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Algorithm

A conditional probability measure PΘ|Z ∈ △ (M| (X × Y)n) represents a supervised machine learning algorithm.
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Training (Expected) Risk and Test (Expected) Risk

Ru
Ä
PΘ|Z=z

ä
︸ ︷︷ ︸
Test Expected Risk

− Rz
Ä
PΘ|Z=z

ä
︸ ︷︷ ︸

Training Expected Risk

2 / 39



Training (Expected) Risk and Test (Expected) Risk

Ru
Ä
PΘ|Z=z

ä
︸ ︷︷ ︸
Test Expected Risk

− Rz
Ä
PΘ|Z=z

ä
︸ ︷︷ ︸

Training Expected Risk
2 / 39



Assumption:

Training datasets and test datasets are independent and identically distributed:

▶ z is drawn from PZ ∈ △ ((X × Y)n); and

▶ u is drawn from PZ .
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Generalization Error

The generalization error of the algorithm PΘ|Z is

G
(
PΘ|Z ,PZ

)
≜
∫ ∫ (

Ru
(
PΘ|Z=z

)
− Rz

(
PΘ|Z=z

))
dPZ (u) dPZ (z) .
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Empirical Risk Minimization with Relative Entropy Regularization
The Gibbs Algorithm

▶ Given a fixed dataset z ∈ (X × Y)n; and

▶ given a reference measure Q ∈ △ (M) and a real λ > 0

Problem 1: ERM with Relative Entropy Regularization

min
P∈△Q (M)

∫
L (z ,θ)dP(θ) + λD(P∥Q) ,

with △Q (M) ≜ {P ∈ △ (M) : P ≪ Q}.

[Perlaza-2024a] Samir M. Perlaza, Gaetan Bisson, Iñaki Esnaola, Alain Jean-Marie, and Stefano Rini. “Empirical Risk Minimization with Relative Entropy Regularization”. IEEE

Transactions on Information Theory, vol. 70, no. 7, pp. 5122 – 5161, July, 2024.
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▶ given a reference measure Q ∈ △ (M) and a real λ > 0

Problem 1: ERM with Relative Entropy Regularization

min
P∈△Q (M)

∫
L (z ,θ)dP(θ) + λD(P∥Q) ,

with △Q (M) ≜ {P ∈ △ (M) : P ≪ Q}.

Problem 1a: ERM within a Neighborhood

min
P∈△Q (M)

∫
L (z ,θ) dP(θ)

s.t. D(P∥Q) ⩽ γ.

[Perlaza-2024a] Samir M. Perlaza, Gaetan Bisson, Iñaki Esnaola, Alain Jean-Marie, and Stefano Rini. “Empirical Risk Minimization with Relative Entropy Regularization”. IEEE

Transactions on Information Theory, vol. 70, no. 7, pp. 5122 – 5161, July, 2024.
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▶ Given a fixed dataset z ∈ (X × Y)n; and

▶ given a reference measure Q ∈ △ (M) and a real λ > 0

Problem 1: ERM with Relative Entropy Regularization

min
P∈△Q (M)

∫
L (z ,θ)dP(θ) + λD(P∥Q) ,

with △Q (M) ≜ {P ∈ △ (M) : P ≪ Q}.

Problem 1b: Relative Entropy Minimization with First Order Constraint

min
P∈△Q (M)

D(P∥Q)

s.t.

∫
L (z ,θ) dP(θ) ⩽ ξ.

[Perlaza-2024a] Samir M. Perlaza, Gaetan Bisson, Iñaki Esnaola, Alain Jean-Marie, and Stefano Rini. “Empirical Risk Minimization with Relative Entropy Regularization”. IEEE

Transactions on Information Theory, vol. 70, no. 7, pp. 5122 – 5161, July, 2024.
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Empirical Risk Maximization with Relative Entropy Regularization
Worst-Case Data-Generating Probability Measure

▶ Given a fixed model θ ∈ M; and

▶ Given a reference measure PS ∈ △ (X × Y) and a real β > 0

Problem 2: Loss Maximization with Relative Entropy Regularization

max
P∈△PS

(X×Y)

∫
ℓ (h (θ, x) , y) dP(x , y)− βD(P∥PS) ,

with △PS (X × Y) ≜ {P ∈ △ (X × Y) : P ≪ PS}.

