (a,b) x €.

(a) Let u € L>®(a,b; L*(Q)) N L?(a,b; H(Q)) such that

Ou— 6 Au+pu=0

holds in 2'(Q), with u a non negative measure on Q. Let F : R — R be a non
decreasing convex function. We assume that F(0) =0 and F € T/Vlf):O(R) Then,
there exists a non negative measure v such that v = F(u) satisfies Opv—*Av+v =
0 holds in 2'(Q)

(b) Let v € L*>®((a,b) x Q) N L%(a,b; H'()) be a non negative solution of Oy —
0*Av+v =0, with v a non negative measure on Q. Then, for any trial function
p € C°(Q) there exists C > 0, which depend only on iy, ||v||L~ and ¢, such that,
fora. e.a <s<t<b, the following energy inequality holds

;/ 2(1, 1) d:n—l—é//ngv (r,2) dz dr

§2/v (s, 2)p*(z) dz + C(t — s).

Proof. Note that v = F(u) also lies in L*(a,b; L?(Q)) N L?(a, b; H'(2)), see e. g. [5,

Prop. IX.5]. Item a) follows from the following computation

OF(u) = —F'(u)p + F'(u)d,Au = —F'(u)p — 0*F”(u)|Vu|? +6,AF (u).

<0

The argument can be made rigorous by working on the weak variational formulation
of the equation, with suitable approximation of the solution wu.
For proving item (b), we compute

1
5&5(2}2@2) = %0V - Vo — vpv
= 0V (¢*vVv) — vp?v — §*Vu - V(p?v)
= 0V (¢*0Vv) — vp?v — 6*|V(pv) |2 + 6% v? |Ve|?.
The second and third terms of the right hand side are non positive; the integral of

the last term is dominated by 5*‘|U||%oo ol m1()- Again a full justification proceeds
through an approximation argument. [ |

For proving Proposition D.2, we shall work with several subdomains of @3, as
indicated by Fig. 1 which might help to follow the arguments.
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Lemma D.4 Let u satisfy Opu — *Au < 0 and —1 < u(t,x) < +1 in Q2. Let us set

= {(t,2) € Q1, ult,x) >1/2},
{(t,x) € Q, u(t,z) <0},
{(t,

€Q1UQ, 0 < u(t,z) <1/2}.

There exists o > 0 such that if meas(e/) > n and meas(#) > %meas(@), then

meas(%) > a.

By »Bs32p By

t=—4 t=-9/4 t=-1 t=0

Figure 1: The domains @, (the largest box), @ (the dashed box) and @ (the grey box)

Proof. We argue by contradiction, assuming that a sequence (uy) of solutions of
Opug, — 0*Auy, < 0 in Qg satisfies —1 < ug(t, z) < +1 and

meas(,) > 1, with o, = {(t,z) € Q1, u(t,xz) > 1/2},

(Q), with By = {(t,z) € Q, ux(t,z) <0}, (24)

—_

meas(%y) > —meas

with €, = {(t,z) € Q1 UQ, 0 < uy(t,z) < 1/2}.

[\)

meas(%y) < %,
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We focus our interest on the positive part vy = [ug]+, with [z]; = max(z,0), which is
still uniformly bounded: 0 < vi(¢,z) < 1, By virtue of Lemma D.3-(a), it satisfies

Oy, — 0*Avy, + pr =0, (25)

with pi a non negative measure. The strategy can be recapped as follows. We shall
establish the compactness of v in the reduced domain (—4,0) x Bs/y. It allows us to
assume that v, converges to a certain function v. Roughly speaking, we are going to
show that v(s,z) vanishes on Bj for certain times —3/2 < s < —1, which will imply
that v vanishes over Q1. It will eventually lead to a contradiction by considering the
behavior of the sets 7., %, € as k — oc.

