Robust stabilization of the angular velocity of a rigid body with two controls

P. Morin INRIA Sophia-Antipolis, 2004, route des Lucioles 06902 Sophia Antipolis Cédex, FRANCE

A paraître dans European Journal of Control

Abstract

The problem of asymptotic stabilization of the angular velocity of a rigid body with two actuators (i.e. two controls) has long been solved. However, robustness properties of the feedback laws were little investigated. We show here that most proposed controls in the past are not robust with respect to errors in actuators location, and we derive robust asymptotically stabilizing feedbacks.

Keywords: Robust control, asymptotic stabilization, rigid body, homogeneous systems, center manifold theory.

1 Introduction

The angular velocity control of a rigid body with only one or two controls has been much studied in the literature. In particular, many strategies have been proposed for the stabilization and asymptotic stabilization problems (see e.g. [1], [2], [3], [4], [5], [6]). For the case where a single control is available (aligned with an axis having components along all three principal axes), an asymptotically stabilizing feedback was proposed in [3], and in [4] this control was shown to be non-robust with respect to errors on the principal moments of inertia. The problem of asymptotic stabilization with two controls had previously been treated (see e.g. [1], [2]) and robustness properties with respect to errors on the principal moments of inertia were established in [4]. However, robustness with respect to more general model errors (such as errors on the location of the actuators) was not investigated.

In this paper, we prove that many asymptotically stabilizing feedbacks (particularly those proposed in [1] or [2]-[4]) are not robust with respect to errors on the location of the actuators, and we derive robust control laws. The techniques used here combine center manifold theory with properties of homogeneous systems and Lyapunov-like techniques.

The paper is organized as follows. Section 2 recalls Euler’s angular velocity equations and states the problem of robust asymptotic stabilization. In section 3, we show the non-robustness of a class of asymptotically stabilizing feedbacks. Finally, in section 4, robust controls are derived.

Throughout the paper, we use the following notations:

• I_3 denotes the identity matrix in IR^3.

• | · | denotes the Euclidean norm, and for any n × m matrix C, ‖C‖ denotes the associated matrix norm.

• diag(α, β, γ) denotes the 3 × 3 matrix with α, β and γ on its diagonal and 0 outside.

• For any frames F_i, F_j and F_k in IR^3, R_{FiFj} denotes the rotation matrix from the frame F_j to the frame F_i and Ω_{Fi} (F_j/F_k) denotes the angular velocity vector of the frame F_j with respect to the frame F_k expressed in the basis of the frame F_i.

• O(|x|^q) stands for any continuous function f : IR^n −→ IR such that: ∃δ > 0, ∃K : |x| ≤ δ =⇒ |f(x)| ≤ K|x|^q . 2 Problem Statement

Let us consider:

• a frame F_0 attached to the rigid body and whose axes correspond to the principal inertia axes of the body,

• a fixed frame F_1,

and denote:

• ω = Ω_{F0} (F_0/F_1),

• J = diag(j_1, j_2, j_3): the inertia matrix of the body,

• S(ω) = 0 ω_3 −ω_2 −ω_3 0 ω_1 ω_2 −ω_1 0

: the matrix representation of the cross product.

Euler’s angular velocity equations (with two controls) are then given by:

ω̇ = J^{−1}S(ω)Jω + J^{−1}B (τ_1, τ_2)^T (1)

where the τ_i are the torques applied to the rigid body and the 3 × 2 matrix B represents the direction in which these torques are applied.

