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Abstract

We give a closed-form expression for the discounted weighted queue length and switch-
ing costs of a two-class single-server queueing model under a preemptive priority rule.
These expressions are used to do a single step of policy iteration in a polling model with
a dynamically controlled switching rule, starting from the preemptive priority rule. Nu-
merical experiments show that this leads to a nearly optimal policy.
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1 Introduction

The application of Dynamic Programming (DP) to real-world problems is hindered to a
large extent by the enormous number of possible states and controls. This phenomenon is
known as the curse of dimensionality and it renders direct computation of optimal policies
in most practical models impossible. The recent publication of [2] has renewed the interest
in reinforcement learning, which is a possible way to circumvent the curse of dimensionality.
The main idea in this approach is to construct approximate representations of the optimal
value function [2, Sec. 2|. This involves the selection of an approzimation architecture, that is
a certain functional form with free parameters. These parameters have then to be tuned so as
to provide the best fit of the function to be approximated (the optimal value function in the
DP setting). The process of tuning the parameters is referred to as learning (or training) in
the literature. Once this is achieved various methods centered around the Bellman’s equation
may be used to compute the suboptimal control [2, Sec. 4]. However, in order to break the
curse of dimensionality the approximate representation of the value function — known as the
scoring function — must be described with few parameters. The choice of a “good” scoring
function is therefore the key to success. It requires in general lots of experiments as well as a
solid knowledge of the system at hand.

This paper is a first step toward the application of these ideas to queueing networks for
which optimal controls are notoriously difficult to compute due to the size of the state spaces
involved. Our main result is the derivation of the form of the scoring function for a given
two-dimensional queueing model.



More specifically, the subject of study is a single-server system with two classes of cus-
tomers. Customers arrive according to Poisson processes and require exponential service
times. We consider a preemptive resume priority discipline, that gives the highest priority to
class 1. This means that class 1 is served to exhaustion, and if the server is attending class
2, then as soon as a class-1 customer arrives the server switches at once to class 1. There are
holding costs for each unit of time that a customer spends in the system; furthermore there
are lump costs for every time the server changes class. We calculate in Section 2 the expected
discounted holding and switching costs over an infinite horizon associated with this policy.
The final closed form expression is a sum of terms that are linear, quadratic and exponential
in both queue lengths.

This closed form expression is useful by itself; below we discuss an application. But it
is also interesting to note that it is possible to explain all terms of the formula, mainly in
terms of busy periods of single server queues. This knowledge gives us a means to guess
the form or even the values of value functions for other queueing models that could later on
be used as scoring functions. As such the present results have a high potential for further
application. Next to the formal proof of the closed-form expression we give in Section 3 an
extensive heuristic explanation of each term. In fact, we derived the formula for the holding
costs using straightforward but tedious calculations. After having understood all the terms
we were able to guess the terms concerning switching costs. Construction of a formal proof
afterwards (see proof of Theorem 2.2) confirmed that our intuition was correct.

As explained earlier we believe that with the present calculations we made an important
step towards the application of reinforcement learning type of methods to queueing systems
in the sense that what we have learned might be used to select good scoring functions.

The results in Section 2 may also be used directly to control a polling model. Indeed,
consider the model as described above but without the preemptive priority switching rule.
Instead we look for the policy that minimizes the expected discounted sum of holding and
switching costs. If the switching costs are zero then the policy that gives preemptive priority
to the class with the highest product of holding cost rate and service rate is optimal (the
so-called pc rule, see e.g. [1, 3, 7]); if the switching costs are positive then the uc rule is no
longer optimal in general. The optimal policy cannot easily be characterized and can only be
determined using an iterative procedure [5]. This has motivated us to look at easy ways to
calculate approximations of the optimal policy. Using the uc rule as a starting point and its
associated value function obtained in Section 2 as scoring function, and using a method of [8]
that involves a single step of the policy iteration algorithm, we have found policies that are
surprisingly close to the optimal one. We refer the reader to the numerical results at the end
of the paper for further details.

