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The Problem of Supervised Learning

Notation and Definitions

Consider the following supervised learning scenario:
o three sets X (patterns), ) (labels) and M C R? (models), with d € IN.

e a function f: M x X — Y (explicit expression is known)

Statistical Assumptions

Two random variables X and Y satisfy
Y = f(6%,X), (1)

for some specific model 8* (optimal model or hypothesis).

@ model 6* is unknown

e adataset z = ((x1,11), (z2,92), ..., (@n,yn)) € (X X V)" is available lorzde
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The Problem of Supervised Learning

Notation and Definitions

Consider the following supervised learning scenario:
o three sets X' (patterns), ) (labels) and M C R? (models), with d € IN.

@ a function f: M x X — Y (explicit expression is known)

Statistical Assumptions

Two random variables X and Y satisfy
Y:f(9*7X)? (1)

for some specific model 8* (optimal model or hypothesis).

Objective: Model Selection
Given a dataset z € (X x V)", find the model 6* in (1)
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Empirical Risk Minimization:The Problem of Supervised Learning

Problem Formulation

o Let £:)Y x Y — [0,400) be a risk (or loss or cost) function.

Given a data point (z,y) € X x ), the model 6 € M induces the risk ¢(f(0,z),y).

Empirical Risk

Given a dataset z = ((z1,41), (22,42) s, (Tn,yn) ) € (X x V)", the empirical risk induced
by the model 8 € M is

Z@ (6, :),yi) . (2)

v

Vg

S. M. Perlaza (Inria, Sophia Antipolis) EMR and ZSGs with Noisy Observations November 9, 2022. |IT Bombay, India 5/38



Empirical Risk Minimization:The Problem of Supervised Learning

Problem Formulation

@ Let £:)Y x Y — [0,400) be a risk (or loss or cost) function.

Given a data point (z,y) € X x Y, the model 8 € M induces the risk ¢ (f(0,z),y).

Empirical Risk

Given a dataset z = ((21,91), (%2, 42) -, (Tn,¥n) ) € (X x V)", the empirical risk induced
by the model 8 € M is

L. (0)== £(f(0, i), ui)- (2)

v

Problem Formulation: Empirical Risk Minimization (ERM)

Given the dataset z, solve mingeaq L2 (0).
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The Problem of Supervised Learning: Empirical Risk Minimization

Problem Formulation: Empirical Risk Minimization (ERM)

Given a noisy dataset Z, mingeaq Lz (0).

Strong connection with other problems:
@ M-Estimation
@ minimum contrast estimation
@ sample average approximation

Appears in: machine learning, statistical physics, statistics, operations research, decision
making, game theory, information theory, stochastic optimization, ...

V4

lrzia—

S. M. Perlaza (Inria, Sophia Antipolis) EMR and ZSGs with Noisy Observations November 9, 2022. |IT Bombay, India 6/38



The Problem of Supervised Learning: Empirical Risk Minimization

Problem Formulation: Empirical Risk Minimization (ERM)

Given a noisy dataset Z,

mingEM Lg (9)

Data Source
Pz

PZ|Z

Z

S. M. Perlaza (Inria, Sophia Antipolis)

Learner

P@\Z
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The Problem of Supervised Learning: Empirical Risk Minimization

Problem Formulation: Empirical Risk Minimization (ERM)

Given a noisy dataset Z, minge Lz (0).
Data Source| Z 3 VA Learner ®
Py Pz1z P, 5
o1z Lz (®) |-
Assumptions:

@ The probability measure Pz is unknown.

@ A channel estimation can be obtained with arbitrary precision by the Learner.
@ A prior (Qz on the data might be available:
o Perfect prior: D(Pz||Qz) = 0 (ideal case)
e Mismatch: D(Pz||Qz) > 0 (practical case) s
o Consider Pz is the measure that maximizes the expected empirical risk lreeia—
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The Problem of Supervised Learning: Empirical Risk Minimization

Data Source
Pz

Learner
P Z|Z

P ~

¥4

VL

Key Question:
How to model this interaction ?

S. M. Perlaza (Inria, Sophia Antipolis)
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The Problem of Supervised Learning: Empirical Risk Minimization

A\

Learner ®

P
ez Lz (®)

Data Source| Z P
p b AVA
Z

Key Question:
How to model this interaction ?

is this a Zero-Sum Game?

Creeia—
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Zero-Sum Games

Notation and Definitions
Consider a 2 x 2 ZSG in normal form, denoted by ¢ (u), with payoff matrix
Ul U2
u = }
o (U2,1 U2,2>
e Two actions for Player 1: A; = {ay,as}; and for Player 2: Ay = {b1,bo}.
e V(i,5) € {1,2}, when Player 1 plays a; and Player 2 plays b;, the payoff is u; ;

Player 1 chooses lines and Player 2 chooses columns

e Vk € {1,2}, a strategy for Player k is a probability measure Py, € A (Ay).
o Expected Payoff determined by the function u : A (A1) x A (Az) — R:

w(Pay, Pa)= > Pa, (i) Pa, (b)) i, (3)
(i,5)e{1,2}?

v d
- . . s . 7
Player 1 maximizes, while Player 2 minimizes the payoff. &z'ua,-.
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Zero-Sum Games
Nash Equilibria

Relevant solution concept when actions are chosen simultaneously: Nash Equilibrium.

