
Multimodel analysis of the response of the

coccolithophore Emiliania huxleyi to an

elevation of pCO2 under nitrate limitation

O. Bernard1, A.Sciandra2 and S. Madani3

1COMORE, INRIA, BP93,06 902 Sophia-Antipolis cedex, France

2LOV, UMR 7093, B.P. 28 06234, Villefranche-sur-mer, France

3NIOO-KNAW, P.O. Box 140, 4400 AC Yerseke, The Netherlands

Abstract

Large scale precipitation of calcium carbonate in the oceans by coccolithophorids is

a phenomenon that plays an important role in atmospheric CO2 trapping. However,

recent experiments revealed that the associated fluxes may be slow down by an in-

crease in atmospheric CO2 concentration. In this paper we design models to account

for the decrease in calcification and photosynthesis rates observed after an increase

of pCO2 in Emiliania huxleyi chemostat cultures. Since the involved mechanisms

are still not completely understood, we consider various models, each of them being

based on a different hypothesis. These models are kept at a very general level, by

maintaining the growth and calcification functions in a generic form, i.e. indepen-

dent on the exact shape of these functions and on parameter values. The analysis

is thus performed using these generic functions where the only hypothesis is an in-

crease of these rates with respect to the regulating carbon species. As a result, each

model responds differently to a pCO2 elevation. Surprisingly, the only models whose

behaviour are in agreement with the experimental results correspond to carbonate

as the regulating species for photosynthesis. Finally we show that a model where

pH is the regulating factor can also properly predict the measured shifts.
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greenhouse effect.

1 Introduction

Coccolithophorids are both autotrophic and calcifying phytoplanktonic species

playing a major role in global biogeochemical cycling of elements (mainly car-

bon, calcium and sulphur). Emiliania huxleyi is an ubiquitous coccolithophorid

that forms very large and dense blooms detectable from space by satellites,

due to the highly scattering calcareous plates produced during growth.

Photosynthesis and calcification are biological processes which transform dis-

solved inorganic carbon (DIC) into respectively particulate organic and inor-

ganic matter which, being denser than seawater, sink towards the ocean floor.

The export of particulate organic carbon (POC) from the surface ocean layers,

insured by the biological pump, constitutes a carbon sink on a geological scale

(Klepper et al., 1994; Falkowski, 1997):

6CO2 + 12H2O −→ C6H12O6 + 6O2 + 6H20 (1)

The DIC precipitation into particulate inorganic carbon (PIC), and more

specifically into calcium carbonate, also constitutes a sink of carbon, even

if calcification produces CO2 :

Ca+
2 + 2HCO−

3 −→ CaCO3 + CO2 +H2O (2)

Being responsible for almost 70% of the biogenic carbonate precipitation in

the oceans, the Coccolithophorid communities have been studied in the con-

text of the predicted increase of CO2 in the atmosphere resulting from the

anthropogenic activity (Houghton et al., 1996). Based on the accumulation

rate of CO2 observed in the atmosphere from the beginning of the industrial

era, current models roughly predict a doubling of the partial pressure of the
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atmospheric CO2 (pCO2) at the end of the 21th century. Since the atmosphere

tends to be in equilibrium with the superficial oceanic layers, the change in

atmospheric CO2 will have a direct effect on the CO2 seawater concentration,

and consequently on the carbonate system speciation. For example, Zeebe

and Wolf-Gladrow (2003) have calculated that, if the pCO2 was doubled in

the seawater, the concentration of carbonate should be reduced by 50 % ap-

proximately, and the pH by 0.35 units. The consequences are not only on the

chemical properties but also on the biological processes. The reductions men-

tioned above, by diminishing the buffer capacity of sea water, will enhance

the production of CO2 via calcification. Under these conditions, the expected

increase of pCO2 for the next decades would exert a positive feedback on the

production of CO2 by the calcifying communities (Frankignoulle et al., 1994).

Nevertheless, recent studies have shown that cellular calcification could be de-

pressed consequently to a rise of pCO2 in seawater. For example, by increasing

pCO2 in phytoplankton cultures by the means of strong acid additions, a signif-

icant decrease of the calcification rate and of the calcification/photosynthesis

ratio was induced in Gephyrocapsa oceanica (Riebesell et al., 2000; Zondervan

et al., 2002), and, with a less extend, in Emiliania huxleyi. Therefore, an in-

crease in atmospheric pCO2 can have antagonistic effects on the production of

CO2 by calcification, so that long term consequences are difficult to predict.

Since the pioneer works of Paasche (1968) the functional relationships between

calcification and photosynthesis continue to cause intense research leading to

contradictory results for several reasons (see Paasche (2002) for a compilation).

Firstly, photosynthesis and calcification induce opposite variations of the CO2

concentration in the seawater, so that the consequences of coccolithophorid

blooms on the carbon cycle and on the CO2 exchanges with the atmosphere

are conditioned by the ratio of their respective activity. Secondly, the nature

of the physiological coupling between photosynthesis and calcification is far

from being completely elucidated (Berry et al., 2002). On one hand, the func-

3



tional link is not essential since non calcifying strains of E. huxleyi exist, and

since the loss of this function in normally calcifying strains is not necessarily

accompanied by a deficient growth. On the other hand, several experiments

have shown that photosynthesis can use directly or indirectly the CO2 pro-

duced by calcification, that is an advantage for E. huxleyi whose affinity for

dissolved CO2 in seawater is low (Buitenhuis et al., 1999). Thirdly, the kind of

transport (active vs. passive) and the C substrates (CO2 vs. HCO−
3 -) implied

in the uptake of DIC are still subject to debate. It is only recently that carbon

concentration mechanisms (CCM), implying intra or extracellular carbonic

anhydrase enzymes, were detected in E. huxleyi (Nimer and Merrett, 1996).

Nevertheless the CCM efficiency in E. huxleyi seems low compared with others

species (Rost et al., 2003, 2006). The only point for which a broad consensus

seems to exist is that carbonate CO2−
3 is neither used for photosynthesis nor

for calcification. Fourthly, photosynthesis and calcification activities modify

the carbonate system whose speciation, in turn, influences the photosynthe-

sis/calcification ratio.

Face to this complex biochemical system, mechanistic models can complement

experiments to elucidate the involved processes and to test different simple

functional hypotheses, that is not always feasible by the mean of expensive

experiments where the variables are not easy to control routinely. We propose

here an integrative modelling approach to theoretically explore the interactions

between the species of the carbonate system and the processes of photosyn-

thesis and calcification. We consider that the processes of dissolved inorganic

carbon uptake, for photosynthesis and calcification are a priori driven by a

specific carbon species among CO2 , HCO−
3 or CO2−

3 . Moreover, we have con-

sidered that these processes could be either coupled or not. To discuss the

validity of the different models, we compare the qualitative features predicted

by each model to data published in Sciandra et al. (2003). The experimental

device was designed to control in real time the pCO2 in NO3-limited chemostat
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cultures, and allowed to follow accurately the temporal response of net pho-

tosynthesis and net calcification of E. huxleyi in response to a step elevation

of pCO2 from 360 to 700 ppm.

The modelling approach which is used here is original and does not pertain

to the classical modelling approach. Typically, standard modelling consists

successively in designing a model, calibrating it and then validating it using

experimental data. On the other hand, here, we propose a series of competitive

models, and we derive from their mathematical analysis their structural capa-

bility to explain experimentally observed responses to a shift in the CO2 partial

pressure. More specifically, our aim is to demonstrate that some rather classi-

cal hypotheses lead to the design of models that are structurally incompatible

with the observed biological response. To make sure that this reasoning does

not depend on a wrong parameter choice, or even on a function whose shape

would be inadequate, the analysis is performed on the model structure and is

kept independent of parameter values. It follows a philosophy that has demon-

strated its efficiency for simpler phytoplanktonic growth models (Bernard and

Gouzé (1995, 2002); Vatcheva et al. (2006)). As a consequence, and this is a

second originality of the approach, we do not consider a single model which

has been tailored on a closed set of hypotheses, but we consider a series of

model structures, each of them reflecting a generic hypothesis. Thus, we fol-

low an approach similar to Thébault and Rabouille (2003), except that we do

the analysis independently of parameters values. This simultaneous manage-

ment of a set of competitive qualitative models provides new insights in the

modelling approach as a tool for robust analysis of experimental observations.