2 Results

We consider a two-class M/M/1 queue under the preemptive resume priority discipline [4].
We assume that class-1 customers have priority over class-2 customers. We denote by A; > 0
(resp. p; > 0) the arrival (resp. service) rate of class-i customers. We assume that the
stability condition 37_; \;/u; < 1 holds.

There are holding costs (¢; for customers of class-i) and switching costs when the server
switches from one class to the other. Let s; (resp. s9) be the instantaneous cost incurred
when the server switches from class-1 (resp. class-2) to class-2 (resp. class-1) customers.



Let X (¢) (resp. Y(¢)) be the number of class-1 (resp. class-2) customers in the system at
time ¢ and let S(¢) € {1,2} be the position of the server at time ¢ (S(t) = z if the server
is attending class-z customers at time ¢). For any r.v. Z, we denote E;[Z] (resp. E;4[Z],
E; . .[Z]) the conditional expectation of Z given that X(0) = x (resp. given that X(0) = x
and Y (0) = y, given that X(0) =z, Y(0) = y and Z(0) = 2).

Fix f € (0,00). Given that X(0) = z, Y (0) = y and S(0) = z, the total discounted cost
V(z,y,z) incurred in [0, c0) is given by

V(z,y,2) = Eay.: l/ooo e P (a1 X (t) + Y (1)) dt + i": Z s;ePTn (1)

n=1:=1

where T} (resp. 7)) denotes the nth switching time from class-1 (resp. class-2) to class-2
(resp. class-1) customers.

Before stating the main result of this paper, we recall below some known facts about the
queueing system at hand. Since under the preemptive priority discipline the behavior of class-
1 customers is not affected by that of class-2 customers, {X(¢),t > 0} is the queue-length
process in an M/M/1 queue with arrival (resp. service) rate A (resp. u1). For this queue, the
Laplace-Stieltjes Transform (LST) z(3) of the busy period is obtained as the unique root in
(0,1) of the equation

M’ — (A + p1 + B)u+ py = 0. (2)

The service completion time of a class-2 customer is the time that elapses between his first

entry in the server and his departure from the queue. Its LST C() = E[exp(—£C)] is given
by [4, formula (2.13), p. 86]

M2
c(B) = . 3
D= a2 + 5 ©)
Last, we introduce the LST B(f) of the busy period in an M/G/1 queue with arrival rate
A9 and LST of the service times C(8). By using (3) and a standard result on the busy period
in an M/G/1 queue (e.g. see [4, Eq. (2.15), p. 10]), we get that B(3) is the unique root in
(0,1) of the equation

2 B
u_u2+A1(1—z(Az(l—u)+ﬁ))+A2(1—u)+ﬁ B

0. (4)

If we define the busy period of class-2 customers as the time that elapses between the moment
that a class-2 customer enters an empty system and the first time that a class-2 customer
leaves an empty system behind, then the LST of the busy period of class-2 is given by B(/).

An important role is played by the optimality equation. The term optimality equation
comes from dynamic programming, which usually involves minimization as well. Here we
apply it to a single fixed policy, the priority rule, but we stick to the terminology.

Lemma 2.1 (Optimality equation) The value function V(x,y,z) of the preemptive pri-
ority discipline is the unique solution of

()\1 + )\2 + Hn1 + B)V(Ia Y, 1) = ax + (&1 + /\1V(£L‘ + 15 Y, 1) + /\QV(wv Yy + 17 1)

+/L1V(£13 - 17y7 1)7 T > an Z 0 (5)
V(0,9,1) = s1+V(0,5,2), y>0 (6)



V(z,y,2) = sa+V(x,y,1), >0,y>0 (7)

M+ A+ p+0)V(0,y,2) = coy+MV(1,y,2)+ AV (0,y+1,2)
+uV(0,y —1,2), y>0 (8)
O+ Ao+ BV(0,0,2) = MV(L,0,2) + AV (0,1,2), z=1,2. 9)

Proof. The value function (5)-(9) has the form of Eq. (11.3.7) in [9], with the direct cost r
and the sum of the switching costs (if applicable) and holding costs as in Eq. (11.3.3).