Nash Equilibrium

The strategies Py € A (A1) and P}, € A (Az) form an NE of the game ¢ (u) if:
e Forall Q € A(A),

u(Pi,. Pi,)>u(Q. P,); and (4)
o Forall Q € A (As),
u(P4,., P, <u(Pi,, Q). (5)
lreia—
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Zero-Sum Games
Nash Equilibria
Lemma (Nash Equilibria)

Let P € A (A1) and P; € A (Az) form one NE of the game & (). If the matrix w satisfies
(u1,1 —u1,2) (u2,2 —u2,1) >0 and (u1,1 — u2,1) (u2,2 —u1,2) >0, (6)
then, the NE is unique and u w
2,2 — U2,1
P}, (a1)= €(0,1) (7)
w1 — U2 — U1 + U2
p* . u2,2 — U1,2 1 d
A, (a1)= € (0,1), an (8)
w11 — U2 — U1 + u2,2
U1,1U2,2 — U1,2U2 1
uw(P},, P4, )= . (9)
w1 — U2 — U1+ U2
If the matrix u satisfies
ui,1 —u1,2) (w22 —u2,1) <0 or (ur,1 —u2,1) (w22 —u1,2) < 0. (10)
then, there exist either a unique NE or infinitely many NEs. Moreover,
w(P% ,Pi )= min max u; ;= ax min 5 5o 11
(P4, Pa,)= ie{1,2} je{1,2} Uiy = ge{l 2} ie{1,2} i (11)
o
EMR and ZSGs with Noisy Observations November 9, 2022. IIT Bombay, India ~ 9/38



Zero-Sum Games
Stackelberg Equilibrium

Solution concept with irrevocable and public commitments: Stackelberg Equilibrium.
o Player 2 (the leader) commits to choose its action by sampling a strategy P4, € A (A2).
@ Player 1 (the follower) observes P4, but not the action chosen by Player 2.

@ Player 1 (the follower) chooses its strategy P4, € A (A1) as a best response to Py, .

Definition (Stackelberg Equilibrium)

The strategies P} € A (A1) and Pj, € A (Az) form an SE of the game ¥ (u) if:

P e i P,Q); and 12
A2 =818 Qenﬂll(l}‘\z) PGHXEZH) EEC) (12)
P e P,PS). 13
A argperria}ﬁl)U( A5) (13)
reeca—
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Zero-Sum Games
Stackelberg Equilibrium

Solution concept with irrevocable and public commitments: Stackelberg Equilibrium.
@ Player 2 (the leader) commits to choose its action by sampling a strategy P4, € A (As2).
@ Player 1 (the follower) observes P4, but not the action chosen by Player 2.
@ Player 1 (the follower) chooses its strategy P4, € A (A1) as a best response to Py, .

Let Py € A (A1) and P3, € A (Az) form one NE of the game & (u). Let also P} € A (A1)
and P}, € A (Az) form one Stackelberg equilibrium of the game ¢ (w). Then,

U(leVPAQ):u(P.Zl?P‘ZQ) (12)

lrzia—
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Zero-Sum Games

Stackelberg Equilibrium - Special Case: Commitments in Pure Strategies

Solution concept with irrevocable and public commitments in pure strategies
o Player 2 (the leader) constrained to commit to a strategy P4, € A (As2) such that

Pa,(b1)€{0,1}. (13)

@ The follower observes P4,, which is equivalent to observing the action w.p. one.

@ The follower chooses its strategy knowing the action played by Player 2.

Lemma

If the matrix w satisfies
(u1,1 —u12) (uz2 —u21) >0 and (u11 —ug;1) (uz2 —u12) >0, (14)

then,

) U1,1U2,2 — U1 2U2,1
max  min u; ;< < min - max w; . (15)

1
je{1,2} ie{1,2} U1 — U2 — U1+ U292 Tie{1,2} je{1,2}

o
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Zero-Sum Games

Summary

Two popular solution concepts: Nash and Stackelberg equilibria
Commitments are immaterial as long as the follower observes the actions

Commitments in pure strategies are equivalent to perfect observation of the actions

e 6 o6 o

No solution concept for noisy observation of the actions

Creeia—
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Zero-Sum Games with Noisy Observations

Game Formulation

Consider the 2 x 2 ZSG in normal form ¢ (u).

Player 2 | A

p- Az | Player 1 | A3
I Ag|Ag
Aa

P ~
A1lAz G (u) | u(4y, Ay)

@ Assumptions:
e Player 2 publicly and irrevocably commits to use a strategy;
e Player 2 plays an action, which is observed by the Player 1 through a binary channel;
o Player 1 chooses its strategy knowing the strategy and the leader’s action up to some noise.
zia—
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Zero-Sum Games with Noisy Observations

Game Formulation

Consider the 2 x 2 ZSG in normal form ¢ (u).

Player 2
Py,

Ao

PMA2

Ao

Player 1
P A1) Ay

Ay

@ Three Random Variables:
o Action of Player 1: A
e Action of Player 2: A,

o Noisy Observation of the Action of Pl
e Joint Probability Distribution: For all

Py ia, (a,?), b) = Pa, (b) PA2|A2:b (5) PAl\A2=E (a).

