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1 Introduction

Using “Rabbit and Hunter” as an example of a dynamic partial information game, we will present
some important features of strategies.

After a description of the game rules, which are particularly simple, we will explore two ways
of solving it. The first one which uses the normal form of the game, provides us with a rather
simple method to obtain solutions, but unfortunately, due to the exponential growth of the number
of strategies with the final time, we are inefficient to compute them. The second one introduces
“behavioral strategies”. We will first compare mixed strategies to behavioral strategies and then
we will restrict our interest to this last class of strategies in order to solve the game.

2 The game.

2.1 description

A poor rabbit is moving along an infinite discrete line Z. At each instant he can jump right or left.
[ is the maximal length of his motion. A bloodthirsty hunter shoots a bullet at every time, aiming
at a particular position of the line. The very important fact is that the bullet reaches the line two
or more time steps later (two in this paper). As a matter of fact, at each instant of the game one
bullet, or more, is flying to a position of the line ; The hunter knows this position, while the rabbit
lacks this information. Whatever happens, the game finishes at a fixed final time 7". The hunter’s
wish is to maximize the probability to hit the rabbit while, for some reason, the rabbit wishes to
minimize it.

We also studied a second version of the game in which the hunter wants to maximize the number
of bullets reaching his opponent, while the rabbit wishes to minimize it. The resolution of this game
brings in tangible alteration only in computation, so we will restrict our paper to the first version
only.

2.2 Dynamics and notations.

In this paper we consider that the bullet takes two time steps to reache its aim. We denote :

e 1y, € Z, the rabbit’s position at time %,

eu € U={-l,—1l+1,...,+l}, the rabbit’s control at time ¢, that is the length of his jump at
time t,

e y' = y1.95. ...y the sequence of the rabbit’s successive positions until time ¢ ; Y the set of such
sequences. The “.” denotes the concatenation of elements.

o If the rabbit is at y at time ¢, it will be on one of the 4] 4+ 1 possible positions : y — 2l,y — 2] +
1,...,y+2l at time t + 2. For every y € Z, we denote V(y) = {y —2l,y —2l+1,...,y+ 2l} ; with
this definition, if the rabbit is on y at ¢, v; € V(y) is the hunter’s control.

e Let y, and y be two rabbit’s successive positions, we define the set :

V'Yary) ={ya —20,...,y =1l —Ly+1+1,...,y, + 2l}.



e At time t we denote z;, the position the flying bullet is aiming at. z; = oo denotes the fact that
there is no flying bullet at the beginning of the game.

At each instant of time the state is defined by the pair z; = (3%, ), and the following equations
describe the dynamics of the game :

yl = g1 given

v =ty +w) =yl +u
zZ1 = 0

Zt+1 = Vt -

Let us dwell on the fact that the hunter alone knows perfectly the state at every time, since the
rabbit does not know the part of the state z;.

3 First approach - Normal form of the game.

A first approach to solve this game is to utilize a classical method of game theory, which is the
normal form of the game. This method uses player’s pure strategies that we describe below.

We can define a pure strategy as a sequence of maps, a map for each game instant. Each map
associates a player’s control to each of his possible observations.

When the rabbit chooses his control the only information he has is the sequence of his past
positions. We can describe a rabbit’s pure strategy, «, through the sequence of his successive
positions from the initial time to the final time 7. We call A the set of the rabbit’s pure strategies.

At each time, the hunter’s available and relevant information is the sequence of the rabbit’s
past positions, and the position the flying bullet is aiming at. Thus a hunter’s pure strategy can
be describe as follows : we note B the set of the hunter’s pure strategies :

5637 B: (/817"'7ﬂT—2)7

Bi: YIxZ — Z
vz = Byl 2) =ve Vi)

Each pair of pure strategies, («,5) € A x B, generates a sequence of states (z1,...,z7), or
similarly two sequences y7 = (y1,...,yr) and 27 = (z1,...,27), and to each pair of sequences
yT', 2T we can associate the outcome G(y’, 2T), such that :

(72T = { 1if 3¢, yep1 = 2, that is if R is killed, W

0 else.