For example we show that any model where CO2 would regulate photosyn-

thesis cannot qualitatively explain the experimental decrease of calcification

and photosynthesis rates.
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2 Material and methods

All the details concerning sampling, dosages, calculations and pCO2 regu-

lation are given in Sciandra et al. (2003). Two chemostat cultures of the

coccolithophore Emiliania huxleyi (Strain TW1) were grown under identical

nutrient, temperature, light and pCO2 conditions. For more details on the

computer controlled culturing device see Bernard et al. (1996) and Le Floc’h

et al. (2002). Once the steady state reached in the two cultures, one of them

was subjected to an increase in pCO2 (referred to LH for low to high pCO2,

equivalent to a shift in the sea from 360 µatm to 700 µatm), whereas in the

other one the pCO2 conditions remained unchanged (referred to LL for low to

low pCO2, 360 µatm). It is worth noting that to reproduce this shift in the

chemostat, a higher pCO2 had to be maintained in order to compensate the

high biological activity that consumes much more CO2 than in the sea since

biomass is much higher. Indeed, the objective was to double the dissolved CO2

concentration from a 0.012 mmol.L−1 to 0.024 mmol.L−1. This was realised

by adjusting pH to the desired value (taking into account the known alkalin-

ity). The shift was obtained with a strong increase of CO2 bubbling during 30

minutes and then the setpoint of the CO2 regulation was shifted. This exper-

imental set-up allows a comparison of the state of the LH culture before and

after the CO2 shift and also with the state of the control (LL) culture at the

same date.

Both culture vessels consisted of water-jacketed 10-l cylinders (filled up to 9.5

l) placed in a constant temperature (17 +/- 0.5◦C) circulating water bath.

The nitrate concentration (NO3), the limiting nutrient in fresh media, varied

from 14.0 to 15.5 µM among chemostats. The chemostat cultures were oper-

ated at a constant dilution rate (0.5 d−1), which was periodically checked by

weighting the incoming medium. The cultures were grown under continuous

light conditions. Irradiance was 570 and 580 µmol photons.m−2.s−1, in the LH
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and LL culture respectively.

At steady state, net carbon fixation was estimated by the product of the di-

lution rate by the POC concentration measured twice a day in the cultures.

Considering that the major source of total alkalinity (TA) variation in the

cultures was calcification, the production of calcite was estimated by budget-

ing TA, measured daily in the culture and in the renewing medium. Calcite

production at steady state was also estimated from the product of the dilution

rate by the PIC concentration measured from the difference between the total

particulate carbon and the POC, using HCL fumes to remove the PIC from

filters.

2.1 Experimental results

During the establishment of the steady state, the two cultures presented identi-

cal cell concentrations and diameters, nitrate and nitrite concentrations (near

the level of detection), POC and PIC concentrations, pH, pCO2, TA, and also

similar rates of photosynthesis and calcification. This was a verification that

the two cultures were effectively submitted to indistinguishable growth condi-

tions before the pCO2 shift up made in the LH culture. Table 1 summarises

the main differences that appeared between the LL and LH cultures after dou-

bling the pCO2 in the latter. The most noticeable is a calcification decrease

in the LH culture by about 20%, coherent with the decrease of cell diameter,

probably due to the loss of external coccoliths. The diminished calcification in

the LH culture is also consistent with the observed increase of TA. More sur-

prising is the concomitant decline of the carbon fixation rate, also consistent

with the reduction of the cell carbon content. The decrease of the photosyn-

thetic rate being of the same order as that observed for the calcification, the

ratio of these two processes remained unchanged.
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Quantity Variation Unit

POC -0.023 (-13.5%) mmolC.L−1

PIC -0.018 (-11.9%) mmolC.L−1

DIC +0.16 (+8.1%) mmolC.L−1

PON +0.13 (+0.8 %) µmolN.L−1

PIC/POC +0.023 (+2.6 %) µmolN.L−1

pH -0.2

TA +0.032 (1.3%) mmol.L−1

Table 1

Experimental variation of the chemostat quantities after pCO2 increase, from Scian-

dra et al. (2003).

3 Model design

3.1 Introduction

Since the functional dependence between the synthesis of organic and inor-

ganic carbon in E. huxleyi are still subject to discussion, as are the related

involved regulating mechanisms, we adopted a modelling approach allowing

to test different combinations of coupling and regulating variables. An origi-

nality of the approach is that the discussion will be kept at the level of the

model structure. This means that the considered models are kept at a highly

qualitative level to ensure that they are generic and therefore that the derived

conclusions are independent of parameter values or even of the shape of the

functions used to represent the biological processes. Finally they will be dis-

cussed in relation to their ability to qualitatively reproduce the experimental

observations previously described.
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We have considered 2 classes of models, which suppose respectively that pho-

tosynthesis and calcification are either coupled (class CI) or uncoupled (class

UI). There is a consensus to admit that HCO−
3 is the substrate of calcifica-

tion, and that reaction (2) produces CO2 which can then be used for photo-

synthesis together with the HCO−
3 and/or CO2 directly uptaken by the cell.

In the proposed series of models, we investigated several possibilities for the

regulation of these processes, assuming that the regulation is not necessarily

driven by the substrate availability, but that it can result from another species

concentration, among HCO−
3 , CO2 and CO2−

3 . Therefore, we examined the

possibility that, for each class of models (CI or UI) these species can be regu-

lating photosynthesis or calcification. This unusual way of processing will be

justified in the sequel, since the simplest model –where HCO−
3 drives calcifica-

tion and photosynthesis – reveals a contradictory behaviour. Thus, 3 CI and

9 UI models were designed.

The 12 models use the same state variables (Table 2), which makes their

comparison possible. The algal biomass (X) in the chemostat is represented

by the POC concentration. Particulate nitrogen concentration (N) is taken into

account to base a quota approach (Droop, 1968, 1983). The concentration of

nitrate (NO3) in the chemostat (S1) is explicitly taken into account since it is

the limiting nutrient for growth in the experiments of Sciandra et al. (2003).

Hence the cellular quota of nitrogen (Q) is expressed as the N/X ratio. The

dissolved inorganic carbon and calcium (Ca2+) concentrations are denoted D

and S2 respectively. Finally the PIC concentration (C), describes the calcite

of both attached and free coccoliths. The concentrations in the chemostat

renewal medium are denoted with the subscript “in”.

The cultures were completely mixed so that the medium in the chemostat

was homogeneous. During the experiments pH evolved in the range 7.8 - 8.1,

we developed thus the model making some (classical) simplifying assumptions

valid in the realistic pH range 7.6 - 8.3.
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First we will present the (classical) equations (Mukherjee et al. (2002)) de-

scribing the seawater chemistry since they are a major component of the model

to be developed.

3.2 The carbonate system

The ionic balance of the main species in seawater can be written as:

[HCO−
3 ] + 2[CO2−

3 ] + [B(OH)−4 ] + [OH−] + [Cl−] + [Br−] + [F−] + 2[SO2−
4 ] + . . .(3)

= [Na+] + [K+] + 2[Mg2+] + 2[Sr2+] + 2[Ca2+] + [H+] + . . .