Feedback laws which make the origin ω = 0 of the closed loop system (1) asymptotically stable have long been proposed ( see e.g. [1] or [2]). However in practice, in view of model errors, the control system (1) may not be perfectly known. In fact, model errors can occur at many levels. First, the principal inertia axes are not, a priori, exactly localized. In this case, only an estimation F̂_0 of the frame F_0 is known. As a consequence, the angular velocity vector ω expressed in F_0 can not be known either, and the measure of the angular velocity is not ω but ω̂ given by:

ω̂^Δ= Ω_{F̂0} (F̂_0/F_1) = R_{F̂0F0} ω. (2)

Then, the assumed values ĵ_1, ĵ_2 and ĵ_3 of the principal moments of inertia may also differ from the actual ones j_1, j_2 and j_3. Thus, instead of the matrix J, only Ĵ = diag(ĵ_1, ĵ_2, ĵ_3) is known. Finally, the torques applied to a rigid body are generated by mechanical systems (such as gaz jets actuators) and in practice, model errors also occur at this level. More precisely, the matrix B depends on the position and the attitude of the actuators. Therefore, any misalignment of these actuators contributes to an error between the matrix B and its assumed value B̂.

To sum up, the control system which is used for the control design is given by:

^̇ω = Ĵ^{−1}S(ω̂)Ĵω̂ + Ĵ^{−1}B̂ (τ̂_1, τ̂_2)^T . (3)

In order to simplify the exposition, we make the assumption that

B̂ = 1 0 0 1 0 0 (4) which corresponds to the case where the actuators are, supposedly, located on principal inertia axes. As a consequence, the system (3) can be rewritten as:

^̇ω_1 = ĉ_1 ω̂_2ω̂_3 + τ̂^1 ĵ_1 ^̇ω_2 = ĉ_2 ω̂_1ω̂_3 + τ̂^2 ĵ_2 ^̇ω_3 = ĉ_3 ω̂_1ω̂_2 (5)

with ĉ_1 = ĵ_2 − ĵ_3 ĵ_1 , ĉ^2 = ĵ_3 − ĵ_1 ĵ_2 and ĉ^3 = ĵ_1 − ĵ_2 ĵ_3 . (6)

It is of course assumed that ĉ_3 ≠ 0, since otherwise this system would not be asymptotically stabilizable.

Our objective is to derive, from the system (5), feedback laws

Γ̂(ω̂) = (τ̂_1(ω̂), τ̂_2(ω̂)) (7)

“robust with respect to general model errors” in the sense that these feedback laws expressed, from (2), in the variable ω i.e.

Γ(ω) = (τ_1(ω), τ_2(ω)) = (τ̂_1(R_{F̂0F0} ω), τ̂_2(R_{F̂0F0} ω)) (8)

make the origin ω = 0 of the system (1) asymptotically stable whenever ‖J − Ĵ‖ ≤ ϵ, ‖B − B̂‖ ≤ ϵ, and ‖R_{F̂0F0} − I_3‖ ≤ ϵ (9) where ϵ is a small enough strictly positive value.

It must be noted that feedback laws with certain robustness properties have already been proposed. One may find in [4] for instance feedback laws which are robust in the particular case where small errors are made on the principal moments of inertia (i.e. (ĵ_1, ĵ_2, ĵ_3) ≠ (j_1, j_2, j_3)) but no error is made on the inertial frame or on the location of the actuators (i.e. F̂_0 = F_0 and B̂ = B). This kind of robustness will be referred to, in the sequel, as “robustness with respect to errors on the principal moments of inertia”. As we will see in the next section many feedback laws, which are robust in this sense, are not robust with respect to general model errors.

3 A non-robustness result

The aim of this section is to revisit robustness properties of some control laws, such as those proposed in [1] or [2]-[4] for instance. To this purpose, we here restrict ourselves to the case where no error is made on the frame of inertia axes (i.e. F̂_0 = F_0). As a consequence, it follows from (2) and (8) that ω̂ = ω and τ̂_i = τ_i, (i = 1, 2). The system (5) can then be rewritten as ω̇_1 = ĉ_1 ω_2ω_3 + τ_1 ĵ_1 ω̇_2 = ĉ_2 ω_1ω_3 + τ_2 ĵ_2 ω̇_3 = ĉ_3 ω_1ω_2

(10)

The control laws proposed in [1] or [2]-[4] are of the form: { τ_1(ω) = ĵ_1 (−ĉ_1 ω_2ω_3 − ω_1 + α ω^k_3 ) τ_2(ω) = ĵ_2 (−ĉ_2 ω_1ω_3 − ω_2 + β ω^{k+1}_3 )

(11)

The following proposition, which is the main result of this section, describes robustness properties of these feedback laws.