S. M. Perlaza (Inria, Sophia Antipolis)

%(u) —> 'U,(Al,Ag)

ayer 2: /12.
(a,&b) € A1 x Ay x Ay,

EMR and ZSGs with Noisy Observations
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Zero-Sum Games with Noisy Observations

Game Formulation

Consider the 2 x 2 ZSG in normal form ¢ (u).

Player 2 | 42 [ Ay | Player1 | A;
Py Agl4z Py
’ Axl42 G (w) | u(Ag, As)
For all (a, b, b) € A1 x As x Ay,
PA1A2A2 (CL, B’ b) = PAQ (b) PAQ'AQZb <b) PA1|A~2:B (a) ‘ (]‘6)

o Strategy of Player 1: Vb € A: Py 5, € A (A1)
e Strategy of Player 2: Py, € A (Ay)
e Binary Channel: Vb € As: Piyas= € A (A2) lrezia —
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Zero-Sum Games with Noisy Observations

Game Formulation

Consider the 2 x 2 ZSG in normal form ¢ (u).

Player 2 | 42 [ 5 Ay | Player 1 | A
Py Ag|A2 P, -
2 Al G (w) | u(4q, Ay)
For all (a, 5, b) c A1 x Ay x Ao,
Py agay (0:5.0) = Pay 0) Py, (8) Pay 4,5 (). (16)
The expected payoff is determined by v : A (A1) x A (A1) x A (Az) = R,
v (PA1|A2:b1’PA1|A2:b27PA2): Z ui,jPA1A2 (ai7 aj) . e (17)
(i)e{1,2)? lezia—
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Zero-Sum Games with Noisy Observations

Game Formulation

Consider the 2 x 2 ZSG in normal form ¢ (u).

Player 2 | 42 [ 5 Ay | Player 1 | A
Py Aalde Ppa
2 1Az G (uw) | u(A4y, Ag)
Definition (Equilibrium)
The tuple ( e PA1|A2=a2’PA2) € A (A1) x A (A1) x A (Az) forms an equilibrium if
PJr € arg min ( max v , ,P> and 16
gPGA(Az) (Q1,Q2)€EA(A1)? (GG E) (16)
t i
(Pl famar Phattacan) € g, g%, 0(Q1,Q2P). (17)
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Zero-Sum Games with Noisy Observations

Notation

P; _ aj P; _ aj
o Alternative representation of the channel: w £ ( AQlAQ"“( ) AQ‘AQ"LQ( ) .

PA2|A2=(11 (a2) PAQ‘AQZCLQ (CZQ)
) . P; _(ay; 0
e Forall i e {1,2}, let u® be a 2 x 2 matrix u? £ u A2|A2"’“1( i) }
0 PAQ'AQZCLQ ((LZ)
o Let the function 0 : A (A2) — R be

0 (P) max )U (Q1,Q2, P). (18)

- (Q1,Q2)€BR1 (P

@ Let the function @ : A (A2) — R be

(P):Qenﬁﬁl)u(Q,P)- ) (19)

lrzia—
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Zero-Sum Games with Noisy Observations

Best Response of the Follower

The set of best responses of Player 1 is determined by BR; : A (Ay) — 28(A0)XA(A),

BR; (Py,)= Q2. P4). 20
1(FPan)=arg o BB Ay V(O Q2 Pa) (20)

For all (Q1,Q2) € A (A1) x A (A1) and for all P € A (Az),

aenr(Ge) w0 (o) - (@) = (). @

Creeia—

S. M. Perlaza (Inria, Sophia Antipolis) EMR and ZSGs with Noisy Observations November 9, 2022. |IT Bombay, India 17 /38



Zero-Sum Games with Noisy Observations

Best Response of the Follower

The set of best responses of Player 1 is determined by BR; : A (A2) — A (AL XA (A1)

BR, (P4, )= .Qs, Pa,). 20
1(Pa,) arg(QI’QQ)EIAH(%)XA(AI)U(Ql Q2, Pa,) (20)

For all Q € A (A1) and for all P € A (As),

v(Q,Q, P)=u(Q,P). (21)

Creeia—
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Zero-Sum Games with Noisy Observations

Best Response of the Follower
The set of best responses of Player 1 is determined by BR; : A (Ay) — 28(A0)XA(A),

BR; (P4, )=a a ,Qa, Pa,). 20
1 (Pao) rg(Q17Q2)€IAn(fﬁ)XA(A1)U(Q1 Q2 Pits) (20)

Corollary

For all P € A\ (A5),

BR; (P)=BRy 1 (P) x BRy 2 (P), (21)

where for all i € {1,2}, the correspondence BRy; : A (Az) — 2A8(A1) s such that

T
Q(a1)> (@) <P (a1)>
BR;; (P)=arg max u . 22
1 (P) & Qentin) (Q (a2)) = \P(a2) (22)
EMR and ZSGs with Noisy Observations
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Zero-Sum Games with Noisy Observations
Best Response of the Follower
The set of best responses of Player 1 is determined by BR; : A (Ay) — 28(A0)XA(A),
BR1 (PA2):BR1,1 (P) X BRLQ (P) . (20)

Lemma

For all P € A (Az2) and for all i € {1,2},
{Q e A(A1) : Q(ar) = 1}, if s; > 0,
BR1,:(P) = {{Q € A(A1) : Q(a1) = 0}, if s; <0, (21)
A(.Al), if Si:O,
where s; € R is given by
si = (u11 — u2,1) P(a1) Piyay—, (@) + (1,2 — u2,2) P (a2) Pa, aya, (@) - (22)
lreeia—
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Zero-Sum Games with Noisy Observations