Problem 2: Loss Maximization within a Neighbourhood

max
P∈△PS

(X×Y)

∫
ℓ (h (θ, x) , y)dP(x , y)

s.t. D(P∥PS) ⩽ γ.

[Zou-2024] Xinying Zou, Samir M. Perlaza, Iñaki Esnaola, Eitan Altman, and H. Vincent Poor. “The Worst-Case Data-Generating Probability Measure in Statistical Learning”.

IEEE Journal on Selected Areas in Information Theory, vol. 5, pp. 175–189, Apr., 2024.
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Problem 1:

Empirical Risk Minimization with Relative Entropy Regularization
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Empirical Risk Minimization with Relative Entropy Regularization

Problem 1: ERM with Relative Entropy Regularization

min
P∈△Q (M)

∫
L (z ,θ)dP(θ) + λD(P∥Q) ,

with △Q (M) ≜ {P ∈ △ (M) : P ≪ Q}.

Notation:

KQ,z (t) = log

Å∫
exp (t L (z ,θ)) dQ(θ)

ã
and KQ,z ≜

ß
s ∈ (0,+∞) : KQ,z

Å
−1

s

ã
< +∞

™

Theorem (Theorem 3 in [Perlaza-2024a])

If λ ∈ KQ,z , the solution to Problem 1 is unique, denoted by P
(Q,λ)
Θ|Z=z , and satisfies for all θ ∈ suppQ,

dP
(Q,λ)
Θ|Z=z

dQ
(θ)=exp

Å
−KQ,z

Å
− 1

λ

ã
− 1

λ
L (z ,θ)

ã
.

[Perlaza-2024a] Samir M. Perlaza, Gaetan Bisson, Iñaki Esnaola, Alain Jean-Marie, and Stefano Rini. “Empirical Risk Minimization with Relative Entropy Regularization”. IEEE

Transactions on Information Theory, vol. 70, no. 7, pp. 5122 – 5161, July, 2024.
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Empirical Risk Minimization with Relative Entropy Regularization

Problem 1: ERM with Relative Entropy Regularization

min
P∈△Q (M)

∫
L (z ,θ)dP(θ) + λD(P∥Q) ,

with △Q (M) ≜ {P ∈ △ (M) : P ≪ Q}.

Notation:

KQ,z (t) = log

Å∫
exp (t L (z ,θ)) dQ(θ)

ã
and KQ,z ≜

ß
s ∈ (0,+∞) : KQ,z

Å
−1

s

ã
< +∞

™

Theorem (Equation (28) in [Perlaza-2024a])

If λ ∈ KQ,z , the solution to Problem 1 is a unique, denoted by P
(Q,λ)
Θ|Z=z , and satisfies for all θ ∈ supQ,

dP
(Q,λ)
Θ|Z=z

dQ
(θ)=

exp
(
− 1

λ
L (z ,θ)

)
∫
exp

(
− 1

λ
L (z ,θ)

)
dQ(θ)

.

[Perlaza-2024a] Samir M. Perlaza, Gaetan Bisson, Iñaki Esnaola, Alain Jean-Marie, and Stefano Rini. “Empirical Risk Minimization with Relative Entropy Regularization”. IEEE

Transactions on Information Theory, vol. 70, no. 7, pp. 5122 – 5161, July, 2024.
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Empirical Risk Minimization with Relative Entropy Regularization

Problem 1: ERM with Relative Entropy Regularization

min
P∈△Q (M)

∫
L (z ,θ)dP(θ)

︸ ︷︷ ︸
Rz (P)

+λD(P∥Q) .

Solution:

dP
(Q,λ)
Θ|Z=z

dQ
(θ)=exp

Å
−KQ,z

Å
− 1

λ

ã
− 1

λ
L (z ,θ)

ã
.

Sensitivity to deviations from the Optimal Measure:

Lemma (Lemma 33 in [Perlaza-2024b])

Rz (P)− Rz

Ä
P

(Q,λ)
Θ|Z=z

ä
=λ
Ä
D
Ä
P

(Q,λ)
Θ|Z=z∥Q

ä
+D
Ä
P∥P(Q,λ)

Θ|Z=z

ä
− D(P∥Q)

ä

[Perlaza-2024b] Samir M. Perlaza and Xinying Zou. “The Generalization Error of Machine Learning Algorithms”. November, 2024.
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Empirical Risk Minimization with Relative Entropy Regularization
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Empirical Risk Minimization with Relative Entropy Regularization
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Empirical Risk Minimization with Relative Entropy Regularization

Problem 1: ERM with Relative Entropy Regularization

min
P∈△Q (M)

∫
L (z ,θ)dP(θ)

︸ ︷︷ ︸
Rz (P)

+λD(P∥Q) .