The existence and uniqueness follow from [9], Theorem 11.3.3. The conditions are satisfied
if we take as function w for example w((x,y, 2)) = (c1+ca)((z+y)/B+ (A1 + Ao+ p1+p2)/B%)+
(s1+ s2)(A1 + Aa + p1 + po + B)/B (which is in fact an upper bound to the value function
V(z,y,2)). |

In a heuristical manner Lemma 2.1 can be derived by conditioning on the first event
in the system. Note that delaying all costs by T units of time corresponds to discounting
with a factor E[exp(—fT)], which is exactly the LST of T in 3. For example, in states
(z,y,1) with £ > 0, the time to the first event T is exponentially distributed with parameter
A1+ Ao+ py. Tts LST is (A1 + Ao 4+ p1)/(A1 + A2 + p1 + B). As this event occurs, it is with
probability A;/(A1 + A2 + p1) an arrival of a class-i customer (i = 1,2) and with probability
p1/(A + A2 + p1) a departure of a class-1 customer. It can also be seen that

E;

T
—Bt - 1z
e Plejxdt| = .
/0 ' ] M+ A2+ 1+ B

Putting this together gives

c1Z + Yy AL+ A+ g ( A1
Viz,y,1) = V(ie+1,9,1
(2,9, 1) MtX+tu+8 A+ +pur+8\ A+ A+ (@ b1
A2

M1
b Yy D) —M @, ,1),
A+ A+ (@ ) A1+ A2+ (@ v

for x > 0, y > 0, which is equivalent to (5). Relations (8) and (9) can be derived in a similar
manner.

We now state our main result.

Theorem 2.2 (Value function) The total discounted cost V(x,y, z) is given by

Viz,y,1) = f(z,y) + (r+711)2(8)° + (r2 +73) 2(9(8)* B(B)Y, =>0,5>0 (10)
V(z,0,1) = f(z,0)+ (r1 +71)2(8)" + (r2 +73) 2(9(8))” + r3 2(8 + A2)", 2 > 0 (11)
V(z,y,2) = sa+V(z,9,1), >0,y>0 (12)
V(0,9,2) = f(0,y)+r1+71—s1+(r24713)B(B)Y, y>0, (13)

with
flzyy) = «a )\1ﬁ—2,l£1 +02A—§+01%+02% (14)
9(B) = X(1-B(B))+8 (15)



2(B) c(B)

S AT L) 2B - C) (16)

' (s1+ s2)A1 + Bs1

T N A=)+ 8 1o

o CB) M1 —=28)+8 (18)
' B(A—-C(B) M (1—2(9(B))+9(B)

o= )‘lz(ﬁ+ )\2) ! (19)

2T M- z2(g(B) +9(8) P

;o st —Aisy .

L VI Wiy (20)

Proof. The proof consists in checking that V(z,y, z) satisfies the Dynamic Programming
(DP) equation given by (5)-(9).

By using the definition of V(z,y, z) in (10)-(13) it is easily seen that this mapping satisfies
(6) and (7). Let us now focus on the remaining equations (5), (8) and (9).

(i) Checking validity of (5)

Assume first that > 0 and y > 0. Introducing (10) into (5) yields, after dropping terms
that appear on both sides of (5),

(M + A2+ + B) [(r1+11)2(8)7 + (72 + 75)2(9(8))" B(8)"]
= (r1+71)2(8)" [M2(8) + Az + a1 /2(B)] + (r2 +75)2(g(8))" B(B)*
x [A12(g(B)) + A2 B(B) + p1/2(g(B))]

or, equivalently,

0 = (r+7D208)" " [~M2(8) + (i + p1 + B)=(8) — m]
+(ra +75)2(9(8)" B(B) [~Ma2(9(8))* + (s + 1 + 9(8))2(9(8)) — ] -

This identity is indeed true as both terms between squared brackets are equal to 0 from the
definition of z(-) (see (2)).