The payoff associated to the pair of pure strategies («, [3), is then defined by :

(Xa75)24§@ﬂlzT%
where (y7, 2T) is generated by (a, B3).

Obviously there is no pair of optimal pure strategies, that is a pair of pure strategies that
realizes a saddle point for G. As a matter of fact, if there was a rabbit’s pure optimal strategy, the
hunter could compute it and kill the rabbit for sure, contrarily to the optimality notion. That leads
us to use mixed strategies, which are defined as probability laws respectively on A for the rabbit’s
mixed strategies and on B for the hunter’s one. For a pair of mixed strategies, (p,q), the payoff is
then defined by :

Jpg)= Y, pla)G(a,B)qB).
a€cA, BeEB

Hence we have to solve a saddle point problem in order to find optimal mixed strategies p* €
m(A), ¢* € w(B) such that :



v* = min max J(p,q)

pem(A) gem(B)

= max min (p,
qem(B) p@r(A)(p 2

= J(p*,q%)

The game being finite, we know that the saddle point and consequently mixed optimal strategies
exist. This last problem is classically solved using two dual linear programming problems.

Let’s notice that this first method does not take in account the dynamical aspect of the game.
The dynamics only arises in the strategy description. FEach player chooses at random a pure
strategy, then during the whole game he plays according to that pure strategy.

Theoretically the problem is well solved, and it would be so, if it were not for some computational
difficulties. The number of pure strategies becomes too large as the final time T increases, bringing
the size of the linear program beyond practical feasibility.

As seen before a pure rabbit’s strategy is a sequence of T successive positions. If [ is the maximal
length of the rabbit’s jump, there are (21 4+ 1)7~! possible pure strategies. Though this number is
large it does not prevent us from making computations. Let us compute the number of the hunter’s
pure strategies. For a given time and a given hunter’s observation there are 4/ 4+ 1 possible hunter’s
controls, and since there are (2] + 1)! possible observations at time ¢, and T — 2 decision times, we
come to the conclusion that the number of the hunter’s pure strategies is :

L+ (2A+1)+(20+1) 2+ + 20+ 1) T3 _ ((U+1)T—2-1)/21
(41+1) (4l +1) ,

that is, for example, if | = 1, 625 for only two shooting decisions and 5'3 for three shooting decisions.
That definitely makes clear that this method is not realistic. Nevertheless the resolution of some
“little ” games (T' < 4) helped us to understand some important features of optimal solutions.

4 Behavioral strategies.

In view of this impossibility to compute optimal mixed strategies for games with realistic game
space and final time, we were obliged to divert to another approach. This second approach is built
up on dynamic programming and uses another class of strategies : behavioral strategies.

4.1 Definitions.

We call rabbit’s behavioral strategy a sequence of maps ¢ = (¢1,...,97r-1), Where ¢, associates
a probability law on possible controls at time ¢, to each of his possible observations at time t.
Consequently ¢¢(y")(u) is the rabbit’s probability to jump to y; + u if the sequence of his past
positions is y* = (y1,...,%:). We note ® the set of these behavioral strategies.

Similarly, we call hunter’s behavioral strategy a sequence of maps v = (¢1,...,9¥p_2), where
associates a probability law on Z to each hunter’s possible observation. Then vy (y', z;)(v) is the
hunter’s probability to aim at v at time ¢, if the rabbit’s past positions are y?, and if a flying bullet
is aiming at z;. Let us note that v;(y¢, z;)(v) = 0 for each v € V(y;). We note ¥ the set of these
strategies.

Any pair, (¢,), of the rabbit and the hunter’s behavioral strategies generates some stochastic
variables 47, 27, and we can define the payoff of the game as the expectation :

J(p,9) = E#Y(Gy", 2T)),

G being defined by (1).



4.2 Notes.

When players opt for a behavioral strategy, they have a dynamical behavior, which is quite natural.
Indeed, at each instant they choose their control at random according to a probability law provided
by their behavioral strategy, and function of their own information.

On the other hand, let us notice that contrarily to mixed strategies, behavioral strategies do
not care with past shots. Indeed only the last shots has influence on the future. All the past shots
are included in mixed strategies.

