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Motivation

Source W “ t1, 2, . . . ,Mu

Transmitter

Channel: PY |X

Receiver

ĩ PW

i PW

upiq “ pu1piq, u2piq, . . . , unpiqq
T P X n

y “ py1, y2, . . . , ynq
T P Yn

Memoryless Channel: pX n,Yn,PY |X q
@ x “ px1, x2, . . . , xnq P X n and @ y “ py1, y2, . . . , ynq P Yn,

PY |X“x pyq “
n
ź

t“1

PY |X“xt pytq.

An pn,M,λq-code:

#

ˆ

up1q,Dp1q
˙

,

ˆ

up2q,Dp2q
˙

, . . . ,

ˆ

upMq,DpMq
˙

+

,

where for all pj , `q PW2, with j ‰ `:

Dpjq XDp`q “ H,
ď

jPW
Dpjq “ Yn, and

1

M

M
ÿ

i“1

EPY |X“upiq

“

1tYRDpiqu
‰

looooooooooooooooooomooooooooooooooooooon

Average Decoding Error Probability

ď λ.
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1tYRDpiqu
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looooooooooooooooooomooooooooooooooooooon

Average Decoding Error Probability

ď λ.

Minimum Average Decoding Error Probability

λ˚pn,Mq “ min tλ P r0, 1s : Dpn,M, λq-codeu .
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Motivation

Lemma 1 (DT bound [Polyanskiy2010], MC Bound [FontSegura2018])

Given a pair pn,Mq P N2, the following holds for all probability measures QY on the
measurable space pYn,BpYnqq:

inf
PX P4pX nq

max
γě0

´

T pn,PX ,QY , γq ´
γ

M

¯

ď λ˚pn,Mq ď inf
PX P4pX nq

T

ˆ

n,PX ,PY ,
M ´ 1

2

˙

,

where

T pn,PX ,QY , γq
4
“EPXPY |X

“

1tι̃pX ;Y |QY qďlnpγqu

‰

` γEPXQY

“

1tι̃pX ;Y |QY qąlnpγqu

‰

, and

ι̃ px ; y |QY q
4
“ln

ˆ

dPY |X“x

dQY
pyq

˙

.

Memoryless and Stationary Assumptions: Sum of IID Random Variables

ι̃ pX ; Y |QY q “

n
ÿ

t“1

ι̃ pXt ;Yt |QY q .
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Objective

Summary of the state of the art

Bounds on decoding error probabilities are difficult to evaluate

CDF of sums of IID random vectors

Bounds provided by Berry-Esseen theorem are too loose.

Saddlepoint approximations are good but unknown bounds on the error.

Objective

Provide an appoximation to the CDF of sums of random vectors

Characterize the approximation error
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Approximation of CDFs of Sums of Random Vectors

Consider n independent random vectors Y 1, Y 2, . . . , Y n

For all i P t1, 2, . . . , nu, Y i „ PY P ∆
`

Rk ,BpRkq
˘

.

The cumulant generating function associated to the measure PY is KY

X n
4
“

n
ÿ

t“1

Y t „ PX n .

The cumulative distribution function (CDF) of X n is FX n .

The approximation of FX n is denoted by F̂X n .

Problem:

How to determine an upper bound on the absolute difference
ˇ

ˇ

ˇ
FX n ´ F̂X n

ˇ

ˇ

ˇ
?
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Preliminary Results - Esscher (exponential) Tilting

For all θ P ΘY , with

ΘY
4
“ tt P Rk : KY ptq ă 8u,

let Y pθq
1 , Y pθq

2 , . . ., Y pθq
n be independent random vectors with probability measure PY pθq that

satisfies for all y P Rk ,

dPY pθq

dPY
pyq “ exp

´

θT y ´ KY pθq
¯

.

Definition 2 (Esscher Tilting)

The probability measure PY pθq is Esscher tilted with respect to PY .
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Preliminary Results - Esscher (exponential) Tilting

Given θ P ΘY , let the probability measure PY pθq be the solution to:

min
PP∆pRk ,BpRk qq

ż

θTy dPpyq ` D pP}PY q .

Then, for all t P Rk ,

dPY pθq

dPY
ptq “ exp

´

θT t ´ KY pθq
¯

.