Best Response of the Follower
The set of best responses of Player 1 is determined by BR; : A (Ay) — 28(A0)XA(A),
(20)

BR1 (PA2):BR1,1 (P) X BRLQ (P) .
(21)

For all P € A (Asz) and for all i € {1,2},

{Q e A(Ay) : Q(ar) =1}, if s, > 0,
BRLi(P) = {Q € A(.Al) : Q(al) = 0}, if s; <O,
A(.Al), if SZ‘ZO,

(22)

where s; € R is given by
si £ (1,1 — u21) P (a1) Pg, 4y, (@) + (w12 — u2,2) P (a2) Py, a,—4, (@)
17/38
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Zero-Sum Games with Noisy Observations

Constituent Games

e Consider the ZSGs in normal form ¢ (g(l)) and ¢ (g@)) (a.k.a constituent games).
e Forallie {1,2}, let P() € R satisfy

1 N[ PO 0 ./ pW
(4) — ()

Creeia—
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Zero-Sum Games with Noisy Observations

Constituent Games

o Forallic {1,2}, let P € R satisfy

1 , P 0 ‘ )220
(i) _ (i)
(o) = (: Zp0) = (1) = (, T o) (23)

Lemma

If P} (a1) € (0,1) and P}, (a1) € (0,1) form the unique NE of the game ¢ (u), then
(a) Forallie {1,2},

p) — PR, (a1) Py ay—a, (@i)

= — - € 10,1];and (24)
PA2 (G’Q)PA2|A2:a1 (a,) = PA2 (al)PA2|A2:a2 (CLZ>

(b) PY € {0,1} if and only if |det w| = 1

4
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Zero-Sum Games with Noisy Observations

Constituent Games

e Foralli e {1,2}, let P%) ¢ R satisfy

1 , P@ 0 ‘ P
(i) _ (i)
(o) = Zo) = (1) =0 (Do) (23)

Lemma

If P} (a1) € (0,1) and P} (a1) € (0,1) form the unique NE of the game & (u), then

0 < min {P(l), P(2)}<Pzz (a1)<max {P(l),P(Q)} <1 (24)

The equality P1) = P} (a1) = P holds if and only if det w = 0.

vy

o e ——
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Zero-Sum Games with Noisy Observations

Constituent Games

e Forallie {1,2}, let P%) ¢ R satisfy

1 , P 0 ‘ 1210
(i) _ (i)
(o) = Zo) = (1) = (Do) (23)

Lemma

If P} (a1) € (0,1) and P} (a1) € (0,1) form the unique NE of the game & (u), then

PO if detw >0
min {P<1>, P<2>}: P® if detw <0 (24)
PU) = P® = P% (a1) if detw=0,

o’

rreca—
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Zero-Sum Games with Noisy Observations

Constituent Games

e Forall i€ {1,2}, let P%) ¢ R satisfy
N o PO _ (0N o PO
o) 2 \1_pw)=\1) ¥ \1_pw)-

Assume that P}, (a1) € (0,1) and P}, (a1) € (0,1) form the unique NE of the game & (u). If
w1, — ui,2 — u2,1 + uz,2 > 0, then it holds that for all i € {1,2} and for all P € A (As),

Lemma

{Q € A(A) : Q(ar) =1}, if P(a1) > P9,

BR1:(P) = {Q € A(A1) : Q(a1) = 0}, if P(a1) < P9, (24)
{Q € A(A1) : Q(ar) = B,B€[0,1]}, if P(ar) =P®.
Ifuis —u1,2 —u2,1 + uz2 < 0, then it holds that for all i € {1,2} and for all P € A (As2),
{Q € A(A) : Q(ar) = 1}, if P(a1) < PO,

BR1;(P) = {Q € A(A1) : Q(a1) = 0}, if P(a1) > P, (25)
{Q € A(A) : Qar) =B,8€[0,1]}, if P(ar) =PD,

18/;8
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Zero-Sum Games with Noisy Observations

Best Commitments

@ Let the function 0 : A (A2) — R be

0 (P)

B (Q1,Q2)€EBR1 (P

@ Let the function @ : A (A2) — R be

i (P)= P).
W (P) Qerrg&l)U(Q, )

S. M. Perlaza (Inria, Sophia Antipolis) EMR and ZSGs with Noisy Observations

H)laX )U(Q17Q27P) . (26)

(27)
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Zero-Sum Games with Noisy Observations

Best Commitments
@ Let the function 0 : A (A2) — R be

b (P) = .0y, P). 26
v (P) (QthI)lg%(RI(P)U(Ql Q2, P) (26)

o Let the function @ : A (A3) — R be

U (P):Qeni%)jl) u(Q,P). (27)

Let P} € A(Ar) and Py € A(Az) form an NE in the game & (u). For all P € A (A3),

WPhPR) <aP) <0(P) < 3 Plaw) (g i) (28)
ke{1,2} ie{1,2}
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Zero-Sum Games with Noisy Observations

Best Commitments
@ Let the function ¢ : A (A2) — R be
0 (P) = max v(Q1,Q2, P). (26)

(Q1,Q2)€BR1(P)

Assume that P} (a1) € (0,1) and P} (a1) € (0,1) form the unique NE of the game & (u) and
1,1 —u1,2 —ug,1 +u2,2 > 0.