The carbonate alkalinity (CA) represents the negative electric charges carried

in the carbonate system:

CA = [HCO−
3 ] + 2[CO2−

3 ] (4)

The practical alkalinity is defined by:

TA = CA+ [B(OH)−4 ] + [OH−] − [H+] (5)

Note that this definition is indeed a very good approximation of the total

alkalinity (TA) (Zeebe and Wolf-Gladrow, 2003).

We denote λ = TA− 2[Ca2+] = TA− 2S2.

In a first approximation, the ions mainly contributing to λ depend on the

salinity and remain constant.

In a first step, to keep the model mathematically tractable, we will also assume

that λ0 = [B(OH)−4 ]+ [OH−]− [H+] remains constant compared to CA. This

hypothesis implies mainly that [B(OH)−4 ] hardly varies, which is reasonable for

the considered pH range since, its associated dissociation constant is pKB =
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8.6. However, the detailed computation when variations of borate are explicitly

taken into account is presented in Appendix A.

From the previous considerations, carbonate alkalinity is thus only depending

on calcium: CA = λ−λ0 +2S2. In order to compute the [HCO−
3 ] and [CO2−

3 ]

concentrations, we will use the dissociation constants of the carbon dioxide

(K1) and bicarbonate (K2) (the proton concentration, [H+] will be denoted

h):

K1 =
h[HCO−

3 ]

[CO2]
and K2 =

h[CO2−
3 ]

[HCO−
3 ]

(6)

The total dissolved inorganic carbon (D) is defined as:

D = [HCO−
3 ] + [CO2−

3 ] + [CO2] (7)

Note that, in the considered pH range, we have [HCO−
3 ] >> [CO2−

3 ] >> [CO2]

(see for example Zeebe and Wolf-Gladrow (2003)).

Let us now compute the following ratio: r = D
CA

, using equations (4), (7) and

(6), we get:

r =
h+K2 + h2/K1

h+ 2K2
(8)

It follows that h can be computed as a function of r:

h = u(r) =
(

−1 + r +
√

(1 − 2r)(1 − 4K2/K1) + r2

)

K1

2
(9)

where it can be verified that function u is an increasing function of r. Note

that pH is directly deduced from (9). Now using equations (6) and (4) we can

compute the exact CO2 concentration:

[CO2] =
CA

K1

h2

h + 2K2
= CAv(r) = ψ(S2, D) (10)
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where v(r) = 1
K1

u(r)2

u(r)+2K2
is an increasing function of u and thus an increasing

function of r. As shown on Figure 1, CO2 is an increasing function of D

and a decreasing function of S2, and pH is increasing with respect to S2 and

decreasing with respect to D.

Fig. 1. CO2 and pH as functions of D and Ca2+.

Finally the coccoliths dissolution rate should be taken into account. However,

the dissolution of coccoliths (mainly composed of calcite) is possible if the

CaCO3 saturation constant Ω in the medium is lower than one:

Ω =
[Ca2+][CO2−

3 ]

Ksp

(11)

where the solubility constant yields Ksp = 5.1510−7mol2.L−2. The compu-

tation shows that the saturation costant Ω is always above 2.5 during the

experiment. Hence conditions for calcite solubilisation are not met and this

phenomenon is not taken into account in the model.
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Meaning Unit

D Dissolved inorganic carbon (DIC) mmol.L−1

N Particulate nitrogen (PON) mmol.L−1

Q Internal nitrogen quota −

X Particulate organic carbon (POC) mmol.L−1

C Coccoliths concentration (PIC) mmol.L−1

S1 Nitrate mmol.L−1

S2 Calcium mmol.L−1

Table 2

State variables for each of the 12 proposed models.

4 The coupled models (CI)

4.1 General formulation

In the CI class models, photosynthesis and calcification are coupled so that

the carbon assimilation for the coccoliths (C) and for the biomass (X) can be

represented as follows:

1−α
α
S2 + 1

α
D

µ(.)X
−→ 1−α

α
C +X (12)

where µ(.) represents the specific algal growth rate. The dot means that this

process is regulated by variables that will be precised in the following ses-

sion. The coupling between photosynthesis and calcification induces the same

expression µ(.)X for the kinetics of these two processes. The constant α rep-

resents the proportion of the total up taken DIC which is allocated to photo-

synthesis.
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Following the quota model viewpoint (Droop, 1968; Burmaster, 1979; Droop,

1983), we consider that growth and external NO3uptake are uncoupled. The

nitrogen mass transfer is thus given by:

S1
ρ(.)X
−→ N (13)

where N is the algal nitrogen and ρ(.) the external NO3 uptake rate.

The carbon exchange between the liquid and gaseous phases is described by

Henry’s law:

qC = KLa(CO2 −KHpCO2)

where KLa is the gas transfer rate, KH is Henry’s constant and pCO2 repre-

sents the partial pressure of carbon dioxide in the gaseous phase.

We can now straightforwardly (Bastin and Dochain, 1990; Bernard and G.Bastin,

2005) derive from the mass transfer equations (12) and (13) the mass balance

based model:

Ṡ1 = d(S1in − S1) − ρ(.)X (14)

Ḋ= d(Din −D) −
1

α
µ(.)X − qC (15)

Q̇= ρ(.) − µ(.)Q (16)

Ẋ =−dX + µ(.)X (17)

Ċ =−dC +
1 − α

α
µ(.)X (18)

Ṡ2 = d(S2in − S2) −
1 − α

α
µ(.)X (19)

Note that the equation for Q is obtained from Equation (15) combined with

the equation of N :

Ṅ = −dN + ρ(.)X

14



It is worth noting that this representation is valid whatever the real substrate

used for photosynthesis and calcification and whatever the dissolved inorganic

component driving photosynthesis and calcification. Now we need to provide

an analytical expression for the growth and uptake rates.

4.2 Kinetic modelling

To remain as general as possible in the formalisation of ρ(.) and µ(.), very

simple hypotheses are adopted. We assume that ρ(.) is an increasing function

of the NO3 concentration (S1), and that µ(.) is an increasing function of

both the internal nitrogen quota (Q) and the DIC species (Dp) selected for

its role in the regulation of growth and calcification. It must be emphasised,

at this level, that the qualitative analysis presented later on, to determine the

qualitative response to a pCO2 increase, remains valid for any functions ρ(S1)

and µ(Q,Dp) with the considered properties.

Nevertheless, in order to compute the range of variations and to compare sim-

ulations with data, we will use the Michaelis-Menten expression to represent

the NO3 uptake rate (Dugdale, 1967), ρ(S1) = ρmS1/(S1 +kN), where ρm and

kN are the maximum uptake rate and the half-saturation constant, respec-

tively. Based on the Droop model (Droop, 1968, 1983), the net growth rate

may be written as:

µ(Q,Dp) = µ̄(1 −
kQ
Q

)
Dp

Dp+ kDp
−R (20)

where kQ, µ̄ and kDp are respectively the subsistence internal quota, the hypo-

thetical maximum growth rate and the half-saturation constant for the cho-

sen regulating carbon species, and R the respiration rate (supposed to be

constant).

15



4.3 Model equations

The following differential system synthesises the previous developments for a

regulating species Dp.

Ṡ1 = d(S1in − S1) − ρ(S1)X (21)

Q̇= ρ(S1) − µ(Q,Dp)Q (22)

Ẋ =−dX + µ(Q,Dp)X (23)

Ċ =−dC +
1 − α

α
µ(Q,Dp)X (24)

Ḋ= d(Din −D) −
1

α
µ(Q,Dp)X −KLa(ψ(S2, D) −KHpCO2) (25)

Ṡ2 = d(S2in − S2) −
1 − α

α
µ(Q,Dp)X (26)

The 3 models of the CI class, named CI-HCO−
3 , CI-CO2 , CI-CO2−

3 differ

only by the inorganic carbon component Dp controlling photosynthesis and

calcification.