Assume now that x > 0 and y = 0. Using now (10) and (11) it is easily seen that (5)
reduces to

0 = (ri+7r)2(8)" " [~2(8)” + i + p + B)z(8) —
+(ry +15)2(9(8)" ™ [~ M2(g(B)? + (1 + 1 + 9(8)2(9(8)) — 1]
+752(6 + A2 [<Mz(B 4 A2)” + (1 + 1+ de + B)2(8+Xo) — ) -

We again observe that this identity holds true as each term between squared brackets vanishes
from the definition of z(-).

(ii) Checking validity of (8)

Replacing V (z,¥,2) in (8) by its value given in (12)-(13) and dropping terms that appear
on both sides of the resulting equation gives

0 = —<n+r1><Al<1—z(ﬂ))+ﬂ>+A1<sl+52>+slﬁ+q%—cZ%

(2 + BB [MB(B)® = (2 + M (1 = 2(9(B)) + ha + O)B(B) + o] - (21)
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The term between squared brackets is equal to 0 from the definition (4) of B(fS). This
observation, together with the use of the definition of ry and r}, allows us to rewrite (21) as

0= m [Alz(ﬁ)Q — (A1 p1+ B)z(B) + ,Ul]
C3
_m (2 — (2 + A1 (1 — 2(B)) + B)C(P)] - (22)

The first term in the left-hand side of (22) is equal to 0 from the definition (2) of z(-); the
second term too from the definition (3) of C(f).

(iii) Checking validity of (9)

Assume first that z = 1. Using (10) and (11) we get that (9) is equivalent to

0 - % — (r1 A1) (M1 = 2(8)) + B) = (r2 +75) (M (1 = 2(9(8))) + Ao(1 — B(B)) + B)

—r5 (A + X+ 8= Mz(B+ A2)).

Using now the definition of r1, 7{, ro, 7y and r§ it is straightforward to check that indeed the
above identity holds true.
The check in the case z = 2 is similar and is therefore omitted. "

3 Interpretation

In this section we interpret the result of Theorem 2.2. To do so, we study first a simple
M/M/1 queue with rates A\; and p;. The objective is to find

W(z) = Ba [ /0 e—ﬁtX(t)dt] ,
with X (¢) the queue length at ¢.

We can think of X (¢) as being constructed from 2 independent Poisson processes {N (t), t >
0} and {M(t), t > 0} with rates A\; and 1, respectively. If a departure occurs while X (¢) =0
then nothing happens; therefore M can be seen as the potential departure process. Let
L(t) = M(t) — (X(0) + N(t) — X(t)), the number of virtual departures up to ¢. Thus

W(z) = E, [/Ooo e (z 4+ N(t) — M(t) dt] +E, [/OOO B L(t) dt] .

Define T, := inf{¢ > 0 : X(¢) = 0}, the time until the system empties for the first time. It
is easily understood that T}, is the sum of z independent busy periods of the M/M/1 queue.
Therefore E[exp(—/fT,)] = z(3)*. Furthermore, X (¢) is independent of the behavior of the
queue from T, on. Thus we can assume that as soon as 0 is reached a new queue with initial
state 0 is started, with processes N , M , X , and ﬁ, with the same law, but independent of IV,
M, X, and L. Then

W(z) = E, [ /0 T e (o N(t) — M(1) dt] +E, [ / ¥ et dt]

A1 — 1
3
A1 — 1
3

+ 2(B)* By [/OOO e Pt (X(t) — N(t)+ M(t)) dt]
A1 — 1

8
. +2(07 (W) -
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To compute W(0) we condition on the first event:

A1

Using (23) for = 1 it easily follows that

W(0) = A1 — 11 M1 A 2(B)

B BN -GN+ 8 B BI-2B)

the last equality following from the definition of z(-), as given in equation (2). In conclusion,
2(8)
W(z) =2 + SN —
D=5t "p 50— 2(5))

The previous analysis taught us a methodology for constructing the value function for the
preemptive priority model. The following key steps in the analysis of the M/M/1 queue will
appear repeatedly in the sequel:

T A=

+2(8)° (24)

(i) The first terms are obtained by ignoring the fact that at some point in time some
boundary (z = 0 here) is reached. These terms consist of terms for the initially available
customers, new arrivals and departures (i.e., /3, \1/3? and —u; /3%, respectively);

(ii) There is a correction term for reaching the boundary, which is the product of the LST of
the time to reach the boundary (i.e. z(3)") and of a coefficient (see (23)) that consists
of the value function at the boundary (i.e., W(0)) minus the first terms starting from
the boundary (i.e., (A; — p1)/3%). [Note that the latter term may be chosen so that
both sides of (23) are equal on the boundary. This observation will be used later on.]

