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Directed Dynamic Networks d Woarors and Complonty

m discrete, synchronous round model

m directed dynamic graph G = (V,E)
m V: static set of n nodes with unique IDs € {1,...,n%}
m £ : N — P(V?): round-dependent directed edges

m edges controlled by an adaptive adversary
m strongly-connected graph in each round

B communication model

m local broadcast communication: a message sent bv v in round r is
delivered to successors N*(v,r + 1) in round r + 1

B message size limited to ¢ - log n bits \\;&E‘
4]
&~
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Definition (k-Token Dissemination Problem)

Each node u receives as input /(u) a subset from some token
universe 7 such that |{J,., /(v)| = k. When terminating, all nodes
must know all k tokens.
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Definition (k-Token Dissemination Problem)

Each node u receives as input /(u) a subset from some token
universe 7 such that |{J,., /(v)| = k. When terminating, all nodes
must know all k tokens.

m token-forwarding algorithms: O(n(n + k)) [Kuhn etal., STOC'10]
m network coding: O(nk/logn) w.h.p. [Haeupler et al., PODC'11]

m token-forwarding algorithms: Q(nk/log n) [Dutta et al., SODA'13]

m no lower bounds for coding algorithms
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Definition (Counting Problem)

All nodes output n, the number of nodes in the network.

m via deterministic n-token dissemination: O(n?)
m via randomized n-token dissemination: O(n?/logn) w.h.p.

®m no non-trivial lower bounds :-(
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Definition (Two-Party k-Token Dissemination Problem)

One node v; has to disseminate k tokens C {1,...,n? } to another
node v;.
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Definition (Two-Party k-Token Dissemination Problem)

One node v; has to disseminate k tokens C {1,...,n? } to another
node v;.

@

Open Question: How to exploit the initial token distribution and
the knowledge that v; is the only node that has to receive all tokens?
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Theorem

If, for any directed dynamic networks of size < n, there is an algorithm
for counting that needs < Tcouniing(n) rounds, then there is an
algorithm for two-party an-token dissemination that needs

< Tcounting(4n + 3) rounds (o > 0 is a fixed constant).

m the messages for two-party an-token dissemination are
somewhat longer than clog n, but still logarithmic.
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Counting versus Token Dissemination
Special Dynamic Network SDN , d Norime and Compenty
m embed any two directed dynamic networks Gjice, Ggop With n
nodes into a dynamic network G’ with n’ nodes
mB3n+3<n<4n+3

Common Predecessors

Charlie

Non Common Predecessors
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Definition (Same Predecessor Problem SP)

Let U, be the set of all subsets of {1, ... ,n/d} with cardinality n.
Furthermore, let A and B be the set of predecessors N~ (Alice) and
N~ (Bob) of Alice and Bob respectively. The same predecessor
function SP,, : U, x U, — {0, 1} is defined as

1 ifA=B

SP,(A,B) = .
n ) {O otherwise

Common Predecessors

Charlie
Non Common Predecessors

Bob
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Lemma

Let Tgp,(n') be the number of rounds a deterministic distributed
algorithm needs to decide SP,, in a special network SDN, of size at
most n’, where 3n +3 < n’ < 4n+ 3. Then,

TSPn(n/) < 7-Counting(n/) +1.

Common Predecessors

Non Common Predecessors
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Proof of Tsp,(n') < Tcounting(N') + 1. d) i

Common Predecessors

Non Common Predecessors

m Alice and Bob can determine their in-degree d.

m d = n since we are in SDN,,.

m Alice and Bob can count in Tgouniing(1')-

m Alice and Bob have the same predecessors iff " = 3 + 3d.
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Alice Charlie Bob
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Definition (Set Equality Problem EQ,)

Let T, be the set of all subsets of 7 with cardinality n. The equality
function EQ,, : T, x T, — {0, 1} is defined as

1 fA=B

EQ,(A,B) = .
n ) {0 otherwise

Alice Charlie Bob
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Lemma

Let Teq,(n") be the number of rounds a deterministic distributed
algorithm needs to decide EQ), in a directed channel network DCN y, of
sizen”, wheren” =2n+3 and3n+3 <n' <4n -+ 3. Then,

Teq,(n") < Tsp, ().

