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Finite volume schemes

Denote ∆x and ∆t the space and time steps, xj+1/2 = j∆x for j ∈ Z the
mesh interfaces and tn = n∆t for n ∈ N the intermediate times

+ stability condition (CFL):
∆t

∆x
max
u,i

{|λi(u)|} <
1

2

t
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t
n
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2

U
n
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Conservative methods

Applying the conservation equation in the cell [tn, tn+1]× [xj−1/2,j+1/2] we
get

t
n+1

t
n

xj−3/2 xj−1/2 xj+1/2 xj+3/2

∫ xj+1/2

xj−1/2

u(tn+1
, x)dx =

∫ xj+1/2

xj−1/2

u(tn, x)dx

+

∫ tn+1

tn
f(u(t, xj−1/2))dt−

∫ tn+1

tn
f(u(t, xj+1/2))dt

set

U
n
j =

1

∆x

∫ xj+1/2

xj−1/2

u(tn, x)dx F
n
j+1/2 =

1

∆t

∫ tn+1

tn
f(u(t, xj+1/2))dt
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Conservative methods

F numerical flux function s.t.

U
n+1
j = U

n
j −

∆t

∆x

(

F (Un
j , U

n
j+1)− F (Un

j−1, U
n
j )

)

Consistency: F (u,u) = f(u)

Lipschitz continuity: |F (v,w)− f(u)| ≤ Kmax {|v − u|, |w − u|}
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Conservative methods

F numerical flux function s.t.

U
n+1
j = U

n
j −

∆t

∆x

(

F (Un
j , U

n
j+1)− F (Un

j−1, U
n
j )

)

Consistency: F (u,u) = f(u)

Lipschitz continuity: |F (v,w)− f(u)| ≤ Kmax {|v − u|, |w − u|}

Theorem (Lax-Wendroff, 1960)

Let U∆(t, x) be a numerical approximation computed with a consistent and
conservative method. If U∆(t, x) → u as ∆x → 0 (in L

1), then u is a weak
solution of

∂tu+ ∂xf(u) = 0
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Conservative methods: counterexample

Consider the Burgers’ equation

∂tu+ ∂x

(

u2

2

)

= 0

For smooth solutions, this is equivalent to

∂tu+ u∂xu = 0

If u ≥ 0, a natural discretization is

U
n+1
j = U

n
j +

∆t

∆x
U

n
j

(

U
n
j − U

n
j−1

)

but

x
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Discrete entropy condition

If the scheme satisfies

E(Un+1
j ) ≤ E(Un

j )−
∆t

∆x

(

Ψ(Un
j , U

n
j+1)−Ψ(Un

j−1, U
n
j )

)

for some Ψ s.t. Ψ(u,u) = Q(u)

then the limit u is an entropic solution of ∂tu+ ∂xf(u) = 0

∂tE(u) + ∂xQ(u) ≤ 0
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Numerical fluxes

Lax-Friedrichs:

F (Un
j , U

n
j+1) =

1

2

(

f(Un
j ) + f(Un

j+1)
)

+
∆t

2∆x

(

U
n
j − U

n
j+1

)

or

F (Un
j , U

n
j+1) =

1

2

(

f(Un
j ) + f(Un

j+1)
)

+ α
(

U
n
j − U

n
j+1

)

Flux-splitting (upwind): f = f− + f+ s.t. Df− ≤ 0, Df+ ≥ 0

F (Un
j , U

n
j+1) = f

+(Un
j ) + f

−(Un
j+1)

Godunov:
F (Un

j , U
n
j+1) = f(RS(Un

j , U
n
j+1)(0))
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Godunov for scalar case

Compact formula

F (Un
j , U

n
j+1) =















min
Un

j
≤u≤Un

j+1

f(u) if Un
j < Un

j+1

max
Un

j+1
≤u≤Un

j

f(u) if Un
j > Un

j+1
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Godunov for scalar case

For concave flux functions f we can define

F
n
j+1/2 = F (un

j , u
n
j+1) = min

{

D(un
j ), S(u

n
j+1)

}

where

D(u) =

{

f(u) if u < uc

f(uc) = fmax if u ≥ uc

is the demand function

S(u) =

{

f(uc) = fmax if u < uc

f(u) if u ≥ uc

is the supply function

(cfr. Cell Transmission Model, Godunov scheme)
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Scalar case: convergence

Scheme properties: ∂1F (u, v) ≥ 0, ∂2F (u, v) ≤ 0

1 Monotone: Un−1
j ≤ V n−1

j ∀j =⇒ Un
j ≤ V n

j ∀j

2 L
1-contracting:

∑

j

∣

∣Un
j − V n

j

∣

∣ ≤
∑

j

∣

∣Un−1
j − V n−1

j

∣

∣

3 TVD:
∑

j

∣

∣Un
j − Un

j−1

∣

∣ ≤
∑

j

∣

∣Un−1
j − Un−1

j−1

∣

∣

4 Monotonicity preserving: Un−1
j ≤ Un−1

j−1 ∀j =⇒ Un
j ≤ Un

j−1 ∀j
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∑

j

∣

∣Un−1
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∣

4 Monotonicity preserving: Un−1
j ≤ Un−1

j−1 ∀j =⇒ Un
j ≤ Un

j−1 ∀j

Theorem (Harten-Hyman-Lax, CPAM 1976)

A monotone method is at most first order accurate.
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Example: red light

May be written as a Riemann problem:

∂tρ+ ∂x[ρ(1− ρ)] = 0

ρ0(x) =

{

ρ̄ si x < 0

1 si x > 0
0 < ρ̄ < 1

ρ̄ < 1 ⇒ shock of speed λ = 1− ρ̄− 1 < 0
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Example: green light

May be written as a Riemann problem:

∂tρ+ ∂x[ρ(1− ρ)] = 0

ρ0(x) =

{

1 si x < 0

0 si x > 0
0 < ρ̄ < 1

1 > 0 ⇒ rarefaction with profile ρ(t, x) =
1

2
−

x

2t
, −t ≤ x ≤ t
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Example: toll gate

May be written as a conservation law with unilateral constraint on flux:

∂tρ+ ∂xf(ρ) = 0 x ∈ R, t > 0

ρ(0, x) = ρ0(x) x ∈ R

f(ρ(t, 0)) ≤ F (t) t > 0

ρ̌F ρ̂Fρc R

F

f

ρ ρ̌F ρ̂Fρc R

F

f

ρ
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Example: toll gate

Constraint at i = 0:

u
n+1
i = u

n
i −

k

hi
(g(un

i , u
n
i+1, F

n
i+1/2)− g(un

i−1, u
n
i , F

n
i−1/2))

with numerical flux

g(u, v, F ) =

{

min(h(u, v), F ) if interface i = 0
h(u, v) otherwise

h classical numerical flux:

regular: Lipschitz L;

consistent: h(s, s) = f(s);

monotone: u ր, v ց.

(Andreianov-Goatin-Seguin, 2010)
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Example: toll gate

We consider
∂tρ+ ∂x (ρ(1− ρ)) = 0

ρ(0, x) = 0.3χ[0.2,1](x)

f(ρ(t, 1)) ≤ 0.1
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Example: road network

A roundabout in Rome:

(Bretti-Natalini-Piccoli ’06)

or a whole town, a conglomeration (see http://traffic.berkeley.edu/) ...

18 / 19

http://traffic.berkeley.edu/


Numerical schemes Applications

References

A. Bressan. Hyperbolic systems of conservation laws. Oxford Lecture
Series in Mathematics and its Applications, 20. Oxford University
Press, Oxford, 2000.

R. LeVeque. Numerical methods for conservation laws. Lectures in
Mathematics ETH Zürich. Birkhäuser Verlag, Basel, 1990.

M. Garavello, B. Piccoli. Traffic flow on networks. AIMS Series on
Applied Mathematics, 1. American Institute of Mathematical Sciences
(AIMS), Springfield, MO, 2006.

19 / 19


	Numerical schemes
	Examples of particular applications

	2.Plus: 
	2.Reset: 
	2.Minus: 
	2.EndRight: 
	2.StepRight: 
	2.PlayPauseRight: 
	2.PlayRight: 
	2.PauseRight: 
	2.PlayPauseLeft: 
	2.PlayLeft: 
	2.PauseLeft: 
	2.StepLeft: 
	2.EndLeft: 
	anm2: 
	2.24: 
	2.23: 
	2.22: 
	2.21: 
	2.20: 
	2.19: 
	2.18: 
	2.17: 
	2.16: 
	2.15: 
	2.14: 
	2.13: 
	2.12: 
	2.11: 
	2.10: 
	2.9: 
	2.8: 
	2.7: 
	2.6: 
	2.5: 
	2.4: 
	2.3: 
	2.2: 
	2.1: 
	2.0: 
	1.Plus: 
	1.Reset: 
	1.Minus: 
	1.EndRight: 
	1.StepRight: 
	1.PlayPauseRight: 
	1.PlayRight: 
	1.PauseRight: 
	1.PlayPauseLeft: 
	1.PlayLeft: 
	1.PauseLeft: 
	1.StepLeft: 
	1.EndLeft: 
	anm1: 
	1.40: 
	1.39: 
	1.38: 
	1.37: 
	1.36: 
	1.35: 
	1.34: 
	1.33: 
	1.32: 
	1.31: 
	1.30: 
	1.29: 
	1.28: 
	1.27: 
	1.26: 
	1.25: 
	1.24: 
	1.23: 
	1.22: 
	1.21: 
	1.20: 
	1.19: 
	1.18: 
	1.17: 
	1.16: 
	1.15: 
	1.14: 
	1.13: 
	1.12: 
	1.11: 
	1.10: 
	1.9: 
	1.8: 
	1.7: 
	1.6: 
	1.5: 
	1.4: 
	1.3: 
	1.2: 
	1.1: 
	1.0: 
	0.Plus: 
	0.Reset: 
	0.Minus: 
	0.EndRight: 
	0.StepRight: 
	0.PlayPauseRight: 
	0.PlayRight: 
	0.PauseRight: 
	0.PlayPauseLeft: 
	0.PlayLeft: 
	0.PauseLeft: 
	0.StepLeft: 
	0.EndLeft: 
	anm0: 
	0.39: 
	0.38: 
	0.37: 
	0.36: 
	0.35: 
	0.34: 
	0.33: 
	0.32: 
	0.31: 
	0.30: 
	0.29: 
	0.28: 
	0.27: 
	0.26: 
	0.25: 
	0.24: 
	0.23: 
	0.22: 
	0.21: 
	0.20: 
	0.19: 
	0.18: 
	0.17: 
	0.16: 
	0.15: 
	0.14: 
	0.13: 
	0.12: 
	0.11: 
	0.10: 
	0.9: 
	0.8: 
	0.7: 
	0.6: 
	0.5: 
	0.4: 
	0.3: 
	0.2: 
	0.1: 
	0.0: 