We now interpret the form of the value function V(x,y, z) given in Theorem 2.2. To this
end, we split the right-hand side of (1) in three terms:

V(xayaz) :Vvl(l')-l-‘/z(.ib',y)-l-V;J,(l',y,Z) (25)
with
Viw) = B, [ / e X (1) dt]
0
Va(z,y) = 3By [/ e Pt Y (t) dt]
0

oo 2 )

Vs(z,y,2) = Egy. [Z Zsieﬁm] .
n=11=1

Because the first customer class is served with preemptive priority, {X(¢), ¢ > 0} behaves
as the queue length process in an M/M/1 queue and thus Vi(z) = W (x) as given in (24). It
can be checked (set co = s1 = s9 = 0 in (10)-(13)) that Theorem 2.2 agrees with (24).

With the analysis for the M/M/1 queue in mind and, in particular, the interpretation in
(i)-(ii), we now formulate an “educated guess” for Vo(x,y).

If there were always class-1 customers in the system, then the total holding cost incurred
by the y class-2 customers in the system at time 0 and by all class-2 customers arrived in

(0,00) would be cay/B + cada/B2.



Recall that there are no departures of class-2 customers in [0,7}) from both the definition
of the preemptive priority rule and of T,,. Now assume that there are always class-2 customers
in the system, i.e., we ignore the fact that we reach the x-axis at some point in time. In Section
2 we defined C' as the LST of the service completion time of a class-2 customer, including
interruptions by class-1 customers. Thus the nth departure of a class-2 customer occurs after
a time that has LST z(3)*C(8)", which results in a reduction in cost of c2z(8)*C(8)™/p.
Summing this for all n > 1 gives

c(B)
pL-CB)

Given X(0) = z and Y (0) = y, introduce Ty, := inf{t > 0: X(¢) = Y(¢t) = 0} and set
Yeu(B) := Elexp(—f Ty 4)]. In words, Ty , is the first time that the system is empty. Because
of the definition of B in Section 2 we find that 7o 4(8) = B(3)Y. Compared to C, B is a
class-2 busy period, thus it takes also into account the arrivals of class-2 during a service
time. Let us now determine 71 o(3). By conditioning on the first event to occur after time 0
we find the equation

z(ﬁ)z 2 x
=5 (CO+CB +) =c22(8)

1
S Mt At + 8

whose solution is given by v1,0(8) = 2(8 + A2(1 — B(f))), by (2). In conclusion

71,0(8) (M71,0(8)* + 22 B(B)11,0(8) + 1) ,

Yy (B) = 2(B+ A2(1 — B(B)))" B(B)". (26)
Hence, the guess for Va(x,y) is therefore the following: for x,y > 0,
Yy A2 . CB) (i al(p)
Vi) = 2 §es hmea 28 Tt mal8) (V200,00 - (222 - 520 ).

(27)
the last term as to make sure that both sides of (27) coincide for z =y = 0.
It remains to evaluate V5(0,0). For this, observe that

/\1 /\2

V5(0,0) = m V5(1,0) + m V5(0,1)
which yields, with the help of (27),
V5(0,0) = ca C(B) (M1 —2(8)) + B) N oM B sC(B)

BL=C(B) (M1 =2(g(B) +X(1=B(B)+B) B BA-C(B)
Introducing this value of V5(0,0) in (28) finally gives

A2 c(B)

) z z y
Va(z,y) = gy tog - c22(B) 0= C) + c22(B + A2(1 — B(B)))* B(B)

C(B)(M(1— 2(8)) + B)
8 (5(1 —C(B) M1 —2(9(B)) + (1 - B(B)) +ﬁ)) ' (28)

Setting ¢; = s1 = s9 = 0 in Theorem (2.2) shows that this guess for V3(x,y) is indeed correct.