4.3 Behavioral strategies, mixed strategies.

We are tempted to think that the set of behavioral strategies is richer than the set of mixed
strategies. A simple example will prove us that this is not so. We will consider the case where
T = 4, and in which the rabbit has only two available positions, that is y; € {1,2}. Let us suppose
that y; = 1.

Let us list all pure strategies : For each of the eight pure strategies this table gives us the aim
of the shot for each time (1 or 2), and for each possible information.

time 1 2
information | y! =1 | y?> = (1,1) | 3? = (1,2)
strategy : 1 1 1 1

2 1 1 2
3 1 2 1
4 1 2 2
5 2 1 1
6 2 1 2
7 2 2 1
8 2 2 2

The set of mixed strategies is thus the set of probability laws on a discrete eight element set.
Its dimension is then seven.

Let us now look at behavioral strategies. They are defined by the five probabilities q1, ¢, .- ., g5
of aiming at 1, depending on time and information :

time : 1 yt = (1) @
time: 2 | y? = (1,1), 20 =1 | q2
P =(1,1), 20 =2 | g3
vP=(1,2),20=1| qu
P =(1,2), 20 =2 | g5

These five probabilities being free, the behavioral strategy set is then a five dimensional set.

We have shown that two different classes of strategies can be considered. Existence theorem is
available only with mixed strategies, i.e in the richest class. We thus have to deal with the following
problems :

— How to relate mixed and behavioral strategies ?

— Is it enough to consider behavioral strategies ?

— Does there exist an optimal solution, that is a saddle point for J, in this last class of strategies ?

4.4 Definitions.

We define the map the rabbit’s behavior, yg, from the set m(A) of mixed strategies to the set ® of
behavioral strategies in the following way :

YR:T(A) — P:p—p



such that :

t Laea, P(@)
pr(y)(u) = S————.
ZaGAl p(a)
where
Ay = {acAla=W"yy. - Yr), Yii1»---,Yp being whatever },
and
Ay = {a=€A|la= Yy +uy g ... Yr), Yiya,---» Yy being whatever },

Similarly we define the map the hunter’s behavior, yg, from the set w(B) of mixed strategies to
the set ¥ of behavioral strategies :

Yu(q) : 7(B) — V:ig— 1

such that

1/1t(y )(U) - ZBGBl Q(ﬁ)

where
By= {8=(b1....Br—2) € B|Bi(y1,00) = v1,
51‘(1/171)1‘—1) =V, 1= 17 CIEaE 7t —2et Bt—l(ytilavt—l) =z } )
and

By = Bi({B=(B1,...,0r-2) € B| By, z) = v}.

Note that vr(p) and v (q) for p € 7(a) and ¢ € 7(B) are conditional marginal probabilities.
The main property of behaviors is the following :

Theorem 1 :

The payoft J(p,q), p € 7(A), ¢ € n(B), only depends on the behaviors yr(p) and v (q).
Another way to say that :
There exists a mapping J:® x ¥ — IR, such that,

V(p,q) € M(a) x I(B), J(p,q) = J(va(p),vu(q))-

This allows us to state the result :

Corollary 2 :
The hunter and rabbit game admits a saddle point in behavioral strategies.

Proofs of these two results are developed in a more general set up in [2]. It should be noticed
that this theory extends to the case of continuously infinite sets of dicision variables. Our concept
of mixed strategies is closer to that of Kuhn than Aumant’s, and probably better suited to actually
solve (short) games.

The aim of the remainder of this article is to find a pair of behavioral strategies which satisfies
the saddle point condition.

5 Optimal behavioral strategies.

5.1 Players’ costs.

We will use dynamical programming technics to define players’ costs. Let us suppose for a while
that the hunter knows the rabbit’s strategy, say ¢, and we note 1 his own strategy. Using the



equation of Kolmogorov, the hunter’s costs can be defined recursively from final time 7" to initial
time. Let us note V;(y!,2) the hunter’s cost at z; = (3%, 2), that is the probability to touch the
rabbit before time 7' if the actual state is (y', 2).