Let us pick a trial function ¢ € C2°(Bz) such that ((z) = 1 for any x € By, and
0 < ¢(x) <1 for any z € RY. By using Lemma D.3-(b), we get for —4 < t; <t <0

to
/CQ\vk\Q(tg,x)dx—{—&*/tl /|V(Cvk)]2(s,m) dzds §/C2v,%(t1,:1:)da:+0(t2—t1),

(26)
for a certain constant C' > 0. In particular, (Cvg),  is bounded in L>(—4, 0; L?(B2))N
L*(—4,0; HY(By)). Going back to (25), since yy > 0, vp > 0, we observe that

to to
OS/ / ppdrds < / Cup dxds
t1 B3/2 t1 B .
2
< / Cug(ty, x) dx—d*/ Vg - V¢ dx ds
Bs t1 J B2
< Sllzr + 26 Vorl L2 (o) I VCI 2B,

is bounded uniformly with respect to k. Coming back to (25), we deduce that (Jyvk),
is bounded in .#"((—4,0) x Bs/3) + L*(—4,0; H*(Bs3)). By virtue of Aubin-Lions-
Simon’s lemma [30] (in fact we use the extended version [23, Theorem 1] which allows
us to deal with measure valued time derivatives), we conclude that (vy) ren 1S compact
in L?((—4,0) x Bs3). We can thus assume that v (possibly relabelling the sequence)

converges to some v in L?((—4,0) x Bs /2). Bienaymé-Tchebyschev’s inequality yields

2
ok = 0ll72((—a,0)xB1)
2

meas({(t,z) € ((—=4,0)x B1), |vk(t,z)—v(t,z)| > €}) < 0,

€ k—o0

for any € > 0.

Let (t,z) € (—4,0) x By be such that e < v(t,z) < 1/2—e. Then we distinguish the
following two cases: either |v — vi|(t,x) > € or 0 < vi(t,z) = (v —v)(t,x) + v(t,z) <
|v —v|(t,x) + v(t,z) < 1/2. Tt follows that

meas({(t,z) € Q1UQ, e <wv(t,x) <1/2—¢€})
<meas({(t,z) € Q1UQ, |[v— vi|(t,z) > ¢})

+meas({(t,z) € Q1 U @), 0 <w(t,x) <1/2})
meas(%%)

< meas({(t,z) € Q1 U Q, v —vkl(t,z) > €f) + %
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by using (24). Letting k go to oo yields
meas({(t,z) € QUQ, e <v(t,z) <1/2—¢}) =0.
Since this property holds for any ¢, the monotone convergence property leads to
meas({(t,z) € Q1 UQ,0 < v(t,x) < 1/2}) = 0.
Therefore, we have
for a. e. t € (—=9/4,0), either v(t,z) =0 or v(t,x) > 1/2 in Bj. (27)

Similarly, let (¢,z) € (—4,0) x B; be such that vg(t,z) = 0. We distinguish the
following two cases: either |[v — vg|(t,z) > € or 0 < v(t,z) = (v — vg)(t,x) < |v —
vg|(t, z) < e. Coming back to (24), we get

% meas(Q) < meas(%y,)

<meas({(t,z) € Q, |v—vp|(t,x) > €}) + meas({(t,x) € Q,v(t,x) < €}).

Letting k£ go to co we obtain

% meas(Q) < meas({(t,z) € @W(t@ <e}).

By monotone convergence, as € — 0, we arrive at

% meas(@) < meas({(t, .Z') € @,U(Tf,l’) = O})

Consequently, we can find a non negligible set of times s € (—3/2,—1) such that
v(s,z) = 0 holds for a. e. z € By. Letting k go to oo in (25), we obtain dyv—d0*Av+v =0
on (—4,0) x By, with v a non negative measure. Let ¢ € C2°(B3/2) be a non negative
trial function such that ((x) = 1 for any = € B;. We apply Lemma D.3-(b), and we
obtain for a. e. t € (s,0),

2 2 2 2 _ s
/Blv (t,z)dx < /]33/211 (t,z)¢(z)dx < /B3/2U (s,z)¢(x)dx 4+ C(t —s) =C(t —s),

where, owing to (27), we also know that the left hand side is either null or larger than
meas(B1) - We deduce that, actually, v vanishes on ;. We are going to show that it
contradicts (24).