Proposition 1 For any real parameters α, β and any integer k such that:

ĉ_3 αβ < 0, and k ≥ 1, (12)

the control law (11) satisfies the following properties:

i) the controlled system (10)-(11) is locally asymptotically stable,

ii) this control is robust with respect to errors on the principal moments of inertia,

iii) this control is not robust with respect to general model errors.

Proof:

For the proof of part i), we proceed (as in [2]-[4]) by application of center manifold theory (see [7] for a classical introduction on the subject). The closed loop system (10)-(11) is given by

ω̇_1 = −ω_1 + α ω^k_3 ω̇_2 = −ω_2 + β ω^{k+1}_3 ω̇_3 = ĉ_3 ω_1ω_2

(13)

and can be rewritten as: ξ̇_1 = −ξ_1 + g_1(ξ_1, ξ_2, ω_3) ξ̇_2 = −ξ_2 + g_2(ξ_1, ξ_2, ω_3) ω̇_3 = ĉ_3 (ξ_1 + α ω^k_3 )(ξ_2 + β ω^{k+1}_3 )

(14)

with ξ_1 = ω_1 − α ω^k_3 , ξ_2 = ω_2 − β ω^{k+1}_3 and, { g_1(ξ_1, ξ_2, ω_3) = −ĉ_3 αk(ξ_1 + α ω^k_3 )(ξ_2 + β ω^{k+1}_3 )ω^{k−1}_3 g_2(ξ_1, ξ_2, ω_3) = −ĉ_3 β(k + 1)(ξ_1 + α ω^k_3 )(ξ_2 + β ω^{k+1}_3 )ω^k_3

(15)

From center manifold theory, there exists for the system (14) a center manifold given by : { (ξ_1, ξ_2, ω_3) / ξ_1 = h_1(ω_3), ξ_2 = h_2(ω_3), |ω_3| < δ} and the asymptotic stability of (14) is equivalent to the asymptotic stability on the center manifold. As a consequence, it is sufficient to study the stability of the differential equation: ω̇_3 = ĉ_3 (h_1(ω_3) + α ω^k_3 )(h_2(ω_3) + β ω^{k+1}_3 ). (16) But, by application of the approximation theorem of center manifold theory, and since from (15), g_1(0, 0, ω_3) = O(|ω_3|^{3k}) and g_2(0, 0, ω_3) = O(|ω_3|^{3k+1}), one deduces that: |(h_1(ω_3), h_2(ω_3))| = O(|ω_3|^{3k}).

Hence, the equation (16) can be rewritten as: ω̇_3 = ĉ_3 αβ ω^{2k+1}_3 + O(|ω_3|^{4k}) (17) which is locally asymptotically stable under the condition (12).

The proof of part ii) is similar to the proof given in [4].

Let us now proceed with the proof of part iii).

We have to show that, for any control law (τ_1(ω), τ_2(ω)) given by (11)-(12), and any ϵ > 0, there exists J and B satisfying (9) such that the origin ω = 0 of the controlled system (1)-(11) is not asymptotically stable. To this purpose, let us define the matrix J and B as follows:

J = Ĵ +

0 0 0 0 ϵ_1 0 0 0 ϵ_1 , B = B̂ + 1 ĵ_2 0 0 0 ϵ_1 0 ϵ_2 (ĵ_3 + ϵ_1)

(18)

with 0 < ϵ_1 ≤ Min{ϵ, ĵ_2ϵ} and |ϵ_2| ≤ ϵ ĵ_2 ĵ_3 + ϵ_1 . (19) It directly follows from (18) and (19) that J and B satisfy (9). Moreover, one easily verifies that the system (1) can be rewritten as:

ω̇_1 = ĉ_1 ω_2ω_3 + τ_1 ĵ_1 ω̇_2 = (ĉ_2 + δ_1(ϵ_1)) ω_1ω_3 + τ_2 ĵ_2 ω̇_3 = (ĉ_3 + δ_2(ϵ_1)) ω_1ω_2 + ϵ_2 τ_2 ĵ_2