@ Forall P € A (A2) such that P(a1) > max{P(1) P@}, % (P) = u1,1P(a1) + u1,2P(az).
@ Ifdetw > 0, then for all P € A (A3) such that P < P(a1) < P(®),

0 (P)=("LL1,1PAQ|AQ:Q1 (a1) + U2,1PAQ\A2:M(G2)) P(a1) + (u1,2PA2|A2:a2 (a1) + uQ,QPAQ‘A2:a2(a2)> P(az2).

@ Ifdetw < 0, then for all P € A (As) such that P() < P(a;) < P,

? (P):<ul’1PA2|A2:a1 (CLQ) + u2, 1P g A =0 (al)) P(al) + (ul‘QPA2|A2:a2 (ag) + u2, 2P | A=y (al)) P(az).

@ Forall P € A (A2) such that P(a1) < min{PM), P®)}, 4 (P) = ug1P(a1) + uz,2P(az).

4

S. M. Perlaza (Inria, Sophia Antipolis) EMR and ZSGs with Noisy Observations November 9, 2022. |IT Bombay, India 19/38




Zero-Sum Games with Noisy Observations

Best Commitments

@ Let the function ¢ : A (A2) — R be

0 (P) max : v (Q1,Q2, P). (26)

B (Q1,Q2)€BR1 (P

The function f : [0,1] — R such that f(z) = v (P), with P(a1) = x, is piece-wise linear.

Creeia—
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Zero-Sum Games with Noisy Observations

Best Commitments

6 3 ‘ ‘ ‘ ‘
—(Pay) ¥(Pa.)
....... W(Pa,) Py e i(Pyy) 1
5 - — u(Py, PL) - — u(P. P)
® (2 a(piy) — (P, a(pi)) | o (P a(Bv) = (P, sy |
Al (P2 a(P®) — (P2o(P) (P a(P) = (P ()
A (P, a(P;)) = (Ph,u(Pi. PA,) ol ™ A (BLar) = (Ph (P PL)
3r -1
2+ 2r 1
3l |
1
4
B Y e e R )
a ‘ ‘ ‘ | - ‘ ‘ ‘ ‘
0 02 0.4 06 08 1 0 02 04 06 0.8 1
Py,(ar) Py, (a1)
(a) Payoff matrix u = (—8,6;2, —2) and channel (b) Payoff matrix w = (=5, 1; —6, 3) and channel
matrix w = (0.9,0.1;0.1,0.9). matrix w = (0.9,0.1;0.1,0.9). 2 p
lreia—
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Zero-Sum Games with Noisy Observations

Best Commitments

10 10
——0(Ps,) —0(Pa,)
9 - i(Pay) @(Py,)
—— u(P}.P;) 9 —— u(Pi.P})
8- @ (PUa(Py) = (PO so(P0)) ® (PW,a(PD)) = (PW,5(PM))
B (PP,a(P®)) = (P@,a(P®)) B (PP, a(P®)) = (P®,o(P?))
T A P«v“(P'x)) (Pi, (PhP‘)) 8
6
5 7
4
6
3
2
P I
By S U
0 ‘ ‘ ‘ | 4 ‘ ‘ ‘ |
0 0.2 0.4 06 08 1 0 02 04 06 08 1
Pa,() Pa,(@)
(a) Payoff matrix w = (2,9; —9,5) and channel (b) Payoff matrix u = (5,5; —6, 10) and channel
matrix w = (0.9,0.1;0.1,0.9). matrix w = (0.9,0.1;0.1,0.9). &@Z&IQ/-
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Zero-Sum Games with Noisy Observations

Equilibrium with Noisy Observations

Definition (Equilibrium)

T -i- T .y . .
The tuple (PAﬂAz:al’PAlIAz:az’PA2) € A (A1) x A (A1) x A (Az) forms an equilibrium if
P! carg min < max v ,Q2, P ) and 27
A2 S A8 5 A 2) \(@1.@)eA(ar)? (@@ 27)
it t
(PA1|A2=a1 ? PA1\A2=a2) € (QhQ;l)lgz(Al)z v (Ql’ Q2, P) ’ (28)
Ceeia—
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Zero-Sum Games with Noisy Observations
Equilibrium with Noisy Observations

Definition (Equilibrium)

The tuple (PAl‘AQZGJ’PA1|A2=Q27PA2) € A (A1) x A (A1) x A (Az) forms an equilibrium if
Pl €arg min ( max
42 S M8 L R0 \@raneaca?

t if
(PAI |Az=ay’ PA1 \AzZaz) < (Q1,Q?)122(A1)2 v (Ql’ Q2 P) ’ (28)

U(Ql,Q%P)) - (27)

Theorem (Existence)

The game ¢ (u, w) always possesses an equilibrium.