Solution:

dP
(Q,λ)
Θ|Z=z

dQ
(θ)=exp

Å
−KQ,z

Å
− 1

λ

ã
− 1

λ
L (z ,θ)

ã
.

Theorem (Theorem 37 in [Perlaza-2024b])

For all P1 ∈ △Q (M) and P2 ∈ △Q (M),

Rz (P1)− Rz (P2)=λ

Å
D
Ä
P1∥P(Q,λ)

Θ|Z=z

ä
− D
Ä
P2∥P(Q,λ)

Θ|Z=z

ä
+D(P2∥Q)− D(P1∥Q)

ã
.

[Perlaza-2024b] Samir M. Perlaza and Xinying Zou. “The Generalization Error of Machine Learning Algorithms”. November, 2024.
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Loss Maximization with Relative Entropy Regularization
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Loss Maximization with Relative Entropy Regularization

Problem 2: Loss Maximization with Relative Entropy Regularization

max
P∈△PS

(X×Y)

∫
ℓ (h (θ, x) , y) dP(x , y)− βD(P∥PS) ,

with △PS (X × Y) ≜ {P ∈ △ (X × Y) : P ≪ PS}.

Notation:

JPS ,θ(t) = log

Å∫
exp (tℓ(θ, x , y))dPS(x , y)

ã
and JPS ,θ ≜

ß
t ∈ (0,+∞) : JPS ,θ

Å
1

t

ã
< +∞

™

Theorem (Theorem 1 in [Zou-2024])

If β ∈ JPS ,θ, the solution to Problem 2 is unique, denoted by P
(PS ,β)

Ẑ |Θ=θ
, and satisfies for all (x , y) ∈

suppPS ,

dP
(PS ,β)

Ẑ |Θ=θ

dPS
(x , y)= exp

Å
1

β
ℓ (h (θ, x) , y)− JPS ,θ

Å
1

β

ãã
.

[Zou-2024] Xinying Zou, Samir M. Perlaza, Iñaki Esnaola, Eitan Altman, and H. Vincent Poor. “The Worst-Case Data-Generating Probability Measure in Statistical Learning”.

IEEE Journal on Selected Areas in Information Theory, vol. 5, pp. 175–189, Apr., 2024.
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Loss Maximization with Relative Entropy Regularization

Problem 2: Loss Maximization with Relative Entropy Regularization

max
P∈△PS

(X×Y)

∫
ℓ (h (θ, x) , y) dP(x , y)

︸ ︷︷ ︸
Rθ(P)

−βD(P∥PS) ,

Solution:

dP
(PS ,β)

Ẑ |Θ=θ

dPS
(x , y)= exp

Å
1

β
ℓ (h (θ, x) , y)− JPS ,θ

Å
1

β

ãã
.

Assumption: PZ (A1 ×A2 × . . .×An) =
∏n

t=1 PZ (At)

Lemma (Theorem 6 in [Zou-2024])

Rθ (P)− Rθ

Ä
P

(PS ,β)
Z |Θ=θ

ä
= β

(
D(P∥PS)− D

(
P∥P(PS ,β)

Ẑ |Θ=θ

)
− D

(
P

(PS ,β)

Ẑ |Θ=θ
∥PS

))

[Zou-2024] Xinying Zou, Samir M. Perlaza, Iñaki Esnaola, Eitan Altman, and H. Vincent Poor. “The Worst-Case Data-Generating Probability Measure in Statistical Learning”.