Vroa(y'=12) = era " DY) Vry" yro1 4+ u, 00, 2)
uelU
and (2)
Vily',2) = D> byt 2) (0)ee (") (u) Viga (4 ye + u, 0, 2),
uelU vEZ

with
¢ n ) 1if2 =y thatisif R is killed,
‘/t(y y Ry % ) - { ‘/t(yt’z) else , (3)

Similarly let us suppose the rabbit guessed the hunter’s chosen strategy. The rabbit cannot use
the entire state (3!, 2) for he does not know the actual value of z. (Here the problem of imperfect
information arises). The rabbit builds a function, R, that provides him with a probability law on
possible values of z € Z

S w5 (2R (Y ()
R:;D t \ ) — JAEYt+1 4
1 (Y 1) (2) Z Rf’(yt)(j) (4)

J#Yt+1

Note that Rf’(yt)(z) =0 for z € V(y:). We took into account a rabbit’s extra information : “cogito
ergo sum ”. The sum is thus computed only in the cases where the rabbit is alive (j # y;4+1) and a
normalization term appears.

Now we can compute the rabbit’s costs, that is the probabilities to hit the rabbit before time
t, knowing only the part y' of the state. Let us note V;(y!) these probabilities.

Z Rw 2DVilyt, 2), (5)

that is
V@™ =Y By " D ra + wera (W),
and v (6)
Vily') =D > e, 2) ()@ (") (W) Vi (v e + u, v, 2),
2€EZ ucU vEZ

Let us note that at the initial time we have :
Vily') =Wiy', 00) = J(p, ).

5.2 Theorem.

We can now state a theorem that characterizes optimal behavioral strategies. Its proof can be
found, in a more general set up, in [2].
Theorem 4 :

Let (¢* ,9* ) be a pair of optimal behavioral strategies, that is a pair of strategies satisfying
the saddle point condition.
Then




There exists a sequence of optimal cost functions (V;); and (V;); such that for all (3%, 2) reached
with a non zero probability while playing according to (¢* ,¢* ) it is true that :

Vroa(y'~ =Y era " D WWVry" T (yr-1 + 1), 00, 2)
uelU
Wiyt z) = = max Z oF () (W) Vi1 (Y (ye +u), v, 2)
uEU
(7)
= max Z Z o1 (") (W) Ves1 (0" (ye + u), v, 2)q(v)
qex M VEZ uwelU

= > ) G W@V (v (g + ), v, 2)05 (v, 2) (v)

VEZ uclU

and

Vra(y'™) = min Ry 1(yT71)(yT—1 + u)

— 3 RY (T ) e + Wy (v ()

ucU

Vily') =min Y 3" ROV (e + w), v, 2065 (0", 2) ()

wel ‘ez vez

= min 50 3 RE GO () Vera (53 + ), 0, 25 (5 2) (0) ®)

PEXn o wet ucl

=33 ST RY G )@ (5 (W) Vet (8 (ye + w), v, 207 (4, 2) (0)

2€EZVEZ uelU

—ZRt* 2Vi(y, 2)

ZEZ

with Vi(yt, z, /) defined as Vi(y!, z, 2') by (3), and RY by (4).
Furthermore we have :

= J(",0*) =Vi(y") =iy, 00).

The main difficulty in solving these equations stems from a fixed point problem arisen in them.
As a matter of fact the knowledge of R¥" is necessary to compute the pair (¢*,1*) of optimal
strategies, and conversely the knowledge of 1* is necessary to compute RY". This precludes any
attempt to solve them in a classical way. Some attemps in order to solve them with fixed point
algorithms have been done, but up to now they failed.

6 Minimization of the opponent‘s information.

The remainder of this article is grounded on the intuitive idea of the following property on strate-
gies :

“It is quite natural to hope that even if my opponent guesses the strategy I actually play, he
cannot derive any advantage from it. In other words, additional information he can obtain knowing
my strategy does not help him to choose his own.”

One should notice that, at this level of vagueness, this property is indeed enjoyed by the optimal
mixed strategies of a game in normal form.



We have adapted this last idea to the game under study, on both the rabbit and the hunter.