Samir M. Perlaza, Gaetan Bisson, Iñaki Esnaola, Alain Jean-Marie, Stefano Rini, “Empirical Risk Minimization with
Relative Entropy Regularizations”. Research Report, INRIA, No. RR-9454, Sophia Antipolis, France, Feb., 2022.

Samir M. Perlaza, Iñaki Esnaola and H. Vincent Poor. “Sensitivity of the Gibbs Algorithm to Data Aggregation in
Supervised Machine Learning”. Research Report, INRIA, No. RR-9474, Sophia Antipolis, France, Jun., 2022.
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Preliminary Results - Change of Measure

For all A P BpRkq and for all θ P ΘY ,

PX npAq“EPY 1Y 2...Y n

”

1t
řn

j“1 Y jPAu

ı

“EP
Y pθq

1
Y pθq

2
...Y pθqn

»

–1!řn
j“1 Y pθqj PA

)

˜

n
ź

j“1

dPY pθq

dPY
pY pθq

j q

¸´1
fi

fl

“EP
Y pθq

1
Y pθq

2
...Y pθqn

«

1!řn
j“1 Y pθqj PA

) exp

˜

nKY pθq ´ θT
n
ÿ

j“1

Y pθq
j

¸ff

“EP
Spθqn

„

exp
´

nKY pθq ´ θT Spθqn

¯

1!
Spθqn PA

)



,

where
Spθqn “

n
ÿ

j“1

Y pθq
j ,

with probability measure PSpθqn
.
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Preliminary Results - Gaussian Approximations

PX npAq“EP
Spθqn

„

exp
´

nKY pθq ´ θT Spθqn

¯

1!
Spθqn PA

)



.

Warning:

Finding the measure PSpθqn
is as difficult as finding PX n .

Solution:

Approximate Spθqn by a Gaussian random vector:

ηY pθ,A, nq
4
“ EP

Zpθqn

„

exp
´

nKY pθq ´ θTZ pθqn

¯

1!
Z pθqn PA

)



,

where PZ pθqn
is the Gaussian approximation of PSpθqn

.

ηY pθ,A, nq is the exponentially-tilted Gaussian Approximation of PX npAq.
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Preliminary Results - Gaussian Approximation

ηY pθ,A, nq“exp

˜

n

˜

KY pθq `
θTK

p2q
Y pθqθ

2
´ θTK

p1q
Y pθq

¸¸

PHpθqn
pAq

where the probability measure PHpθqn
is induced by a Gaussian random vector Hpθq

n with mean

vector n
´

K
p1q
Y pθq ´ K

p2q
Y pθqθ

¯

and covariance matrix nK
p2q
Y pθq,

K
p1q
Y pθq“EPY

”

Y exp
´

θT Y ´ KY pθq
¯ı

, and

K
p2q
Y pθq“EPY

„

´

Y ´ K
p1q
Y pθq

¯´

Y ´ K
p1q
Y pθq

¯T
exp

´

θT Y ´ KY pθq
¯



.

The functions K
p1q
Y and K

p2q
Y are respectively the gradient and the Hessian of the CGF KY .
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Preliminary Results - Approximation Error

Theorem 3

For all convex sets A P BpRk q, and for all θ “ pθ1, θ2, . . . , θk q P ΘY ,

|PXn pAq ´ ηY pθ,A, nq| ď exp
´

nKY pθq ´ θTa pA,θq
¯

min

ˆ

1,
cpkqξY pθq
?
n

˙

,

where the vector a pA,θq “ pa1pA,θq, a2pA,θq, . . . , ak pA,θqq is such that for all i P t1, 2, . . . , ku,

ai pA,θq
4
“

$

’

’

&

’

’

%

0 if θi “ 0
inf

pb1,b2,...,bk qPA
bi if θi ą 0

sup
pb1,b2,...,bk qPA

bi if θi ă 0;

ξY ptq
4
“ EPY

«

ˆ

´

Y ´K
p1q
Y ptq

¯T´

K
p2q
Y ptq

¯´1´

Y ´K
p1q
Y ptq

¯

˙3{2

expptTY ´ KY ptqq

ff

;

and cpkq “ 42k
1
4 ` 16.

Dadja Anade, Jean-Marie Gorce, Philippe Mary, and Samir M. Perlaza, “Saddlepoint Approximation of Cumulative
Distribution Functions of Sums of Random Vectors”, in Proc. of the IEEE International Symposium on Information
Theory (ISIT), 2021.
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Main Results (Approximation of the CDF)

For all x “ px1, x2, . . . , xkq P Rk , FX npxq “ PX n pAxq , where
Ax “

 

pt1, t2, . . . , tkq P Rk : @i P t1, 2, . . . , ku, ti ď xi
(

.