Remark: for very high values of the transfer coefficient KLa, compared to the

terms related to chemostat hydraulics (d(Din − D)) and to biological activ-

ity ( 1
α
µ(Q,Dp)X), Equation (25) shows that D will rapidly reach its pseudo

steady-state corresponding to CO∗
2 = KHpCO2. The carbonate system is then

mainly constrained by the applied pCO2. The high bubbling flow rate in the

chemostat experiments guaranty a high KLa : in the sequel we will apply this

classical hypothesis for the mathematical analysis of the model.

4.4 Carbon assimilation rate

The carbon assimilation rate by photosynthesis [resp. by calcification] will be

named Φp [resp. Φc] and called rate of photosynthesis [resp. of calcification]

for short. For the CI class models, the coupled uptake and use of DIC for
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photosynthesis and calcification is expressed by the following equation:

Φc =
1 − α

α
µ(Q,Dp)X, Φp = µ(Q,Dp)X (27)

The total carbon assimilation rate is denoted Φ = Φc + Φp = 1
α
µ(Q,Dp)X.

The total specific carbon assimilation rate (Φ), is thus:

Φ =
1

α
µ(Q,Dp) (28)

5 The uncoupled models

5.1 General formulation

This class of models supposes that calcification and photosynthesis are uncou-

pled, so that incorporation of inorganic carbon follows two different metabolic

pathways:

D
µ(.)X
−→ X

S2 +D
σ(.)X
−→ C

(29)

where µ(.) and σ(.) are the rate of photosynthesis and calcification, respec-

tively. The process of nitrogen uptake is still assumed to be independent from

carbon assimilation and follows thus reaction 13.

5.2 Kinetic description

The rate of photosynthesis, µ(Q,Dp), is an increasing function of both the

internal nitrogen quota and the regulating species Dp. Calcification is assumed

to be an increasing function σ(.) of the calcification regulating species Dc.
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As it will be discussed in the sequel, the qualitative response to a pCO2 in-

crease is, as for the CI class models, independent of the mathematical form

chosen for σ(Dc) and µ(Q,Dp), and of the parameter values (except in par-

ticular cases, mentioned below).

In order to quantify the variation range, we will consider that photosynthe-

sis is expressed, as in the CI class models, by expression (20), and that the

calcification rate is an increasing function of the variable Dc:

σ(Dc) = σm
Dc

Dc+ kDc

5.3 Model equations

The following equations give the structure adopted for the UI class models :

Ṡ1 = d(S1in − S1) − ρ(S1)X (30)

Q̇= ρ(S1) − µ(Q,Dp)Q (31)

Ẋ =−dX + µ(Q,Dp)X (32)

Ċ =−dC + σ(Dc)X (33)

Ḋ= d(Din −D) − µ(Q,Dp)X − σ(Dc)X −KLa(ψ(S2, D) −KHpCO2) (34)

Ṡ2 = d(S2in − S2) − σ(Dc)X (35)

There are 9 possible combinations for Dp and Dc for this equation system,

depending on the regulating carbon species for calcification and photosynthesis

among CO2 ,HCO−
3 and CO2−

3 . For example, in the model denoted UI-HCO−
3 -

CO2. Dp = HCO−
3 and Dc = CO2

Remark: as for the CI models, for very high values of the transfer coefficient

KLa, the terms related to chemostat hydraulics and to biological activity can

be neglected in Equation (34) therefore leading to CO∗
2 = KHpCO2. The

carbonate system is then mainly constrained by the applied pCO2.
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5.4 carbon assimilation

In this model, carbon assimilation rates for photosynthesis and calcification

can be different:

Φp = µ(Q,Dp)X and Φc = σ(Dc)X (36)

And the total rate of carbon assimilation per biomass unit is thus:

Φ = µ(Q,Dp) + σ(Dc) (37)

6 Study of the qualitative response of the models set

6.1 Introduction

In order to determine which regulation mechanism is the most appropriate,

we will assess the qualitative model consistency with respect to experimental

observations. Hence we will study the behaviour for both classes of models

(coupled or uncoupled) and for all the considered potential regulating species.

This analysis is to be performed in the framework of general (increasing)

functions µ(.), ρ(.) and σ(.), and it is therefore independent of the parameter

values (except in particular cases that will be mentioned) and will provide a

diagnosis on the model adequacy. This analysis, performed at steady-state, will

mainly consist in determining the evolution of the equilibrium of the model

when the CO2 partial pressure is increased. In other terms, if x∗i is a state

variable of a given model at equilibrium (steady-state will be marked with ∗),

we will investigate the sign of
∂x∗

i

∂pCO2
.

At steady-state, the state variables of any model in the considered set verify:

Ṡ1 = Ḋ = Ẋ = Ċ = Q̇ = Ṡ2 = 0 (38)
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In the sequel, we will use these equations to determine the effect of an increase

in pCO2 on the system. We will first derive some general properties that are

valid for any of the 12 considered models. Then we will separately consider

the CI and the UI models.

6.2 Qualitative properties of S1, X and Q for the UI and CI models

It is worth noting that the equations for S1, X and Q are the same for the

two sets of models. This remark leads to the following property:

Property 1 For any UI or CI model where photosynthesis is controlled by

Dp, we have:

•
∂Q∗

∂Dp∗
< 0 (39)

•
∂X∗

∂Dp∗
> 0 (40)

•
∂S∗

1

∂Dp∗
< 0 (41)

Proof: With the biomass equations (23) or (32) we get:

µ(Q∗, Dp∗) = d (42)

By differentiating this equation with respect to Dp, we obtain:

∂µ

∂Q∗

∂Q∗

∂Dp∗
+

∂µ

∂Dp∗
= 0 (43)

Since µ is an increasing function of both Q and Dp, we end up with Equation

(39).

Combining equations (30) to (32), we have:

S∗
1 +Q∗X∗ = S1in (44)
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Since in standard chemostat experiments NO3 is limiting, we have S⋆1 <<

S1in, it follows that X∗ ≃ S1in

Q∗ , leading thus to (40).

Finally from equation (21) or (30), we get

∂S∗
1

∂Dp∗
(
dρ

dS1
X∗ + d) = −ρ(S1)

∂X∗

∂Dp∗
< 0 (45)

and then we obtain (41).

Note that this analytical principal will be used along the paper, but for lighten-

ing purpose the other technical demonstrations will be detailled in appendices.

6.3 Qualitative properties of the CI models for C, S2 and D

Property 2 For any CI model where photosynthesis and calcification are con-

trolled by Dp, we have:

•
∂C∗

∂Dp∗
> 0 (46)

•
∂(C∗/X∗)

∂Dp∗
= 0 (47)

•
∂S∗

2

∂Dp∗
< 0 (48)

Finally, for Dp 6= CO2−
3 , we have ∂D∗

∂Dp∗
> 0 and ∂CO2∗

∂Dp∗
> 0. For Dp=CO2−

3 , we

have ∂D∗

∂Dp∗
< 0 and ∂CO2∗

∂Dp∗
< 0.

Moreover, in all the cases ∂D∗

∂CO2∗
> 0.

Proof: Note first, that from equations (23) and (24), biomass and coccoliths

are correlated:

C∗ =
1 − α

α
X∗ (49)
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Moreover, from equation (26), we have

S2in − S∗
2 =

1 − α

α
X∗ (50)

These two equations combined with (40) lead to (47) and (48).

Now let us compute now the sign of ∂CO2∗
∂Dp∗

and ∂CO2∗
∂D∗ . Note first that when the

biological activity is negligible, the standard and well-known properties of sea

water (Zeebe and Wolf-Gladrow, 2003) straightforwardly lead to: ∂CO2

∂HCO−
3

> 0,

∂CO2

∂CO2−
3

< 0 and ∂CO2

∂D
> 0. However due to biological activity these relationships

are not straightforward anymore, notably for high biomass concentrations.

The rest of the proof is developed in Appendix B.