A\

-
Creie
zea—
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Zero-Sum Games with Noisy Observations

Equilibrium with Noisy Observations

Theorem (Equilibrium Payoff)

Let the tuple (PIZHAQ:M,PLI'AF@, PL) € A(Ay) x A (A1) x A (As) be an equilibrium of

the game ¥ (u,w). Let P3, (a1) and Py, (a1) be an NE of the game ¥ (u).
o If P} (a1) € (0,1), P} (a1) € (0,1), and (P}, P},) forms the unique NE, then
0 (lez):min{ﬁ (P), 9 (Po)}, (27)

where, for all i € {1,2}, P;(a;) = P,
o Otherwise,

0] (PIJ[‘2> =min {max {u1 1,u2 1}, max {uj 2, u22}}. (28)

Creeia—
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Zero-Sum Games with Noisy Observations
Equilibrium with Noisy Observations

Lemma

Let S C A (A1) x A (A1) x A (Az) be the set of equilibria of the game ¢ (u, w) and let
Py € A(A1) and P}, € A (Az) be an NE of the game 4 (u). If P} (a1) € (0,1),

P}, (a1) € (0,1), and (P}, , P4,) forms the unique NE, then, there exists a tuple
(Q1,Q2, P) € S such that P(a;) € {P(l),P(z)}. Furthermore, if P(a1) = PO, with

i € {1,2}, then,

Py, Ay=a, (@1)=P}, (a1). (27)

V4

Creie
zea—
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Zero-Sum Games with Noisy Observations

Relevance of Noisy Observations

Lemma

Let (PL‘AFM,PLMFGQ, ij) € A (A1) x A (A1) x A (Az) be an equilibrium of the game

9 (u,w). Let also the tuple (P;‘h,P/*b) € A(Ay) x A (Az) be an NE of the game ¥ (u).
Then,

o (P4 PL)=u(Pi,, PA,), (28)

if and only if,

(@) (u11 —wu12) (ug2 —u21) <0 or(ui1 —uzi) (u22 —ui2) <0, or

(b) (u1,1 = U172) (’U/272 = 'LLQL) > 0 and (U171 = U/Q’l) (U272 = ULQ) > 0 and dety = 0.
lzia—
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Zero-Sum Games with Noisy Observations

Relevance of Noisy Observations

Let <PA1|A~2:0«1’PA1|A2:0«27PA2> € A (A1) x A(Ay) x A (Az) form an equilibrium of the
game 9 (w,w). If [detw| =1, then
) (P);Q):min{max{ul,l, ug,1}, max{uy 2, u22}}. (28)
lrzia—
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Zero-Sum Games with Noisy Observations
Commitment Mismatch and Noisy Observation of the Actions

Consider the 2 x 2 ZSG in normal form ¢ (u).

Player 2 | A Ay | Player 1 | A

P
As|A
PA2 2| Az

P ~
Al‘AQ g(u) — U(Al,AQ)

@ Assumptions:
o Player 2 publicly and irrevocably commits to use a strategy and chooses an action;

Creeia—
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Zero-Sum Games with Noisy Observations
Commitment Mismatch and Noisy Observation of the Actions

Consider the 2 x 2 ZSG in normal form ¢ (u).

Player 2 | A Ay | Player 1 | A

P
As|A
PA2 2| Az

P ~
Al‘AQ g(u) — U(Al,AQ)

@ Assumptions:

o Player 2 publicly and irrevocably commits to use a strategy and chooses an action;
o Player 1 observes the commitment subject to a distorsion;
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Zero-Sum Games with Noisy Observations
Commitment Mismatch and Noisy Observation of the Actions

Consider the 2 x 2 ZSG in normal form ¢ (u).

Player 2 | A Ay | Player 1 | A

P
As|A
PA2 2| Az

P ~
Al‘AQ g(u) — U(Al,AQ)

@ Assumptions:
o Player 2 publicly and irrevocably commits to use a strategy and chooses an action;
o Player 1 observes the commitment subject to a distorsion;
o Player 1 observes the action through a binary channel ; and
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Zero-Sum Games with Noisy Observations
Commitment Mismatch and Noisy Observation of the Actions

Consider the 2 x 2 ZSG in normal form ¢ (u).

Player 2 | A Ay | Player 1 | A

P
As|A
PA2 2| Az

P ~
Al‘AQ g(u) — U(Al,AQ)

@ Assumptions:

o Player 2 publicly and irrevocably commits to use a strategy and chooses an action;

o Player 1 observes the commitment subject to a distorsion;

o Player 1 observes the action through a binary channel ; and ’

o Player 1 chooses its strategy. &1/26,&/-
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Zero-Sum Games with Noisy Observations

Game Formulation

Consider the 2 x 2 ZSG in normal form ¢ (u).

Player 2
Py,

Ay

PA2|A2

Ay | Player 1
P Aq]Ag

Aq

@ Distorsion of the Commitment
o Let t be a given 2 x 2 nonsingular stochastic matrix.
o Let Py, € A (Az) be the commitment announced by Player 2.
e The commitment observed by Player 1 is

S. M. Perlaza (Inria, Sophia Antipolis)

(Felo) =2 (G

EMR and ZSGs with Noisy Observations

g(u) — U(Al,AQ)

4 (29)
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Zero-Sum Games with Noisy Observations

Game Formulation

Consider the 2 x 2 ZSG in normal form ¢ (u).

A | Player 1 | A
P -
ArlAz G (u) | u(A4y, Ag)

Player 2 | Ao p-
P As| Az
Az

@ The follower assumes that f’A2 is the actual commitment of leader; and

@ The leader is aware of assumption of the follower.