For the rabbit it comes :

If the hunter guesses the rabbit’s strategy, the relevant variables for him, at time ¢, if the
rabbit’s past positions are 3¢, is the place the rabbit may be two time steps latter, that is at time
t + 2, when the bullet shot at time t reaches its aim. The rabbit will strive to make this further

information irrelevant. A way to do that is to choose a strategy ¢ = (¢1,...,@r—1) such that for
each ¢t in {1,...,7 — 2} and for all y =y, for all s € {—21,...,2[} :
1

Proba?#+ (yeyz = y + 5) = 5=,

that can be expressed through the system :

ee(y)(=1) e (y'-(ge = D)D) = 337

oty (=) @1 (W' (e — D)=L+ 1) + e (y") (=1 + 1) e (¥ (ye — L+ 1)) (=) = ﬁ
@ty ) (=) ere1 (W' (ye = D) (=1 +2) + (") (=1 + 1) epa (' (ye — 1+ 1)) (=1 + 1)

+ o) (=14 2) eyt (g — 1+ 2))(-1) = 52

o)1) e (e + D)D) = b,

Example : [ =1

proba. to be there

Yr+2 1/5
yet1 1/5
Yt 1/5
ye—1 1/5
Y —2 1/5

t t+1 t+2

Hunter’s point of view :
If the rabbit guesses the hunter’s strategy, say v, the only things that can help him to choose
his control at time ¢, in 3’ are the probabilities R¥(y*)(y; + u), u € U. As a matter of fact,



RY(y")(y; + u), are the probabilities that a bullet arrives at time ¢ 4+ 1 on the rabbit’s accessible
places. The most unfavourable set up for the rabbit is when there exists a value af such that for
allu e U :

Ry (y") (e + ) = a.

6.1 A sufficient condition.

We have exhibited a hunter’s strategy that satisfies the last property. We then confronted it with
a rabbit’s strategy that also satisfies a minimized information condition. That allows us to state
the following proposition :
Proposition 5.
hypothesis H; :

Let ¢ = (¢1,...,97-1) be a rabbit’s behavioral strategy that satisfies the following minimized
information condition. For each y' and for each i € {—I,...,l}, we define the row vector of length
m=4l+1:

Ly =000y a1 +0)(=1), ..., oy e +0)(1) 0. 0),

i+l 2041 -1

and Ny(y'~!) the n x m matrix made of the row Li(y'™!) (n=2[+1, m=4l+1):

Ltz—lgyt—l)
Ly )

Ni(y'™) = _
Liy')
For each t € {1,2,...,T} ¢ satisfies :
1 1
ty/ ty _ L 1
Y N ) = (v ),
—_———
m

hypothesis H> :
Let ¢ = (¢1,...,1¥7r_2) be a hunter behavioral strategy such that for each ¢ # 1 :

vyt 2) = (v,...,v, 1 —4dlv,v,... V) for each z € V' (yi—1, y¢)
—— ——
2 21
¢t(ytayt_l)/: (07"'7071_ (21—1),&,/1,,,&)
—— ——
20+1 20—1 9)
Y(yt e —1+14) =(0,...,0,3,0,...,0,%,0,...,0) foreachi=1,...,21—1
—— ——— ——
i—1 20+1 20—1—i
Yy e+ 0" = (11— (20 =1, 0,...,0)
—_——— ——
20—1 20+1
with
1 B — % bt
p=g oad v="gmE g= M RGN
t 2€V' (yt—1,yt)
and fort =1 : . )
d/l(yl?OO)_(E’aa)ezm

Conclusion C] :
Under Hy we have :




1 satisfies the following minized information condition, that is :
Let (ay)iev be the real sequence :

1

p— 0 —_ —
a1 Ot m(l — )’

Whatever the sequence y' and for each u € U, we have :
Rw t —
+ (V) (ye +u) = .

We notice that these values depend only on time.
Conclusion Cj :
Under hypothesis H; and Ho, the couple of rabbit and hunter’s strategies (¢, ) when it exists,
is optimal.
Conclusion Cj :
Let the numerical sequences (ps)s and (os)s be :

1

Ps+1 = —0s+ ps
m

Os+1 = 1—ps

pp =0

o1 = 1.