Observation

For all x P Rk and for all θ P ΘY , it holds that
|FX npxq ´ ηY pθ,Ax , nq| ď exp

´

nKY pθq ´ θT apAx ,θq
¯ cpkq ξY pθq

?
n

.

Minimize the exponential part of the upper bound (chosen choice denoted by θpxq):

min
θPΘY

nKY pθq ´ θT apAx ,θq

Warning

When x P EX n , then θpxq “ 0 (Gaussian Approximation), where

EX n

4
“

 

px1, x2, . . . , xkq P Rk : @i P t1, 2, . . . , ku, xi ą µXn,i

(

and

µX n
“

`

µXn,1 , µXn,2 , . . . , µXn,k

˘T
is the mean of X n.
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Main Results (Intuition behind EX n
)

Ax

Bpx , 1q
B
px
,2
q

µX n

x
x1

x2

Ax B
px
,1
q

Bpx , 2q
µX n

x

x1

x2

Ax B
px
,1
q

Bpx , 2q
µX nx

x1

x2

Ax

B
px
,1
q

Bpx , 2q
µX n

x

x1

x2
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Main Results

Let the functions ζY : NˆRk Ñ R and δY : NˆRk Ñ R be such that for all pn, xq P NˆRk ,

ζY pn, xq
4
“

$

’

&

’

%

ηY pθpxq,Ax , nq if x R EXn

1´
k
ÿ

i“1

ηY pθi pxq,Bpx , iq, nq if x P EXn ,

and

δY pn, xq
4
“

$

’

’

&

’

’

%

exp
`

nKY pθpxqq ´ θpxqT x
˘

min
´

1, cpkq ξY pθpxqq?
n

¯

if x R EXn

k
ÿ

i“1

exp
´

nKY pθi pxqq ´ θT
i pxq x

¯

min

ˆ

1,
cpkq ξY pθi pxqq

?
n

˙

if x P EXn ,

with Bpx , iq “
 

t “ pt1, t2, . . . , tk q P Rk : @j P t1, 2, . . . , ku, tj ď xj if j ă i , and ti ą xi
(

.

Theorem 4

For all x P Rk , it holds that

|FX npxq ´ ζY pn, xq| ď δY pn, xq.

S. M. Perlaza (INRIA) March 6, 2023 14 / 25



Main Results (Summary)

Upper and Lower Bounds on FX n

For all x P Rk ,
Ωpn, xq ď FX npxq ď Ω̄pn, xq,

where,

Ω̄pn, xq4“ζY pn, xq ` δY pn, xq, and

Ωpn, xq4“ζY pn, xq ´ δY pn, xq.

Connections to Saddlepoint Approximations

For all x P D 4
“

!

u P Rk : Dt Ps ´8, 0rk , nK p1qY ptq “ u
)

, it holds that ζY pn, xq is the

saddlepoint approximation to FX npxq.
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Approximation Error (Scalar)

Corollary 5

Consider the interval A “ pe, bq, with e ă b. Then, for all θ P ΘY ,

|PXnpAq ´ ηY pθ,A, nq| ď exp pnKY pθq ´ θ a pA, θqqmin

ˆ

1,
c ξY pθq
?
n

˙

,

where c is a constant and

a pA, θq 4
“

$

&

%

0 if θ “ 0
e if θ ą 0
b if θ ă 0.

For all x P R, FXnpxq “ PXn pAxq , where Ax “ p´8, xs :

if θ ď 0, then θ a pAx , θq “ θ x and θ a pAc
x , θq “ ´8

if θ ą 0, then θ a pAx , θq “ ´8 and θ a pAc
x , θq “ θ x

How to choose θ ? Let θpxq P arg minθPΘY
nKY pθq ´ θx . Then,

px ´ µXnqθpxq ě 0.
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Approximation Error (Scalar)

Let the function ζY : Nˆ RÑ R be such that for all pn, xq P Nˆ R,

ζY pn, xq
4
“

"

ηY pθpxq,Ax , nq if x ď µXn

1´ ηY pθpxq,Ac
x , nq else.