Indeed, let us consider (t,z) € Q1 such that vg(t,z) > 1/2. Then, for any € > 0,
either |v — vg|(t,x2) > e or v(t,x) = vi(t, ) + (v —v)(t, &) > v(t, x) — |v — vg|(t, ) >
1/2 — e. With the first property in (24), it follows that

n < meas(e;) < meas({(t,z) € Q1, |v—vk|(t,z) > €})

+meas({(t,z) € Q1,v(t,x) > 1/2 — €}).
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Letting k£ go to oo yields
n < meas({(t,z) € Q1,v(t,x) > 1/2 —€}).
Since this inequality holds for any € > 0, we conclude, by monotone convergence, that

n < meas({(t,z) € Q1,v(t,z) > 1/2})

holds, a contradiction. ]

Proof of Proposition D.2. We consider (¢, ) — v(t, z) such that —1 < v(¢,x) < +1,
meas({(t,z) € Q, v(t,z) < 0}) > p meas(Q), and v satisfies v — 6*Av < 0 in Q.
The proof splits into two steps.

Step 1.

For k € N, set

vp(t, ) = 28 (v(t, z) — (1 — 1/28)).

We shall show that the integral
// [ug] 2 d dt
1

can be made as small as we wish, by choosing k large enough. Observe that
v =2 —1)+1=20,_1 —1
which implies that vy < 1 and
{(t,2) € Q, v(t,x) <0} C {(t,x) € Q, v(t,z) <1-1/2¥} = {(t,z) € Q, v (t,z) < 0}.
Thus, by assumption on v,we have
meas({(t,z) € Q, vi(t,z) < 0}) > meas({(t,z) € Q, v(t,z) <0}) > u meas(Q).

Let us suppose that, for any k£ € N

//l[vk]idxdt >0

holds for a certain ¢ > 0. Since this integral is dominated by

meas({(t,z) € Q1, vi(t,x) > 0}) = meas({(t,z) € Q1, vi_1(t,x) > 1/2})

we infer
meas({(¢t,z) € Q1, vgp—1(t,x) >1/2}) > 46

independently of k. Applying Lemma D.4 yields

meas({(t,z) € Q1 U Q, 0 <vp_1(t,x) < 1/2}) > «a,
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still independently of k. Tt follows that
meas({(t,z) € Q1 UQ, vg(t,x) < 0})
= meas({(t,2) € QLUQ, 2041(t,2) —1 < 0})
= meas({(t,z) € Q1 UQ, vp_1(t,z) <0})
+meas({(t,2) € Q1UQ, 0 < vp_1(t,z) <1/2})
> meas({(t,z) € Q1 UQ, vp_1(t,z) <0}) +a.

Since meas({(t,z) € Q1 U Q, w(t,z) < 0}) > meas({(t,z) € Q. w(t,z) < 0}) >
1 meas(Q), this recursion formula leads to

meas({(t,z) € Q1 UQ, vp(t,z) < 0}) > p meas(Q) + ka.

However, this cannot occur for any k since the left hand side is bounded by meas(Q2).
We conclude that, given é > 0, there exists k, € N such that

// g, )2 dwdt < 4.
1

Step 2.

The second step relies on De Giorgi’s analysis. Let us set w(t,z) = vy, (t,z). We shall
show that, provided § is small enough (which means k, large enough), w(t,z) < 1/2
on ()q/2. To this end, let us set, for £ € N,

my = %(1— %),

wf(tvl‘) = [w(t,x) - mf]+7
1 , 1 142
We are going to work in the domains Qo C Qr, C @1 that shrink to (/5 as £ — oo,
see Fig. 2.