V4
v 4
7
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Zero-Sum Games with Noisy Observations

Game Formulation

Consider the 2 x 2 ZSG in normal form ¢ (u).

Az | Player1 | A
P ~
ArlAz G (u) | u(Ay, Ag)

Player 2 | Ao P-
p Azl Ay
As

Let the correspondence v : A (A2) — R be such that

0 (Pa,) = max v (Q1,Q2,Pa,). (29)
(Q1,Q2)€BR1(Pa,)

Creeia—
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Zero-Sum Games with Noisy Observations

Game Formulation

Consider the 2 x 2 ZSG in normal form ¢ (u).

Player 2 | A2 Ay | Player 1 | A

P
As|A
PA2 2| Az

P ~
AxlAz G (uw) | u(A4y, Ag)

Definition (Equilibrium)

The tuple (PAI‘AFGI,PAIMZ:%,PM) € A(A) x A (A1) x A (Ay) is an equilibrium of the game
G (u, w, t) if

P i v (P d 2
Ay € argPergl&z)v( ) an (29)
(PA1|A2:G1’PA1\A2:G2) € BRy (ﬁA2> : (30)
26/38
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Zero-Sum Games with Noisy Observations

A Fundamental Observation

Observation:
@ Assume that (U171 — 'LLLQ) (UQ}Q — u2,1) > 0 and (ul,l — U2’1) (U2’2 — ULQ) >0
o If Player 2 commits to P4, € A (Az) such that Py, (a1) = P with

20 [ PO
<1 - pm) =t <1 - P@) ’ ()
for some i € {1, 2}.

@ Then, Player 1 observes the commitment 15,42 € A (As) such that 15,42 (a1) = P
e And
o BRy, (PA2> = A(A)

o Given (Q1,Q2) € BRy (Pa,) and (P1, Py) € BRy (Pa, ),

-
v (Q1,Q2, Pa,)#v (P1, P, Pa,) . lrre )
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Zero-Sum Games with Noisy Observations

The Best Commitment

Lemma

Assume that (U171 — ul’z) (uz,g = ug’l) >0, (u1,1 = ug71) (ug,z = ul,g) > 0, and U1l — U2 — U211 U2 > 0. Assume
also that detw > 0 and dett > 0. For all P € A (As2),
@ If P(a1) > P®, then & (P) = u11P(a1) + u1 2P(as2).

.
 If P(ay) = P®, then 5 (P) = { (u1,1P(a1) + u1.2P(az)) B+ <G) e @) (igz;g)) (1-8):B€o, 1]}.
@ If P < P(ay) < P®@), then it follows that © (P) = <(}) T(gog) (IIZEZ;D)

.,
0 If P(ay) = PO, then & (P) = { (u2,1P(a1) + us 2 P(az)) (1 — B) + <G) (.0 w) @83)) B:Be01]

@ IfP(a1) < P, then it follows that © (P) = ug,1P(a1) + uz,2P(az).

Creeia—
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Zero-Sum Games with Noisy Observations

The Best Commitment

0 *
o 02 0.4 06 08 1
PAz(al) L
u=(-8,6;2,—2), w = (0.8,0.2;0.2,0.8) and ¢t = (0.9,0.1;0.1, 0.9). lreeia—
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Zero-Sum Games with Noisy Observations
Advantage for the Leader

Lemma

Consider the following assumptions:
(@) (w11 —wur2) (ug2 —uz1) >0, and (u11 — ug,1) (ug2 —ui2) > 0;

(b) For alli € {1,2}, the probability measures Q; € /\ (As) such that Q; (a1) = P, satisfy
@(Q1) # (Q2); and
1 + 1 . _—
(¢) The tuple (PAl\Azzal’PAllfiz:ag’ PA2> € A(A)) x A(Ay) x A (Ag) is an equilibrium of
the game 9 (u, w).

If dett ¢ {0,1}, then, there exists a strategy P € A (As) such that

3(P)<(P})).

(33)

reeca—
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Zero-Sum Games with Noisy Observations

Existence of Equilibria

The game ¥ (u, w, t), with uw = (—8,6;2,—2), w = (0.8,0.2;0.2,0.8) and
t =(0.9,0.1;0.1,0.9) does not possess an equilibrium.

0 0.2 0.4 0.6 0.8 1 leeia —
PAz (a‘l)
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Connections with Existing Results

Aumann’'s Games with Incomplete Information

Nature
S e {1,2}

S e {1,2}, Ps(1) = Ps(2) = % |

l N3
Player 1
Payis A

Player 2
Py, Ay

> v(Pa,js5=1, Pa,|s=2, Pa,)

Consider a ZSG with incomplete information:
@ Both players know the probability distribution Pg;
o Player 1 observes the realization of the state .S; and
o Player 2 ignores the realization of the state S.

S. M. Perlaza (Inria, Sophia Antipolis) EMR and ZSGs with Noisy Observations
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Connections with Existing Results
Aumann’'s Games with Incomplete Information

State
Ps
Se{1,2}, Ps(1) = Ps(2) = 5
Player 1 | A1
Payjs 7 (u
i () O
2 By
> Tis—puld(Ay, Ag)
i=1
Player 2 @ (E(Z)) -
Py, A, u® (A, A,

Expected Payoff:

—1—> v(Pa,|5=1, Pay|s=2: Pa,)

% (PA1|S:17 PA1|S:2’ PA?)