IEEE Journal on Selected Areas in Information Theory, vol. 5, pp. 175–189, Apr., 2024.
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Loss Maximization with Relative Entropy Regularization

…
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R
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Figure: Geometric interpretation of the gap Rθ (P)− Rθ
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Loss Maximization with Relative Entropy Regularization
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Ẑ |Θ=θ
∥PS

)…
D
( P

∥P
(P

S
,β

)

Ẑ
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Loss Maximization with Relative Entropy Regularization

Problem 2: Loss Maximization with Relative Entropy Regularization

max
P∈△PS

(X×Y)

∫
ℓ (h (θ, x) , y) dP(x , y)

︸ ︷︷ ︸
Rθ(P)

−βD(P∥PS) ,

Solution:

dP
(PS ,β)

Ẑ |Θ=θ

dPS
(x , y)= exp

Å
1

β
ℓ (h (θ, x) , y)− JPS ,θ

Å
1

β

ãã
.

Assumption: PZ (A1 ×A2 × . . .×An) =
∏n

t=1 PZ (At)

Theorem (Theorem 8 in [Zou-2024])

For all P1 ∈ △PS (X × Y) and for all P2 ∈ △PS (X × Y),

Rθ (P1)− Rθ (P2) = β
(
D
(
P2∥P(PS ,β)

Ẑ |Θ=θ

)
− D

(
P1∥P(PS ,β)

Ẑ |Θ=θ

)
− D(P2∥PS) + D(P1∥PS)

)

[Zou-2024] Xinying Zou, Samir M. Perlaza, Iñaki Esnaola, Eitan Altman, and H. Vincent Poor. “The Worst-Case Data-Generating Probability Measure in Statistical Learning”.

IEEE Journal on Selected Areas in Information Theory, vol. 5, pp. 175–189, Apr., 2024.
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So far...

Theorem (Theorem 37 in [Perlaza-2024b])

For all P1 ∈ △Q (M) and P2 ∈ △Q (M),

Rz (P1)− Rz (P2)=λ

Å
D
Ä
P1∥P(Q,λ)

Θ|Z=z

ä
− D
Ä
P2∥P(Q,λ)

Θ|Z=z

ä
+D(P2∥Q)− D(P1∥Q)

ã
.

Theorem (Theorem 8 in [Zou-2024])

For all P1 ∈ △PS (X × Y) and for all P2 ∈ △PS (X × Y),

Rθ (P1)− Rθ (P2) = β
(
D
(
P2∥P(PS ,β)

Ẑ |Θ=θ

)
− D

(
P1∥P(PS ,β)

Ẑ |Θ=θ

)
− D(P2∥PS) + D(P1∥PS)

)
.

[Perlaza-2024b] Samir M. Perlaza and Xinying Zou. “The Generalization Error of Machine Learning Algorithms”. November, 2024.

[Zou-2024] Xinying Zou, Samir M. Perlaza, Iñaki Esnaola, Eitan Altman, and H. Vincent Poor. “The Worst-Case Data-Generating Probability Measure in Statistical Learning”.

IEEE Journal on Selected Areas in Information Theory, vol. 5, pp. 175–189, Apr., 2024.
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The Method of Gaps

Definition (Expected Empirical Risk)

Rz (P) =

∫
L (z ,θ) dP(θ)

Rθ (Q) =

∫
ℓ (h(θ, x), y) dQ(x , y).

Two essential observations:

▶ The generalization error is an expectation of the variations of Rz or Rθ; and

▶ These variations, a.k.a. gaps, exhibit closed-form expressions in terms of information measures.

Two-step Method:

▶ To express the generalization error as an expectation of a gap; and

▶ To leverage the properties of gaps to obtain closed-form expressions.
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The Method of Gaps
Expected-Empirical-Risk Gaps

Definition (Expected Empirical Risk)

Rz (P) =

∫
L (z ,θ) dP(θ)

Rθ (Q) =

∫
ℓ (h(θ, x), y) dQ(x , y).

Definition (Expected-Empirical-Risk Gaps)

Let functionals G : (X × Y)n ×△ (M)×△ (M) → R and G : M×△ (X × Y)×△ (X × Y) → R be

G (z ,P1,P2) = Rz (P1)− Rz (P2) , Algorithm-driven Gap

and

G (θ,P1,P2) = Rθ (P1)− Rθ (P2) . Data-driven Gap

18 / 39



The Method of Gaps

Two variants:

▶ The Method of Algorithm-driven Gaps

▶ Central building-block: The Gibbs Algorithm

▶ No assumptions on PZ (probability distribution of the datasets)

▶ The Method of Data-driven Gaps

▶ Central building-block: The Worst-Case Data-Generating (WCDG) probability measure

▶ I.I.D assumption on PZ :

PZ (A1 ×A2 × . . .×An) =
n∏

t=1

PZ (At)

19 / 39



The Method of Algorithm-driven Gaps

Generalization Error

The generalization error of the algorithm PΘ|Z is

G
(
PΘ|Z ,PZ

)
≜
∫ ∫ (

Ru
(
PΘ|Z=z

)
− Rz

(
PΘ|Z=z

))
dPZ (u) dPZ (z) .