The values of rabbit and hunter’s criterions are :

pr—t +or—oi(y')(z — i) ifz—y €U
Vt(ytv Z) =
PT—t else,
and
V(') = pr—is1 + or—rs100 .

The payoff is :
U* = J(@ﬂb) = pPTr-1 -

6.2 Proof.

Conclusion C].

An easy calculation which uses (4), yields the conclusion.
Conclusion C5 and Cj.

They are obtained from dynamical programming. As a matter of fact, the conclusion C fixes
the different values of functions RY. The equations of optimality, (7) and (8), then reduce to
dynamical equations. The fixed point notion vanishes. The proof then consists of checking that for
eacht =T —1,...,2, 1 and ¢ are respectively arguments of the minimum and the maximum of
the different costs.

6.3 Restrictions.

It remains to keep a check on conditions which allow existence of strategies satisfying H; and Ho.
hypothesis H;.

A sequence of maps has been exhibited. Nevertheless, the fact that it really is a strategy must
be verified. For each sequence y', and each z, ¢ (y', z) must belong to the simplex ¥,,, that is to
say that p and v must respectively stay in the intervals [0, 57] and [0, 5;]. The only difficulty is

to verify that v is positive, i.e. to prove that §; > %, hence, a; < n‘i—l (n=20l+1, m=4l1+1).

n?

10



In order to demonstrate this last inequality, we first notice that (aq)tcpv is an increasing, recur-

m —vm?2 —4m
rent sequence, that converges toward 5 therefore
m

m—vm?2 —4m
ap <

2m ’

m—\/m2—4m< 4]

and on the other hand :

2m = nm
& n?(m? —4m) > (81 — 4ln — n)?

< 1613 — 142 —-4-1>0.

This last equality is true for [ > 1, (one needs only to consider successive derivatives).In the case
[ =1, a detailed (and cumbersome ) analysis shows that there does not exist a hunter’s strategy,
satisfying assumption (Hz), for each time ¢ < T — 2, as soon as T > 6.
hypothesis Hs.

Attempt to find a general method to study the existence of strategies satisfying Ho have failed.
Nevertheless we have shown that in the case where [ = 1 there is no such strategy as soon as T' > 5.

6.4 Conclusions.

we can regroup these results in the following table :

Casel=1":
T <4 | Hy and H» we obtain optimal strategies.
are feasible.
T =4 | Only H; is We obtain a hunter’s strategy that satisfies
feasible. a lower bound of the payoft.
T > 5 | neither H; nor
Hs is feasible.

Casel>1:

T <4 | Hy and Hy we obtain optimal strategies.
are feasible.
T >4 | H, is feasible. | We obtain a hunter’s strategy that satisfies
Hy ? a lower bound of the payoff.

7 A new formulation for the rabbit’s costs - Hunter’s equalizing
strategies.

Although this last proposition does not provide a solution it credits the idea of minimized informa-
tion and lets us foresee the importance of functions R}f’. In this section we give another formulation
for the rabbit’s cost. This new formulation emphasises the fundamental role of the functions R?f’ .
A consequence of this is the characterization of a class of the hunter’s equalizing strategies, which
is of importance.

7.1 A new formulation of the rabbit’s cost.

Proposition 6 :

Let (¢,v) be a pair of the rabbit and the hunter’s behavioral strategies, and let R;D be the
functions associated to ¢ and defined by (4),
then

11



The payoff J(p,v) = V1(y') is computed with the following recursive formulas :

Vroay™™) = > R (" Dy + wera (" (w)
uelU
v = euly W{RY (") (ye +u) + (1= R (4" (ye + ) Vigr (" (ye+w)) } (10)
and uelU
Vih) =Y o1y @) Vay'.(y1+u)) .
uelU

Proof :
e Timet=T—1.
It is the equatity (2) at time 7' — 1.

e Time 1 <t<T —1.
According to (2) we have :

=Y > 3 R (") (W) Vit (5" (ye +u), v, 2)8e (o', 2) (v)

2€Z uclU vEZ

then we use the definition (3) in order to write :