We consider a sequence of functions ¢, € C°(By,_,) such that 0 < (y(x) < 1 on
B,, , and (y(z) =1 on B,,. We shall use the basic estimate

1
|V¢o(z)| < 02, - <02
ty —to—1

We already know that 0 < wy(¢t,z) < 1, by definition. We can apply the energy
estimate in Lemma D.3, which reads

¢
;/Bl wzg(t,:B)Cg(IfU) dx+5*/s /B1 ‘V(C€w£)|2(7,x) drdr

(28)
< ;/Bl wz?(S,x)Cz?(Jf)d:ch(s*/:/Bl W2V G2 (r, 7) da dr.
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Figure 2: The domains Q1, @,, and Q1> (the grey box)

for —1 < s < ty < t < 0 (note that here we keep explicit the integral in the right
hand side that is roughly estimated by a constant in Lemma D.3). Averaging over

€ (ty_1,t¢) (and using the fact that the integral of a positive quantity over (s,t) is
thus bounded below — resp. above — by the integral over (ty,t) — resp. (ts—1,t))
yields

1 t
3 [, bt e [ ] 9l arar

0
<12+ 5*)02%/ / (wel2(r, 2) da dr-
te—1 Jsupp(Ce)

Uy = // lwe|(t, x) dz dt,
ty B

0
6= s [ witaG@as [ [9Gu)Pera) dedr

te<t<0

Let us set

and
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We wish to establish a non linear recursion for %, which will allow us to justify that
it tends to 0 as £ — co. On the one hand, since

we <we—y  and  supp((e) C By,
we note that (28) yields
& < (241/6%)(1)2 + 6%)C2%%,_,.

On the other hand, we observe that

Yy < // |Cowe|?(t, x) da dt
te B

N/(N+2)
( / / (Cowe PVN (¢, ) da dt)
t B
‘ 2/(N+2)

x (meas({(t,z) € (t¢,0) X By,, (ows > 0})) ,

IA

by using Holder’s inequality. Remark that

1
2@—1—1

wW—"My_1=w — My +
which leads to to
meas({(t,z) € (ts,0) x By,, Cwy > 0})
< meas({(t,x) € (t;—1,0) X By,_,, we_1 >271})
< 92042y,

by virtue of the Bienaymé-Tchebyschev inequality. Next, we use the Gagliardo-Nirenberg-
Sobolev inequality, see [24, Theorem p. 125]

(L.

Mind that we have integrated with respect to the space variable only. We can write

N+2 ON N -2
om0 h21-0), 6=

(N—2)/N
|Cowe 2N N =D () dﬂ?) < Cs/ IV (Cowe) P (t, z) da.
B

4 e

€ (0,1),

so that

/ |G ) o
ty B

L ()

< ng;—e.

1-6

0
’Czwd2N/(N2)(t,$)dw> </ |Cewe|2(t,$)d33> dt
B,

1-60
ng

e
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Therefore, gathering all these informations together, we obtain

14+2/(N+2
% SAg%_l /( )

Y

for a certain constant A > 1. Owing to Lemma A.1, we deduce that limy_,,. % = 0
provided % is small enough. The smallness condition on %4 is precisely ensured by
the definition w = vj, coming from Step 1. Since

1 0
|tz|/ /B |wg|2(t,x) dedt < %
ty Ty

we conclude, by applying Fatou’s lemma, that

2// [w—1/2]3 (¢, x)dwdt<hm1nf/ / lwe|*(t, z) dzdt = 0
Q12 ty JBr,

so that, finally, w(t,z) < 1/2 holds a. e. on Q5.
Coming back to the change of unknown w(t,z) = v, (t,2) = 28 (v(t,z) — (1 —
1/2k+)) < 1/2 becomes

1 1 1

( )<1+2k*+1_27*:1_72k*+1<1

Note

After the completion of this work, we learnt about results in a similar direction by
J. I. Kanel [19]. This approach shares similar ideas and assumptions, but with different
techniques; it has been recently revisited by P. Souplet [31] to deal with problems en-
dowed with Neumann boundary conditions and nonlinearities with a quadratic growth.
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