It is worth pointing out that Vi (x) and V3(z,y) could have be computed by using standard
analytical results on priority queues (see e.g. [4]). Besides the fact that such an approach
yields lengthy calculation, it also does not give much insight on the form of these functions,
as opposed to the method used here.




We are now going to use what we have learned so far to make a guess for Vs3(z,y,2), a
quantity that cannot easily be derived by a direct method.

To begin with, observe that V3(z,y, z) need only to be computed for z >0,y > 0, z = 1,
forx >0,y=0,2z=2and forz =y =0, 2=1,2. Indeed, by definition of the cost structure
we already know that

V3(0,9,2) = —s1 + V3(0,9,1), y > 0, (29)

and
Va(z,y,2) = s2 + Va(z,y,1), >0, y > 0. (30)

Assume first that £ > 0, y > 0 and z = 1. If there were always class-2 customers in the
system, then the total switching cost incurred in [T} 4, 00) would be

A0 (514 1o (2 4 20 (o1 + g (2 +4))) = 2(8)7 (31)
where 7} is defined in (17). Asy > 0, we always arrive at x = y = 0 at the service completion
of a class-2 customer. Therefore the LST for reaching the origin is multiplied by V3(0,0, 2)
plus a correction term. This term does not follow directly from V3(z,y,z) for x = y = 0, as
we assumed that y > 0, and thus the formula need not be valid at the origin. Therefore we
calculate the correction term.

If there were always class-2 customers in [T}, 4, 00) (recall that T, is the first time such
that Y (¢) = 0, with LST 7, 4(-)), then the total switching cost would be

%c,y(ﬁ)

(s2+2(8) (51 + (s24))) =rw DL =51 (32)

)\1 )\1
AM+S AL+
The last term has to subtracted, thus the following guess is made for V3(z,y,1) when = > 0,
y > 0

V3('T7 Y, 1) = Z(/B)I Tll + ’Vx,y(ﬁ) (V3(07 07 2) + 51 — 7{) (33)

It remains to handle the case when x > 0, y = 0 and z = 1. This is the most tricky case
as state (0,0) can either be reached from the y-axis (i.e. from (0,1)) or from the z-axis (i.e.
from (1,0)) depending on whether or not at least one class-2 customer enters the system in
0, 2.

Thus another correction term is called for. The leading term, which is the discounted
probability of reaching the origin without class-2 arrivals, is given by

E, [/ e P'I{no class-2 arrivals up to t}Tm(dt)] = / e~ BT (dt) = 2(8 + )™
0 0

The coefficient is V3(0,0,1) minus a correction term; this correction term is equal to s +
V3(0,0,2), because at arrival at the boundary no switch to class-2 is necessary. In conclusion,

Vs(2,0,1) = r12(8)" + (V5(0,0,2) + 51 — 1) 2(9(8))"
+z(8+ A2)* (V3(0,0,1) — V3(0,0,2) — s1) . (34)

It remains to evaluate V3(0,0, z) for z = 1,2. This is done with the identities

A
V3(0,0,2) = m V3(1,0,2) +

A2

2 i0,1,2), z=1,2
M+ o+ 3(0,1,2), 2



together with relations (29), (30), (33), (34) and the definition of 7{. We finally find

Va(z,y,1) = 1 2(8)" +713%y(8), >0,y>0
V3(an72) = Ti_sl +T5B(/g)y7 ZUZO
Va(2,0,1) = 712(8)° +ry72y(B) +r52(B+X2)%, >0 (35)

where 74 and r4 are defined in (19) and (20), respectively.
Setting ¢; = ¢g = 0 in Theorem 2.2 we indeed find the value for V3(x,y, z) given above.

4 Application

In this section we will use the result in Theorem 2.2 to control a polling model. This model
is the same as the model that we studied in Section 2, except for the fact that the server
is now allowed to switch class each time an event in the system occurs. To be able to
introduce the different policies in a concise way, we introduce the following terminology. Set
p = max{u1,po} and e, the ath unity vector, v+ means max{v,0}, componentwise if v and
0 are vectors. Define v = A; + Ay + u + 8. With a slight abuse of terminology, customers of
class-¢ will sometimes be referred to as customers in queue .