> o)L el ye + w) () RY (') (e + )

uwelU UEZ
3 Y Vi (8 (ye+u),v) BE (1) (2) eyt 2)(0)}
VEZL z#ys+u

that is, recognizing the numerator of (4) in the second member of this equality :

= > )R (W) (e +w)

uelU
+(1 - R?(yt)(yt + ) D Vi (0 (etw), 0) R (0 (e +u) (v)}
and finally the formula claimed :
= > @) (W) {RY () (e +w) + (1= RY (W) (i + w) Ve (v (e +w))} -

uelU

7.2 A consequence : hunter’s equalizing strategies.

Proposition 7 :

Let ¢ be a hunter’s behavioral strategy such that there exists a real sequence (a;ﬁp )¢ satisfying :

vyl, Yue U, R} (y") (g +u) = af, (11)

oy only depends on time,
then
1 is equalizing, that is, for each rabbit’s behavioral strategy the payoff J (¢, ) only depends on 1) :

Yo, J(p,)=JY.

12



We note E the set of such hunter’s strategies.

Proof :

Let ¢ be any rabbit’s strategy. Let us compute the costs V;(y!) if the hunter plays a strategy

1) that satisfies the equality (11).
e At time T — 1, according to (10) :

V- =Y R ) (yr—1 +uw)er—1(y" )(u),
uelU
then using (11) at time 7" — 1,
V(T —1) = 0‘%-1 i

T—-1

this last value is independent of the sequence y* ~*, we note :

Vraalym™ ) =Vr_.

o At time ¢, (10) gives :

=3 W)V @{R] (") e +u) + (1= B () + 1) Vesa (0" (e + )}

uelU

then using (11) and (12) we can write :
=Y oy wiaf +(1—af )V},
uelU

or
Vily') = af’ + (1 - a;b)vtﬂ .

By induction, V;(y!) is independent of !, we note V(y') = V4, and then we have :

Vt = Oé;l} + (1 — af)vt_,_l .

e Time 1 : _
> ey W) Valy'.(y1 +w)
ueU
=V2 Y o1y (w)
ucU
=V,.

Note that the following property :

Jaue(y"), Yue U, Ry (ye+u) = alyh),

(12)

00

is not enough to be sure that 1 is equalizing, Rlp (") (y¢ + u) must be independent of both u and

y'.

The main interest of this class of strategies lies in the fact that it provides some strategies that
ensure the hunter of a lower bound of the payoff against any rabbit’s counter stoke. Note that the
strategies which satisfy the last proposition are equalizing. In the cases where the assumption (Hz)

is not feasible, we have nevertheless lower bounds for the payoff.
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8 A conjecture.

We have just shown the importance of the functions Rf’. In this last section we apply the minimized
information notion on the hunter’s strategies. We first state a conjecture and give further some
justifications. This conjecture allows us to build an algorithm that computes easily the hunter’s
optimal strategies.

8.1 Statement.

There exists a hunter’s optimal behavioral strategy, 1/* that satisfies the following property :

*

Aaf )enwy | W YueU, Ry (y))(ye+u)=a) .

8.2 Justifications.

A first justification lies in the fact that the interpretation of the conjecture in terms of “minimized
information” is quite natural. Another justification comes from the resolution of short games using
the normal form. Indeed, all the examples of solutions we have computed have the right property.
Let us note that for a special game, two different optimal strategies provide the same sequence
(a}f})t. A last justification consists of the proposition 5. If the assumptions are feasible then the
hunter’s optimal strategies satisfy the property (11) and are element of E.

8.3 Consequences : computation of the hunter’s optimal strategies.

Corollary 8 :
The hunter’s optimal strategies lying in E satisfy the following property :

El(amax,f)t V@/t, Vu € Ua Rff (yt)(yt + u) = Omax,t-

and
Vi, = maxa).
Qmax,t weg (o™
Corollary 8 :
Proof :
Let ¢* be an optimal strategy lying in F, accordingly to the proposition 7 it is equalizing, and
the rabbit’s cost only depends on time :

Vroi=aj
T oy
Vi=ap +(1—a; Vi
Vi="Vs
¥* must maximize J(p*,1) = V; in order to be optimal, and that is to maximize o " at each
time step. (The function x :— = + (1 — z)a is increasing as soon as a < 1).
Finally we have to find a hunter’s strategy, ¥*, lying in E satisfying :

*

(a;/) )t = (amax,t)ta

where

— (0
Omax,t = Max oy .