(20)

with δ_1(ϵ_1) = ϵ_1 ĵ_2 − ĵ_3 + ĵ_1 ĵ_2(ĵ_2 + ϵ_1) and δ^2(ϵ^1) = ϵ^1

−ĵ_3 − ĵ_1 + ĵ_2 ĵ_3(ĵ_3 + ϵ_1) . (21) After a first change of variables, ξ_3 = ω_3 −ϵ_2 ω_2, and using the expression (11) of the control law, the system (20) can be rewritten as: ω̇_1 = −ω_1 + α (ξ_3 + ϵ_2 ω_2)^k ω̇_2 = δ_1(ϵ_1) ω_1(ξ_3 + ϵ_2 ω_2) − ω_2 + β (ξ_3 + ϵ_2 ω_2)^{k+1} ξ̇_3 = (ĉ_3 + δ_2(ϵ_1)) ω_1ω_2 − ϵ_2 (ĉ_2 + δ_1(ϵ_1)) ω_1(ξ_3 + ϵ_2 ω_2)

(22) and with the following change of variables: { ξ_1 = ω_1 − α ξ^k_3 ξ_2 = ω_2 − (β + δ_1(ϵ_1)α) ξ^{k+1}_3

(23)

one obtains after some calculations that (22) is transformed into the system:

ξ̇_1 = −ξ_1 + c(k) ξ_2 + g_1(ξ_1, ξ_2, ξ_3) ξ̇_2 = −ξ_2 + g_2(ξ_1, ξ_2, ξ_3) ξ̇_3 = (ĉ_3 + δ_2(ϵ_1) − ϵ2 (ĉ_2 + δ_1(ϵ_1))) (ξ_1 + α ξk_3 )(ξ_2 + (β + δ_1(ϵ_1)α) ξ^{k+1}_3 ) −ϵ_2(ĉ_2 + δ_1(ϵ_1)) ξ_3(ξ_1 + α ξ^k_3 )

(24)

where c(k) is a coefficient depending only on k, and g_1 and g_2 are smooth functions which vanish at (0, 0, 0), whose first order derivatives also vanish at this point, and such that: { g_1(0, 0, ξ_3) = O(|ξ_3|^{2k}) g_2(0, 0, ξ_3) = O(|ξ_3|^{2k+1}).

(25)

The system (24) is now in the right form to apply center manifold theory. In particular, there exists a invariant manifold for (24) given by :

{ (ξ_1, ξ_2, ξ_3) / ξ_1 = l_1(ξ_3), ξ_2 = l_2(ξ_3), |ξ_3| < δ}

and we deduce from (25), by application of the approximation theorem of center manifold theory, that |(l_1(ξ_3), l_2(ξ_3))| = O(|ξ_3|^{2k}). As a consequence, on this invariant manifold, we have from (24):

ξ̇_3 = −ϵ_2 (ĉ_2 + δ_1(ϵ_1))α ξ^{k+1}_3 + O(|ξ_3|^{2k+1}). (26)

Since, in view of (6), (19) and (21), δ_1(ϵ_1) is different from zero when ĉ_2 = 0 and tends to zero as ϵ_1 tends to zero, it is always possible, for any α ≠ 0, any ĉ_2 and any k ≥ 1, to choose ϵ_1 and ϵ_2, satisfying (19), such that the origin ξ_3 = 0 of the system (26) is unstable. This ends the proof of the proposition. 2 This proof shows the reason why the feedback laws (11) are not robust with respect to general model errors. In fact, due to model errors, the vector field associated with the actual closed loop system differs from the one associated with the assumed closed loop system by some extra terms (compare (10) and (20)), and these extra terms are large (i.e. of low order) with respect to the terms of the assumed closed loop system (compare (17) and (26)). As we will see in the next section, this problem no longer occurs when the stabilizing feedbacks are homogeneous of degree 2.

4 A robust control law

We first recall some properties on the homogeneous systems. For a more comprehensive exposition, the reader is referred to [8].