6.4 Response of the carbon assimilation rate for the CI models

Property 3 The photosynthesis (Φp) and calcification (Φc) rates are increas-

ing functions of pCO2 for models CI-HCO−
3 and CI-CO2. They are decreasing

for CI-CO2−
3 . The total carbon incorporation rate per biomass unit remains

constant despite the change in pCO2.

Proof: The total carbon incorporation at equilibrium can be computed for

all the CI models from (28):

Φ∗ =
1

α
dX∗ =

1

α
Φ∗
p =

1

1 − α
Φ∗
c (51)

Therefore, the evolutions of Φ∗, Φ∗
p and Φ∗

c follow the evolution of X∗.
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6.5 Study of the qualitative properties of the UI models for C, S2 and D

Property 4 For any UI model where photosynthesis and calcification are con-

trolled respectively by Dp and Dc, we have:

•
∂C∗

∂Dc∗
= −

∂S∗
2

∂Dc∗
(52)

•
∂(C∗/X∗)

∂Dc∗
> 0 (53)

• For models UI-HCO−
3 -CO2−

3 , UI-CO2 -CO2−
3 UI-CO2−

3 -HCO−
3 and UI-CO2−

3 -

CO2−
3 we have

∂S∗
2

∂CO∗
2

> 0 otherwise
∂S∗

2

∂CO∗
2

< 0. Finally, in all the cases

∂D∗

∂CO∗
2

> 0.

Note that the last point of this property is straightforward for low biomass

concentrations (Zeebe and Wolf-Gladrow, 2003).

Proof: Let us first remark that from (35) and (33) we get:

C∗ + S∗
2 = S∗

2in

this provides equation (52). From equation (33), it follows:

C =
X

d
σ(Dc) (54)

This leads to (53).

The rest of the proof is detailled in Appendix C.

6.6 Response of the carbon incorporation rate for the UI models

Property 5 The total carbon incorporation rate (Φ), the photosynthesis (Φp)

and calcification (Φc) rates are increasing functions of pCO2 for all the models

where CO2−
3 does not intervene as a regulating species. For models where CO2−

3
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is a regulating species, Φ decreases. These results are generic except for models

UI-HCO−
3 -CO2−

3 , UI-CO2-CO2−
3 and UI-CO2−

3 -CO2 where parameter values

have been used for the Φ predictions.

The specific photosynthesis rate is constant whereas the calcification rate de-

creases for Dc=CO2−
3 and increases in the other cases.

Proof: The carbon incorporation rates at equilibrium can be computed from

(36):

Φ∗
p = dX∗, Φ∗

c = dC∗ (55)

They have the same trend as X∗ and C∗ respectively.

For the total incorporation rate Φ∗ = d(X∗ + C∗), we can directly conclude

when X∗ and C∗ have the same trend, i.e. when ∂Dp∗

∂Dc∗
> 0. For the three cases

UI-HCO−
3 -CO2−

3 , UI-CO2-CO2−
3 and UI-CO2−

3 -CO2 this result was obtained

from a numerical computation.

Remark: The photosynthesis to calcification ratio
Φ∗

p

Φ∗
c

has the same response

to pCO2 as X∗

C∗ .

6.7 Summary

It is now possible to summarise the qualitative behaviour for each state vari-

able in response to increased pCO2. Table 3 presents this evolution for the 12

considered models, depending on the carbon compounds driving the process.

We may emphasise on the fact that these results have been deduced mainly

from qualitative arguments that do not depend on parameter values, and as

such they are very insensitive to modelling options. Parameter ranges were

considered to deal with high biomass concentrations where intuition for the

prediction of the carbonate system could be contradicted. However it is shown
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that in the considered experimental conditions the “classical” evolution of the

carbonate system is still valid (i.e. ∂CO2

∂HCO−
3

> 0, ∂CO2

∂CO2−
3

< 0 and ∂CO2

∂D
> 0).

CI UI

HCO
−

3
CO2 CO

2−

3
HCO

−

3
HCO

−

3
HCO

−

3
CO2 CO2 CO2 CO

2−

3
CO

2−

3
CO

2−

3

HCO
−

3
CO2 CO

2−

3
HCO

−

3
CO2 CO

2−

3
HCO

−

3
CO2 CO

2−

3

D∗ ր ր∗ ր ր ր∗ ր∗ ր∗ ր ր∗ ր∗ ր∗ ր

Dp∗ ր ր ց ր ր∗ ր∗ ր ր ր ց∗ ց∗ ց

Dc∗ ր ր ց ր ր ց∗ ր∗ ր ց∗ ր∗ ր ց

X∗ ր ր ց ր ր ր ր ր ր ց ց ց

Q∗ ց ց ր ց ց ց ց ց ց ր ր ր

S∗

1
ց ց ր ց ց ց ց ց ց ր ր ր

C∗ ր ր ց ր ր ց ր ր ց ց ր ց

S∗

2
ց ց ր ց ց∗ ր∗ ց∗ ց ր∗ ր∗ ց∗ ր

C∗

X∗
→ → → ր ր ց ր ր ց ր ր ց

pH∗ ց ց ց ց ց ց ց ց ց ց ց ց

CA ց ց ր ց ց ր ց ց ր ր ց ր

TA ց ց ր ց ց ր ց ց ր ր ց ր

Φ∗ ր ր ց ր ր ց∗ ր ր ց∗ ց ց∗ ց

Φ∗

p ր ր ց ր ր ր ր ր ր ց ց ց

Φ∗

c ր ր ց ր ր ց ր ր ց ց ր ց

Φ
∗

p

Φ∗

c
→ → → ց ց ր ց ց ր ց ց ր

Table 3

Qualitative variations of the state variables at steady-state after an elevation of

pCO2 for the 12 considered models. Symbol ∗ means that interval based numerical

estimations were performed to conclude.

7 Model calibration

In this section we briefly describe how the parameter values have been ob-

tained. Parameter KH has been taken from the literature (Zeebe and Wolf-

Gladrow, 2003). Parameters µ̄, kQ, ρm and kN were estimated from batch ex-

periments where nitrate uptake and biomass were simultaneously measured.

Parameter α was computed from the fraction of biomass and coccoliths at

steady state (see Equation (49)), and parameter σm was derived from Equa-

tion (54). The respiration rate has been neglected (R = 0). Finally, param-
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eters kDp, kDc and KLa were obtained using a least square approach, where

distance between simulations and measured data were minimised using the

Matlab fmins function, based on a simplex search method (Lagarias et al.

(1998)).

Finally, the parameter values and units are presented in Table 4 for the 12

considered models.

Parameters Values Units

d 0 to 0.5 d−1

S1in 12.5 µmolN.L−1

Din 2.29 mmolC.L−1

KLa 1.75 d−1

ρm 100.19 µmolN.mmolC−1.d−1

kS1
0.038 µmolN.L−1

K1 1.392 10−6 mmol.L−1

K2 1.189 10−9 mmol.L−1

KH 36.7 mmolCO2.L
−1.µatm

λ -17.313 mmol.L−1

λ0 0.0863 mmol.L−1

Table 4

Estimates of the model parameters for model UI-CO2−
3 -HCO−

3 .
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Parameters HCO−
3 CO2−

3 CO2 pH Units

kDp 1.65 0.16 0.015 1.5 10−8 µmolC.L−1

kDc 1.65 0.12 0.015 1.5 10−8 µmolC.L−1

kQ 34.4 28.2 61.03 34.4 µmolN.mmolC−1

µ̄ 2.22 1.61 5.62 1.78 d−1

σm 0.83 0.83 0.8 0.8 d−1

Table 5

Parameters used to fit the model to the data.

8 Numerical simulations

Note first that from the previous qualitative analysis it is possible to stipulate

which model can explain the observed response with respect to pCO2 increase.

However, before discussing this point, we first analyse the ability of all the

models to lie in a reasonable range of the data.