Yvek

00
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Let us state a last property before presenting the final algorithm.
Proposition 9 :

Let 1) be a hunter’s strategy lying in E, and (ozt )¢ be the sequence such that :
of = RY(y") (ye + ), Vo', Vu € UL (13)

Then
we can find a strategy, 1/’ such that:

and
VueU:
wllﬁ(ytayt + u) = Ct(u) ) Ct(u) S E7?1 )
and
Vz e V' (y—1,9t) :
Vit z) =ne, e € Xy
Proof :

At time 1, for each strategy lying in E we have, accordingly to (4) :

Ry(y*)(y2 + u) = P1(y", 00) (32 + u) = oz

for each ys € y1 + U and for each u € U then :

D1, 00)(v) = % Ve e V).

and 1
ag} = Qmax,t = —
m
then 1 1
1 — ( — -
D) = ),

and then each strategy of F satisfies the proposition at time 1.
Let us suppose the proposition true up to time ¢ — 1, Let us prove it at time ¢t. According to
(13),

ol =Ry, 2)(y + u)

> R (Y ()1 (v ) (e + )

:jGZ)7j¢yt
S RY(TYHG)
S RO (0 ) (e + )
jeZ)vj7éyt

1-RY | (yt=1) (ye)

and 7 lying in F :
(@ > e e O Y R Ye ) (e+w)

aw o J€Yi—1+U,j#yt JEV (yt—2,yt—1)
t P
-y

15



Let us note :

a= > @)+

J€yt—1+U, 57yt
and ((y + u) such that :
Z Ry (v (G)Cye +u) = Z R (YD e (v ) (e + )
JEV (yt—2,9t—-1) JEV (yt—2,yt—1)
that is to say, using the fact that :

> RLWTHG) =1-nal
JEV (yt—2,yt—1)

Q-naf )Cw+uw = > R 0) me +u) (14)
JEV (Yt—2,yt—1)

According to a classical property, it is obvious that ((y; + u) lies in [0, 1]. Thus we have :

ol — 0‘%—1@ +(1— ”a?—l)C(yt +u)

Making the sum of the equality (14) on each y; + u, or similarly on each z € V(y;—1), we obtain :

S-nof =) =" Y RLGTHOe T )(z)

2E€7 2€% eV (Yyp—2,yt—1)
W-naf DY) = X RLGTHO) Y el A,
2€Z JEV (Yt—2,t—1) 2L
(1-naf ) > ¢(2) =1-naf,
2€EZ
and then
Z ((z) =1,
ZE€EZ)
we note

1/4(9'57% + u)(v) = wt(ytvyt + u)(v) )
and

wllf(yth)(yt + ’LL) = C(yt + U) ’ Vz € V/(yt—17yt—2) )

and finally we have aﬁ’rl = aﬁrl.

O
Corollary :
There exists a hunter’s strategy lying in E that satisfies :
(a:tl})t = (amax7t)t ,
Ve(y' ye +u) = mu) , m(u) € By (15)

wt(ytaz) = Ct ) Ct S Zm ) fOI' eaCh VRS V/(yt—layt)

This last statement allows us to present an algorithm that computes the hunter’s optimal
strategies in F, which is overall optimal under our conjecture.
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Algorithm :
e At time 1 :

1 1

77/)1(3/’00):(%?"'7 )

1
m
o At time ¢ :

Let us note :
V(Y ye +u) (ye + ) = Co(u) (D)
et

ey, 2)(ye + 0) = ne(0)

We must solve the following linear programming problem in order to find 7;(v) and (;(u)(?) :

P

max o

¢ bl

under

of 3G u)(®) + (1= naf)m (o)

uel _ aw
1_ 0‘;5/) t+1

Ct(u) € Em , Mt S z]771 .
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