Theorem 6
For all x P R, it holds that

|FXn pxq ´ ζY pn, xq| ď exp pnKY pθpxqq ´ θpxq xqmin

ˆ

1,
cp1q ξY pθpxqq

?
n

˙

.

Upper and Lower Bounds on FXn

For all x P R ,
Ωpn, xq ď FXn pxq ď Ω̄pn, xq,

where

Ω̄pn, xq
4
“ζY pn, xq ` exp pnKY pθpxqq ´ θpxq xqmin

ˆ

1,
cp1q ξY pθpxqq

?
n

˙

,

Ωpn, xq
4
“ζY pn, xq ´ exp pnKY pθpxqq ´ θpxq xqmin

ˆ

1,
cp1q ξY pθpxqq

?
n

˙

.

S. M. Perlaza (INRIA) March 6, 2023 17 / 25



Examples: Sum of 100 Bernoulli random variables with p “ 0.2.
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Examples: Random Vectors

For all i P t1, 2, . . . , nu,

Y i
4
“

ˆ

1 0

0.1
?

0.99

˙ˆ

B1

B2

˙

,

B1 and B2 are
independent Bernoulli
random variables with
parameter p “ 0.25.

Evaluation of CDF FX n

at x “ µX n
` ad , with

d “ p1,´1qT

´15 ´10 ´5 0 5 10 15
10´6

10´5

10´4

10´3

10´2

10´1

100

a

CDF FX n

Saddlepoint approximation

Upper bound (Saddlepoint)
Gaussian approximation
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Contribution Summary on Approximations of CDF

upper and lower bounds for the CDF of random vectors/variables using Esscher tilting
and Gaussian approximation.

these bounds include the bounds for Gaussian approximation and saddlepoint
approximation for specific values of theta.

Dadja Anade, Jean-Marie Gorce, Philippe. Mary, and Samir M. Perlaza, “An Upper Bound on the Error Induced by
Saddlepoint Approximations - Applications to Information Theory”, Entropy, vol. 22, num. 6, pp. 690.

Dadja Anade, Jean-Marie Gorce, Philippe. Mary, and Samir M. Perlaza, “Saddlepoint Approximation of Cumulative
Distribution Functions of Sums of Random Vectors”, in Proc. of the IEEE International Symposium on Information
Theory (ISIT), 2021.
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Point to Point Channels: Bounds

Lemma 7 (DT bound [Polyanskiy2010], MC Bound [FontSegura2018])

Given a pair pn,Mq P N2, the following holds for all probability measures QY on the
measurable space pYn,BpYnqq:

inf
PX P4pX nq

max
γě0

´

T pn,PX ,QY , γq ´
γ

M

¯

ď λ˚pn,Mq ď inf
PX P4pX nq

T

ˆ

n,PX ,PY ,
M ´ 1

2

˙

,

where

T pn,PX ,QY , γq
4
“EPXPY |X

“

1tι̃pX ;Y |QY qďlnpγqu

‰

` γEPXQY

“

1tι̃pX ;Y |QY qąlnpγqu

‰

, and

ι̃ px ; y |QY q
4
“ln

ˆ

dPY |X“x

dQY
pyq

˙

.

Memoryless and Stationary Assumptions: Sum of IID Random Vectors

ι̃ pX ; Y |QY q “

n
ÿ

t“1

ι̃ pXt ;Yt |QY q .
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Binary Symmetric Channel: DT Bound

0 0

1 1

1´ δ
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δ

δ
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R “ 0.32.
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symmetric α-stable noise channel: MC Bound

For all i P t1, 2, . . . , nu,

Yi “ Xi ` Zi

where for all t P R,

EPZi
rexp pjtZi qs “ exp p´ |σt|αq ,

with j “
?
´1,

Shape parameter: α “ 1.4,

Dispersion parameter:
σ “ 0.6,

Inputs: X “ t´1, 1u,

Information rate:
R “ 0.38.

0 500 1,000 1,500 2,000
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100

n
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Laurent Clavier, Troels Pedersen, Ignacio Rodriguez, Mads Lauridsen, Malcolm Egan, ”Experimental
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Conclusions and Further work

Contributions

Upper bounds on the error of exponentially-tilted Gaussian approximations:

Choice of θ “ 0: Gaussian approximation
Choice of θ “ θpxq: Saddlepoint approximation

Applications: Approximations of decoding error probability:

Point to point symmetric α-stable noise channels
Gaussian Multiple Access Channels
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