The simulation were performed over 42 days. The first 18 days were necessary

to ensure that a steady-state had been reached for each variable. The partial

pressure of carbon dioxide (pCO2) was then instantly doubled (360 µatm

to 700 µatm), with increase of bubbling (corresponding to a strong increase

in KLa) during 30 minutes, and the numerical behaviour of the system was

observed for the further 16 days. In Figures 2, 3 and 4 model simulations are

compared to experimental data.

The model-computed evolution of nitrate fits the data very well for any of the

considered models. In each case, the predicted model values and the exper-

imental data (Figure 2) show a rapid decrease in nitrate concentration over

the first 3 days. For the remaining simulation period, the nitrate concentra-

tions stay at a very low level (below the detection threshold). No change is

27



−20 −10 0 10
0

5

10

15

N
O

3−  (
µ 

m
ol

 N
.L

−
1 )

−20 −10 0 10
0

1

2

3

T
A

 (
m

m
ol

.L
−

1 )

−20 −10 0 10
0

0.1

0.2

0.3

0.4

P
O

C
 (

m
m

ol
 C

.L−
1 )

days
−20 −10 0 10

0

0.1

0.2

0.3

0.4

P
IC

 (
m

m
ol

 C
aC

O 3.L
−

1 )

days

Fig. 2. Comparison between models CI-CO2−
3 (—), UI-CO2−

3 -HCO−
3 (- · -) and data

for POC (X), PIC (C) Nitrate (S1) and TA. Organic carbon is simultaneously

estimated by biovolume (light grey points).

detectable after the doubling of pCO2.

The evolution of the carbonate system (Figure 3) is accurately predicted by

the models for all the considered models. The increase in the simulated DIC

in response to the pCO2 elevation is well reproduced.

As expected, in the simulations where the photosynthesis controlling species

is CO2−
3 , the evolution of the biomass and calcium carbonate (Figure 2) is

quantitatively consistent with the data.
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Fig. 3. Comparison between models CI-CO2−
3 (—), UI-CO2−

3 -HCO−
3 (- · -) and data

for the DIC species.
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9 Discussion

The first outcome of this study is that the models where HCO−
3 would straight-

forwardly drive photosynthesis and calcification (model CI-HCO−
3 or UI-HCO−

3 -
29



HCO−
3 ) predict increases of POC and PIC as well as calcification and pho-

tosynthesis rates; this is contradicted by the experiment. In the same way,

model UI-CO2 -HCO−
3 predicts an opposite response. Indeed, all the models

where only species CO2 and/or HCO−
3 are involved have predictions that are

contrary to experimental evidence. It is noteworthy that these 6 models have

exactly the same qualitative behaviour. The only difference between the two

groups is their C/X predictions (constant for the CI models and increasing

for the UI models), and their photosynthesis to calcification ratio (constant

for the CI models and decreasing for the UI models). It therefore follows that

CO2−
3 is required in the model to explain the experimental observations.

This result can be straightforwardly explained by a simple argument based on

the growth rate. We base this reasoning on the assumption that the growth rate

(or photosynthesis rate) is an increasing function of both the internal quota

and a controlling inorganic carbon compound. The experimentally observed

biomass decrease induced by the shift of pCO2 leads to an increase in the

internal quota (since particulate nitrogen stays constant). Now if we keep in

mind that, under chemostat steady state, the growth rate is constant (and

equals d the dilution rate), this implies that the increase in internal quota

must be compensated by a decrease of the controlling variable in order to

maintain a constant growth rate. The only variable to decrease in response to

the shift in the bicarbonate system is CO2−
3 . It therefore explains why only

this model is in agreement with the experiments.

Among the considered models, only the models where CO2−
3 regulates photo-

synthesis are compatible with the experimental decrease of POC and PIC.

The 3 remaining models only differ by their predictions of the PIC over POC

ratio and photosynthesis over calcification ratio: C/X and Φ∗
c/Φ

∗
p increase for

model UI-CO2−
3 -HCO−

3 , they are constant for model CI-CO2−
3 while they de-

crease for UI-CO2−
3 -CO2−

3 . The slight observed experimental increase of the

PIC over POC ratio (see Table 1) is not significant and cannot be used to select
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one of these 3 models. Note however that if another experiment could validate

a significant increase of this ratio, the most appropriate model would be UI-

CO2−
3 -HCO−

3 , where photosynthesis is regulated by CO2−
3 and calcification by

HCO−
3 .

It is important to note that the considered experimental results differ from

those of Riebesell et al. (2000) and Zondervan et al. (2002) which were obtained

in unlimited growth conditions (a decrease of C/X was observed).

At this point, if pH is considered as a possible regulating factor, it can also

be proved that it induces the same effects. A direct effect of the pH has been

recently demonstrated in Hansen et al. (2007) for dinoflagellates. It has also

be recently theorised in Cai et al. (2006).

However pH has a global effect on metabolism and often impacts the physico

chemical equilibria. Figures 5 and 6 demonstrate that a 13th model where pH

regulates photosynthesis produces a similar behaviour to the models based on

CO2−
3 regulation. For this simulation µ(Q, pH) is computed as follows:

µ(Q, pH) = µ̄(1 −
kQ
Q

)
kH

10−pH + kH
(56)

The multimodel analysis therefore leads to the conclusion that, in the model,

CO2−
3 must be implicated in the photosynthesis regulation. This conclusion

is surprising and is not clearly supported by any experimental evidence. As

previously discussed, the conclusions would have been identical if pH was

considered as a regulating factor. Once again, this would however be contrary

to the conclusion of Buitenhuis et al. (1999) which, nevertheless, was not

obtained from chemostat cultures.

The main conclusion of our study is that CO2−
3 may play a key role for coc-

colithophores. This hypothesis has been also raised in a recent paper Merico

et al. (2006), where the authors state that the condition of high CO2−
3 can be
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considered a crucial ecological factor for the success of E. huxleyi.
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Fig. 5. Comparison between model CI-pH (—), and data for POC (X), PIC (C)

Nitrate (S1) and TA. Organic carbon is simultaneously estimated by biovolume

(light grey points)

An other important point in this study is the fact that the carbonate system

behaviour is much more complex than in the classical situation of sea water

with lower biological activity. Indeed, simultaneous consumption of inorganic

carbon that tends to increase pH, together with uptake of alkalinity (through

calcium) that tends to decrease pH, make the classical intuition for the car-

bonate system irrelevant. The only way to tackle such a complex system is to

consider the complete seawater model, i.e. taking into account the biomass ef-

fect. This direct effect can have a strong impact in chemostat experiments, but

it can also bias the predictions in the natural environment. Indeed, even if the

in situ biomass concentrations during bloom periods are in a range of 2 order

lower than in the chemostat, a low transfer coefficient KLa may locally make

the term µ(.)X+σ(.)X not negligible compared to KLa(CO2−KHpCO2). Fi-
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Fig. 6. Comparison between model CI-pH and data for the DIC species.
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Fig. 7. Applied pCO2 and comparison between model CI-pH and data for pH.

nally the actual CO2 concentration cannot be evaluated as CO†
2 = KHpCO2,

its expression (assuming steady state of D) is:

CO2 = KHpCO2 −
µ(.)X + σ(.)X

KLa

This contributes to lower the true dissolved CO2 , hence generating conditions
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that are more propitious for growth and calcification. On the contrary, for

very low biomass concentrations, the CO2 concentration can be approximated

by the KHpCO2 whose value will rise with atmospheric CO2 accumulation.

The expected issue is an instability of the system: coccolithophorid blooms

will be longer to initialise, but will then lead to larger blooms with massive

carbon uptake. To be more quantitative, the next step would then consist in

implementing one of the developed models (i.e. based on pH regulation) in

order to quantify the magnitude of this phenomenon.