A function f : IR^n −→ IR^m of class C^1 is homogeneous of degree k ≥ 1 if f(cx) = c^kf(x), ∀c ≥ 0.

The following proposition states a robustness property of differential systems with homogeneous right hand side. This proposition is a particular case of a result due to Massera [9] (see also [8, Th. 57.3, Sec. 56], and the generalisations by Hermes [10] and Rosier[11]).

Proposition 2 Let f : IR^n −→ IR^n a function of class C^1 homogeneous of degree k ≥ 1, and such that the origin x = 0 of the system ẋ = f(x) is asymptotically stable. Then, there exists M > 0 such that for any function g : IR^n −→ IR^n of class C^1, homogeneous of degree k and satisfying |g(x)| ≤ M |x|^k, (27) the origin y = 0 of the system ẏ = f(y) + g(y) is also asymptotically stable.

Remark 1 : For homogeneous systems, the local asymptotic stability is equivalent to the global asymptotic stability (see [8, Th. 17.1]).

Let us now return to the control system (1).

Lemma 1 The control system (1) can be rewritten as:

ω̇_1 = (ĉ_1 + η_1) ω_2ω_3 + (1 + η_4) τ_1 ĵ_1 + η^5 τ_2 ĵ_2 ω̇_2 = (ĉ_2 + η_2) ω_1ω_3 + η_6 τ_1 ĵ_1 + (1 + η^7) τ_2 ĵ_2 ω̇_3 = (ĉ_3 + η_3) ω_1ω_2 + η_8 τ_1 ĵ_1 + η^9 τ_2 ĵ_2

(28)

where the η_i depend on J and Ĵ for i = 1, . . . , 3, and on J, B, Ĵ and B̂ for i = 4, . . . , 9. Moreover, there exists η_0(Ĵ, B̂, ϵ) such that:

i) for any matrices J and B satisfying (9), |η_i(J, Ĵ)| ≤ η_0(Ĵ, B̂, ϵ) for i = 1, . . . , 3 and |η_i(J, B, Ĵ, B̂)| ≤ η_0(Ĵ, B̂, ϵ) for i = 4, . . . , 9, ii) η_0(Ĵ, B̂, ϵ) tends to zero as ϵ tends to zero.

The proof of this lemma, which directly follows from (1) and (9), is left to the reader.

In view of this lemma, for any feedback law Γ̂ of class C^1 and homogeneous of degree 2, the actual closed loop system (1)-(8) can be rewritten as:

ω̇ = f(ω) + g(ω) (29)

where

f(ω) = ĉ_1 ω_2ω_3 + τ̂_1(ω) ĵ_1

ĉ_2 ω_1ω_3 + τ̂_2(ω) ĵ_2 ĉ_3 ω_1ω_2

(30) is the vector field associated with the assumed closed loop system (5), which is of class C^1 and homogeneous of degree 2, and

g(ω) = η_1ω_2ω_3 + η_4 τ̂_1(R_{F̂0F0} ω) ĵ_1 + η^5 τ̂_2(R_{F̂0F0} ω) ĵ_2 + τ̂_1(R_{F̂0F0} ω) − τ̂_1(ω) ĵ_1

η_2ω_1ω_3 + η_6 τ̂_1(R_{F̂0F0} ω) ĵ_1 + η^7 τ̂_2(R_{F̂0F0} ω) ĵ_2 + τ̂_2(R_{F̂0F0} ω) − τ̂_2(ω) ĵ_1

η_3ω_1ω_2 + η_8 τ̂_1(R_{F̂0F0} ω) ĵ_1 + η^9 τ̂_2(R_{F̂0F0} ω) ĵ_2

(31)

is the vector field generated by model errors, which is also of class C^1 and homogeneous of degree 2. Thus, as previously announced, the vector field g is now of the same order as the vector field f associated with the closed loop system (5). Moreover, g satisfies the following property:

Lemma 2 For any C^1 feedback law Γ̂ homogeneous of degree 2, there exists M(Ĵ, B̂, ϵ) such that:

i) for any matrices J, B and F_0 satisfying (9), |g(ω)| ≤ M(Ĵ, B̂, ϵ) |ω|^2,

ii) M(Ĵ, B̂, ϵ) tends to zero as ϵ tends to zero.