L

Alice Charlie Bob
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Proof of Tgq,(n") < Tsp,(N'). Qe
O_> <_©
Alice Charlie Bob

m There is an algorithm that solves SP, in Tgp,(n") rounds.

m Alice and Bob can simulate this algorithm executed on a
predecessor for each token t € A and t € B respectively.

m All other nodes (including Charlie) execute it directly.

m Alice and Bob have the same predecessors in the simulated
SDN, iff they have the same sets in the DCN .
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O - O

Alice Bob

m Alice and Bob are given inputs A and B respectively and want to
compute f(A, B).

m 15 round: Alice sends p; = P;(A) to Bob.

m 2" round: Bob replies p» = P»(B,p+), and so on.

m /" round:

m / odd: Alice replies p; = Pi(A,p1,...,pPi_1)-
m / even: Bob replies p; = Pi(B,p1,...,pPi_1)-

m Last message p; contains the result (A, B).
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Definition (Set Equality Problem EQ),)

Let T, be the set of all subsets of 7 with cardinality n. The equality
function EQy, : T, x T, — {0, 1} is defined as

1 ifA=8B

EQ,(A,B) = .
n ) {0 otherwise

O - O

Alice Bob

On Two-Party Communication Through Dynamic Networks Sebastian Abshoff 20



Counting versus Token Dissemination

HEINZ NIXDORF INSTITUTE

Two-Party Communication / EQ),, 'm(‘ Moot e Gormploy

Lemma

In the two-party communication model by Yao, any deterministic
algorithm for EQy, requires at least

C'(EQp) :=(d"—1)-n-log,n—4 =Q(nlogn)

/
nd

) inputs.

rounds for at least % (

O - O

Alice Bob
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m EQ), is a Boolean function over T, x Th.

m Let A, B be subsets of T, (so, A, B contain sets of with cardinality
n from 7 — inputs for Alice and Bob respectively).

m A x Bis called a monochromatic rectangle if EQ, is constant over
A x B.

m Let d(EQ),) be the minimum number of monochromatic
rectangles that partition the domain T, x T, of EQ,.

m Yao: C(EQ;) > log, d(EQp) — 2.

m d(EQy) > () > (n?~1 — 1)
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Lemma

In order to decide EQ,, either Alice has to send at least

2—1 -C'(EQp) = ‘11 -(d—=1)-n-logon—1=CQ(nlogn)
bits to Bob or vice versa for at least 3 - (”:/) inputs.

O - O

Alice Bob
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m Assume, Alice and Bob send all bits they have to sent instantly or
in larger batches (except for the last bit).

m In Yao’s model, bit p; depends on py, ..., p;_¢ (history) and the
input given to the Alice and Bob respectively.

m If they are not allowed to use the complete history, then this could
only increase the number of bits necessary to evaluate any
function.

m If both Alice and Bob have to send less than 1C'(EQ,), then less
than C’(EQ;) rounds are required in Yao’s model.

m Hence, the communication complexity for a lower level of
interaction is also lower bounded by C'(EQ)p).
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Final Step Q) e,

Lemma

Leta = % Let Tpissemination(Nn) be the number of rounds a deterministic
distributed algorithm needs to solve the two-party an-token
dissemination problem in any directed dynamic network of size n,
where n" = 2n + 3. Then,

TDissemination (n ) < TEOn (n”)-

O— Gpor yo&——()

Alice Charlie Bob
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Alice - Charlie [ Bob

m It is not possible to send a bit string of length

dl
{Iogz <Zmﬂ <a-n-dlog,n

in < Tpissemination(N) rounds from vs to v; in Gajice and Ggop-

m But ;C'(EQy) bits have to be exchanged between Alice and Bob
in order to solve EQ);.

m Fora= % and d’ > 5, more bits have to be sent for solving EQ,
than for an-token dissemination.

m Thus, TDissemination(n) < TEOn(n”)-
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m Counting is at least as hard as solving a token dissemination
problem in a slightly smaller network.

m Open Questions:
m What is the complexity of Two-Party k-Token Dissemination?
m Can the construction be strengthened?
m Is it possible to derive a lower bound for Counting?
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