10 Conclusion

In this study we have investigated the coupled effect of a nitrogen limitation

and of a pCO2 increase. We have proposed 12 models of the production and cal-

cification rates of E.huxleyi based on several possible regulation mechanisms.

These models are generic since they only rely on qualitative hypotheses. The

only possible set of models that can explain both a decrease of calcification

and of photosynthesis are those where photosynthesis is regulated by CO2−
3 .

This is not supported by classical hypotheses, even when stated on the basis of

nitrogen unlimited cultures. However this conclusion is consistent with Merico

et al. (2006) who state that the condition of high CO2−
3 can be considered a

crucial ecological factor for the success of E. huxleyi.

An alternative model with pH regulation has been proposed. This model,

although it does not explain the underlying mechanisms, correctly predicts

the system response to pCO2 increase. It could therefore be used for in situ

predictions of photosynthesis and calcification.

Finally, this work illustrates the relevance of the generic multimodel approach

to highlight, among a set of hypotheses, those which are compatible with

experimental observation, and those who cannot explain the experimental re-
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sults.
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Bernard, O., Gouzé, J.-L., 2002. Global qualitative behavior of a class of non-

linear biological systems: application to the qualitative validation of phyto-

plankton growth models. Artif. Intel. 136, 29–59.

Bernard, O., Malara, G., Sciandra, A., 1996. The effects of a controlled fluctu-

ating nutrient environment on continuous cultures of phytoplankton moni-

tored by a computer. J. Exp. Mar. Biol. Ecol (197), 263–278.

Berry, L., Taylor, A. R., Lucken, U., Ryan, K. P., Brownlee, C., 2002. Calci-

fication and inorganic carbon acquisition in coccolithophores. Funct Plant

Biol 29, 1–11.

Buitenhuis, E. T., de Baar, H. J. W., Veldhuis, M. J. V., 1999. Photosynthesis

and calcification by emiliania huxleyi (prymnesiophyceae) as a function of

35



inorganic carbon species. J Phycol 35, 949–959.

Burmaster, D. E., 1979. The unsteady continuous culture of phosphate-limited

Monochrysis lutheri Droop: experimental and theoritical analysis. J. Exp.

Mar. Biol. Ecol. 39 (2), 167–186.

Cai, T. T., Montague, C. L., Davis, J. S., 2006. The maximum power principle:

An empirical investigation. Ecol. Modelling 190, 317–335.

Droop, M. R., 1968. Vitamin B12 and marine ecology. IV. the kinetics of

uptake growth and inhibition in Monochrysis lutheri. J. Mar. Biol. Assoc.

48 (3), 689–733.

Droop, M. R., 1983. 25 years of algal growth kinetics, a personal view. Botanica

marina 16, 99–112.

Dugdale, R. C., 1967. Nutrient limitation in the sea: dynamics, identification

and significance. Limnol. Oceanogr. 12, 685–695.

Falkowski, P. G., 1997. Evolution of the nitrogen cycle and its influence on

the biological sequestration of co2 in the ocean. Nature 327, 242–244.

Frankignoulle, M., Canon, C., Gattuso, J. P., 1994. Marine calcification as a

source of carbon dioxide: positive feedback of increasing atmospheric co2.

Limnol Oceanogr 39, 458–462.

Hansen, P. J., Lundholm, N., Rost, B., 2007. Growth limitation in marine red-

tide dinoflagellates: effects of ph versus inorganic carbon availability. Mar.

Ecol. Prog. Ser. 63-71 (334), 2007.

Houghton, J. T., J., J. G., J., E. J., 1996. Climate Change 1995, The Science

of Climate Change. Cambridge University Press.

Klepper, O., de Haan, B. J., van Huet, H., 1994. Biochemical feedbacks in the

oceanic carbon cycle. Ecol. Modelling 75, 459–469.

Lagarias, J. C., Reeds, J. A., Wright, M. H., Wright, P. E., 1998. Convergence

properties of the nelder-mead simplex method in low dimensions. SIAM

Journal of Optimization 1, 111–147.

Le Floc’h, E., Malara, G., Sciandra, A., 2002. An automatic device for in vivo

absorption spectra acquisition in phytoplanktonic cultures: application to

36



the study of photoadaptation to light and nutrient variations. J. Applied

Phycol. 14, 435–444.

Merico, A., Tyrrell, T., Cokacar, T., 2006. Is there any relationship between

phytoplankton seasonal dynamics and the carbonate system? J. Mar. Syst.

59, 120–142.

Mukherjee, B., Pandey, P. N., Singh, S. N., 2002. Mathematical modelling

and system analysis of inorganic carbon in the aquatic environment. Ecol.

Modelling 152, 129–143.

Nimer, N. A., Merrett, M. J., 1996. The development of a co2-concentrating

mechanism in emiliania huxleyi. New Phytol 133, 387–389.

Paasche, E., 1968. A tracer study of the inorganic carbon uptake during coccol-

ith formation and photosynthesis in the coccolithophorid coccolithus huxleyi.

Physiol Plant 3, 1–82.

Paasche, E., 2002. A review of the coccolithophorid emiliania huxleyi (prym-

nesiophyceae), with particular reference to growth, coccolith formation, and

calcification-photosynthesis interaction. Phycologia 40, 503–529.

Riebesell, U., Zondervan, I., Rost, B., Tortell, P., Zeebe, R. E., Morel, F.

M. M., 2000. Reduced calcification of marine plankton in response to in-

creased atmospheric co2. Nature 407, 364–367.

Rost, B., Riebesell, U., Burkhardt, S., Sultemeyer, D., 2003. Carbon acquisi-

tion of bloom-forming marine phytoplankton. Limnol Oceanogr 48, 44–67.

Rost, B., Riebesell, U., Sultemeyer, D., 2006. Carbon acquisition of marine

phytoplankton: Effect of photoperiod length. Limnol Oceanogr 51, 12–20.
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APPENDIX A: pH computation considering borate effect

Let us denote by BT the total Bohr concentration, the contribution of borate

to alkalinity is therefore:

λ0 =
KB

KB + h
BT

We can thus compute the fraction r = D
CA

= h+K2+h2/K1

h+2K2
, and we get:

h+K2 + h2/K1

h+ 2K2

−
D

λ + 2S2 −
KB

KB+h
BT + h−KH2O/h

= 0

Knowing S2, D and λ this provides the 4th order polynomial equation for

h that must be solved. In practice this equation is solved as a minimisation

problem initialised with the solution provided by equation (9).

This more accurate computation provides however results very close to the

ones obtained with equation (9).

APPENDIX B: proof of Property 2

The computation of ∂CO2∗
∂Dp∗

is trivial for Dp=CO2 . For Dp=HCO−
3 , figure 8

illustrates the fact that CO2 , computed from equation (10) is an increasing

function ofHCO−
3 and a decreasing function of S2:CO2 = ψCO2−HCO

−
3
(HCO−

3 , S2).

Note that this is valid for the simplified computation or for the one integrating

borate effects developed in Appendix A. As a consequence

∂CO2∗

∂Dp∗
=
∂ψCO2−HCO

−
3

∂Dp∗
+
∂ψCO2−HCO

−
3

∂S∗
2

∂S∗
2

∂Dp∗

is positive since
∂S∗

2

∂Dp∗
< 0.
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Now for Dp=CO2−
3 , it can be checked (Figure 8) that, in the considered pH

range, CO2 is a decreasing function of CO2−
3 and an increasing function of S2:

CO2 = ψCO2−CO
2−
3

(CO2−
3 , S2).

Fig. 8. Evolution of functions ψCO2−CO
2−
3

(CO2−
3 , S2) and ψCO2−HCO

−
3
(HCO−

3 , S2).

As a consequence,
∂ψ

CO2−CO
2−
3

∂CO2−∗
3

+
∂ψ

CO2−CO
2−
3

∂S2∗

∂S∗
2

∂CO2−∗
3

< 0.