(Proof in the Appendix).

According to this lemma, it follows from Proposition 2 applied to the system (29), that the design of a robust feedback law can be reduced to the design of a feedback Γ̂ of class

C^1 and homogeneous of degree 2, which makes the origin of the closed loop system (5)

asymptotically stable. The following proposition provides feedback laws of this type.

Proposition 3 Let us consider the following control: { τ̂_1(ω̂) = ĵ_1 (−ĉ_1 ω̂_2ω̂_3 + λĉ_3 ω̂_1ω̂_2 − k_1 (ω̂_1 − λω̂_3)|ω̂_1 − λω̂_3|) τ̂_2(ω̂) = ĵ_2 (−(ĉ_2 + μĉ_3) ω̂_1ω̂_3 − k_2 ω̂_2|ω̂_2|)

(32)

then, for any real parameters λ, μ, k_1 and k_2 such that:

λ ≠ 0, μ > 0, k_1 > 0, and k_2 > 0, (33)

i) the controlled system (5)-(32) is globally asymptotically stable,

ii) this control is robust with respect to general model errors.

Proof:

We first proceed with the proof of part i). The closed loop system (5)- (32) is given by:

^̇ω_1 = λĉ_3 ω̂_1ω̂_2 − k_1 (ω̂_1 − λω̂_3)|ω̂_1 − λω̂_3| ^̇ω_2 = −μĉ_3 ω̂_1ω̂_3 − k_2 ω̂_2|ω̂_2| ^̇ω_3 = ĉ_3 ω̂_1ω̂_2

(34)

Let V (ω̂) = 1 2 (ω̂_1 − λω̂_3)^2 + 1 2 ω̂^2 + μ 2 ω̂^2_3. The derivative of V along the trajectories of the controlled system (34) is then given by:

V̇ = −k_1 |ω̂_1 − λω̂_3|^3 − k_2 |ω̂_2|^3 (35)

As a consequence, any trajectory of the system (34) is bounded and tends, by application of LaSalle’s invariance principle [12], to the largest invariant set S for the system (34), contained in {ω̂ / ω̂_1 = λω̂_3 and ω̂_2 = 0}. For any trajectory ω̂(t) contained in S, ^̇ω_2(t) ≡ ω̂_2(t) ≡ 0, which implies, from (34), that −λμĉ_3 ω̂2_3(t) ≡ 0. Thus ω̂_3(t) ≡ 0, which in turn implies that ω̂_1(t) ≡ 0. This ends the proof of part i). Finally, as previously explained, the proof of part ii) directly follows, from part i) and Lemma 2, by application of Proposition 2 to the system (29). 2

5 Conclusion

We have shown that some feedbacks, which asymptotically stabilize Euler’s angular velocity equations, are not robust with respect to model errors such that misalignment of the actuators. However, robust stabilization can be obtained by using feedback laws which make the closed loop system homogeneous, and such that the homogeneity is not destroyed by the model errors. This remark also raises the problem of attitude’s control of a rigid body. In fact, asymptotic stabilization of the attitude of a rigid body with two controls has recently been obtained in [13], by using center manifold theory, and in [14], by using homogeneous feedbacks (see also [15] more recently). However, even in the latter case, robustness does not seem ensured because the homogeneity of the closed loop system is destroyed by the model errors. Robust feedback stabilization for the attitude control problem remains an open question.

Acknowledgements: The author would like to thank J.-B. Pomet and C. Samson for their numerous and valuable comments.