For sets A(x,y,z) C {1,2}, A(x,y,2) # 0, define the DP operator T4 for some f :
N2 x {1,2} — R as follows:

A
TAf(eye) = S+ min sz £ o+ @+ Lya)

Ao Ka K — Ha
+ 2@y 4 L0 + 2 (0) — ea)t0) + S @y, 0) ) (36)
This leads to the following optimality equation that generalizes (5)-(9):

Lemma 4.1 (Optimality equation) The value function VA(x,y,z) for some choice of ac-
tion sets A(x,y,z) is the unique solution of

VA(z,y,2) = TV (2,y,2). (37)

The minimizing actions constitute the minimizing policy for the specified action sets. The
value function VA can also be obtained by value iteration, i.e.,

VA(z,y,2) = lim (T4)"0. (38)

n—oo

Proof. The proof is the same as that of Lemma 2.1; the conditions in [9], Theorem 11.3.3,
also guarantee the convergence of value iteration. n

In fact, if we choose A(z,y,z) =1ifz > 0, A(0,y,2) =2 if y > 0, and A(0,0,2) = z then
(37) corresponds to giving preemptive priority to queue 1. For later comparison this policy
is depicted in Table 1 for z,y < 10. A “1” (resp. “2”) means switching to 1 (resp. 2) if the
server is not already at the first (resp. second) queue; a “-” means that the server should
stay where it is. Using Theorem 2.2 we can compute the expected discounted cost in any
state. For instance, V' (2,2,1) = 77.773347 with the parameters given in Table 2; the holding
costs account for about one third (26.147901) of the total cost, the rest being switching costs.
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Note furthermore that the holding costs are at the lowest possible level: it is known (see e.g.
[3]) that for the model without switching costs the policy that gives preemptive priority to
the queue with highest value of p;c; (the pc rule) is optimal. As pic; > p2ce the pc rule
corresponds in the current case to serving queue 1 with preemptive priority.

y=1

O R N WHE T 100 © O
SN RN RN NN N NN NN
= R e e
= e e e e e
= e e e e e e e
= e e e e e e e
e N e e e e
= e e e e e

S I g WY
oY) I Sy U PG U T
OlR R R R R R R R E R
SRR ERRR R R e

[
[\
w
ot
(=]
-~

z =0

Table 1. Preemptive priority rule, priority for queue 1.

We are interested in determining the optimal policy for the case that A(x,y,z) = {1,2}
for all z, y, and z. For this choice of the action sets, denote 7 by T*. Deriving the optimal
value function V* in this case is not easy; it is not expected that there exists a derivable
closed-form expression for it. The reason for this lies in the complexity of the optimal policy
(see Table 2). The only way to determine the optimal policy is by iteration. We executed
the value iteration procedure (38) for a state space truncated at a sufficiently high level. In
Table 2 we plot the optimal policy for a certain choice of the parameters.

y =10 2 11 1 1 1 1 1 1 1
9 2 11 1 1 1 1 1 1 1
8 2 11 1 1 1 1 1 1 1
7 2 11 1 1 1 1 1 1 1
6 2 11 1 1 1 1 1 1 1
5 2 11 1 1 1 1 1 1 1
4 2 11 1 1 1 1 1 1 1
3 2 -1 1 1 1 1 1 1 1
2 2 11 1 1 1 1 1 1
1 - - - - 1 1 1 1 1 1 1
0 11 1 1 1 1 1 1 1 1

z=0 1 2 3 4 5 6 7 8 9 10

Table 2. Optimal switching policy for Ay = Ay =1, u3 =6, p2 =3, c1 =2, cg = 1,
s1 =89 =2, =0.05. V*(2,2,1) = 65.416897.