_ 1 (PA15=1 (a1)
Py, 15=1(a2)

S. M. Perlaza (Inria, Sophia Antipolis)

)l

PA2 (al)
PA2 (a’2)

EMR and ZSGs with Noisy Observations

T
> + 1 (PA1|S:2 (al)) u <PA2 alﬁz
2 \Payjs=2(a2)) = \Pa, (a2 2ia—
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Connections with Existing Results

Aumann’'s Games with Incomplete Information

A ZSG with noisy observation of the actions and perfect observation of the commitment can
be modelled by an Aumann’s game with incomplete information.

Creeia—
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Equilibrium Refinements
Strong Equilibria

The game ¥ (u, w, t), with u = (—8,6;2, —2), w = (0.8,0.2;0.2,0.8) and
t =1(0.9,0.1;0.1,0.9) does not possess an equilibrium.

@ An equilibrium exists if Player 1 plays the action
that benefits the leader when it is indifferent to

play any of its actions.

@ Player 1 aims to maximize the expected payoff.
@ How to make Player 1 play the action that

minimizes the expected payoff 7

S. M. Perlaza (Inria, Sophia Antipolis)

6

X (Pr(a1), 9 (1))
sl ) (B )0 (R))
N a(Pa,) * (Ii“z-’(al)’u(Pé“sz))

4+ <\ s ( 1(01),W<P1))

NP A (B(a),w (P
) (o o)
1+
0 *
0 02 0.4 06 08 1

Py, (ar) —
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Equilibrium Refinements
e-Equilibria

The game ¥ (u, w, t), with u = (—8,6;2, —2), w = (0.8,0.2;0.2,0.8) and
t =1(0.9,0.1;0.1,0.9) does not possess an equilibrium.

@ An equilibrium exists if Player 2 adopts a
commitment that is d-suboptimal.

0 0.2 0.4 0.6 0.8 1
Py, (ay) J—
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Equilibrium Refinements
e-Equilibria

The game ¥ (u, w, t), with u = (—8,6;2, —2), w = (0.8,0.2;0.2,0.8) and
t =1(0.9,0.1;0.1,0.9) does not possess an equilibrium.

6e
. (Py(ar), o (P1))
sl =P (P (a)0(R)
Ny )RR
G RO (R (R)
@ An equilibrium exists if Player 2 adopts a ol NP A (Ba).w(B))
commitment that is d-suboptimal.
@ A suboptimal commitment forces a unique and
predictable best response from Player 1. 1
o *
-1 L L s !
0 0.2 0.4 0.6 0.8 1
Py,(a1) -
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Equilibrium Refinements
e-Equilibria

The game ¥ (u, w, t), with u = (—8,6;2, —2), w = (0.8,0.2;0.2,0.8) and
t =1(0.9,0.1;0.1,0.9) does not possess an equilibrium.

6
@ An equilibrium exists if Player 2 adopts a 5\\
commitment that is d-suboptimal. P

N
o A suboptimal commitment forces a unique and al
predictable best response from Player 1.

2
@ Suboptimal commitment: Given ¢ > 0,
PA2 ISAN (Ag): i
Py, (a1)=P® —e. (34)
o 02 0.4 06 08 1
Py,(ar) —
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Equilibrium Refinements
e-Equilibria

The game ¥ (u, w, t), with u = (—8,6;2, —2), w = (0.8,0.2;0.2,0.8) and
t =1(0.9,0.1;0.1,0.9) does not possess an equilibrium.

6
(Pr(a1), 9 (P1))
s ) m (py() 0 (R)
@ How to determine a suboptimal commitment P? 8 a(py) ¥ (Phlanu(Pi, Pi)
min 9(P) 4+ A\D(P , 34 | N U A (B(aw).w
i WP DRI, ()
_ 2
with Q € A (Ay), such that Q(a;) = P, il
@ Type-l Empirical Risk Minimization with Relative
P 0
Entropy Regularization *
o 02 0.4 06 08 1
Py,(a1) -
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Equilibrium Refinements
e-Equilibria

The game ¥ (u, w, t), with u = (—8,6;2, —2), w = (0.8,0.2;0.2,0.8) and

t =1(0.9,0.1;0.1,0.9) does not possess an equilibrium.

6
- 3 )
. . L 2 | 5 (a1),0 (P
@ How t9 determl:e another suboptimal 5 N wpy * (L) u(E L)
commitment P RN (~1 (al),u;(zfl))
LN A (pee(®)
min o(P) + AD(Q||P 34 I
plin, B(P)£AD@IP). (3
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Final Remarks

e Often Robust ERM is neither a Nash nor a Stackelberg equilibria of a ZSG.
o Why? Because of observation of datasets and priors on the datasets.
@ A new game formulation is proposed to incorporate:

e noisy observations of the actions; and
o Distorted Commitments

@ Priors are associated to commitment mismatches in ZSG with Noise Observations
@ Channel Model: Binary Channels. More elaborate Channel models:

o Erasures on data points: Erasure Channel
e Additive Noise due to data acquisition: AWGN Channel
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Thank you for your attention.

Ke Sun, Samir M. Perlaza, and Alain Jean-Marie. “Zero-Sum Games
with Noisy Observations”. Preprint arXiv:2211.01703 [cs.GT].
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