Step 1:

Lemma (Lemma 3 in [Perlaza-2024b])

The generalization error G
(
PΘ|Z ,PZ

)
satisfies

G
(
PΘ|Z ,PZ

)
=

∫
G
(
z ,PΘ,PΘ|Z=z

)
dPZ (z) ,

where for all measurable subsets C of M,

PΘ (C)=
∫

PΘ|Z=z (C)dPZ (z) .

[Perlaza-2024b] Samir M. Perlaza and Xinying Zou. “The Generalization Error of Machine Learning Algorithms”. November, 2024.
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The Method of Algorithm-driven Gaps

Generalization Error

The generalization error of the algorithm PΘ|Z is

G
(
PΘ|Z ,PZ

)
≜
∫ ∫ (

Ru
(
PΘ|Z=z

)
− Rz

(
PΘ|Z=z

))
dPZ (u) dPZ (z) .

Step 2:

Lemma (Lemma 4 in [Perlaza-2024b])

The generalization error G(PΘ|Z ,PZ ) satisfies

G
(
PΘ|Z ,PZ

)
= λ

∫ Å
D
Ä
PΘ∥P(Q,λ)

Θ|Z=z

ä
− D
Ä
PΘ|Z=z∥P(Q,λ)

Θ|Z=z

ä
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Expressions Obtained Via the Method of Gaps
Connections to Information Measures

Theorem (Theorem 14 in [Perlaza-2024b])
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[Aminian-2021] G Aminian, Y Bu, L Toni, M Rodrigues, G Wornell. “An exact characterization of the generalization error for the Gibbs algorithm” Advances in Neural Information

Processing Systems, vol. 34, pp. 8106-8118, 2021
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Expressions Obtained Via the Method of Gaps
Connections to Information Measures

Theorem (Theorem 29 in [Perlaza-2024b])
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Ẑ |Θ=θ

(z)

é
dPZ (z) dPΘ (θ) .

What if...

β

∫ ∫
log

Ñ
dPZ |Θ=θ

dP
(PS ,β)
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Expressions Obtained Via the Method of Gaps
Connections to Euclidian Geometry
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Expressions Obtained Via the Method of Gaps
Connections to Euclidian Geometry
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Connections to Euclidian Geometry
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Expressions Obtained Via the Method of Gaps
Connections to Euclidian Geometry

Theorem (Theorem 31 in [Perlaza-2024b])
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Some Concluding Remarks

▶ Solution to the Empirical Risk Optimization with Relative Entropy regularization
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▶ Method of Gaps
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Examples

Corollary (What is the long-run Generalization Error of Stochastic Gradient Descent ?)

G(P
(Q,λ)
Θ|Z ,PZ )=λ

Ä
I
Ä
P

(Q,λ)
Θ|Z ;PZ

ä
+ L
Ä
P

(Q,λ)
Θ|Z ;PZ

ää
.
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Thank you for your attention!
Questions/Comments/Typos: samir.perlaza@inria.fr

▶ This work appears in:

▶ Samir M. Perlaza and Xinying Zou. “The Generalization Error of Machine Learning Algorithms”. November, 2024.

▶ Samir M. Perlaza, Gaetan Bisson, Iñaki Esnaola, Alain Jean-Marie, and Stefano Rini. “Empirical Risk Minimization with Relative

Entropy Regularization”. IEEE Transactions on Information Theory, vol. 70, no. 7, pp. 5122 – 5161, July, 2024.

▶ Xinying Zou, Samir M. Perlaza, Iñaki Esnaola, Eitan Altman, and H. Vincent Poor. “The Worst-Case Data-Generating Probability

Measure in Statistical Learning”. IEEE Journal on Selected Areas in Information Theory, vol. 5, pp. 175–189, Apr., 2024.
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