Now let us examine the sign of ∂D∗
∂Dp∗

. When Dp =CO2−
3 we consider the in-

creasing function ψD−CO2
such that D = ψD−CO2

(CO2, S2). We have then

∂D∗

∂CO∗
2

=
∂ψD−CO2

∂CO2
+
∂ψD−CO2

∂S2

∂S2

∂D∗
p

∂D∗
p

∂CO∗
2

Since ∂S2

∂D∗
p
< 0 and

∂D∗
p

∂CO∗
2

< 0 it shows that ∂D∗

∂CO∗
2

> 0.

When Dp =CO2 we consider function D = ψ4(CO2, S2). We have thus:

∂D∗

∂CO∗
2

=
∂ψ4

∂CO2

+
∂ψ4

∂S2

∂S2

∂CO∗
2

In this case, a numerical evaluation is necessary. ∂D∗

∂CO∗
2

has been computed

using the analytical expression of ∂S2

∂CO∗
2

and the numerical values of ∂ψ4

∂CO2
and

∂ψ4

∂S2
. These calculations have been done 200 times for different combinations

of parameter values, considering possible variations of ±10% of the parameter
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nominal values (as presented in Tables 4 and 5). The range of variations for

a ±10% variation of the parameters leads to ∂D∗

∂CO∗
2
∈ [7.7 17.1] which is thus

positive.

The same method is applied whenDp =HCO−
3 usingD = ψD−HCO−

3
(HCO−

3 , S2),

and shows that ∂D∗

∂HCO−∗
3

∈ [0.61 1.57] which is thus positive.

APPENDIX C: proof of Property 4

To demonstrate the last point we use equation (42). At steady state S⋆1 <<

S1in, we can thus rewrite this equation as:

µa(
S1in

X∗
)µb(Dp

∗) = d (57)

This equation can be used to derive the expression of X∗ from Dp∗: X∗ =

ω(Dp∗), where ω(Dp∗) is obviously an increasing function.

Note that for the numerical computations, the function ω associated to the

Droop model can be computed as follows:

ω(Dp) =
S1in

kQ
[1 −

d+R

µ̄
(1 +

kDp
Dp

)] (58)

S2 can be related to Dp∗ and Dc∗ using S∗
2in − S∗

2 = X∗

d
σ(Dc∗) it yields:

S∗
2 = S∗

2in −
1

d
ω(Dp∗)σ(Dc∗) (59)

The proof of the last statement of Property 4, is detailed in the sequel, con-

sidering successively 2 main cases. The proof is based on a semi-quantitative

study of the signs of
∂S∗

2

∂Dp∗
and ∂Dc∗

∂Dp∗
(see Table 6).

1- let us first assume that Dp = Dc. Equation (59) where ω and σ are both

increasing, straightforwardly demonstrates that
∂S∗

2

∂Dc∗
< 0.
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Model A1 A2 B1 B2
∂S2

∂Dp∗
∂Dc∗

∂Dp∗
∂S2

∂CO∗
2

UI-CO2 -CO2−
3 + - [-38.2 -2.72] + + - +

UI-HCO−
3 -CO2−

3 + - [-13.0 -5.3] + + - +

UI-CO2−
3 -CO2 + - [-4.6 -1.35] + + - -

UI-CO2−
3 -HCO−

3 + - [-0.22 -0.092] + - - +

UI-CO2 -HCO−
3 + + + [-0.38 -0.042] - + -

UI-HCO−
3 -CO2 [-4.2 -1.81].10−3 + + + - + -

Table 6

Qualitative or semi-quantitative study of the signs of ∂Dc∗

∂Dp∗ and ∂S2

∂CO∗
2

If Dc =CO2 it directly gives
∂S∗

2

∂CO∗
2

< 0.

If Dc =CO2−
3 , since CO2 is an increasing function of S2 and a decreasing

function of CO2−
3 : CO2 = ψCO2−CO

2−
3

(CO2−
3 , S2), we have

∂CO∗
2

∂S∗
2

=
∂ψCO2−CO

2−
3

∂Dc

∂Dc

∂S2

+
∂ψCO2−CO

2−
3

∂S∗
2

> 0

Finally when Dc =HCO−
3 , since ψCO2−HCO

−
3

is an increasing function of

HCO−
3 and a decreasing function of S2, it gives

∂CO∗
2

∂S∗
2
< 0.

To conclude the proof, D can be expressed as an increasing function of S2 and

CO2 , which leads to:

∂D

∂CO2

=
∂ψ

∂CO2

+
∂ψ

∂S2

∂S2

∂CO2

For the cases where ∂S2

∂CO2
> 0, we get directly ∂D

∂CO2
> 0, in the other cases a

numerical computation shows that this result is always true.

2- In order to simplify the notations let us denote by ψcp the function relating

Dc∗ to S∗
2 and Dp∗ : Dc∗ = ψcp(Dp

∗, S∗
2)
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Now we can differentiate this expression with respect to Dp∗:

∂Dc∗

∂Dp∗
=

∂ψcp
∂Dp∗

+
∂ψcp
∂S∗

2

∂S∗
2

∂Dp∗
(60)

The term ∂S2

∂Dp∗
can be computed using expression (59):

∂S2

∂Dp∗
= −

1

d
ω′(Dp∗)σ(Dc∗) −

1

d
X∗σ′(Dc∗)

∂Dc

∂Dp
(61)

Combining this expression with equation (60) it gives:

∂S2

∂Dp∗

[

1 +
1

d
X∗σ′(Dc∗)

∂ψcp
∂S2

]

=

−
1

d
ω′(Dp∗)σ(Dc∗) −

σ′(Dc∗)X∗

d

∂ψcp
∂Dp

(62)

and

∂Dc∗

∂Dp∗

[

1 +
σ′(Dc)X∗

d

∂ψcp
∂S2

]

= −
∂ψcp
∂S2

σ(Dc)ω′(Dp)

d
+
∂ψcp
∂Dp

(63)

To conclude we need to study the signs of the quantities defined as follows:

A1 =
∂ψcp
∂S2

σ′(Dc)X∗

d
, A2 = X∗σ′(Dc∗)

∂ψcp
∂Dp

, B1 = A2/(σ(Dc∗)ω′(Dp∗))

and B2 = −
∂ψcp

∂S2
/∂ψcp

∂Dp
σ(Dc∗)ω′(Dp∗)

d
.

Note that the signs of A1, A2, B1 and B2 are directly related to the partial

derivatives of ψcp.

Table 6 summarises the signs of A1, A2 and B1 associated to each model. In

the cases where it is not possible to conclude directly from generic arguments,

quantities A1, A2 or B1 are computed assuming a ±10% variation of the

parameters (200 different combinations of parameter values are considered)

and the ranges of variations are provided.
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For example, in the case when Dc or Dp is CO2−
3 , Dc = ψcp(Dp, S2) is an

increasing function of S2 and a decreasing function of Dp. As a consequence

(62) shows that A1 is positive and that the sign of ∂S2

∂Dp∗
is determined by the

term −A2(1 + 1/B1), whose sign is a priori unknown.

A numerical study of the ratio B1, considering various parameter values allows

to determine which term dominates in the sum.

In this case it is worth noting that CO2 = K1

K2

(HCO−
3

)2

CO2−
3

is an increasing function

of HCO−
3 and a decreasing function of CO2−

3 , which proves that
∂CO∗

2

∂CO2−∗
3

< 0

Now in the remaining cases where Dc orDp is CO2 , ψcp is an increasing

function of HCO−
3 , so that the right hand side of equation (62) is positive.

When Dc is CO2 a numerical computation is required since A1 < 0. When

Dp is CO2 , A1 > 0 and B1 > 0 such that R2 must be numerically evaluated

(see Table 6) to determine the sign of ∂Dc∗

∂Dp∗
.
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