The total cost for the optimal policy, starting in state (2,2,1), is 65.416897. If we compare
the optimal policy with the uc rule (Table 1), we see several striking differences. Of course the
optimal policy switches less frequently than under the pc rule since there must be at least two
class-1 customers in the system before it is optimal to serve these customers. The threshold
level is not the same for all y: if y is close to 0, then the threshold level is higher than for
larger values of . This has an intuitive explanation: if the server leaves queue 2 for queue
1 while leaving customers behind, then it has to return to queue 2 at some point to serve
the remaining customers. To avoid this it is cost-efficient to empty queue 2 if there are few
customers in it before switching to queue 1. Finally, the optimal policy is not work-conserving;:
in state (0,1,1) it is optimal to stay at server 1.
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In [5] an approximating policy was constructed that was simple and reasonably good, by
taking a work-conserving policy with the same threshold level for all states with y > 0. The
resulting policy for the current case is depicted in Table 3. Using value iteration with the
right sets A we computed the value function V', e.g. V/(2,2,1) = 68.137829. Compared to
the uc rule it is already close to the optimal policy. However, we can find an even better
policy, starting from the pc rule.

y=1
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Table 3. Threshold policy for Ay =Aa =1, u1 =6, 2 =3, ¢c1 =2, c0 =1, 81 = 59 = 2,
B =0.05. V'(2,2,1) = 68.137829.
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Consider V, the value function of the preemptive priority rule. Now for each z, y, and
z determine A*(z,y, ), the minimizing action in 7%V (x,y, z). The resulting policy is shown
in Table 4. Note how well this policy follows the behavior of the optimal policy close to
the origin; only for high values of y the threshold value is different for the current choice of
parameters. Using value iteration to compute the value V¢ of this approximation policy we
found V%(2,2,1) = 65.497223, very close to the performance of the optimal policy.

y=10 2 11 1 1 1 1 1 1
9 2 11 1 1 1 1 1 1
8 2 11 1 1 1 1 1 1
7 2 11 1 1 1 1 1 1
6 2 11 1 1 1 1 1 1
5 2 11 1 1 1 1 1 1
4 2 11 1 1 1 1 1 1
3 2 11 1 1 1 1 1 1
2 2 11 1 1 1 1 1 1
1 - - - - 1 1 1 1 1 1 1
0 11 1 1 1 1 1 1 1 1

=0 1 2 3 4 5 6 7 8 9 10

Table 4. One-step improvement for Ay = Ay =1, u1 =6, po =3, c1 =2, c0 =1, 51 = 59 = 2,
B =0.05. V2,2,1) = 65.497223.

To compute the value of the approximating policy we used the value iteration scheme
(38), which is an iterative procedure, and therefore numerically demanding. Computing the
value of the optimal policy (and by doing so we obtain the optimal policy) does hardly need
more computer time than computing the value of a fixed policy. Thus computing the value of
the approximating policy is about as difficult as computing the optimal policy. However, note
that to determine the approximating policy itself (and not its value), no iterative procedure
was needed: starting from the value of the preemptive priority rule the policy was determined
by executing the minimization in (36) once. Thus we derived a procedure to obtain nearly
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optimal policies that demands hardly any computational effort, as opposed to a numerically
demanding iterative procedure for obtaining the optimal policy.

This approximation procedure can be seen as a single step of policy iteration (see e.g. [9],
Section 6.4 and its application to continuous time models in Section 11.3.4) with a policy
for which the value function is known. This idea is not new: it has already been applied to
a simple telecommunication network in [8] and to routing to parallel queues in [10, 6]. In
contrast with the current work [8, 10, 6] deal with average cost models and initial policies for
which the different state components behave independently.

5 Concluding remarks

Using a single step of the policy improvement algorithm we were able to derive a nearly optimal
policy for a simple polling model. To do so, we computed the value function associated with
a given policy (the uc rule) and entered this value in the algorithm. In this process we gain
some insights on what a good scoring function might look like for related queueing systems
even though we might not be able to derive it explicitly. If this is the case, then the missing
coefficients could be obtained by combining learning procedures (typically simulations) and
estimation techniques (gradient methods). Ongoing research in this direction bear on the
same model but with more than 2 classes as well as on some routing problems in queues.
Work is also being conducted on average cost models.
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