Appendix: Proof of Lemma 2 Using the homogeneity of the fonctions τ̂_i, i = 1, 2, one obtains that:

sup_{ω≠0} |τ̂_i(R_{F̂0F0} ω)| |ω|^2 = sup_{ω≠0} |τ̂_i(R_{F̂0F0} ω)| |R_{F̂0F0} ω|^2 |R_{F̂0F0} ω|^2 |ω|^2 ≤ ‖R_{F̂0F0} ‖^2 sup_{|ω|=1} |τ̂_i(ω)| (36)

which implies, in view of (9) and the continuity of the τ̂_i that: |τ̂_i(R_{F̂0F0} ω)| ≤ (1 + ϵ)^2K_1 |ω|^2 (37) where K_1 = sup_{|ω|=1} |τ̂_i(ω)| is independent of J, B and F_0.

Similarly,

sup_{ω≠0} |τ̂_i(R_{F̂0F0} ω) − τ̂_i(ω)| |ω|^2 = sup_{|ω|=1} |τ̂_i(R_{F̂0F0} ω) − τ̂_i(ω)|

= sup_{|ω|=1} |τ̂_i(ω + (R_{F̂0F0} − I_3)ω) − τ̂_i(ω)|

≤ sup |ω|=1, |y|≤ϵ |τ̂_i(ω + y) − τ̂_i(ω)| ≤ sup_{|ω|=1, |y|≤ϵ} |y| sup_{|z|≤ϵ} | ∂τ̂_i ∂ω (ω + z)| ≤ ϵK_2 (38) where K_2 = sup_{|ω|=1, |z|≤ϵ} | ∂τ̂_i ∂ω (ω + z)| is also independent of J, B and F_0. It directly follows

from (38) that:

|τ̂_i(R_{F̂0F0} ω) − τ̂_i(ω)| ≤ ϵ K_2 |ω|^2 (39) In view of (31), the proof of Lemma 2 follows from (37), (39) and Lemma 1. 2

References

[1] R.W. Brockett, Asymptotic stability and feedback stabilization, in: R.W. Brockett, R.S. Millman and H.H. Sussmann Eds., Differential Geometric Control Theory (1983).

[2] D. Aeyels, Stabilization of a class of nonlinear systems by a smooth feedback control, Systems and Control Letters 5 (1985) 289-294.

[3] D. Aeyels and M. Szafranski, Comments on the stabilizability of the angular velocity of a rigid body, Systems and Control Letters 10 (1988) 35-39.

[4] D. Aeyels, Stabilizability and asymptotic stabilizability of the angular velocity of a rigid body, Nonlinear Control Conference, Nantes, France (1988).

[5] E.D. Sontag and H.J. Sussmann, Further comments on the stabilizability of the angular velocity of a rigid body, Systems and Control Letters 12 (1988) 213-217.

[6] R. Outbib and G. Sallet, Stabilizability of the angular velocity of a rigid body revisited, Systems and Control Letters 18 (1992) 93-98.

[7] J. Carr, Application of Center Manifold Theory (Springer Verlag, 1981).

[8] W. Hahn, Stability Theory (Springer Verlag, 1967).

[9] J.L. Massera, Contributions to stability theory, Ann. Math., 64 (1956) 182-206.

[10] H. Hermes, Homogeneous coordinates and continuous asymptotically stabilizing feedback controls, in: S. Elaydi Ed., Differential Equations Stability and Controls, Lecture Notes in Applied Math. Vol. 109 (1991).

[11] L. Rosier, Homogeneous Lyapunov function for homogeneous continuous vector field, Systems and Control Letters 19 (1992) 467-473.

[12] J. P. LaSalle, Stability Theory for Ordinary Differential Equations, Journal of Differential Equations 4 (1968) 57-65.

[13] P. Morin, C. Samson, J.-B. Pomet and Z.-P. Jiang, Time-varying feedback stabilization of the attitude of a rigid spacecraft with two controls, Systems and Control Letters 25 (1995) 375-385.

[14] J.-M. Coron and E.-Y. Kerai, Explicit feedbacks stabilizing the attitude of a rigid spacecraft with two control torques, to appear in Automatica.

[15] P. Morin, C. Samson, Time-varying exponential stabilization of the attitude of a rigid spacecraft with two controls, 34th IEEE Conf. on Decision and Control, New Orleans, (1995).